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Functions and Models 


Four Ways to Represent a Function _ 

In exercises requiring estimations or approximations, your answers may vary slightly from the answers given here. 

1. (a) The point (— 1 , —2) is on the graph of /.so /(-!) = —2. 

(b) When x = 2, >> is about 2.8, so / (2) « 2.8. 

(c) /(■*) = 2 is equivalent to >- = 2. When y = 2.we have x = -3 and x = 1. 

(d) Reasonable estimates for x when )/ = 0 are x = -2.5 and x = 0.3. 

(e) The domain of / consists of all x-values on the graph of /. For this function, the domain is -3 < x < 3. The 
range of / consists of all ^-values on the graph of /. For this function, the range is —2 < >' < 3. 

(f) As X increases from — 1 io3,y increases from —2 to 3. Thus, / is increasing on the interval (— 1,3]. 

2. (a) The point (-4, -2) is on the graph of /, so / (-4) = -2. The point (3,4) is on the graph of g, so g (3) = 4. 

(b) We arc looking for the values of x for which the >’-valucs are equal. The y-valucs for / and g arc equal at the 
points (—2,1) and (2,2), so the desired values of x arc —2 and 2. 

(c) /(x) = -1 is equivalent to y = -1. Wheny = -1, we have x = -3andx = 4. 

(d) As X increases from 0 to 4, >> decreases from 3 to -1. Thus, / is decreasing on the interval (0,4]. 

(e) The domain of / consists of all x-values on the graph of /. For this function, the domain is —4 < x <4. The 
range of / consists of all >'-valucs on the graph of /. For this function, the range is —2 < >> < 3. 

(f) The domain is [—4,3] and the range is [0.5, 4]. 


3. From Figure 1 in the text, the lowest point occurs at about (r, a) = (12,-85). The highest point occurs at about 
(17, 115), Thus, the range of the vertical ground acceleration is —85 <a< 115. In Figure 11, the range of the 
north-south acceleration is approximately —325 < o < 485. In Figure 12, the range of the east-west acceleration is 
approximately —210 < o < 200. 


4. Example I: A car is driven at 60 mi/h for 2 hours. The distance d 
traveled by the car is a function of the time l. The domain of the 
function is (r | 0 < r < 2), where r is measured in hours. The range 
of the function is {</ | 0 < d < 120), where d is measured in miles. 

Example 2: At a certain university, the number of students N on 
campus at any time on a particular day is a function of the time r after 
midnight. The domain of the function is (r | 0 < r < 24), where t is 
measured in hours. The range of the function is [At | 0 < At < *), 
where A/ is an integer and k is the largest number of students on 
campus at once. 
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Example 3: A certain employee is paid $8.00 per hour and works a 
maximum of 30 hours per week. TTie number of hours worked is 
rounded down to the nearest quarter of an hour. This employee’s 
gross weekly pay f is a function of the number of hours worked h. 

The domain of the function is {0,0.25,0.5,..., 29.75, 30) and the 
range of the function is (0,2.00,4.00,.... 238.00,240.00). 

5 . Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is [—3,2] and the 
range is [—2,2). 

6. No, the curve is not the graph of a function because a vertical line intersects the curve more than once and hence, 
the curve fails the Vertical Line Test. 

7. No, the curve is not the graph of a function since for x = -1 there are infinitely many points on the curve. 

8 . Yes, the curve is the graph of a function with domain [-3,2] and range |-2) LJ (0,3]. 

9. The person’s weight increased to about 160 pounds at age 20 and stayed fairly steady for 10 years. The person’s 
weight dropped to about 120 pounds for the next 5 years, then increased rapidly to about 170 pounds. The next 30 
years saw a gradual increase to 190 pounds. Possible reasons for the drop in weight at 30 years of age: diet, 
exercise, health problems. 

10 . The salesman travels away from home from 8 to 9 A.M. and is then stationary until 10:00. The salesman travels 
farther away from 10 until noon. There is no change in his distance from home until 1:00, at which time the 
distance from home decreases until 3:00. Then the distance starts increasing again, reaching the maximum distance 
away from home at 5:00. There is no change from 5 until 6, and then the distance decreases rapidly until 7:00 P.M., 
at which time the salesman reaches home. 

11 . The water will cool dow n almost to freezing as the ice melts. Then, 
when the ice has melted, the water will slowly warm up to room 
temperature. 


12 . The summer solstice (the longest day of the year) is around June 21, 
and the winter solstice (the shortest day) is around December 22. 


13 . Of course, this graph depends strongly on the geographical location! 
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20. A spherical balloon with radiusr + I has volume E' (r + I) = |a: (r + 1)^ = jit (r^ + 3r^ + 3r + l). We wish to 

find the amount of air needed to inflate the balloon from a radius of r to r + 1. Hence, we need to find the 
difference K (r + 1) - (r) = + 3r^ + 3r + 1) - |;rr’ = jir (3r^ + 3r + 1). 

21. /(jr) = i - so /(2 + A) = 2 + A - (2 + = 2 + A - 4 - 4/i - = - (/i^ + 3A + 2), 

/(x + A) = X + A - (x + A)^ = X + A - - 2xA - A^, and 

/ (x + A) - /(x) X + A - x^ - 2xA - A^ - X + x^ A - 2xA - A^ _ | ^ 

A “ A ~ h ~ 

n. / (X) = ^. so / (2 + A) = / (X + A) = and 

X + A X 

/(x + A)-/(x) ^ X + A 4- 1 ~ X + 1 ^ (x +A)(x -H)-x(x + A + 1) ^_1_ 

A A A(x + A+l)(x+1) (x + A + l)(x+l)' 

JC 4* 2 

23. / (x) = -j—j- is defined for ail x except when x^ — 1=0 e=> x = lorx = —l.sothe domain is 
{x|x#±l). 

24. / (x) = x^/ (x^ + X - 6) is defined for all x except when 0 = x^ + x - 6 = (x + 3) (x — 2) <=> x = -3 or 2. 
so the domain is {x | x ^ -3.2}. 

25. g (x) = v^x^ — 6 x is defined when 0 < x^ — fix = x (x — 6 ) <=> x > fi or x < 0 , so the domain is 

(—oo, 0] U [fi, oo). 

26. A (x) = 4^7 — 3x is defined when 7 - 3x > 0 orx < j, so the domain is (—oo, j]. 

27. /(/) = 4^ is defined for ever>' r, since every real number has a cube root. The domain is the set of all real 

numbers, R. 

28. A (x) = V4 - x^. Nowy = -^4 - x^ =» _ 4 _ j .2 ^ ^2 ^.^2 _ 4 _ y 

so the graph is the top half of a circle of radius 2 with center at the origin. The ^3- 

domain is {x | 4 - x^ > 0} = [-2,2]. From the graph, the range is 0 < y < 2. f _ I , 

-2 0 2 X 

or [0,2]. 

29. / (x) = 3 — 2x. Domain is R. \^| 



30. / (x) = x^ + 2x - 1 = (x^ + 2x + 1) - 2 = (x + 1)^ - 2, so the graph is 
a parabola with vertex at (— 1, —2). llie domain is R. 



31.j?(x) = Vx — 5 is defined when x — 5 > 0 or x > 5, so the domain is 
(5, 00 ). Since y = Vx - 5 =* >'^=x-5 ^ x=y^ + 5, 

we see that g is the top half of a parabola. 
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-1 ifi < -1 
3x + 2 if — 1 < jt < 1 
7 - if if jc > 1 


39. f(x) = 


X + 2 if X < -1 


Domain is R. 



«./(x) = 


Domain is R. 



yi ” y\ 

41. Recall that the slope m ofa line between the two points (xi.yi) and (X 2 ,y 2 ) ism =-and an equation of the 

X2 — XI 

. -6-1 7 

line connecting those two points is y — yi = m (x — X| ), The slope of this line segment is ^ = —-, so an 

equation isy - I = -^ (x + 2). The ftinction is /(x) = -jx - 5 , -2 < x < 4, 

42. The slope of this line segment is ^^ = ^, so an equation is y + 2 = | (x + 3). The function is 

/(x) = |x - -3 < X < 6 . 

43. We need to solve the given equation for y, X + (y - 1)^ = 0 =» (y-l)^ = -x =» y - 1 = ±^/^ =» 

y = 1 ± The expression with the positive radical represents the top half of the parabola, and the one with the 
negative radical represents the bottom half Hence, we want / (x) = 1 — ^—x, x < 0. 

44. (x - 1)^ + y^ = 1 =* y = ±v/l - (x - 1)^ = ±v'2x -x^. The top half is given by the function 

/(x) = V2x -x^, 0 < X < 2. 

45. For -1 < X < 2, the graph is the line with slope 1 and y-intercept 1, that is, the line y = x + 1. For2 < x < 4, the 
graph is the line with slope -1 and x-intercept 4, soy = — j (x — 4) = — jx + 6. So the function is 

fx + 1 if-l<x <2 


/W = 


- |x + 6 if 2 < X < 4 


46. For X < 0, the graph is the line y = 2, For 0 < x < 1, the graph is the line with slope —2 and y-intercept 2, that is, 
the line y = —2x -I- 2. For x > 1, the graph is the line with slope 1 and x-intercept 1, that is, the line 

2 ifx < 0 

y = 1 (x — 1) = X — 1. So the function is / (x) = -2x -t- 2 if 0 < x < 1 

x -1 ifl<x 

47. Let the length and width of the rectangle be L and IF. Then the perimeter is 2L -F 2fF = 20 and the area is 

20 — 2L 

A = LW. Solving the first equation for O' in terms of L gives W = —^— = 10 — L. Thus, 

A(L) = L(\0 - L) = lOi — L}. Since lengths are positive, the domain of /f is 0 < i < 10. If we further restrict 
i to be larger than W, then 5 < i <10 would be the domain. 


48. Let the length and width of the rectangle be L and W. Then the area is L IF = 16, so that IF = 16/Z,. The 

perimeter is F = 27. + 2IF, so F (i) = 2i -F 2 (I 6 /L) = 2i -F 32/L, and the domain of F is i > 0, since lengths 
must be positive quantities. 
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49, Let the length of a side of the equilateral triangle be x. Then by the Pythagorean Theorem, the height y of the 

triangle satisfies ^ = .x^, so that y = ^x. Using the formula for the area of a triangle, 

= j (base) (height), we obtain /4 (x) = j (x) domain x > 0 . 

50, Let the volume of the eube be P and the length of an edge be L. Then V = so L = Vv, and the surfaee area is 

S(P) = 6 (v^)^ = with domain P > 0 . 

51, Let each side of the base of the box have length x, and let the height of the box be h. Since the volume is 2, we 
know that 2 = hx^, so that h = 2/x^, and the surface area is 5 = x^ + 4xh. Thus, 

S (x) = x^ + 4x (2/x^) = x^ + 8 /x, with domain x > 0. 


52, The area of the window is ,4 = x/i + jx ~ "*■ "'I'ai'e h is the height of the rectangular portion of 

the window. The perimeter is P = 2A+x + jxx = 30 « 2A = 30 — x — jxx <=> h = \ (60— 2x — xx). 
Thus, 

A (x) = x^^—^= 15x - jx^ - jx^ + jx^ = 15x — |x^ — |x^ = 15x — x^ 

Since the lengths x and h must be positive quantities, we have x > 0 and h > 0. For A > 0, we have 2A > 0 «=> 
30 — X — ixx >0 <=> 60>2x + xx <=> x< . . Hence, the domain of ^4 is 0 < x < . 

^ 2 +ff 2 +ff 

53. The height of the box isx and the length and width are L = 20 — 2x, FP = 12 — 2x. Then P = iFPx and so 

P(x) = (20-2x)(12-2x)(x) = 4(10-x)(6-x)(x) =4x(60- 16x+x^) 

= 4x^ - 64x^ + 240x 

The sides L, IV, and x must be positive. Thus, L > 0 <=> 20-2x>0 <=> x<10;io>0 
12 — 2x>0 e=> x< 6 ; and x > 0. Combining these restrictions gives us the domain 0 < x < 6 . 
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(b) On $14,000, tax is assessed on $4000, and 10% ($4000) = $400. 

On $26,000, tax is assessed on $16,000, and 10% ($10,000) + 15% ($6000) = $1000 + $900 = $1900. 

56. One example is the amount paid for cable or telephone system repair in the home, usually measured to the nearest 
quarter hour. Another example is the amount paid by a student in tuition fees, if the fees vary according to the 
number of credits for which the student has registered. 

57. (a) Because an even function is symmetric with respect to the y-axis, and the point (5,3) is on the graph of this 

even function, the point (—5,3) must also be on its graph. 

(b) Because an odd function is symmetric with respect to the origin, and the point (5, 3) is on the graph of this odd 
function, the point (-5, -3) must also be on its graph. 

58. (a) If / is even, we get the rest of the graph by (b) If / is odd, we get the rest of the graph by 

reflecting about the y-axis. rotating 180° about the origin. 



so / is an even function. 



61. / (-X) = (-x)^ + (-x) = - X. Since this is neither / (x) nor -/ (x), the function / is neither even nor odd. 
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62./(-;()=(-x)''-4(-*)2 
= x*-4x^ = f(x) 
so / is even. 



63. f(-x) = (-xf - (-X) =^-x^+x 
= -(x^ -x) = -f{x) 
so / is odd. 

y* 



64. / (—x) = 3 (—.Jt)^ + 2 (—^)^ + 1 = —Sat* + 2a:^ + 1. Since this is neither / (x) nor — / (x), the function / is 
neither even nor odd. 


Mathematical Models 

1 . (a) / (j) = ^ is a root function. 

0>) g U) = Vl - x^ is an algebraic function because it is a root of a polynomial. 

(c) h (x) = + a:'' is a polynomial of degree 9. 

AC^ + I 

(d) r (At) = is a rational function because it is a ratio of polynomials. 

(e) j (x) = tan 2At is a trigonometric function. 

(0 t (x) = logio X is a logarithmic function. 

2 . (a) y = (x — 6 ) / (x + 6 ) is a rational function because it is a ratio of polynomials. 

(b) y = X + x^/ y/x — 1 is an algebraic function because it involves polynomials and roots of polynomials. 

(c) y = 10* is an exponential function (notice thatx is the exponent). 

(d) y = x'® is a power function (notice that x is the base). 

(e) y = 2 /® + /-' - X is a polynomial of degree 6 . 

(f) y = cosO + sin(? is a trigonometric function. 

3. We notice from the figure that g and h are even functions (symmetric with respect to the y-axis) and that / is an 
odd function (symmetric with respect to the origin). So (b) [y = x*] must be /. Since g is flatter than h near the 
origin, we must have (c) (y = x*] matched with g and (a) [y = x^] matched with h. 

4. (a) The graph of y = 3x is a line (choice G). 

(b) y = 3* is an exponential function (choice /). 

(c) y = X® is an odd polynomial fiinction or power fimetion (choice F). 

(d) y = .y? = X is a root function (choice g). 
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5. (a) An equation for the family of linear 
funetions with slope 2 is 
y = f {x) = 2x + b, where b is the 
y-intereept. 



(b) / (2) = 1 means that the point (2, 1) is on the graph of /. 
We can use the point-slope form of a line to obtain an 
equation for the family of linear functions through the point 
(2, 1). y - 1 = m (j — 2), which is equivalent to 
y = mjt + (I — 2m) in slope-intercept forni. 



(c) The slope m must equal 2, so the equation in part (b), y = mx + — 2m), becomes y = 2x — 3. It is the only 

function that belongs to both families. 


6. (a) 


7. (a) 



(b) The slope of -4 means that for each increase of 1 dollar for a 
rental space, the number of spaces rented decreases by 4. The 
y-intercept of 200 is the number of spaces that would be 
occupied if there were no charge for each space. The 
jc-intercept of SO is the smallest rental fee that results in no 
spaces rented. 


(b) The slope of j means that F increases | degrees for each 
increase of PC. (Equivalently, F increases by 9 when C 
increases by 5 and F decreases by 9 when C decreases by 5.) 
The f-intercept of 32 is the Fahrenheit temperature 
corresponding to a Celsius temperature of 0. 


8. (a) Letd = distance traveled (in miles) and t = time elapsed (in 
hours). At r = 0, r/ = 0 and at / = SO minutes = SO ■ ^ = | h, 
d = 40. Thus we have two points: (0,0) and (|, 40^, so 
40-0 

m = -z -= 48 and sod = 48r. 

(c) The slope is 48 and represents the car’s speed in mi/h. 



SECTION 1.2 MATHEMATICAL MODELS □ 11 

9. (a) Using A/ in place of x and T in place of y, we find the slope to be ——^ = — = - So a 

Ni-Ny 173-113 60 6’ 

linear equation is r-80 = ^(,V-173) <=> 7’-80=^A'--!|^ <=> r = [^ = 51 ig] 

(b) The slope of j means that the temperature in Fahrenheit degrees increases one-sixth as rapidly as the number of 
cricket chirps per minute. Said differently, each increase of 6 cricket chirps per minute corresponds to an 
increase of I °F. 

(c) When N = 150, the temperature is given approximately by r = ^ (150) -F ^ = 76.I6°F as 76°F. 

10. (a) Let X denote the number of chairs produced in one day and y the 

associated cost. Using the points (100, 2200) and (300,4800) we get 
theslopei|^5^ = ^ = I3. Soy-2200= 13(x- 100) <=> 

>'=13x4- 900, 

(b) The slope of the line in part (a) is 13 and it represents the cost of 
producing each additional chair. 

(c) The y-intercept is 900 and it represents the fixed daily costs of operating 
the factory, 

change in pressure 4.34 

11. (a) We are given = -^ = 0.434. Using P for pressure and d for depth with the point 

(</,/») = (0,15), we have F- 15 = 0.434 (of-0) F = 0.434</+ 15. 

(b) When F = 100, then 100 = 0.434</ -F 15 <=> 0.434d = 85 <f as 195.85 feet. Thus, the pressure is 
100 Ib/in^ at a depth of approximately 196 feet. 

12. (a) Using d in place of x and C in place of y, we find the slope to be ~ 1 go a 

di-dy 800 - 480 320 4 

linear equation is C - 460 = | (d - 800) <=> C - 460 = - 200 <=> C = |d -F 260. 

(b) Letting d= 1500 we getC = | (1500) + 260 = 635. The cost of driving 1500 miles is $635. 

''I The slope of the line represents the cost per mile. $0.25. 

(d) The y-intercept represents the fixed cost, $260. 

(e) Because you have fixed monthly costs such as insurance 
and car payments, as well as costs that increase as you 
drive, such as gasoline, oil, and tires, and the cost of these 
for each additional mile driven is a constant. 

13. (a) The data appear to be periodic and a sine or cosine function would make the best model. A model of the form 

/ (x) = a cos (bx) + c seems appropriate. 

(b) The data appear to be decreasing in a linear fashion. A model of the form f (x) = mx -F b seems appropriate. 

14. (a) The data appear to be increasing exponentially. A model of the form / (x) = a ■ 6* or / (x) = a • M -F c seems 

appropriate. 

(b) The data appear to be decreasing similarly to the values of the reciprocal function. A model of the form 
/ (x) = a/x seems appropriate. 
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Some values are given to many decimal places. These are the results given by several computer algebra systems — rounding is left to the 
reader. 


15. (a) 


IS 

c 


o'-------^--- ' 61.000 

A linear model does seem appropriate. 


(b) Using the points (4000,14.1) and (60,000,8.2), we obtain 
8 2—141 

y — 14.1 =-^- —rT (x - 4000) or, equivalently, 

^ 60,000 - 4000 ' ■ 

y w -0.000105357X + 14.521429. 


IS 



(c) Using a computing device, we obtain the least squares regression line y = —0.0000997855x + 13.950764. 

(d) When x — 25,000, y as 11.456; or about 11.5 per 100 population. 

(e) When x = 80,000, y ar 5,968; or about a 6 % chance. 

(f) When X = 200,000, y is negative, so the model does not apply. 



Using a computing device, we obtain the least squares 
regression line y = 4.85fo - 220.96. 

(c) When X = lOO'F, y = 264.7 «< 265 chirps/min. 



A linear model does seem appropriate. Using a computing device, we obtain the least squares 

regression line y = — 158.2403249x + 0.089119747, where 
X is the year and y is the height in feet 

(c) When x = 2000, y =s 20.00 ft. 

(d) When X = 2100, y « 28.91 ft. This would be an increase of 9.49 ft from 1996 to 2100. Even though there was 
an increase of 8.59 ft from 1900 to 1996, it is unlikely that a similar increase will occur over the next 

100 years. 
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18. By looking at the scatter plot of the data, we rule out the linear and logarithmic models. 

610 CcMt(in$) 



Scatter plot 

We try various models: 

Quadratic: y = 0 . 496*2 _ 62.28W* + 1970.639 

Cubic: y = 0.0201243201*’ - 3.88037296*’ + 247.6754468* - 5163.935198 

Quartic: y = 0.0002951049*'' - 0.0654560995*’ + 5.27525641*’ - 180.2266511* + 2203.210956 

Exponential: y = 2.41422994 (1.054516914)' 

Power: y = 0.000022854971*’ 



610 Cost (in S) 



Exponeniia] model 


610 Ccwt(in$) 



Power model 


After examining the graphs of these 
models, we see that the cubic and 
quartic models are clearly the best. 



Using a computing device, we obtain the cubic function 
y = a*’ + 6*2 + c* + J with a = 0.00232567051876, 
b = -13.064877957628, c = 24,463.10846422, and 
d = -15,265,793.872507. When* = 1925,y 1922 
(millions). 


2010 (year) 
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20. (a) 260(7) 6(lnr) 



-10 -2 


The graph of T vs. d appears to be that of a power function and the graph of In T vs. In d appears to be linear, 
so a power model seems reasonable. 

(b) T = 1.000396048rf' ''’^'’'® 

(c) The power model in part (b) is approximately T = <f' *. Squaring both sides gives us = d^, so the model 
matches Kepler's Third Law. = kd^. 

3^3 New Functions from Old Functions 

1. (a) If the graph of / is shifted 3 units upward, its equation becomes y = / (x) + 3. 

(b) If the graph of / is shifted 3 units downward, its equation becomes y = / (x) - 3. 

(c) If the graph of / is shifted 3 units to the righf its equation becomes y = /(x - 3). 

(d) If the graph of / is shifted 3 units to the left, its equation becomes y = / (x + 3). 

(e) If the graph of / is reflected about the x-axis, its equation becomes y = -/ (x). 

(f) If the graph of / is reflected about the y-axis, its equation becomes y = / (-x). 

(g) Ifthe graph of / is stretched vertically by a factor of 3, its equation becomes y = 3/(x). 

(h) Ifthe graph of / is shrunk vertically by a factor of 3, its equation becomes y = y/ix). 

Z (a) To obtain the graph of y = 5/ (x) from the graph ofy = /(x), stretch the graph vertically by a factor of 5. 

(b) To obtain the graph ofy = / (x - 5) from the graph of y = / (x), shift the graph 5 units to the right. 

(c) To obtain the graph of y = — / (x) from the graph of y = / (x), reflect the graph about the x-axis. 

(d) To obtain the graph of y = -5/ (x) from the graph of y = / (x), stretch the graph vertically by a factor of 5 
and reflect it about the x-axis. 

(e) To obtain the graph of y = / (5x) from the graph ofy = / (x), shrink the graph horizontally by a factor of 5. 
(0 To obtain the graph of y = 5/ (x) - 3 from the graph ofy = / (x), stretch the graph vertically by a factor of 5 

and shift it 3 units downward. 

3. (a) (graph 3) The graph of / is shifted 4 units to the right and has equation y = / (x - 4). 

(b) (graph 1) The graph of / is shifted 3 units upward and has equation y = / (x) -I- 3, 

(c) (graph 4) The graph of / is shrunk vertically by a factor of 3 and has equation y = 5 / (x). 

(d) (graph 5) The graph of / is shifted 4 units to the left and reflected about the x-axis. Its equation is 
y = -/(x-l-4). 

(c) (graph 2) The graph off is shifted 6 units to the left and stretched vertically by a factor of 2. Its equation is 
y = 2 /{x+ 6 ). 





SECTION U NEW FUNCTIONS FROM aO FUNCTIONS O 15 


4. (a) To graph y = / (x + 4) we shift the graph 
of / 4 units to the left. 



(c) To graph y = 2/ (x) we stretch the graph 
of / vertically by a factor of 2. 


1 

\ \ 


: .y , 1 

1- 

i 



/1 \ 




■ ; l\ 

/L . 

-f-i 

t 

■ M 



1 



-K 













5. (a) To graph y = / (2x) we shrink the graph of 
/ horizontally by a factor of 2. 



(c) To graph y = /(—x) we reflect the graph 
of / about the y-axis. 



(b) To graph y = / (x) + 4 we shift the graph of / 
4 units upward. 



(d) To graph y = - j/ (x) + 3, we shrink the graph 
of / vertically by a factor of 2, then reflect the 
resulting graph about the x-axis, then shift the 
resulting graph 3 units upward. 



(b) To graph y = / ^ jx^ we stretch the graph of / 
horizontally by a factor of 2. 



(d) To graph y = -/ (-x) we reflect the graph of / 
about the y-axis, then about the x-axis. 



6. The graph ofy = / (x) = V3x — x^ has been shifted 2 units to the right and stretched vertically by a factor of 2. 
Thus, a function describing the graph is 
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7. The graph of = / (x) = V3x — x^ has been shifted 4 units to the left, reflected about the x-axis, and shifted 
downward 1 unit. Thus, a ftinction describing the graph is 


y= /(x + 4) -1 


reflect shift shift 
about 4 units 1 unit 
x-axis left down 


This function can be written as 


y = -f(x + 4)-\ = -j3(x + 4)-(,x+Af- 1 

= -^Sx -H2 - (x^ + 8x + 16) - I = -v/-x2 - 5x - 4 - 1 

(b) The graph of >> = 1 -I- -^x can be 


8. (a) The graph of >> = 2 sinx can be obtained from the graph of 
y = sinx by stretching it vertically by a factor of 2. 



obtained from the graph ofy = by 
shifting it upward I unit. 


( 1 . 2 ) 


9. y = — 1/x: Start with the graph of y = 1 /x and reflect about the x-axis. 


1 

y=x 


j, = _. 


10. y = 2 — cosx: Start with the graph ofy = cosx, reflect about the x-axis, and then shift 2 units upward. 

I'l 



y‘ 


0 

y “ -cosjt 





11. y = tan2x: Start with the graph ofy = tanx and compress horizontally by a factor of 2. 


y » tanjr 
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28. The most important features of the given graph are the x-intercepts and the 
maximum and minimum points. The graph of >> = 1 // (x) has vertical 
asymptotes at the x-values where there are x-intercepts on the graph of y = / (x) 
The maximum of I on the graph of y = / (x) corresponds to a minimum of 
1/1 = 1 ony = 1 //(x). Similarly, the minimum on the graph ofy = /(x) 
corresponds to a maximum on the graph ofy = 1 //(x). 


29. Assuming that successive horizontal and vertical gridlines are a unit apart, we can make a table of approximate 
values as follows. 


Connecting the points (x, / (x) + g (x)) with a smooth curve gives an approximation to the graph of / + g. Extra 
points can be plotted between those listed above if necessary. 

30. First note that the domain of / + g is the intersection of the domains of / and g; that is, / + g is only defined 
where both / and g are defined. Taking the horizontal and vertical units of length to be the distances between 
successive vertical and horizontal gridlines, we can make a table of approximate values as follows: 


Extra values of x (like the value 2.S in the table above) can be added as needed. 

31. / (x) = x^ + 2.x^; g (x) = 3x^ — 1. D = R for both / and g. 

(/ + g) U) = x’ + 2x2 + 3x2 - 1 = x’ + 5x^ - 1, £) = m 
(/-^)(^)=*’ + 2x2-{3x2-1)=x2-x2 + 1,D = R. 

(fg) (.x) = (x2 + 2x2) (3x2 _ ^ ^ 6^4 _ ;,3 _ 2x2, D = r 

(i) ® ^ ^ =^73 ) 3x2 - 1 ^ 0 . 


x 

-2 

-1 

0 

1 

2 

2.5 

3 

fM 


2.2 

2.0 

2.4 

2.7 

2.7 

2.3 

g{^) 

1 

-1.3 

- 1.2 

- 0.6 

0.3 

0.5 

0.7 

f(x} + g{x) 

0 

0.9 

0.8 

1.8 

3.0 

3.2 

3.0 



X 

0 

1 

2 

3 

4 

5 

6 

/(X) 

2 

1.7 

1.3 

1.0 

0.7 

0.3 

0 

?(x) 

2 

2.7 

3 

2.8 

2.4 

1.7 

0 

/ (x) + g (x) 

4 

4.4 

4.3 

3.8 

3.1 

2.0 

0 
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32. f{x) = >/rTI. D = [-I,oo);g(x) = D = (- 00 ,1], 

(/ + s)(j() = + v'T^. D = (- 00 .1] n (-1, 00 ) = 1-1,1]. 

(f-g)M = VI +Jr - VI -■*, D = [-1, 1], 

(fg) (*) = ynr? • = -/r^, o = (-i, n. 

f f\ -jr+x f 

* (jr) = — , D = [— 1,1). We must exclude x = 1 since it would make — undefined. 

Vl-X g 


33. /(x) = x.g(x)= l/x 

f 


3H. f(x) = x\g(x) = -x^ 


yi 



1 / 


f + 9 
1 I 


J 

/ 

\ “ 
\9 

t 


35. / (x) = 2x^ — x; g (jc) = 3 jc + 2. Z) = R for both / and g, and hence for their composites. 

(/ o g) (X) = / (g (x)) = / (3x + 2) = 2 (3x + 2)2 - (3x + 2) = 18x2 + 21x + 6. 
teo/)W=g(/W)=g(2*^-Jt) = 3(2x2-x)+ 2 = 6x2-3x+2. 

(/ o /) (x) = / (/ (x)) = / ( 2 x 2 - x) = 2 ( 2 x 2 - x)' - ( 2 x 2 - x) = g^4 _ 

(g°g)(x) = g(g(x))=g(3x + 2) = 3{3x+2) + 2 = 9x + 8 . 

36. /(x) = V5^,0 = [l,oo);g(x)=x2, 0 = R. 

(/ o «) (-t) = / (g (•»)) = / (Jt^) = v'x^ - 1. 

D = (x e R I g(x) 6 [1, 00 )) = {- 00 , -1] U [l.oo). 

(go /) (x) = g(/(x)) = g (Vx - 1) = (Vx -lf=x- 1 , D = [l,oo). 

(/o/)(x) = /(/(x)) = /(VT^ = VVx-l- 1, 

D = {x e [ 1 , 00 ) I Vx — 1 > 1 } = 12 , 00 ). 

(g o g) U) = g (g (x)) = g (x2) = (x2)2 =:,\D = R. 

37. /(x)= l/x, D = {x |x ^0); g(x) = x2+ 2x, D = R. 

(/og){;t) = /(g(x)) = /(x2 +2x) = 1/ (x2 + 2x), D = {x I x2 + 2x V 0} = (x I X tF 0). 

(g o /) (x) = g (/ (X)) = g(l/x) = l/x2 + 2/x, D = (x I X 5 ^ 0). 

(/ o /) (X) = / (/(X)) = / (l/x) = = X. D = (X I X 7 F 0). 

(g og) (x) = g(g(x)) = g (x2 + 2x) = (x2 + 2x)’ + 2 (x2 + 2x) = x’ + dx’ + 12x5 ^ , 0,3 + 4x, D = R. 


38. /(x) = = (x I X # 1}; g(x) = D = (x I X ^ -1}. 


(go/)(x)=g(^) = 
(/o/)(x) = /(^-^) = 
(gog)(x)=g(^) = g^ 


iV 

_/ -2 Y 

v + i 7 

U + lj 

l/(x-l)-l 


l/(x-l)+l 

= —.0 = 

X 

1 


l/(x-l)-l 

2-x’^ 


-X- 1 


D = (x|x#-lJ. 


-Mi^ = _i.Z> = (x|x#0,-l,. 
l)/(x + l)+l X 
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39. /(jt) = sinx, O = R; g(x) = 1 - V*. ^ = [0. <»)• 

(fog) (x) = /te(x)) = /(I - V?) = sin (1 - D = [0, 00 ). 

(go f)(x) = g(f (x)) = g (sinx) = 1 — Vsinx. For Vsinx to be defined, we must have 

sinx > 0 X e (0,x], [2*,3x), [-2x,-x], [4x,5x], [-4x,-3x].so 

D = {x I X e [2>ix, X + 2nx], where n is an integer). 

(/ o /) (x) = / (/ (x)) = / (sinx) = sin (sinx), D = R. 

(«°?) W =g(g(Jt)) = s(i - = 1 - O = {x > 0 I 1 - 7? > 0 } = [ 0 , 1 ]. 

40. /(x) = Vx^ - 1, D = (- 00 , -1)U [l,oo);g(x) = VI -x, D = (-oo, 1). 

(/ o g) (x) = / (g (x)) = / ('/n^ = ^(Vl -xf ^ = V^. To find the domain of (/ o g) (x), we must 
find the values of x that are in the domain of g such that g (x) is in the domain of /. In symbols, we have 
D = {x e (— 00 , 1] I VI -X e (-oo, -1] U [1, oo)}. First, we concentrate on the requirement that 
Vr^ e (- 0 O,-l]U(l,oo). Because VI - x > 0, VI - Jr is not in (-oo, -1]. IfVl -x isin[l,oo), then we 
must have VI - ^ > I =* l-x>l ^ x < 0. Combining the restrictionsx < 0 and x € (-oo, 1], we 
obtain D = (-oo, 0). 

(go f)(x) = g(f (x)) = g (Vx^ - l) = Vl-Vx^- I, 

0= {x e (-oo,-l)U[l,oo) I Vx2 - 1 e (-oo, l]}.Now Vx^ - I < I => x^-l<l => x^ <2 => 
|x| < =» —V 2 < X < V 2 . Combining this restriction with X e (- 00 ,—1]U [l,oo), we obtain 

D=[-^^,-l]u[l,^^]. 

(fof)(’‘) = f (f (^)) = / - 1 = Vx2 - 2, 

D= jx 6 (-oo,-IlU[l,oo) I Vx2 - 1 € (-oo,-l]U[l,oo)j.Now Vx2 - 1 > 1 => x2-l>l =» 

x^>2 => |x| >=» X > V2orx < -v^. Combiningthisrestrictionwithx e (-oo,-l]Utl.«>). we 

obtain D = (-oo, - V2] U (V2, oo). 

(«og)(x) = g(g(x)) = g(Vr^ = Vl - VI -X, D = {x 6 (- 00 , 1] I VI -* e (-oo, I)}. Now 

—X <1 ^ l-x<l ^ x>0. Combining this restriction with x 6 (-oo, 1), we obtain D = [0, 1). 

41. (fogok)(x) = f(g(h(x))) = /(g(x - 1)) = /(V7^ = V7^- 1 

42 . (/ogo/i)(x) = /(g(A(x))) = /(g(x2 + 2)) = /((x2 + 2)’) = l/(x2 + 2)’ 

43. (/ogo/,)(x) = /(g(A(x))) = /(g(v5)) = /(V^-5) = (V?-J)" + l 


44. (/ogoA)(x) = /(g(fi(x))) = /(g(VS))=/(; 3 j^) = 



45. Let g (x) = X - 9 and / (x) = x^ Then (fog) (x) = (x - 9)* = F (x). 

46. Let g (x) = V? and /(x) = sinx. Then (/og) (x) = sin = F (x). 

X x^ 

47. Letg(x) = x^ and /(x) = Then (/og)(x) = = G(x). 

48. Let g (x) = X + 3 and f(x)= 1/x. Then (/ o g) (x) = 1/ (x + 3) = G (x). 
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49. Let ^ (/) = cos t and / (r) = -/i. Then {/ o g) (t) = -^cosl = u(l). 

50. Let g(t) = xl and /(/) = tant. Then (/og) (t) = tana/ = u (/). 

51. Let/i(x) = x^,g{x) = 3',and f (x) = I -x. Then (/ ogoh)(x) = 1 — 3*^ = //(x). 

52. Let A (x) = y/x, g (x) = x — I, and /(x) = y/x. Then (/ ogoh) (x) = i/y/x — 1 = H (x). 

53. Let A (x) = Vx, ^(x) = secx, and / (x) =x^. Then (/ ogoh) (x) = (sec^^^ = sec* (y/x) = H (x). 

54. (a)/(g{l)) = /{ 6 ) = 5 (b)«(/(I)) = g(3) = 2 

(c) /(/(!)) = /(3) = 4 (d)^te(l))=«( 6 ) = 3 

(e)teo/)(3)=^(/(3)) = g(4)=l (f) (/o^)( 6 ) = /(g( 6 )) = /(3) = 4 

55. (a) g (2) = 5, because the point (2,5) is on the graph of g. Thus, / {g (2)) = / (5) = 4, because the point (5,4) is 

on the graph of /. 

(b)«(/(0)) = g(0) = 3 
{c)(/og)(0) = /(g(0)) = /(3) = 0 

(d) (g o f) ( 6 ) =g(f ( 6 )) = g ( 6 ). This value is not defined, because there is no point on the graph of g that has 
x-coordinate 6 . 

(e) te o g) (-2) = g (g (-2)) = g (I) = 4 
(0 (/o/)(4) = /(/(4)) = /(2) = -2 

56. To find a particular value of fig (x)), say for x = 0, we note from the graph that g (0) 2.8 and / (2.8) =« -0.5. 

Thus, / (g (0)) « / (2.8) « -0.5. The other values listed in the table were obtained in a similar fashion. 


JC 

gM 

/(«W) 

-5 

-0.2 

-4 

-4 

1.2 

-3.3 

-3 

2.2 

-1.7 

-2 

2.8 

-0.5 

-1 

3 

-0.2 


X 

g(-r) 

/(«M) 

0 

2.8 

-0.5 

1 

2.2 

-1.7 

2 

1.2 

-3.3 

3 

-0.2 

-4 

4 

-1.9 

-2.2 

5 

-4.1 

1.9 



57. (a) Using the relationship distance = rate ■ time with the radius r as the distance, we have r (/) = 60/. 

(b) A = xr^ ^ (A or) it) = Air (/)) = x (60/)^ = 3600)r/^. This formula gives us the extent of the rippled 
area (in cm^) at any time /. 

58. (a) cf = r/ => d = 350/ 

(b) There is a Pythagorean relationship involving the legs with lengths d and 1 and the hypotenuse with length s: 

d^ + = s^. Thus, sid) = y/tP- + 1 . 

(c) (x o cf) (0 = s id (/)) = i (350/) = x/(350/)^ + 1 

0 if/ < 0 

59. (a) (b) y. V it) = 

" I 120 if/> 0 

' '20 -soP(/) = 120 //(r). 


0 


0 
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Starting with the formula in part (b), we replace 120 with 240 to reflect the 
different voltage. Also, because we are starting 5 units to the right of 
/ = 0, we replace / with t - 5. Thus, the formula is V (/) = 240// (/ - 5). 


60. (a) R(l) = tH(t) = 


0 iff <0 
/ iff > 0 


(b) V{l) = 


0 if f < 0 
2 f if 0 < f < 60 
so F'(f) = 2f//(/), f <60. 


(c) /'(/) = 


0 if f < 7 

4(f-7) if7<f <32 


so f (f) = 4 (f - 7) // (f - 7), f < 32. 



V. 

too 


32 f 


61. (a) By examining the variable terms in g and h, we deduce that we must square g to get the terms 4x^ and 4x in h. 

If we let /(X) =x2 +c, then (/og)(x) = figU)) = /( 2 x + 1 ) = (2x + 1)^ + c = 4x2 + 4x + (, 

Since h (x) = 4x2 4 ^ 4 . 7 ^ must have 1 + c = 7 . So c = 6 and g (x) = x2 + 6 . 

(b) We need a function g so that 

/ ig (.3)) = 3 (g (x)) + 5 = A (x) = 3 x 2 + 3 x + 2 = 3 (x2 + x) + 2 = 3 {x2 + X - I) + 5. So we see that 
g(x)=x 2 +x- 1 . 

62. Weneedafunctiongsothatg(/(x)) = g(x + 4) = A(x) = 4x - 1 = 4(x + 4) - 17. So we see that the 
function g must be g (x) = 4x - 17. 

63. We need to examine h (-x). 

/,(-x) = (/og)(-x) = /{g(-x)) = /(g(x)) [because g is even) = A (x) 

Because h (-x) = h (x), A is an even function. 

64. h (-x) = /(g(-x)) = f(-g(x))- At this point, we can’t simplify the expression, so we might try to find a 
counterexample to show that h is not an odd function. Let g (x) = x, an odd function, and / (x) = x2 + x. Then 
/i (x) = x2 + X, which is neither even nor odd. 

Now suppose / is an odd function. Then / (-g (x)) = -/ (g (x)) = -h (x). Hence, A (-x) = -h (x), and so h 
is odd if both / and g are odd. 

Now suppose / is an even function. Then / (-g (x)) = / (g (x)) = A (x). Hence. A (-x) = A (x), and so A is 
even if g is odd and / is even. 
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65. (a) P = (a,g (a)) and Q = (g(a),g(a)) because Q has the 
same >'-value as P and it is on the line y = x. 

(b) The jc-value of 0 is g (a); this is also the x-value of P. The 
y-value of P is therefore / (jc-value), that is, / (g (a)). 
Hence,P = (g(a),/(g(am. 

(c) The coordinates of S are (a, / (g (o))) or, equivalently, 

(a, A (a)). 


66 . We only need to plot points for the first quadrant since we 
can see that / is an odd function, and by Exercise 64, we 
then know that / o / is an odd function, and hence, 
symmetric with respect to the origin. 


X 

0 

0.5 

1 

1.5 

2 

/(X) 

0 

1 

1.5 

1.4 

0 

/(/(X)) 

0 

1.5 

1.4 

1.5 

0 



jr-x 


Graphing Calculators and Computers 


1 . /(x) = x^ + 2 

(a) [-2,2] by [-2,2] 


(b) [0,4|by[0,4] 


(c) [-4,4] by [-4,4) 


[-8, 8] by [-4,40] 


(e) [-40,40] by [-80,800] 


The most appropriate graph is 
produced in viewing rectangle (d). 
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2 . f(x)=x^ + lx + t 

(a) [-5, 5] by 1-5,5] 




The most appropriate graph is produced in viewing rectangle (c). 
3. /(x)= 10 + 25 x-x3 




The most appropriate graph is produced in viewing rectangle (c) because the maximum and minimum points ate 
fairly easy to see and estimate. 










-2 
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9. / U) = O.OIx’ - + 5. Graphing / in a standard viewing 

rectangle, [—10, 10] by [-10,10], shows us what appears to be a 
parabola. But since this is a cubic polynomial, we know that a larger 
viewing rectangle will reveal a minimum point as well as the 
maximum point. After some trial and error, we choose the viewing 
rectangle [-50,150] by [-2000,2000]. 

10. /(x) = x(x + 6)(x-9) 


140 






15 



15 


16. y = 2x - - 5| 



-15 
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24. y = ±Vl + 9x^ 



-4 


25. Graphing / (at) = + Jt - 2 in a standard viewing rectangle, (-10, 10] by [-10,10], reveals one real root 

between 0 and 1. The second figure shows a close-up of this region. By using a root finder or by zooming in, we 
find the value of the root to be approximately 0.67. 



-to 


26. Graphing both / (jt) = -I- 8x -(-16 and g (x) = 2x^ -h 8x^, it 

appears that there are four points of intersection (see the figure). 
We can now use an intersection finder or zoom in on the regions 
of interest to find the solutions x as —2, — 1.24, 2, and 3.24, 



27. From the graph of / (x) = 2 sinx and g (x) = x, we see that there are three points of intersection. The intersection 
point (0,0) is obvious and due to the symmetry of the graphs (both functions arc odd), we only need to find one of 
the other two points of intersection. Using an intersection finder or zooming in, we find the x-value of the 
intersection to be approximately 1.90. Hence, the solutions are x = 0 and x as ±1.90. 



28. (a) 



- 1.5 


The x-coordinates of the three points of 
intersection are X as —3.29, —2.36 and 1.20. 
(b) Using trial and error, we find that m as 0.3365. 
Note that m could also be negative. 
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29. g(jt) =jr^/10 is larger than /(x) = lOx^ 
whenever X > 100. 

300.000 a f 


^r3 


30. / (x) = x* - 100x3 jj larger than g (x) = x 
whenever X > 101. 




ISO 


-1.000.000 


31. (a) (i) [0, 51 by [0,20] (ii) [0,25] by [0, lO’] (iii) [0, 50] by [0,10*] 



As X gets large, / (x) = 2* grows more rapidly than g (x) = x*. 

(b) From the graphs in part (a), it appears that the two solutions are x =» 1.2 and 22.4. 



As X gets large, / (x) = grows more rapidly than g (x) = x^. 


(b) From the graphs in (a), it appears that the three solutions arc x w —0.80, 1.52 and 7.17. 



0 


We see from the graphs ofy = |sinx — x| and y = 0.1 that there arc two 
solutions to the equation |sinx — x| = 0.1; x —0.85 and x « 0.85. The 
condition |sinx - x| <0.1 holds for any x lying between these two 
values. 
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P (j) = 3:t’ - 5x^ + 2x, 

Q (x) = 3x*. These graphs are 
significantly different only in the 
region close to the origin. The larger a 
viewing rectangle one chooses, the 
more similar the two graphs look. 


35. (a) The root functions y = -Jx, 
y = ifx and y = S/x 


3 



fx 





-1 


(b) The root functions y = x, 
y = Ifx and y = ifx 



(c) The root functions y = -Jx, 
y = ifx, y = ifx and y = 4 ^ 



(d) • For any n, the nth root of 0 is 0 and the nth root of 1 is 1; that is. all nth root functions pass through the 
points ( 0 , 0 ) and ( 1 , 1 ). 

• For odd n, the domain of the nth root function is R, while for even n, it is {x e R 1 x >0}. 

• Graphs of even root functions look similar to that of Vx, while those of odd root functions resemble that of 

4 ^. 

• As n increases, the graph of !ljx becomes steeper near 0 and flatter for x > 1. 


36. (a) The functions y = I/x and 
y = lA’ 


3 







-3 


(b) The functions y = 1/x^ and 
y = 1^“ 


3 


/ ,1 





-3 


(c) The functions y = 1/x, y = 1/x^, 
y = 1 /x^ and y = 1 /x^ 



-I 


(d) • The graphs of all functions of the formy = 1/x" passthrough the point (1,1). 

« If n is even, the graph of the function is entirely above the x-axis. The graphs of 1/x" for n even are similar 
to one another. 

• Ifn is odd, the function is positive for positive x and negative for negative x. The graphs of 1/x" for n odd 
are similar to one another. 

• Asm increases, the graphs of 1 /x" approach 0 faster as x -» oo. 
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37. 


38. 


39. 


f (x) = X* +cx^ +x. If c <0, there are three humps: two minimum 
points and a maximum point. These humps get flatter as c increases, 
until at c == 0 two of the humps disappear and there is only one 
minimum point. This single hump then moves to the right and 
approaches the origin as c increases. 

/w=vr + cx^. If c < 0, the function is only defined on 
[—1 1 • ]. 4nd its graph is the top half of an ellipse. If 

c = 0, the graph is the line y = I. If c > 0, the graph is the top half 
of a hyperbola. As c approaches 0, these curves become flatter and 
approach the line y = I. 

y = x”2~^. As n increases, the 
maximum of the function moves further 
from the origin, and gets larger. Note, 
however, that regardless of n, the 
function approaches 0 as x oo. 



1^ I 

40. y = -r The “bullet” becomes broader as c increases. 
•Jc — x^ 


41. y^ = cx^ + x^ 

If c <0, the loop is to the right of the origin, and if c is positive, it is 
to the left. In both cases, the closer c is to 0, the larger the loop is. (In 
the limiting case, c = 0, the loop is “infinite”, that is, it doesn’t close.) 
Also, the larger |c| is, the steeper the slope is on the loopless side of 
the origin. 



42. (a) y = sin (^/x) (b) y = sin (x^) 

This function is not periodic; it oscillates This function oscillates more frequently as |x| increases, 

less frequently as x increases. Note also that this flmction is even, whereas sin x is odd. 
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^3 Review 

-- CONCEPT CHECK 

1. (a) A function / is a rule that assigns to each element ;c in a set /4 exactly one element, called / (x), in a set B. 

The set A is called the domain of the function. The range of / is the set of all possible values of / (x) as x 
varies throughout the domain. 

(b) If / is a function with domain A, then its graph is the set of ordered pairs {(x, / (x)) | x e ^4). 

(c) Use the Vertical Line Test on page 17. 

2. The four ways to represent a function are: verbally, numerically, visually, and algebraically. An example of each is 
given below. 

Verbally; An assignment of students to chairs in a classroom (a description in words) 

Numerically: A tax table that assigns an amount of tax to an income (a table of values) 

Visually: A graphical history of the Dow Jones average (a graph) 

Algebraically: A relationship between distance, rate, and time: d = rt (an explicit formula) 

3. (a) An even function / satisfies / (—x) = / (x) for every number x in its domain. It is symmetric with respect to 

the y-axis. 

(b) An odd function g satisfies g (—x) = —g (x) for every number x in its domain. It is symmetric with respect to 
the origin. 


4. A function / is called increasing on an interval 7 if / (xi) < /(xj) whenever xi < X 2 in 7. 

5. A mathematical model is a mathematical description (often by means of a function or an equation) of a real-world 
phenomenon. 


6. (a) Linear function: / (x) = 2x + 1, / (x) = ox + i 

(b) Power function: /(x) = x^, / (x) = x“ 

(c) Exponential function: / (x) = 2^, / (x) = o' 

(d) Quadratic function: f (x) = + x + I, 

f (x) = ox^ -I- ix -I- c 

(e) Polynomial of degree 5: /(x)=x*-l-2 

X P (jc) 

(0 Rational function: / (x) =- f (x) = where 

X + 2 Q (x) 

P (x) and Q (x) are polynomials 
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9. (a) The domain of / + g is the intersection of the domain of / and the domain of g\ that is, AHB. 

(b) The domain of fg is also An B. 

(c) The domain of //g must exclude values of x that make g equal to 0; that is, {x e ,4 n B | ^ (x) 5 ^ 0). 


10 . Given two functions / and g, the composite function / o g is defined by (/ o g) (x) = / (g (x)). The domain of 
/ o g is the set of all x in the domain of g such that g (x) is in the domain of /. 

11 . (a) If the graph of / is shifted 2 units upward, its equation becomes y = / (x) + 2. 

(b) If the graph of / is shifted 2 units downward, its equation becomes y = f(x) — 2. 

(c) If the graph of / is shifted 2 units to the right, its equation becomes y = / (x — 2). 

(d) If the graph of / is shifted 2 units to the left, its equation becomes y = / (x + 2). 

(e) If the graph of / is reflected about the x-axis, its equation becomes y = —f (x). 

(f) If the graph of / is reflected about the y-axis, its equation becomes y = f (—x). 

(g) If the graph of f is stretched vertically by a factor of 2, its equation becomes y = 2/ (x). 

(h) If the graph of / is shrunk vertically by a factor of 2, its equation becomes y = ^/(x). 

(i) If the graph of / is stretched horizontally by a factor of 2, its equation becomes y = / ^^x^. 

(j) If the graph of / is shrunk horizontally by a factor of 2, its equation becomes y = / (2x). 

—— TRUE-FALSE QUIZ ' '■■■' 

1 . False. Let /(x) = x^, s = — I, and / = 1. Then /(s -t- r) = (-1 + 1)^ = 0^ = 0, but 

/ W-I-/ (0 = (-1)^-t-= 2 yt 0 = / (s-E r). 

2. False. Let / (x) = x^. Then / (-2) = 4 = / (2), but -2 ^ 2. 

3. False. Let / (x) = x^. Then / (3x) = (3x)^ = 9x2 and 3/ (x) = 3x^ So / (j,) ^ 3/ (x). 

4. True. If xi < X 2 and / is a decreasing function, then the y-values get smaller as we move from left to right. 

Thus, /(xi) > /(X 2 ). 

5. True. See the Vertical Line Test. 

6. False. Let /(x) =x^ andg(x) = 2x. Then (/ og) (x) = /(g(x)) = / (2x) = (2x)2 = 4x2 

(go/) W =«(/(*)) = «(x^) =2x2. So/og#go/. 
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EXERCISES 


1. (a) When x = 2, >> w 2.7. Thus, / (2) « 2.7. 

(b) /(x) = 3 => 2.3,5.6 

(c) The domain of / is —6 < x < 6, or [—6,6]. 

(d) The range of / is —4 < >< < 4, or [—4,4]. 

(e) / is increasing on (-4,4). 

(f) / is odd since its graph is symmetric with respect to the origin. 

2. (a) This curve is not the graph of a function ofx since it fails the Vertical Line Test. 

(b) This curve is the graph of a function of x since it passes the Vertical Line Test. The domain is [-3,3) and the 
range is [-2, 3]. 
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(b) From the graph, we see that the distance is 
slightly less than 150 feet. 



There will be some yield with no fertilizer, increasing 
yields with increasing fertilizer use, a leveling-off of 
yields at some point, and disaster with too much 
fertilizer use. 


5. /(x) = -^4 - 3x2. Domain; 4 — 3x^ > 0 => 3x^ < 4 => x^ < j =* |x| < ^. Range: y > 0 and 

y < V4 ^ 0 < y < 2. 


6- ^ {*) = —Domain: x -4- 1 0 


X yt -1. Range: all reals except 0 (y = 0 is the horizontal asymptote 


forg.) 

7. y = 1 -F sinx. Domain: R. Range: —1 < sinx <1 => 0 < 1 + sinx <2 =* 0<y<2. 

8. y = tan 2x. Domain: 2x yi ^ + ten => xyFf-Fyn- Range: the tangent function takes on all real values, so 
the range is R. 


9. (a) To obtain the graph of y = f (x) + 8, we shift the graph of y = / (x) up 8 units. 

(b) To obtain the graph of y = / (x -I- 8), we shift the graph of y = / (x) left 8 units. 

(c) To obtain the graph ofy = 14-2/ (x), we stretch the graph ofy = / (x) vertically by a factor of 2, and then 
shift the resulting graph I unit upward. 

(d) To obtain the graph of y = / (x — 2) — 2, we shift the graph of y = / (x) right 2 units, and then shift the 
resulting graph 2 units downward. 

(e) To obtain the graph of y = —/ (x), we reflect the graph of y = / (x) about the x-axis. 

(f) To obtain the graph of y = 3 - / (x), we reflect the graph of y = / (x) about the x-axis, and then shift the 

resulting graph 3 units upward. 
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10. (a) To obtain the graph of >> = fix — 8), we 
shift the graph of >< = / (jt) right 8 units. 



(c) To obtain the graph oiy = 1 — / (jc), we 
reflect the graph oiy = fix) about the 
x-axis, and then shift the resulting graph 2 
units upward. 



(b) To obtain the graph of >> = —/ (x), we reflect the 
graph of >> = / (x) about the x-axis. 



(d) To obtain the graph oiy = j / (x) — 1, we shrink 
the graph oiy = fix) by a factor of 2, and then 
shift the resulting graph 1 unit downward. 



11. To sketch the graph of y = 1 + -Jx + 2, we 12. To sketch the graph ofy = (x — 1)^ — 1, we shift 

shift the graph of y = ./x left 2 units and up 1 the graph of y = x^ right 1 unit and down 1 unit, 

unit 




13. To sketch the graph ofy = cos3x, we compress 14. To sketch the graph ofy = 3 — 2sinx, we stretch 

the graph ofy = cosx horizontally by a factor the graph ofy = sinx vertically by a factor of 2, 

of 3. reflect the resulting graph about the x-axis, and 
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15. (a) The temis of / arc a mixture of odd and even powers of x, so / is neither even nor odd. 

(b) The terms of / are all odd powers of x, so / is odd. 

(c) / (-X) = cos ((-x)^) = cos (x^) = / (x), so / is even. 

(d) / (-X) = 1 + sin (-X) = 1 - sinx. Now / (-x) ^ / (x) and / (-x) -/ (x). so / is neither even nor 


0 — 2 

16. For the line segment, the slope is —= -2, and an equation is - 0 = -2 (x + 1) or, equivalently, 

y = —2x — 2. The circle has equation x^ + = I; the top half has equation y = ■/! — x^ (we have solved for 

—2x — 2 if—2<x<—I 

positive y.) Thus, / (x) = - 

Vl - x^ if-1 < X < I 

17. /(x) = ^/x, D = [0,oo);g(x) = sinx, D = R. 

(/°?)(-*) = = f (sinx) = Vsinx. For Vsinx to be defined, we must have sinx > 0 <=> x€[0,jc], 

|2x,3x], [-2x,-xl,(4)t,5x], l-4a,-3)t].so D = (x |x e [2njr, tr + 2n)r], where n is an integer). 

(g o /) (x) = g (/ (x)) = g (^/x) = sin ,/x. X must be greater than or equal to O for ^/x to be defined, so 
D = [0, oo). 

(/o/) W = / (/W) = / (vA) = D = [0, oo). 

(gog)(x) = g(s (x)) = g (sinx) = sin (sinx). D = R. 

18. Lctfi(x)=x + V*,g(x) = Vx, and/(x) = l/x.Then(/ ogo/i)(x) = ■ * — =F(x). 

x/xT V? 

19. The graphs of / (x) = sin" x, where n is a positive integer, all have domain R. For odd n, the range is [—I, l)and 
for even n, the range is (0, 1). For odd n, the functions are odd and symmetric with respect to the origin. For even 
n, the functions arc even and symmetric with respect to the y-axis. As n becomes large, the graphs become less 
rounded and more “spiky". 

20. (a) Let x denote the number of toaster ovens produced in one v|(c<ki> ^ 

week and y the associated cost. Using the points 12.000 y' 

(1000, 9000) and (1500, 12,000), we get an equation of a 90oo />=6x+3000 


12,000 - 9000 

1 ^ 00 ^ 

y~6{x- J000) + 9000 => >- = 6;c+3000. 


^y=6x+3000 


500 1000 1500 2000 ^ 

(toaster ovens) 


(b) The slope of 6 means that each additional toaster oven produced adds $6 to the weekly production cost. 

(c) The y-intercept of 3000 represents the overhead cost — the cost incurred without producing anything. 

Many models appear to be plausible. Your choice depends on whether 
' you think medical advances will keep increasing life expectancy, or if 

• ■ there is bound to be a natural leveling-off of life expectancy. A linear 

• ' model, y = 0.263x - 450.034, gives us an estimate of 76.0 years for 

• ' the year 2000. 




Principles of Problem Solving 


1 . 



By using the area formula for a triangle, j (base) (height), in two ways, we 

see that ^ (4) (y) = j (A) (a), so o = ^. Since 4^ + = A^, 

h 

/jT—- . 4VA2 - 16 

y = VA^ — 16, and a =-. 

A 



y>2 _ iQQ 

Refer to Example 1 , where we obtained A =-. The 100 came 

2P 

from 4 times the area of the triangle. In this case, the area of the triangle is 
^ (A) ( 12 ) = 6A. Thus, A ==» 2Ph==P^-2Ah => 

p2 

2Ph + 2Ah = P‘^ =» h{2P + 2A) = P^ =» A = —-. 


2Ph = - 24A 


1 — 2x if X < 


and |x + 5| = 

: — 1 ifx > * X + 5 


-X — 5 if X < — 5 


ifx > -5 


Therefore, we consider the three cases x < —5, -5 < x < j, and x > j. 

Ifx < —5, we must have 1 — 2x — (—x — 5) = 3 <=> x = 3, which is false, since we are considering x < —5. 
If-5 <x < j, wemust have I - 2x - (x+ 5) = 3 <=> x = -j. 

Ifx > ^, wemusthave 2x - 1 - (x+ 5) = 3 <=> x = 9. 

So the two solutions of the equation arc x = -| and x = 9, 


4. |x- 


1 — X ifx < I 
X - 1 if X > 1 


and |x — 3| = 


3 — X if X < 3 
X - 3 ifx > 3 


Therefore, we consider the three cases x < 1. 1 < x < 3, and x > 3. 

Ifx < 1, we musthavc I -X - (3-x) > 5 <=> 0 > 7, which is false. 

If 1 < X < 3, we must have x — I — (3 — x)>5 <=> ^ — I> which is false because x < 3. 
If X > 3, we must have x-I-(x-3)>5 o 2>5, which is false. 

All three cases lead to falsehoods, so the inequality has no solution. 

5. /(x) = 1x^-4 |x| + 3|. Ifx > 0, then /(X) = jx^ - 4x + 3| = |(x - 1) (x - 3)|. 

Case (i): If 0 < x < 1, then / (x) = x^ - 4x + 3. 

Case (ii): If I < x < 3, then / (x) = - (x^ - 4x + 3) = —x^ + 4x - 3. 

Case (Hi): If x > 3, then / (x) = x^ - 4x + 3. 


This enables us to sketch the graph for x > 0. Then we use the fact that / is an 
even function to reflect this part of the graph about the y-axis to obtain the 
entire graph. Or, we could consider also the cases x < -3, -3 < x < -1, and 
-1 <x <0. 
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6. g(A:) = |x2-l|-|x2_4l. 



- 1 if |jtl > 1 
\-x^ if|x|<I 


and |x^ - 4| = 


-4 

4-x2 


SoforO< |x| < l,g(x)= l-x2-(4-x2) = -3,for 
1 < |x| < 2,g (x) = x^ - 1 — (4 - x^) = 2x^ - 5, and for 
|xl>2,g(x)=x2-l-(x2-4) = 3. 


if|x| > 2 
if |x| < 2 



Ul + l>'l = I + - I-*! - l3'l + 1 = 0 <=> 

|J|| lyl - Ul - l>'l + 1 = 0 « (|x| - l){i 3 '| - 1) == 0 <=> x=±lor 

>. = ± 1 . 


8 . x^y - y^ — 5x^ + = 0 o x^ (y - 5) - y^ (y — 5) = 0 <=> 

(x^ - O' - 5) = 0 <=> X = ±y or = 5 


9- Ol + Ol < 1 ■ The boundary of the region has equation |x| + lyl = 1. 
In quadrants I, II, III, and IV, this becomes the lines x + y = I, 

—X + y = I, —X — y = I, andx — y = I respectively. 



10. |x-y| + |x|-|y| <2 


Case (i) : 

X > y > 0 

«=> 

X —y+ x —y < 2 


X - y < 1 


y>x-\ 

Case (ii): 

y > X > 0 

<=> 

y-x+x-y<2 


0 < 2 (true) 



Case (iii): 

X > 0 and y < 0 

<=> 

x-y+x+y<2 


2x < 2 


X < 1 

Case (iv): 

X < 0 and y > 0 


y — X—X— y<2 


-2x < 2 


JC > -1 

Case (v): 

y < X < 0 


x-y-x+y<2 

<=> 

0 < 2 (true) 



Case (vi): 

X < y < 0 


y-x-x+y<2 


VI 

1 


y<x-\-\ 


Note: Instead of considering cases (iv), (v), and (vi), we could have noted that 
the region is unchanged if x and y are replaced by -x and -y, so the region is 
symmetric about the origin. Therefore, we need only draw cases (i), (ii), and 
(iii), and rotate through 180° about the origin. 
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11. Let (/ be the distance traveled on each half of the trip. Let !{ and I 2 be the times taken for the first and second halves 
of the trip. 

For the first half of the trip we have t\ = i//30 and for the second half we have I 2 = rf/60. Thus, the average speed 
total distance 2d 2d 60 \20d I20rf 

: 40. The average speed for 


for the entire trip is - 

total time 

the entire trip is 40 mi/h. 


t\ +<2 


£ £ 

30'''60 


60 2d + d id 


12. Let / = sin, g = Jt, and h = x. Then the left-hand side of the equation is 

/ o (g -F A) = sin (x -F j[) = sin 2r = 2 sinx cosx; and the right-hand side is 
/ o g + f oh = sin X -F sin X = 2 sin x. The two sides are not equal, so the given statement is false. 

13. Let S„ be the statement that 7" — 1 is divisible by 6. 

• 5i is true because 7* — 1 = 6 is divisible by 6. 

• Assume S* is true, that is, 7* — 1 is divisible by 6. In other words, 7* — I = 6m for some positive integer m. 
Then 7*'''* - 1 = 7* ■ 7 — 1 = (6m -F 1) • 7 — 1 = 42m -F 6 = 6 (7m -F 1), which is divisible by 6, so Si+i is true. 

• Therefore, by mathematical induction, 7" — 1 is divisible by 6 for every positive integer n. 

14. Let S„ be the statement that I -F 3 -F 5 H-F (2n — I) = «^. 

• 5| is true because [2 (1) — 1] = I = 1^. 

• Assume S* is true, that is, 1 -F 3 -F 5 -I-F (2A — 1) = *^. Then 

I -F3-F5-F-■ ■ + (2*- I)-F[(2A-F 1)- 1]= 1 -F3-F5-F--- + (2*- 1)-F(2*-F 1) 

= *2 + (2*-f !) = (*+1)2 


which shows that 5t.i.| is true. 

• Therefore, by mathematical induction, I + 3 -F 5 +-F (2n — 1) = for every positive integer n. 

15. /o (x) = x2 and /„+i (x) = /o (/„ (x)) for n = 0, 1.2. 

A (Jt) = /o (/o (^)) = /o (jr2) = (x2)2 = x^, /2 (X) = /o (/| (x)) = /o (x'*) = (x^)^ = X*, 

A (x) = /b (72 (Jt)) = /o (jf*) = (n*)^ = x'*,.... Thus, a general formula is /„ (x) = x^”*'. 


16. (a)/o(x)= l/(2-x)and/„+, =/oo/„forn = 0,l,2. 

2-x 2-x 

1 


/l(jt) -^ 0 ( 2 .x) 2 _ !_ 2(2-x)-I 3-2x’ 


2 - 




1 

2- x 

3- 2x 
1 


3-2x 

2(3-2x)-(2-x) “ 4-3x’ 
4 - 3x 4 - 3x 


2 _ 3-2x 2 (4 - 3x) - (3 - 2x) 5 - 4x ”'' 

4-3x 

Thus, we conjecture that the general formula is (x) = ■————, 

n-F2-(n-Fl)x 
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To prove this, we use the Principle of Mathematical Induction. We have already verified that fn is true for 

k 1 ^ kx 

n = 1. Assume that the formula is true for n — k\ that is, /» (at) = -—r— --. Then 

fM (.X) = (/o o /*) (At) = /o (/* (At)) = /o ^- kl\-kx 

k + l-(k+\)x 

* + 2-(*+l)j k + 2-(k + \)x 

~ 2[k + 2-{k+\)x]-{k + \-la)~ k + 3-^k + 2)x 
This shows that the formula for f„ is true for n = * + 1. Therefore, by mathematical induction, the formula 
true for all positive integers n. 



fj fj /i U 

From the graph, we can make several observations: 

• The values at At = a keep increasing as k increases. 

• The vertical asymptote gets closer to x = I as k increases. 

• The horizontal asymptote gets closer to y = 1 as k increases. 

• The x-intercept for fk+i is the value of the vertical asymptote for /*. 

• The y-intercept for ft is the value of the horizontal asymptote for /*+i. 



Limits and Rates of Change 


The Tangent and Velo city Problems 


1 . (a) Using /■ (15,250), we construct the following tabic: 


/ 

Q 

slope = mpQ 

5 

10 

20 

25 

30 

(5,694) 

(10,444) 

(20,111) 

(25,28) 

(30,0) 

694-250 444 444 

5-15 - “R)‘ - 

444 -250 194 ao « 

- 5 - 

in-250 139 

M-15 - T - 27.8 

2«-250 222 

TTTr - Tir - 22.2 

0-250 _ 250 i/:7 

35rn -- IT =-16.6 


(b) Using the values of t that correspond to the points closest 
to /" (/ = 10 and t = 20), we have 
-38.8+ (-27.8) 


(c) From the graph, we can estimate the 
slope of the tangent line at P to be 
= -33.3. 



2- (a) Slope = 69.67 (b) Slope = = 2f2 = 71.75 

(c) Slope = 71 (d) Slope =20g5||« = 132 =66 

From the data, we see that the patient’s heart rate is decreasing from 71 to 66 heartbeats/minute after 42 minutes. 
After being stable for a while, the patient’s heart rate is dropping. 

3. For the curve y = ^ and the point P (4,2): 



X 

Q 

mpQ 

(i) 

5 

(5,2.236068) 

0.236068 

(ii) 

4.5 

(4.5,2.121320) 

0.242641 

(Hi) 

4.1 

(4.1,2.024846) 

0.248457 

(iv) 

4.01 

(4.01,2.002498) 

0.249844 

(V) 

4.001 

(4.001,2.000250) 

0.249984 

(vi) 

3 

(3, 1.732051) 

0.267949 

(vii) 

3.5 

(3.5, 1.870829) 

0.258343 

(viii) 

3.9 

(3.9, 1.974842) 

0.251582 

(ix) 

3.99 

(3.99,1.997498) 

0.250156 

(X) 

3.999 

(3.999,1.999750) 

0.250016 


(b) The slope appears to be j. 

(c) j< - 2 = J (jt - 4) or 
> = + 1 . 
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4. For the curve y=\/x and the point P (0.5,2): 

I- 1 - 1 -r 



X Q 

mpQ 

(i) 

2 (2,0.5) 

-1 

(ii) 

1 (1.1) 

-2 

(iii) 

0.9 (0.9,1.111111) 

-2.222222 

(iv) 

0.8 (0.8,1.25) 

-2.5 

(V) 

0.7 (0.7,1.428571) 

-2.857143 

(Vi) 

0,6 (0,6,1.666667) 

-3.333333 

(vii) 

0.55 (0.55,1.818182) 

-3.636364 

(viii) 

0.51 (0.51, 1.960784) 

-3.921569 

(ix) 

0.45 (0.45,2.222222) 

-4.444444 

(X) 

0.49 (0.49,2.040816) 

-4.081633 


(b) The slope appears to be —4. 

(c) y — 2 = —4 (x — 0.5) O! y = —4x + 4 

(d) 



= 58- 1.66r-0.83/iifA5i0 


5. (a) At r = 2, >■ = 40 (2) - 16 (2)’ = 16, The average velocity betsveen times 2 and 2 + A is 

40(2 + A)-16(2 + A)^-16 ^ -24A - 16A^ ^ ^ ^ 

h h 

(i) h = 0.5, -32 ft/s (ii) A = 0.1, -25.6 ft/s 

(iii) A = 0.05, -24.8 ft/s (iv) A = 0.01, -24.16 ft/s 

(b) The instantaneous velocity when r = 2 is -24 ft/s. 

6. The average velocity between I and / + A seconds is 

58(/ + A)-0.83(/+A)2-(58(-0.83r2) 58A - 1.66/A - 0.83A2 „ , 

A A 

(a) Here / = 1, so the average velocity is 58 - 1.66 — 0.83A = 56.34 - 0.83A. 

(i) [1,2]: A = 1,55.51 m/s (ii) (1,1.5): A = 0.5, 55.925 m/s 

(iii) [1,1.1): A = 0.1, 56.257 m/s (iv) (1,1.01); A = 0.01, 56.3317 m/s 

(v) [1,1.001): A = 0.001, 56.33917 m/s 

(b) The instantaneous velocity after 1 second is 56.34 m/s. 

7. Average velocity between times 1 and 1 + A is 

s(l+A)-s(l) (l+A)V6-l/6 A3 + 3A2 + 3A A2 + 3A + 3.,., 

-A-=-A-=-6A-=-6- 

(a) (i) (1,3): A = 2,-^ ft/s (ii) [1,2): A = 1, | ft/s 

(iii) [1,1.5): A = 0.5, ^ ft/s (iv) [1,1,1): A = 0.1, ^ ft/s 

(b) As A approaches 0, the velocity approaches j ft/s. 
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8. Average velocity between times 1 = 2 and t = 2 + /i is given by 


s{2 + h)-s (2) 
h 


(a) (i)/i = 3 

(ii) A = 2 

(iii) h = 1 



(b) Using the points (0.8,0) and (5,118) from the 
approximate tangent line, the instantaneous 
velocity at r = 2 is about ^ 28 ft/s. 



s 

150 

-i -i y" 

i 

_i 


L. ■ 

— 1 

100- 


7l 

so 


1 





.... .. 

_j 

n. 

i 1 ^ 4 4 





9. For the curve y = sin (10a fx) and the point (1,0): 


(a) 


X 

Q 

mpQ 

2 

(2.0) 

0 

1.5 

(1.5,0.8660) 

1.7321 

1.4 

(1.4, -0.4339) 

-1.0847 

1.3 

(1.3,-0.8230) 

-2.7433 

1.2 

(1.2,0.8660) 

4.3301 

1.1 

(1.1,-0.2817) 

-2.8173 


^ Q 

mpQ 

0.5 (0.5,0) 

0 

0.6 (0.6,0.8660) 

-2.1651 

0.7 (0.7,0.7818) 

-2.6061 

0.8 (0.8, 1) 

-5 

0.9 (0.9, -0.3420) 

3.4202 

0.99 (0.99,0.3120) 

-31.2033 


As X approaches I, the slopes do not appear to be approaching any particular value. 


(b) 



We see that problems with estimation arc caused by the 
frequent oscillations of the graph. The tangent is so steep at 
P that we need to take x-values much closer to 1 in order to 
get accurate estimates of its slope. 


(c) If we choose X = 1.001, then the point Q is (1.001, -0.0314) andm />5 » -31.3794. Ifx =0.999, then Q is 
(0.999,0.0314) animpQ = -31.4422. Averaging these two slopes gives us the estimate—31.4108. 


—The Limit of a Function _ 

1 . As X approaches 2, / (x) approaches 5. [Or, the values of / (x) can be made as close to 5 as we like by taking x 
sufficiently close to 2 (but x ^ 2).] Yes, the graph could have a hole at (2,5) and be defined such that / (2) = 3. 

2. As X approaches 1 from the left, / (x) approaches 3; and as x approaches 1 from the right, / (x) approaches 7. No, 
the limit does not exist because the left- and right-hand limits are different. 
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3. (a) lim f{x) = oo means that the values of / (x) can be made arbitrarily large (as large as we please) by taking 
X sufficiently close to -3 (but not equal to -3). 

(b) lim / (x) = —00 means that the values of / (x) can be made arbitrarily large negative by taking x 

X-+4'*' 

sufficiently close to 4 through values larger than 4. 


4. (a) lim / (x) = 3 (b) lim / (x) = 4 (c) lim / (x) = 2 

(d) lim / (x) docs not exist because the limits in part (b) and part (c) are not equal. 
jt-»3 


(c)/(3) = 3 



5. (a) lim /(x) = 3 

X-*l 

(b) lim fix) = 2 
x-»3- 

(c) lim /(x) = -2 
x-»3+ 

(d) lim / (x) doesn’t exist because the limits in part (b) and part (c) are not equal. 
jc->3 

II 

(f) lim /(x) = -l 

j-»-2- 

(g) lim /(x) = -l 

i-»-2+ 

(h) lim /(x) = -l 

4:^-2 

(i)/(-2) = -3 


6. (a) lim g(x) = -l 

(b) lim g(x) = l 
x-»-2+ 

(c) lim g(x) doesn’t exist 
x~*-2 

(d)g(-2)=l 

(e) lim g(x) = I 
x-*2~ 

(0 lim g(x) = 2 
x-^2* 

(g) lim g (x) doesn’t exist 
*->2 

(h)g(2) = 2 

(i) lim g(x) doesn’t exist 
x-»4+ 

(j) lim g(x) = 2 

(k) g (0) doesn’t exist 

(1) lim g (x) = 0 
x-»0 

7. (a) lim /(x) = 2 
jr->3 

(b) lim /(x) = -1 

1 

(c) lim /(x) = l 
x-»-3 

(d) lim / (x) = 1 

jf-+2‘' 

(e) lim /(x) = 2 
x-*2+ 


(f) lim / (x) doesn’t exist because the limits in part (d) and part (e) are not equal. 

x-»2 

8. (a) lim g{x) = 0 
x-»-6 

(b) lim g{x) = oo 

x-*0' 

(c) lim g (x) = -oo 

(d) lim g(x) = -00 
x-»4 

(e) The equations of the vertical asymptotes: x = —5, x = 0, x = 4 

9. (a) lim /(x) = oo 
x-*3 

(b) lim /(x) = -oo 
x-*7 

(c) lim / (x) = -00 
x-»-4 

(d) lim / (x) = oo 
x-»-9 

(c) lim / (x) = -oo 



(f) rhe equations of the vertical asymptotes: x = —9, x = —4, x = 3, x =7 


10. lim /(»)= ISOmgand lim /(/) = 3(X) mg. These limits show that there is an abrupt change in the amount 
I-.12- ,-,12+ 

of drug in the patient’s bloodstream at r = 12 h. The left-hand limit represents the amount of the drug just before 
the fourth injection. The right-hand limit represents the amount of the drug just after the fourth injection. 
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15. Forg(x) = ^ 

JC-* — 1 


X 

g(T) 

0.2 

0.806452 

0.4 

0.641026 

0.6 

0.510204 

0.8 

0.409836 

0.9 

0,369004 

0.99 

0.336689 


X 


1.8 

0.165563 

1.6 

0.193798 

1.4 

0.229358 

1.2 

0.274725 

1.1 

0.302115 

1.01 

0.330022 


JC ] — 

It appears that !im -= 0.3 = i. 

*-♦1 jr -* — 1 







27. lim sec AT = lim (1/cosx) =-oo since cosAt-» 0 asAc-» (—w/2)" and cosj: < 0 for 

-» <Ac < -nil. 

X 1 X 1 

28. lim -= —oo since-» 2 as —> 1“^ and sin ;rx —> 0 through negative values as x —» I"*". 

X-41+;r smffjc X 
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29. (a) 


X 

/U) 

0.5 

-1.14 

0.9 

-3.69 

0.99 

-33.7 

0.999 

-333.7 

0.9999 

-3333.7 

0.99999 

-33,333.7 


X 

fix) 

1.5 

0.42 

II 

3.02 

I.OI 

33.0 

1.001 

333.0 

1.0001 

3333.0 

1.00001 

33,333.3 


From these calculations, it seems that lim / (x) = -oo and lim / (j:) = oo. 

jc-d- i-*l+ 


(b) If X is slightly smaller than I, then — 1 will be a negative number close to 0, and the reciprocal of — I, 
that is, / (.x), will be a negative number with large absolute value. So lim / (x) = -oo. 

j->l“ 

If X is slightly larger than I, then x^ — I will be a small positive number, and its reciprocal, / (x), will be a 
large positive number. So lim / (x) = oo. 


(c) It appears from the graph of / that lim / (x) = -oo and 


lim / (x) = 00 . 


10 



X X 

30- (a) y - - - = - — —Therefore, as “1+ or 

x^—x — 2 (jif - 2) (jf + I) 

X 2'*', the denominator approaches 0, and>' > 0 for,x < — 1 and 
forjc>2, so lim v= lim v = oo. Also, as;if —> — 1“ or 

X —> 2“, the denominator approaches 0 and >» < 0 for — 1 < x <2, 
so lim y = lim y = —oo. 



-5 
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31. (a)LetA(*) = (l+jr)'/'. 


JC 

h(x) 

-0.001 

2.71964 

-0.0001 

2.71842 

-0.00001 

2.71830 

-0.000001 

2.71828 

0.000001 

2.71828 

0.00001 

2.71827 

0.0001 

2.71815 

0.001 

2.71692 


It appears that lint (1 =« 2.71828, which is approximately e. 

In Section 7.4 we’ll see that the value of the limit is exactly e. 



32. For the curve y = 2* and the points P (0,1) and Q (x, 2*): 


X 

Q 

mpQ 

0.1 

(0.1,1.0717735) 

0.71773 

0.01 

(0.01,1.0069556) 

0.69556 

0.001 

(0.001,1.0006934) 

0.69339 

0.0001 

(0.0001,1.0000693) 

0.69317 


The slope appears to be about 0.693. 
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35. For /(x) =x^- (2VI000): 


X 

/(AT) 

1 

0.998000 

0.8 

0.638259 

0.6 

0.358484 

0.4 

0.158680 

0.2 

0.038851 

O.I 

0.008928 

0.05 

0.001465 


It appears that lim / (x) = 0. 

X-iO 


X 

/(T) 

0.04 

0.000572 

0.02 

-0.000614 

0,01 

-0.000907 

0.005 

-0.000978 

0.003 

-0.000993 

0.001 

-0.001000 


It appears that lim / (x) = —0.001. 



X 

h(x) 

0.001 

0.33333350 

0.0005 

0.33333344 

0.0001 

0,33333000 

0.00005 

0.33333600 

0.00001 

0.33300000 

0,000001 

0.00000000 


Here the values will vary from one calculator to another. 
Every calculator will eventually give false values. 
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(d) As in part (c), when we take a small enough viewing reetangle we get incorrect output. 



37. No matter how many times we zoom in towards the origin, the graphs appear to consist of almost-vertical lines. 
This indicates more and more frequent oseillations as x —> 0. 

1.2 1.2 




38. Urn m 


lim , .. .?■ =. Asu c , yi — o^/c^ —» O"'',andm -» oo. 
yi - »2/c2 


39. 


There appear to be vertical asymptotes at a: ss ±0.90 and x =» ±2.24. 
To find the exact equations of these asymptotes, we note that the 
graph of the tangent function has vertical asymptotes atx = ^ + xn. 
Thus, we must have 2 sinX = y ± rrn, or equivalently, 
sinx = I + yrt. Since -1 < sinx < 1, we must have sinx = ±f 
and so X = ± sin“' j (corresponding to x as ±0.90). 

Just as 150° is the reference angle for 30°, x — sin"' f is the reference angle for sin"* j. So 
X = ± (jr — sin"' j) are also equations of the vertieal asymptotes (corresponding to x as ±2.24). 



















SECTION i3 CALCULATING LIMITS USING THE LIMIT LAWS □ 53 


X 

y 

0.99 

5.92531 

0.999 

5.99250 

0.9999 

5.99925 

1.01 

6.07531 

1.001 

6.00750 

I.OOOl 

6.00075 




Qy = 6-5 


From the tabic and the graph, we guess that the limit is 6. 
x^-\ 

(b) We need to have 5.5 < < 6.5. From the graph we obtain the approximate points of intersection 

P (0.9313853, 5.5) and Q (1.0649004,6.5). Now 1 - 0.9313853 =» 0.0686 and 1.0649004 - 1 w 0.0649, so 
by requiring that x be within 0.0649 of 1, we ensure that y is within 0.5 of 6. 


Calculating Limits Using the Limit Laws 


1. (a) lim (/ (x) + /) (x)] = lim / (x) + lim ft (x) = -3 + 8 = 5 

X—»a 


(b) lim [/(x)]^ = r lim /(x)]^ = (-3)^ = 9 

x—*a Uc^a J 

(c) lim (x) = j/lim h (x) = = 2 


h (x) lim h{x) 8 8 


lim/(x) -3 

x-^a 

/ (-x) lim / (x) —3 

X—»<l 


(g) The limit does not exist, since lim ,£ (x) = 0 but lim / (x) ^ 0. 

' x-^a' ' 

(h) lim ^ 2(-3) ^ __6 

*->0 h(x)- f (x) lim A (x) - lim / (x) 8 - (-3) 11 

x-*a x-*a 

2. (a) lim [/(x)+g(x)] = lim/(x)+ lim g(x) = 2 + 0 = 2 

x->2 x->2 x->2 

(b) jim g {x) does not exist since its left- and right-hand limits are not equal, so the given limit does not exist. 

(c) lim [/ (x) g (x)] = lim / (x) ■ lim g (x) = 0 ■ 1.3 = 0 

x-*0 X-40 X-40 

(d) Since lim g(jf) = 0 and g is in the denominator, the given limit does not exist. 

x-»-l 

(e) lim x^/(x) = [ lim x^l [ lim / (x) 1 = 2’ • 2 = 16 

x^2 Lx-»2 J Lx-»2 J 

(0 lim 73 +/(x) = /3+ lim/(x) = TJ+T = 2 

X-+1 V X-4l 

3. lim (5x^ - 2x -I- 3) = lim 5x^ — lim 2x lim 3 (Limit Laws 2 & !) 

x-44 ' ' x-»4 x-»4 x->4 ' 

= 5 lim - 2 lim X + 3 (3 & 7) 

x-»4 X-+4 ^ ’ 

= 5(4)2-2(4)4-3 = 75 (9&8) 
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(Limit Law 4) 

(1.263) 
(9,7&8) 

( 5 ) 

(2, 1 & 3) 

(8, 7 & 9) 

(6&5) 

(1.263) 

(9,7 & 8) 

( 4 ) 

(6) 

( 1 & 2 ) 

(8,7*9) 

( 11 ) 

(1,2*3) 

(9, 8*7) 

( 11 ) 

( 2 ) 

(7*9) 
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10. (a) The left-hand side of the equation is not defined for.x = 2, but the right-hand side is. 

(b) Since the equation holds for all .x ^ 2, it follows that both sides of the equation approach the same limit as 
X 2, just as in Example 3. Remember that in finding lim / (x), we never consider x — a. 

x^a 

X^ “ ^ 12 

11. lim - - —doesnotexistsincejt+ 3-» Obutx^-X + 12-> 24as.x-»-3. 

i->-3 x + 3 


,, 12 (x + 3)(x-4) 

12. lim -—— = hm = lim (x - 4) = -3 - 4 = -7 

x->-3 x + 3 X-.-3 x+3 x-*-3 


- - X-6 ~ x^-2 (X - 3) (X + 2) “ x‘^-2 7^-~5 

,, x^+x-2 (x+2)(x-l) „ x+2 1 + 2 

x-»ix^ —3x + 2 x->i (x - 2)(x — 1) I-.IX-2 1—2 

I- (A-5)^-25 .. (A2-10A + 25)-25 - lOh 

15. lim---= lim 5---= lim - - -= lim (A - 10) = -10 

A->0 h h-*0 h h-*(i h /»-»0 

,6. lim = lim + ^ fi±iL±i = + ' + l 1 

— I JC-»1 (X - I) (jc + 1) j:-»1 X+1 1 + 1 2 

17 lim ' _ lin, (1+4A + 6AH4A^ + A‘')- 1 _ 4A + 6A^ + 4A^ + A" 

A-*o h h h-*o h 

= hm^(4 + 6A + 4A2 + /r3) =4 

(2 + A)"-* (8+12A+6A2+a5)-8 „ I2A + 6A2 + a5 ..,, .. 

A-»o A h-,0 A A-.0 A A-.0' ’ 

19. lim —j = lim ^ = lim (3 + Vi) = 3 + >/9 = 6 

<-*9 3-Vi '-*9 3-Vi '-*9' ' 




( + 3 5 


20. lim —; = lim = hm = :! 

<-.2 <2-4 <-.2 (< + 2) (/- 2) <-.2< + 2 4 

,, V?^+V2 

21. lim-= lim-• ——=-= 

<-*0 I <-.0 I 


n-t-^ V2 - / + V2 ,, -t „ -I 

-• , - ■=■ = lim - ; -^ = lim . -= 

t '->')<(V2w + V2) '-*»V2 ^+n^ 


:_1 =-Jl 

275 < 


lyjl 

,. X* — 16 (x + 2) (x - 2) {x2 + 4) , , 

in>-r- = lim---= hm (x + 2) (x^ + 4) = lim (x + 2) lim (x^ + 4) 

-*2 x-2 x-*2 X-2 x-»2 ' ' x-*2 x-*2' ' 

= (2 + 2) (2^ + 4) = 32 

lim = hm ^JLZpL±Il = hm (v^ " 3)(^ + 3) (x + 9) 

*^9.^ — 3 *-»9 y/x — ^i x-»9 —3 

= lim(Vx+3)(x + 9)= lim(VI + 3) lim (x + 9) = (v5 +3) (9 + 9) = 108 

x-*9 jr->9 x-»9 V / 


I 1 


' 2 \ (x + |)-2 X - 1 1 1 

x^l\x-l x2-|/ j_,i (x - |)(x + 1) i-*i (x - l)(x + 1) i-»lx + l 2 

..cl- / 1 i\ 1- 1 — VI + < (i —VI + <) (l + V1 + <) —/ 

<->oV/Vi +/ '/ '-*i> <Vi +1 <-*« /ViTT(i + VrTi) <-*o /VTTi(I + Vr+7) 

= hm -I ^ -1 ^ 

<™vr+7 (1 + vr+T) vr+o(i + vr+^ 2 
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26. Um = Hn, 2±j- 

h-¥0 h h-*Q h 


3 .. 3-(3 + /i) 

— = hm -rrz — rr-r = 


h-*o h A->o (3 + A) 3 ^“>0 /i (3 + A) 3 

_ r 1 ] 11 I 

™o| 3 (3 +A) I lim[3(3 + A)) 3(3 + 0) 9 

A-*0 


1/x-i 2-jc -1 I 

27. lim-= lim t—; -rr = hm — = - - 

jr-»2 X — 2 x-t2 2x{x — 2) x-*2 2x 4 


28. .in, = lim :£liZ^ = Hn, 0 ' 0 + 

1 — i->l 1 — i-*i I —-^x 


(difference of cubes) 


= Im [•v/?(I + V* +Jt)] = Im [1 (1 + 1 + 1)] = 3 

Another Method: We “add and subtract” I in the numerator, and then split up the fraction: 

,. ,. (V?- I) + (1 -rt^) r .. (1-■»)(>+^)1 

hm y - ■=■ = lim - - = lim -I H-;-p- 

X->1 \ — xjx x-*l 1 — *->l L \^y/x J 

x-»l 1 — J V ' 


= lim —I 

x-*l 
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X 

/w 

-0.001 

0.2886992 

-0.0001 

0.2886775 

-0.00001 

0.2886754 

-0.000001 

0.2886752 

0.000001 

0.2886751 

0.00001 

0.2886749 

0.0001 

0.2886727 

0.001 

0.2886511 


The limit appears to be approximately 0.2887. 



31. Let / (x) = g (x) = x^ cos20ffx and A (x) = x^. Then 

— 1 < cos20xx < I =» —x^ < x^cos20xx < x^ => 

f M Sg (x) < h (x). So since lim / (x) = lim h (x) = 0, by the 

x->0 i-»0 

Squeeze Theorem we have lim g (x) = 0. 

i -»0 

32. Let / (x) = —Vx^ +x2, g (x) = Vx^Tx^sin (x/x), and 
h (x) = Vx^ +x2. ITien — I < sin (x/x) < 1 ^ 

—n/x^Tx^ < Vx^ + x^sin(x/x) < Vx^ q-x^ 

/ U) S g (x) < A (x). So since lim / (x) = lim A (x) = 0, by the 

x-tO i->0 

Squeeze Theorem we have lim g (x) = 0. 



33. 1 < /(x) < x^ + 2x + 2 for all x. Now lim 1 = 1 and 

x-»-l 

lim (x^ + 2x+2)= lim x^ + 2 lim x+ lim 2 = (—1)^+ 2 (—1) + 2 = 1. Therefore, by the Squeeze 

X-*-l X-*-I X->-I X-»-l 

Theorem, lim /(x) = 1. 

X-* —1 
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34. 3x < / (at) < jt* + 2 for 0 < jc < 2. Now lim 3x = 3 and lim (x^ + 2) = litn .x^ + lim 2 = l’ + 2 = 3. 

- - ,_>i ' l_»| i-»l 

Therefore, by the Squeeze Theorem, lim / (x) = 3. 

X^1 

35. -1 < cos (2/x) <1 => -Jc‘ < X* cos (2/x) < x^. Since lim = 0 and lim x* = 0, we have 

lim [jt^ cos (2/*)| = 0 by the Squeeze Theorem. 

l-»0‘ 

36. -I < sin(2jr/x) < 1 => 0 < sin^ (2*/^) < 1 1 < 1 + sin^ (2)t/jt) < 2 => 

V* S v^['+sin^ (2irA)] 5 Since lim V* = 0 and lim 2^5'= 0, we have 

*■ x-40'*' 

lim [.y? (1 + sin^ (27r/jt))] = 0 by the Squeeze Theorem. 

»-»o+ 

37. If I > -4, then |x + 4| = e + 4, so lim |x + 4| = lim (x + 4) = -4 + 4 = 0. 

x^-4+ x->-4+ 

If X < —4, then |x + 4] = - (x + 4), so lim |x + 4| = lim - (x + 4) = - (-4 + 4) = 0. 

x-4-4~ X-+—4“ 

Since the right and left limits are equal, lim |x + 4| = 0. 

1-4-4 

38. Ifx <-4, then|x-T4| = -(x + 4), SO lim ^ = lim —- lim (-l)!=-l. 

x-l-4 x->-A- x-l-4 X-.-4- 

39. If X > 2, then |x - 2| = x - 2, so lim ~ = lim = lim 1 = 1. Ifx < 2, then 

i-*2+ AT - 2 X-.24 X - 2 x->2- 

|x-21 =-(x-2), so lim ~ = lim = lim -1 = -1. The right and lefl limits arc 

i-*2- AC-2 x-t2- X-2 x-t2- 

|x - 21 

different, so lim-;r "oT “<ist. 

x-»2 x-2 

40. Ifx > j, then |2x - 3| = 2x — 3, so 

lim ~ -- = lim = lim = lim x = 1.5. Ifx < §,lhen |2x - 3| = 3 - 2x, 

a-»i.5+ |2x-3| x-»i.5+ 2x — 3 1-4I.5+ 2x - 3 x-»i.5» 

so lim ~ - = lim ^ V - = lim = lim -x =-1.5. The right and left limits 

|2x - 3| 1 ^ 1 . 5 —(2x-3) i-»i.5—(2x-3) A-. 1 . 5 - 

2x^ — 3x 

are different, so lim --— docs not exist. 

a-4 1.5 |2x -3| 

41. Since 1x1 =-X for X <0, we have lim (^--47^= lim (- -= lim -, which does not exist since 

i-> 0 - Vx |x|y x-» 0 - V.X -x/ X-. 0 -X 

the denominator approaches 0 and the numerator does not. 

42. Since |x| = X for X > 0, we have lim = lim (- — -)= lim 0 = 0. 

x-.ot \x |x|/ i-.0+\X X/ 

43. (a) (b) (i) Since sgnx = 1 for X > 0. lim sgnx = lim 1 = 1, 

i-»o+ i-»o+ 

(ii) Since sgnx =—1 for X < 0, lim sgn x = lim —1=—1. 

-- -- X-»0“ T-*0” 

0 X 

<• (iii) Since lim sgnx# lim sgnx, lim sgnx does not exist. 

X—»0“ jc-»0 

(iv) Since |sgnx| = 1 forx # 0, lim |sgnx| = lim 1 = 1. 

41—*0 4;->0 
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44. (a) lim / (;it) = lim (x^ -2x + 2) 

Z-»I“ ' 

= lim x^ — 2 lim i + lim 2 

Jr-*l' i->|- i-»|- 

= I^-2 + 2=l 

lim /(x)= lim (3-;c)= lim 3- lim at = 3-I = 2 

z-*!-*- z-»l^ z-*l+ z-»l + 

(b) lim/(x) docs not exist because lim /(x)# lim fix). 

z-»l- Z-+I+ 


— I jf2 ^ j 

45. (a) (i) lim -- = lim -- = lim (x + 1) = 2 

X-,l+ |X - l| i_|+ X - 1 „i+ ' 

X^ “ I “ 1 

(ii) lim -- = lim — --= lim -(x + l) = -2 

x-»I-|x-ll r-.|--(x-l) x-,1- 

(b) No. lim f(x) does not exist since lim F {x) ^ lim F{x). 

'‘-*1 i->l+ i-»i 


(>) 

lim 

/,(x) 

= lim 

x2 

= (p 

= 0 

z->0* 





(ii) 

lim 

/»(x) 

= lim 

X = 

= 0, so lim h = 0. 


z-»o- 

z-*o- 



x->0 

(iii) 

lim /: 

l(x) = 

: lim x^ 

= 

|2 = 

1 


X->1 

x-»l 




(iv) 

lim 

A(x) 

= lim 


= 2^ 

= 4 


i-»2- 

x-*2- 




(V) 

iim 

A(x) 

= lim 

(8- 

-X) : 

= 8-2 = 6 

x-*2+ 

x->2+ 




(vi) Since lim h (x) lim h (x), lim h (x) does not exist. 

z-»2“ z-*2+ x-»2 



47. (a) (i) |xl = -2for-2 <x < -l,so lim |[x]| = lim (-2) =-2 

X-A-2+ 

(ii) [xj = —3 for —3 < X < —2, SO lim [xl = lim (—3) =—3. The right and left limits are different, so 

x-*-2- i-»-2- 

lim |[x]| does not exist. 
x-»-2 

(iii) [x] = -3 for -3 < x < -2, so lim |xl = lim (-3) = -3. 

(b) (i) lx] = n - I for n - I < x <«, so lim fx] = lim (n - I) = n - I. 

x-*H- z-»n" 

(ii) [xJ = n for n < X < n + I, so lim |xl = lim n = n. 

x-»n+ x-tn* 

(c) Iim|[jrl exists <=> a is not an integer. 



(b) (i) lim /(x)= lim (x - [xD = lim [x - (n - I)] = n - (n - 1) = I 

x-*n x-^n"" x^n~ 

(ii) lim /(x)= lim (x - [x]) = lim (x-n) = n-n = 0 
x-tn*- I-»B+ 

(c) lim / (x) exists «=> a is not an integer. 
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49. The graph of /(*) = H + I-a:]| is the same as the graph ofgC*) = — 1 with holes at each integer, since 

/ (a) = 0 for any integer a. Thus, lim /(jc) = —land lim /(.x) = —1, so lim/(j) = —I. 
x-»2“ I-+2+ 

/(2) = I21 + I-2I = 2 + (-2) = 0. 

50. lim = toVl - I = 0- As the velocity approaches the speed of light, the length approaches 0. A 

left-hand limit is necessary since L is not defined for o > c. 

51. Since p (jt) is a polynomial, p(x) = a^+ aix -(- a 2 X^ -{ -1- a„x". Thus, by the Limit Laws, 


lim p{x) = lim (ao + aix +a2X^ H- + a„x") 

X“*a x-*a \ / 

= 00 + 01 lim jt + 02 lim H-1- a„ lim x" 


x-*a x--*a 


= 00+010 + 020 ^ +- 1 - OnO" = p (o) 


Thus, for any polynomial p, lim p (x) = p (o). 


52. Let r (x) = where p (x) and 9 (x) are any polynomials, and suppose that q (o) ^ 0. Thus, 

q{.x) 




lim p(x) 


lim r (x) = lim = ^?^——- (Limit Law 5) = (Exercise 51) =/-(o). 

x-*a x-»o q (x) lim q (x) q (o) 

x-*a 

53 . Observe that 0 < / (x) < x^ for all x, and lim 0 = 0 = lim x^. So, by the Squeeze Theorem, lim /(x) = 0. 

“ x->0 x-tO x-iO 

54. Let / (x) = [xl and g (x) = -[xj. Then lim / (x) and lim g (x) do not exist (Example 10) but 

jc-^3 x-»3 

lim [/ (x) + g (x)J = lim (|xl - M) = lim 0 = 0. 
x-*2 x-»3 x->3 

55. Let f {x) = H (x) and g{x) = \ — H (x), where H is the Heaviside function defined in Exercise 1.3.59. Thus, 
cither f or g is 0 for any value of x. Then lim / (x) and lim g (x) do not exist, but 

x-»0 x-»0 

lim [/ (x) g (x)] = lim 0 = 0. 

x-»0 x-»0 


r** . v 6 -x- 

56. Iim -, ' ' — 
x-^2 V3^- 


= lim { + 
-x -1 x-. 2 \^vl^-l V 6 -* + 


-x + 2 V3^+ I 
— X + 2 V3 — X + I 


.. r(v^'-22 ^ 

= lim -• . . 

. ( 2 -x) (73^+1) 


/ 6 - X - 4 V3 - X + 1 \ 
■^+2 x™2^3-x-1 V6 -X + 2y 


.. (2-x) v'3-x + l 73^+1 1 

x -*2 (2 — x) (\/6 — x + 2) x -»2 V6 —X + 2 2 

57. Since the denominator approaches 0 as x -» —2, the limit will exist only if the numerator also approaches 0 as 
X —2. In order for this to happen, we need lim (3x^ + ax+a + 3)=0 «=> 

I -.-2 

3(-2)^+ a(-2)+ a +3 = 0 <=> 12-2a + a + 3 = 0 «=> a = 15. With a = 15, the limit becomes 

.. 3x2+15x + 18 3(x + 2)(x+3) 3(-2 + 3) 

lltn -X-r—= hm —---r;-=-;;- 

i-*-2 x^+x —2 i-*-2 (x —l)(x + 2) —2—1 
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58. Solution I F'irsl. we find the coordinates of P and Q as functions o(r. T hen wc can find the equation of the line 
determined by these two points, and thus find the jr-intercept (the point R). and take the limit as r -4 0. 

I he coordinates of P are (0, r). The point Q is the point of intersection of the two circles and 

(jt - 1)^ + = 1. Eliminatingy from these equations, we get/-^ - = 1 - (jt - 1)^ es = 1 + 2r - 1 

<=> X — Sub.slituting back into the equation of the shrinking circle to find the y-coordinate. wc get 

+.v‘=''^ «=> (l — j'"") <=> y = rj I — (the positive y-valuc). So the coordinates 


of Q are 


y-r = 





. The equation of the line joining P and Q is thus 
(jt — 0). Wc set y = 0 in order to find the jt-intercept, and get 

(yrr^q.,) 


-P‘ 


/ !- - -^-;--;-= 2 ( Jl - + I ). Now wc take the limit as r 0+: 

(/i-W-i) '-H-I / 

'* ~ riiar ^ (y * ~ J'"' ^ ~ ^ + 1^ = 4. So the limiting position of R is the point (4,0). 


Solution 2: We add a few lines to the diagram, as shown. Note that LPQS = 90° (subtended by diameter PS). So 
LSQR = 90° = LOQT (subtended by diameter OT). It follows that LOQS = LTQR. Also 
LPSQ = 90° — ISPQ = lORP. Since AQOS is isosceles, so is AQTR, implying that QT = TR. As the 
circle shrinks, the point Q plainly approaches the origin, so the point R must approach a point twice as far from the 
origin as T, that is, the point (4,0). as above. 



^£•4 The Precise Definition of a Limit 

1. (a) TohaveS.t + 3 withinadistanceofO.I ofET, wemusthave 12.9 < 5;t+ 3 < 13.1 => 9.9 < 5^ < lO.I 

=> 1.98 < Jt < 2.02. Thus. Jt must be within 0.02 units of 2 so that 5jt + 3 is within 0.1 of 13. 

(b) UseO.OI in place ofO.I in part (a) to obtain 0.002. 

2. (a) To have 6jr - 1 within a distance of 0.01 of 29, wc must have 28.99 < 6x - I < 29.01 

29.99 < 6jt < 30.01 => 4.9983 < .v < 5.0016. Thus, jr must be within 0.0016 units of 5 so that 6x - 1 is 

within 0.01 of 29. 

(b) As in part (a) with 0.001 in place ofO.OI, we obtain 0.00016. 

(c) As in part (a) with 0.0001 in place of 0.01, wc obtain 0.000016. 
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3. On Hie left side, we need |it - 2| < |y - 2| = 7 . On the right side, we need |x - 2| < |y - 2| = 5 . For both of 
these conditions to be satisfied at once, we need the more restrictive of the two to hold, that is, |x — 2| < 7 , So we 
can choose <5 = 7 , or any smaller positive number. 


4. On the left side, we need (at - 5] < |4 - 5| = I. On the right side, we need |x - 5| < |5.7 - 51 = 0.7. For both 
conditions to be satisfied at once, we need the more restrictive condition to hold; that is, U — 5| < 0.7. So we can 
choose i5 = 0.7, or any smaller positive number. 


5. The leftmost question mark is the solution of y/x = 1.6 and the rightmost, ^/x = 2.4. So the values arc 

1. 6 ^ = 2.56 and 2.4^ = 5.76. On the left side, we need 1 a - 4| < |2.56 - 4| = 1.44. On the right side, we need 
1 a - 41 < 15.76 - 41 = 1.76. To satisfy both conditions, we need the more restrictive condition to hold — namely, 
_ 4 | < 1 . 44 . Thus, we can choose S = 1.44, or any smaller positive number. 


6 . The left-hand question mark is the positive solution of a^ = j, that is, a = ^, and the right-hand question mark is 
the positive solution of a^ = 5 , that is, a = yl\. On the left side, we need ~ • I < j| 0.293. 

On the right side, we need |a - 11 < |yf - I j « 0.224 (rounding down to be .safe). The more restrictive of these 
two conditions must apply, so we choose 6 = 0.224 (or any smaller positive number). 


7. |V4a -F 1 - 3| < 0.5 <=> 2.5 < V4a + 1 < 3.5. We plot the three 
parts of this inequality on the same screen and identify the 
A-coordinalcs of the points of intersection using the cursor. It appears 
that the inequality holds for 1.32 < a <2.81. Since 
12 - 1.321 = 0.68 and 12 - 2.811 = 0.81. we choose 
0 <rf< min 10.68,0.81) =0.68. 


4 



jsinA - < 0.1 <=> 0.4 < sin A < 0.6. From the graph, we see 

that for this inequality to hold, we need 0.42 < a < 0.64. So since 
10.5 - 0.421 = 0.08 and 10.5 - 0.641 = 0.14. we choose 
0 < A'< min (0.08,0.14) =0.08. 


0.7 



8. 
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9. For(; = 1, the definition of a limit requires that we find rfsuch that |(4+ x - 3jt’) - 2| < I <=> 

1 < 4 + * - 3.x^ < 3 w henever |.t - 11 < S. If we plot the graphs of >> = 1, >> = 4 + x - 3x’ and >- = 3 on the 
.same screen, we see that we need 0.86 < * < 1. 11. So since 11 - 0.86| = 0.14 and 11 - 1.111 = 0.11. we choose 
<5 = 0.11 (or any smaller positive number). Fort- =0.1, we must find <5 such that |(4 + x -3.t^) -2| <0.1 » 

1.9 < 4 + AT — 3x^ < 2.1 whenever |.t — 11 < <5. From the graph, we see that we need 0.988 < .x < 1.012. So since 
|l — 0.9881 = 0.012 and |l - 1.0I2| = 0.012, we must choo.se <5 = 0.012 (or any smaller positive number) for the 
inequality to hold. 



10. Fore = 0.5, we need 1.91 <x <2.125. So since |2 - l.9l| = 0.09 and |2 - 2.125| = 0.125, we can take 

0 < d' < 0.09. Fore = 0.1, we need 1,980 < 2.021. So since |2 - l.980| = 0.02 and |2 - 2.0211 = 0.021, we can 
take <5 = 0,02 (or any smaller positive number). 



11. From the graph, we see that — -^ > loo whenever 

(.x2+ l)(x- 1)2 

0.93 < .X < 1.07. So since 11 - 0.93! = 0.07 and j I - 1.07| = 0.07, 
we can take <5 = 0.07 (or any smaller positive number). 



12. For = lOO, we need 1.48 < x < | =» 1,5708. so since |f - l.48| 0.09 we choose 0 < ^ < 0.09. For 

M = 1000, we need 1.54 < x < f, so since |f - l .54| % 0.03, we choose <5 < 0.03. 




0 


2 
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13. (a)/( = A^/-^an(l^= lOOOcin^ => ;rr2 = 1000 => r- = => r = (r > 0) ss 17.8412 cm. 


(b) 


(c) 


M-10001 <5 =» 1000-5 < < 1000 + 5 => < r < => 

17.7966 <r < 17.8858. - yf^ =» 0.04466 and - y/^ =s 0.04455. So if the machinist gets 

the radius within 0.0445 cm of 17.8412, the area will be within 5 cm^ of 1000. 

X is the radius, / (.r) is the area, a is the target radius given in part (a), I. is the target area (1000). e is the 
tolerance in the area (5), and d is the tolerance in the radius given in part (b). 


14. (a) 7" = 0.1 to-+ 2.155iu +20 and r = 200 => 
0.1 10 ^ + 2.155to + 20 = 2(X) =» (by the 
quadratic formula or from the graph) 
to Si 33.0 watts (w > 0) 



(watts) 


(b) From the graph. 199 < 7' < 201 => 

32.89 < to < 33.11. 

(c) X is the input power, / (.r) is the temperature, a is 
the target input power given in part (a), L is the 
target temperature ( 200 ), c is the tolerance in the 
temperature ( 1 ), and d is the tolerance in the 
power input in watts indicated in part (b) 

( 0.11 watts). 


15. Given e > 0, we need 5 > 0 such that if \x — 2\ < S, then 
|(3Ar - 2) - 4| < e ^ |3x - 6| < E <=> 3 |jc - 2| < E 
1 .V - 2| < e/3. So if we choose S = e/3, then |jt — 2 | < <5 => 
|(3x — 2) — 4| < E. Thus, lim (3x - 2) = 4 by the definition of a 

x-*2 

limit. 


16. Given e > 0. we need d > 0 such that if U — 4| < d, then 

1(5 - 2x) - (-3)1 < E <=> |-2x + 8|<e <=> 2|.v-4|<e 

<=> 1.V — 4| < e/2. So choose S = e/2. Then lx — 4| < d => 

1(5 — 2.V) - (—3)1 < E. Thus, lim (5 — 2x) = —3 by the definition 
jt-»4 

of a limit. 

17. Given e > 0, we need d > 0 such that if |.t - (-1)| < d, then 
|(5x + 8) - 3| < E «=> |5x + 5| < E <=> 5 |.t + 11 < E <=> 

|x — (—1)1 < e/5. So if we choose d = e/5, then |x — (—1)| < d 

|(5x + 8 ) — 3| < E. Thus, lim (5x + 8 ) = 3 by the definition 




of a limit. 
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18. Given e > 0, we need (5 > 0 such that if |a’ — (— I )| < <5, then 
1(3 - 4.v) - 7| < c <=» |-4 a - 4| < e » 4 |a + 1|<(; <=> 
|.t - (-1)1 < c/4. So choose <5 = c/4. Then |a - (-l)| < d' 

1(3 — 4a) — 7| < c. Thus, lim (3 — 4 a) = 7 bv the definition of a 

A-*-| 

limit. 



19. Given c > 0, we need <5 > 0 such that if 0 < |a — 3| < i5, then 

|a — 3| < 5c. So choose S = 5c. Then 0 < |a — 3| < d => 

I Jt 31 A 3 

■T “ T < c. By the definition of a limit, lim - = -. 

|5 5| A-.35 5 


A 3 
5 “ 5 

|A - 3| < 5c 


< c <=> 5 |a — 3| < c <=> 

|.v - 3| 


20. Givenc > 0, weneedd > Osuch that ifO < |a- 6 ( < <5, then |(| + 3) — || < c » ||-||<c « 
j 1a - 6| < c cs |a - 6| < 4c. So choose d = 4c. Then 0 < |a - 6| < d => |a - 6| < 4c 

^— 4 —^ I? —i|<c =» |(J + 3) - ij < c. By the definition of a limit, lin^ (4 + 3) = |. 

21. Given c > 0, wc needd > Osuchthat if |a - (-5)1 < dthen 1^4 - |a)-7 | < c » 5 |a + 5 | < c <=s 

|a -(-5)1 < |c. So take d= |c. Then |.A - (-5)1 <d => |(4 - f a) - 7| < c. Thus, lim^ (4 - |.a) = 7 
by the definition of a limit. 


22. Given c > 0, we need d > 0 such that if 0 < |a - 3| < d, then 
A^ +A - 12 (a + 4)(a-3) 


A- +A - 12 


then jr 5 ^ 3, so • 

A^+A - 12 


A — 3 


a-3 


^ -3 

= A + 4. Thus, when 0 < |a - 3|, we have 


— 7 < c. Notice that ifO < |a — 3|, 


a-3 “'^I 

|a- + a- 12 
a-3 


< c <=> |(a + 4) — 7| < c <=> |a — 3| < c. We take d = c and see that 0 < |a — 3| < d 

-7I 


A“ + A — 12 

< c. By the definition of a limit, lim '-x— = 7. 


A-.+3 A — 3 


23. Given c > 0. we need d > 0 such that if |a - o| < d then |a - a| < c. So d = c will work. 

24. Given e> 0, we need d > 0 such that if |a - o| < d then |c - c| < c. But |c - c| = 0. so this will be true no 
matter what d we pick. 


25. Giveno 0, weneedd > 0suchthalif|A| < dthen |a^- 0| < c <=s a^ < c e=> |a| < ^c. Taked = 7e. 

Then |a — 0| < d => Ia^ — 0| < c. Thus, lim a^ = 0 by the definition of a limit. 

26. Givenc > 0. we needd > Osuch that if |a| < dthen |a’- 0| < c <=> |Ap<c » |a| < 4/c. Take d = 4/c. 

Then |a — 0| < d =» |a^ — OI < d’ = c. Thus. lim a^ = 0 by the definition of a limit. 

j -*0 

27. Given e > 0, we need d > 0 such that if |a - 0| < d then ||a| - 0| < c. But ||a|| = |a|. So this is true if we pick 
d = c. 
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28. Ciivcn <; > 0. wo neea A > 0 such that if 9 - <5 < x <9, then | i/ 9 -.x - 0 | < k <=> 4^9-.x < /; <=> 

9 — .X < c=> 9 — /;■' < .x < 9. So take A = e'*. Then 9 — A<.t<9 => [ 4^9 — .v — 0| < k. 1 hus. 

lim A ss 0 bv {he (Jclinilion of a limit. 

29. (liven /; > «. wc need A > Osiich that ir|.x - 2| < A, then |{.x- - 4.x + 5) - 11 < c « - 4.x + 4| < e <=> 

|(v-2 )-| < c. So take A = Then |.x - 2| < A « |x-2|<V!^ o |(x - 2)-| < (;. So 

lim fx^ - 4 .x E 5 ) = I hv the definition of a limit. 

.f >2 

30. (Ti\en i; > 0. we need A v 0 such that if |.x - 3| < A. then |(.x^ + .x - 4) - 8| < c <=> j.x^ + x - I2| < e <=» 
|(.v - .1) (.V + 4)1 < /■. Notice that if jx - 31 < I. then -l<.x-3<l => 6<x + 4<8 => |.x+4|<8. 
So lake A = min (1.1.781, Then ( v -31 < A « |(.x - 3) (.x + 4)1 < |8{x - 3)1 = 8 • (x - 31 < 8x5 < c. So 
lim (x’ + X - 4) = 8 by the definition of a limit. 


31. ('liven t; > 0. we need A > 0.such that if (x - (-2)| < A then |(x- - I) - 3| < j; or upon simplifying we need 

|.(2 _ 4 | ... xvhenever |.v + 2| < A. Notice that it'lx + 2| < I, then -1 < x + 2 < I => -5 < x - 2 < -3 

1.x - 21 <5 So take A = min (x./S. I). Then (x - 2| < 5 and (x + 21 < k/S. so 
1(^2 _ I) _ 3 i = |(v + 3) (X - 2)1 = |.x + 21 )x - 21 < (i./S) (5) = k. Therefore, by the definition of a limit. 

lim (x’-l) = 3. 

X~*^l 

32. Given i; > 0. we need A > 0 .such that if (x - 21 < A. then |.x^ - 8 | < t. Now |x’ - 8 | = |(.x - 2) (x^ + 2x +4)|. 

If lx - 2| < I. that is, I < x < 3. then x^ + 2.x + 4 < .T^ + 2 (3) + 4 = 19 and so 

|,x’ - 8| — lx - 2| (x- + 2.x + 4) < 19 lx - 21. So if we take A = min 11. -r). then (x — 21 < A => 

'n2 - 8| = |.x - 21 (x- 4 - 2.V + 4) < ^ ■ 19 = i:. So hy the definition of a limit. Iim,x’ = 8. 

33. Giveni; > 0. we let A - mm {2, y. IfO < lx - 31 < A then lx - 31 < 2 => 1 < x < 5 => lx + 31<8. 

Also |x - 31 < 5 . so |x- - 9] = lx + 31 lx - 31 < 8 5 = 1 .. Thus. Im x- = 9. 


34. /. Ciuessiiia ti vttluc for A Let (; > 0 be given. We have to find a number A > 0 such that 


- - r < <•■ whenever 


! > < 

0 < lx - 21 < A. Hut I - - - 
|x 2 



2-x 


lx 


lx — T| I 

- -— < e. We find a positive constant C such that < C 

12x1 12.x I 


(■ |x - 21 and we can make C (x - 21 < c bv taking |.x - 21 < - = A. We restrict x to lie in the interval 
|2xl I 

II III 

|.v - 21 < I 


I 


3 so 1 > 


'> — 
3 


6 2 x 


—< -. So C = - is suitiible. Thus, 
11x1 2 2 


we should choose A = min (1.2r). 

2. Showing lluit A woi'ks (liven #: > 0 we let A — min {1,2/.*|. If 0 < (.x — 2| < A, then |.x — 21 < 1 


I < x < 3 


I 

llii 2 

that lim (l/x) = -1. 


_ 1 
|.x 2 


|x - 21 

|lx| 
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35. /. Guessing a value for t> Given K > 0, we must find <5 > 0 such that | ^ - y/a\ < i: whenever 

0 < | v - o| < (5. But I- v^l = < i: (front the hint). Now if we can find a positive constant C such 

V-V "T 

that y/x + .fa > C then < ———^ and we take \x ~ a\ < O:. We can find this number by 

restricting .v to lie in some interval centered at a If |.r - a| < :|«. then < .r < ^« => 

^/x + fa > /ia + y/a.. and so C* = + y/a is a suitable choice for the constant. So 

|.r - a| < This suggests that we let <5 = min j ja, k j. 

2. Shou ing that ii works Given i: > 0. we let r)' = min j ^a, ^^^a + i; j. If 0 < |;r - a| < d. then 

|jt — a| < ja => fx + fa > yj^a + fti (as in part I). Also |.t — o| < so 

I _ ... |Jt—a| {fa /2 + fa) r. 

+ Vaj — —=——p Iherefore. lint fx = fa \>y the definition of a limit. 

fx + y/a {fa /2 + fa) x-ta ' 

36. Suppose that lim//(;) = /.. Given c = ^. there exists (S > 0 such that 0 < |r| < .!> =» |//(/)-/.|<j <=> 

^ — j < F/ (0 < /• + 3 - I'or 0 < r < <5, //(/) = I, so I < A + i => A > .,. For -<5 < r < 0. II (!)■== 0, .so 

A- 5<0 => A<s. This contradicts A > s - Therefore, lim // (r) docs not exist. 

37. Suppose that ^lim/(-v) = L. Given i; = there exi.sts A' > 0 such that 0 < |.v| < <5 =» |/(x) - A| < ^. Take 

any rational number/-with 0 < |r| < <5. Hien/(r) = 0, so |0-A| < |,soA < |A| < f Now take any irrational 

number s with 0 < |i| < A Then / (s) = I, so 11 - A| < i. Mcncc. 1 - A < ^, so A > ^. This contradicts 

A < i. so lim / (x) docs not exist. 

»->o 

38. First suppose that Ji^ J (x) = /,. Then, given e > 0 there exists d > 0 so that 0 < |x — o| < d' =* 

|/(x) - A| < e. Thena-(5 < X < a => 0 < |x -a| < so |/(.x) - A| < k. Thus, lim /(x) = A. Also 

x-*a~ 

a < X < a + A 0 < |x — a| < iliso |/(x) — A| < c. Hence, lim f(x) = L. 

X-*</+ 

Now suppose lim f{x)=l.= lim /(x). l et i; > 0 be given. Since lim / (x) = A. there cxi.sLs <5| > 0 so 

x-*a~ X-4J7+ X’~*a~ 

that a — < .X < rt ^ \f {x) — L\ < f.. Since lim /(.x) = L. there exists (^2 > 0 so that a < x <0 + 62 

=* ly (.t) - /-I < o. l.ct I) be the smaller of r)'i and S 2 . Then 0 < |x - a| < rf => a - (5i < x < a or 
a < X < a + ihso |/(x) — A| < 1 :. Hence, lim fix) = A. So we have proved that lim fix) = A <=> 

x-*a ^ x-ta 

lim /(x) = A= lim fix). 


>10.000 <=> (x + 3)''< 


|x - (-3)1 = lx + 31 < — 


40. Given A/ > 0. we need rJ > 0 such that |x + 3| < => 1/ (x + 3)'' > A/. Now- > A/ <=> 

(.* + S)-* 

(x + 3)‘'<— <=> |x+ 3| < Sotakeri=- 3 ^. ThenO < |x+3| < <5= => - !—7 > A/, 

fM fXI ix + 3)'’ 

so lim - 7 = 00 . 

(x + 3)-' 
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41. Let A/ < 0 be given. Then. for.x < — I. we have-^—r < N <=> — <(a: + l)^ <=> 

(x + 1)5 N 


fi 


< .X + 1. Let 


<!> = — .7 -T . rhen — 1 — r>’ < .X < -1 


/I<v + 1 <0 


(X+ 1)5 


< N. so 


lim 


Hill -1 

r-.-!- (X + I)5 


42. (a) Let A/ be given. Since lim / (x) = oo, there exists A'l > 0 such that 0 < |x - a| < i5| => 

X~*U 

f(x)> A/ + I - c. Since lim e (.t) = c, there exists iSj > 0 such that 0 < |x - at < (h => Ig (x) - c| < I 

•' x-*a 

=> g (x) > c — I • l-et <5 be the smaller of rfi and dij. Tlien 0 < |x - o| < di 
/ (x) + g (x) > (A/ + 1 - c) + (c - 1) = M. Thus, lim (/ (x) + g (x)l = oc. 


(b) Let A/ > 0 be given. Since lim g (x) = c> 0, there exists > 0 such that 0 < |x - a| < <5] => 

x~*a 

Ig (x) - c| < c/2 => g (x) > c/2. Since lim / (x) = oo, there exists ih > 0 such that 0 < |x - a| < <52 

2M c 

/ (x) > 2A//C. Let di = min |d|, dL). Then 0 < lx — o| < di =3 f (x) g (x) > - = A/, so 

lim / (x) g (x) = oo. 
x-*a 

(c) Let A/ < 0 be given. Since lim g (x) = c < 0, there exists > 0 such that 0 < |x - a| < di| => 

X-*U 

Ig (;t) - c| < -c/2 => g (x) < c/2. Since lim / (x) = oo, there exists <52 > 0 such that 0 < |x - a| < di 2 

=> /(x) > 2A7c. (Notethatc < Oand A'< 0 => 2^/0 0.) Let<5 = min{<5i,di2l. Then 

IN c 

0<|x-a|<r5 => f(x)>2N/c => /(x) g(x) < — • - = Af, so Jim/(x) g(x) =-oo. 


^5^5 Continuity 

1. From Kquation 1, lim /(x) = /(4). 

x-*4 

2. The graph of / doesn't have any holes, jumps, or vertical asymptotes. 

3. (a) The following arc the numbers at which / is discontinuous and the type of discontinuity at that number: 

-5 Oump). -3 (infinite), -1 (undefined), 3 (removable). 5 (infinite), 8 Oump), 10 (undefined). 

(b) / is continuous from the left at —5 and —3, and continuous from the right at 8. It is continuous from neither 
side at -I. 3, 5. and 10. 

4. g is continuous on [ -6, -5|, (—5, -3), (-3, -2], (-2. 1). (1,3). (3, 5], and (5,7], 


5. 


6. 



SECTIONS CONTINUITY □ 69 


charge i 



- 



(in (Sollars) 1 


} 

l4 


■■“o| 

1 lime 


(inboun) 


(b) There are discontinuities at r = I. 2, 3, and 4. A person 
parking in the lot would want to keep in mind that the 
charge will jump at the beginning of each hour. 


8. (a) Continuous; at the location in question, the temperature ehanges smoothly as time passes, without any 
instantaneous jumps from one temperature to another. 

(b) Continuous; the temperature at a specific time changes smoothly as the distance due west from New York City 
increases, without any instantaneous jumps. 

(e) Discontinuous; as the distance due west from New York City increases, the altitude above sea level may jump 
from one height to another without going through all of the intermediate values — at a clilT, for example. 

(d) Discontinuous; as the distance traveled increases, the cost of the ride jumps in small increments. 

(c) Discontinuous; when the lights arc switched on (or off), the current suddenly changes between 0 and some 
nonzero value, without passing through all of the intermediate values. This is debatable, though, depending on 
your definition of current. 


9. Since / and g arc continuous functions, 

lim [2/(x) - g(x)J = 2 lim f (x) - lim g(x) (by Limit Laws 2 & 3) 

x->3 x-.»3 

= 2/ (3) - g (3) (by continuity of / and g at x = 3) 
= 2.5-g(3)= 10-g(3) 

Since it is given that lim [2 f (x) - g (x)] = 4, we have 10 - g (3) = 4, or g (3) = 6. 


10. lim /(x) = lim (x* + -Jl - x) = lim x^ + /lim 7 - lim x = 4^ + V7 - 4 = 16 + V3 = /(4). By the 

x-l4 x->4 ' x-t4 V»-»4 x-*4 

definition of continuity, / is continuous at a = 4, 

11. lim /(x)= lim (x + 2x^)''= lim X + 2 lim xA = [-1 + 2 (-1)^]^ = (-3)“'= 81 =/(-I). By the 
definition of continuity, f is continuous at ^ = -'I. 


, I lim X + lim I 

12. limg(x) = lim ' , = — _---_ — 

x->4 x-»4 2x^ — 1 2 lim x^ — lim 1 2 (4)^ — I 31 

x-»4 x-»4 


4+1 5 

= — = g (4). So g is continuous at 4. 


13. For —4 < a < 4 we have lim /(x) = lim xVifi - x^ = lim x /lim 16 — lim x^ = 0^16 - = f (a), so f 

x->B x-ia x-ta \ x-ta x-ta J v /• J 

is continuous on (-4, 4). Similarly, we get lim / (x) = 0 = / (4) and lim / (x) = 0 = / (-4), .so / is 

x-*A 

continuous from the led at 4 and from the right at -4. Thus, f is continuous on [-4,4). 

^ ^ I lim X + lim 1 a + \ 

14. For a < 3, lim /• (x) = lim -- = - '‘7“', =- - = F(a). so F is continuous on (—oo, 3). 

x->a x-tux-3 limx-lim3 a-3 

x-ta x-*a 
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15. /(.v) = - 


1 


(.X - !)•' 


discontinuous at I since / (I) is 
not defined. 


16. /(x) = 


l/(x-l) ifx#l . 

IS discontinuous at 1 because 

2 ifx = I 


lim / (x) docs not exist. 

Jt—» 1 




17. /(x) = 


x^-l . 


is discontinuous 


x + 1 

at — I because / (- 1 ) is not 
delincd. 


18. Since / (x) = 


1 


x + 1 


for X # — I, we have 


x2- I 

lim /(x) = lim --= lim (x-l) = -2. But 

i->-l »-»-! x+ I x-t~l 



20. lim /(x)= lim (I-x) = I - 2 =-I and 

I-.2- x-*2- 

lim /(x)= lim (x^ — 2x) = (2)^ - 2 (2) = 0. Since 

lim /(x)^ lim / (x), lim / (x) does not exist and therefore / is 
x-t2- i-> 2 + x->2 

discontinuous at 2 [by Note 2 after Definition I ]. 



21 . F(x) = 


x2 + 5x + 6 


is a rational function. So by Theorem 5 (or Theorem 7), F is continuous at every number in 


its domain, {.x [ .x^ + 5.x + 6 5 A 0) = (x 1 x ^ —2. —3) or (— 00 , —3) U (—3, —2) U (—2. 00 ). 
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22 . G (/) = 25 - is a polynomial, so it is continuous (Theorem 5). F(x) = Vx is continuous by Theorem 7. 

So, by Theorem 9, F (G (/)) = ■/25 — is continuous on its domain, which is 

{r I 25 — > 0} = (/ I |r| < 5) = (—5, 5], Also, 2/ is continuous on R, so by Theorem 4 #1, 

f{l) = 2l + y/25^ is continuous on its domain, which is (—5,5). 

23. g (x) = * — I and G (jr) = — 2 are both polynomials, so by Theorem 5 they arc continuous. Also / (x) = ^ 

is continuous by Theorem 6, so / (g (x)) = — I is continuous on R by Theorem 8. Thus, the product 

h (x) = ^x - I (x^ — 2) is continuous on R by Theorem 4 #4. 

24 . By Theorem 7, the trigonomcU’ic function sinx and the polynomial function x + I are continuous on R. By 

, , , , sinx , 

theorem 4, « (x) =-- is contmuous on its domain, lx | x -11. 

X + I I 1 7- f 

25 . By Theorem 5, the polynomial I - x^ is continuous on (-oo, oo). By Theorem 7, cos is continuous on its domain. 
R. By Theorem 9, cos (I — x-) is continuous on its domain, which is R. 

26 . By Theorem 5. the polynomial 2x is continuous on (-oo, oo). By Theorem 7, tan is continuous at every number in 
its domain; that is, {x | x ^4 ^ + ffn}. By Theorem 9, tan2x is continuous on its domain, which is 

(x I 2x ^ y + rrn) = (x I X ^ 5 + f"} (Ihe odd multiples of f). 

27 . By Theorem 7, the root function ^ and the trigonometric function sinx are continuous on their domains, [0, oo) 
and (—oo, oo). respectively. Thus, the product F (x) = v*?sinx is continuous on the intersection of those 
domains. |0. oo), by Theorem 4 #4. 


28. The sine and cosine functions are continuous cvciywhcre by Theorem 7, so F (x) = sin (cos (sinx)), which is the 
composite of sine, cosine, and (once again) sine, is continuous everywhere by Theorem 9. 


29. 


30. 


to 


• 

l\J 

u 


. 

□ _. 


-I 


y = -:— is undefined and hence discontinuous when 

I + sinx 

I + sinx = 0 <=> sinx = — I <=> x = —^ + 2ff n, n an integer. 


5 



5 



The function y = f (x) = tan is continuous throughout its domain because it is the composite of a 
trigonometric function and a root function. The square root function has domain (0, oo) and the tangent function 
has domain {x | x ^4 y + xnj. So f is discontinuous when x < 0 and when V* = y + rrn => 

= + where n is a nonnegative integer. Note that as x increases, the distance between discontinuities 

increases. 
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31. Because we are dealing with root functions, 5 + is continuous on |0, oo). Vx + 5 is continuous on [—5. oo). so 


the quotient f (.e) : 


5 + -Jx 


_ is continuous on 10, oo). Since / is continuous at .v = 4, lim f (x) = /(4) = 1. 

5 + .r 


32. Because x is continuous on E. sin.t is continuous on R. and x + sin.v is continuous on R, the composite function 
/ (v) = sin (.r + stn.v) is continuous on R. so ^lint^ /(■») = /(>r) = sinfir + sinir) = sina- = 0. 


33. / is continuous on (—ocs 3) and (3. oo) since on each of these intervals it is a polynomial. 
Also lim J'{x)= lim (.S-.\) = 2and lim /(-v) = lim (a — I) = 2, so lim/(a) = 2. 

,v-*3' x->i- x-ti- 

Since /' (3) = .3 - 3 = 2. / is al.so continuous at 3. Thus, / is continuous on (—oo, oo). 


34. f is continuous on (-oo. - I). (-1, I) and (1. oo) .since on each of these 
intervals it is a polynomial. Now lim /(.t)= lim (2r + l) = —land 

lim /(.t)= lim 3v = —3. so / isdiscontinuous at-1. Since 

/(-I) = — I, / is continuous from the left at -I. Also 
lim J (x) = lim 3.v = 3 and lim /(jt) = lim (2r - 1) = I. .so / is 

j-*t~ -v — I' j- 4 tr* .T 

discontinuous at I. Since y (I) = I, / is continuous from the right at 1. 



35 . / is continuous on (—oo. 0 ) and ( 0 . oo) since on each of these intervals it is a 
polynomial. Now lim J (x)— lim (,» — I)'= — 1 and 

lim / (.v) = lim (.v + I)' = 1. Thus, lim /'(t) does not exist, so / is 

x-tO* x->i> 

discontinuous at 0 Since / (0) = 1. / is continuous from the right at 0. 



36. By fheorem 5, each piece of /•' is continuous on its domain. We need to check for continuity air = R 

.. a Mr C,M , ^ G.W 

hm F{r)= hm —-r;-= ■—:r at'J ">ti r (r) = hm — 
t-xK- rxn R- R- r-.«r r- 

F (R) — F is continuous at R. fherefore. F is a continuous function off 


GM , GM 

—so hm /• (r) = —Since 


37. f is continnotis on (-x, 3) and (3. oc). Now lim / (.v) = lim (c.x + I) = 3<r + I and 

.t —♦ 3 ■■ .t —* 3 

lim f(x)= lim Ie.v-— I) = 9c — 1. So / is continuous <=> 3c + I = 9c — 1 <=> 6 c = 2 <=> c = ^. 

t-»3+ f-^3‘ 

T hus. foi / to be continuous on (-oo, oc). 0 = 5 . 


38. T he functions v- - c’ and cx + 20. considered on the intervals (- 00 ,4) ;md [4, 00 ) respectively, are continuous 
for any value of c So the only possible discontinuity is at x = 4. For the function to be continuous at x = 4, the 
left-hand and riuiit-hand limits must be the same. Now limg(x)= lim (.t^ — c*) = 16 - c’and 

lim (.X- - c’) = g (4) = 4c + 20. Thus. 4- — c* = 4c + 20 <=s c’ -I- 4c + 4 = 0 o c = —2. 


39. (a) /(.V) = 


■2v-8 i.v-4)(x-f2) 


.V 4 2 


has a removable discontinuity at —2 because g (x) = .v — 4 is 


continuous on R and / (x) =g (x) forx ^ —2. |T'he discontinuity is removed by defining / (—2) = — 6 .) 
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(b)/W = 


x-1 


lim /(.t) = —land lim /(.t) = 1. Thus, lim /(.x) does not exist, so the 

x->T x-»7+ i-*7 


U-71 

discontinuity is not removable. (It is a jump discontinuity.) 


(c) /(.t) = 


.v^ + 64 _ (.V + 4) (.r^ - + 16) 


has a removable di.scontinuity at -4 because 


.V + 4 X + 4 

TT (.v) = .T“ — 4.V + 16 is continuous on R and /(.v) = g{x) for .r ^ —4. (The discontinuity is removed by 
defining / (—4) = 48.] 

3 — Vx 3 — Vx 


(d)/(x) = 


9-x 


(3 - (3 + y/xj ^ removable discontinuity at 9 because g (x) = 1/(3 + v^) is 


continuous on R and / (x) = g (x) for x ^ 9. (The discontinuity is removed by defining / (9) = j.) 


40. 




/ does not satisfy the conclusion of the / docs satisfy the conclusion of the 

Intermediate Value Ihcorem. Intermediate Value Theorem. 


41. / (x) = x’ - x^ + X is continuous on the interval (2, 3], / (2) = 6, and / (3) = 21. Since 6 < 10 < 21. there is a 
number f in (2,3) such that /(c) = 10 by the Intermediate Value Theorem. 

42. /(x) =x-iscontinuouson the interval (1.2]./(I) = I, and/(2) = 4. Since I < 2 < 4. there is a number c in 
(1.2) .such that / (c) = c^ = 2 by the Intermediate Value Theorem. 

43. /(x) =x’-.3x + I is continuous on the interval (0, I]./(O) = 1. and/(I) =-I, Since-I <0< I.there isa 
number c in (0. I) such that / (c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation 
x^ - 3x + I = 0 in the interval (0, I). 

44. /(x) = x- - \/xTT is continuous on the interval (1,2). /(I) = I - s/2, and / (2) = 4 - >/3. Since 

I - s/2 < 0 < 4 - s/3, there is a number c in (1,2) such that / (c) = 0 by the Intermediate Value Theorem. Thus, 
there isa root of the equation x- - s/x + I = 0. orx^ = /x + I. in the interval (1,2). 

45. /(x) = cosx -X is continuous on the interval (0, I). /(O) = 1, and / (I) = cos I - I =5 -0.46. Since 

-0.46 < 0 < 1, there is a number c in (0. 1) such that / (c) = 0 by the Intermediate Value Theorem. TTius. there is 

aroot of the equation cos X -x =0. or cosx =x.inthe interval (0, 1). 

46. / (x) = tan x - Zx is continuous on the interval (0, 1.4), / (I ) = tan 1 - 2 as -0.44, and 

/(1.4) = tan 1.4 - 2.8 =s 3.00. Since -0.44 < 0 < 3.00. there is a numberc in (0. 1.4) .such that J (c) = 0 by the 

Intermediate Value Theorem. Thus, there is a root of the equation tanx — 2 t = 0, or tan x = 2x, in the interval 
(0.1 4). 

47. (a) / (x) = sinx - 2 + x iscontinuouson (0,2). /(0) = -2. and /(2) = sin2 ar 0.91. Since -2 < 0 < 0.91. 

there is a number c in (0,2) such that J {c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the 
equation sinx - 2 + x = 0. or sinx = 2 - x. in the interval (0.2). 

(b) / (1. 10) a: —0.009 and / (1.11) »: 0.006. so there is a root betw ecn 1.10 and III. 
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48. (a) /(jt) = .v’ - + l>r + 3 is continuous on [-1,0], / (-I) = —I. and /(O) = 3. Since — I < 0 < 3. there is 

a number c in (-1,0) such that / (c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the 
equation jt* — Jt- + 2at + 3 = 0 in the interval (— 1,0). 

(b) / (-0.88) -0.062 and / (-0.87) s; 0.0047, so there is a root between -0.88 and -0.87. 


49. (a) Let /(*) = x* — — 4. Then / (!) = I* — 1^ — 4 = —4 < Oand /(2) = 2* — 2^ — 4 = 24 > 0. So by the 

Intermediate Value Theorem, there is a number c in (1,2) sueh that c* — — 4 = 0. 


(b) We can see from the graphs that, correct to three decimal places, the root is x a* 1.434. 



50. (a) Let /(x): 


—Then /(5) = — | <0 and / ( 6 ) = 5 > 0, and / is continuous on [5, 00 ). So 


by the Intermediate Value Theorem, there is a number c in (5, 6 ) such that / (c) = 0. This implies that 
I ,-- 


c + 3 


(b) Using the intersect feature of the graphing device, we find 
that the root of the equation is x = 5.016, correct to three 
decimal places. 


0.2 



51. (=») If / is continuous at a, then by Theorem 7 with g (h) = a + h, we have 

lim f {a + h) = f (lim (a + /i) | = / (a). 

h-*0 \h-*0 / 

(fc) Let /; > 0. Since lim f {a + h) = f (a), there exists i5 > 0 such that |hj < d =» 

*->o 

\f (a + h) — f (a)\ < e. So if |x - a| < d, then 1/ (x) - / (a)| = 1/ (o + (x - a)) — / (a)| < «. Thus, 

lim f (x) = f (a) and so / is continuous at a. 
x-^a 

52. lim sin (a + A) = lim (sin o cos A + cos a sin A) 

/»-»0 *0 

= lim (sinacosA)+ lim (cososinA) 

A-.0 /i->0 

= I lim sino I I lim cos A I + ( lim cosn I ( lim sin A | 

\h-»a ) V,A-*o ) \li->0 ) \*-t0 ) 

= (sino) ( 1 ) + (cosa) ( 0 ) = sina 







SECTION 2.5 CONTINUITY □ 75 


53. As in (he previous exercise, we must show that litn cos (o + A) = cosa to prove that the cosine function is 

h-*0 

continuous. 

lim cos (a + h) = lim (cos a cos A — sin a sin A) 

*-»o h->0 

= lim (cosocosA) — lim (sinosinA) 

h-tO h->0 

= ( lim COSO I I lim cos A) - ( lim sino ) ( lim sinA | 

\A-»0 / \k-tO ) ) \A-.0 / 

= (coso)(l)-(sino)(0) = coso 

54. (a) Since / is continuous at o, jim f (x) — f (o). Thus, using the Constant Multiple Law of Limits, we have 

lim (c/) (x) = lim c/ (x) = c lim /(x) = c/(a) = (c/) (a). Therefore, cf is continuous at a. 

X'^O X~^Q 

(b) Since / and g are continuous at o, lim / (x) = / (o) and lim g (x) = g (o). Since g (a) ^ 0, we can use the 


Quotient Law of limits: lim (x) = lim = (“) (“)• Thus, 

’-'‘•Kg/ »-«“g{x) limg(x) g(o) \g/ 


g 


55. /(x) = 


is continuous nowhere. For, given any number a and any ^ > 0, the interval 


continuous at a. 

0 if X is rational 
I if X is irrational 

(o — <5, o + (5) contains both infinitely many rational and infinitely many irrational numbers. Since / (o) = 0 or 1, 
there are infinitely many numbers x with |x - o| < <5 and 1/(x) - / (a)| = 1. Thus, lim / (x) ^ / {a). [In fact, 
lim / (x) does not even exist.] 


56. g(x) = 


0 if X is rational 


is continuous at 0. To see why, note that — |x| < g (x) < |x|. so by the Squeeze 


X if X is irrational 

Theorem liin g (x) = 0 = g (0). But g is continuous nowhere else. For if a yS 0 and A > 0, the interval 

(a — <5. a + <!i) contains both infinitely many rational and infinitely many irrational numbers. Since g (a) = 0 or a, 
there are infinitely many numbers x with |x - aj < i5 and |g (x) - g {a)| > |a| /2. Thus, lim g(x)=^g (a). 

x—*a 

57 . If there is such a number, it satisfies the equation x^ + 1 = x <=> x* — x + I = 0. Let the LHS of this equation 
be called/(x). Now/(-2) =-5 < 0, and/(—1) = I >0. Note also that/(x) is a polynomial, and thus 
continuous. So by the Intermediate Value Theorem, there is a number c between —2 and — I such that / (c) = 0, 
so that c = £•■' + I . 

58. (a) lim F (x) = 0 and lim F (x) = 0. so lim F (x) = 0, which is F (0), and hence F is continuous at x = a if 

x ->0 

a = 0. Fora > 0. lim F(,x) = lim x = a = F {a). Fora < 0. lim F {x) = lim (—x) = —a = f (a). Thus, 

Jt-ra x-*(t x-^a x-*a 

F is continuous at x = a; that is, continuous everywhere. 

(b) Assume that / is continuous on the interval /. Then for a 6 /, lim |/ (x)| = | lim / (x)| = |/ (a)| by 
Theorem 7. (If a is an endpoint of /, use the appropriate one-sided limit.) So |/| is continuous on /. 

I ifx > 0 


(c) No, the converse is false. For example, the function /(x) = 
|/(x)| = I is continuous on R, 


-I ifx < 0 


is not continuous at x = 0, but 
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59. Define u (() lo be the monk’s distanee from the monastery, as a funetion of time, on the first day, and define d(i) to 
be his distance from the monastery, as a function of time, on the second day. Let D be the distance from the 
monastery to the top of the mountain. From the given information we know that k (0) = 0, «(12) = D. rf (0) = D 
and </ (12) = 0. Now consider the function u — d, which is clearly continuous. We calculate that 
(u — rf) (0) = —O and (u — </) (12) = D. So by the Intermediate Value Theorem, there must be some time tg 
between 0 and 12 such that (« — d) (tg) = 0 <=> k (tg) = d (Ig). So at time Ig aficr 7:00 A.M., the monk will be 
at the same place on both days. 


Tangents, Velocities, and Other Rates of Change 


Av 

1 . (a) This is just the slope of the line through two points: m/»n = — 

Ax 


/(^)-/(3) 

x-3 


(b) This is the limit of the slope of the secant line PQ asQ approaches P : m = lim 

jr-*3 


/U)-/(3) 

* -3 


2 . 


As 

(a) Average velocity = — 


/(a + h)-/(a) 
(a + h)-a 


f(a + h)-f(a) 
h 


(b) Instantaneous velocity = lim 
A -»0 


f(a + h)-f(a) 
h 


3. The slope at D is the largest positive slope, followed by the positive slope at E. The slope at C is zero. The slope at 
B is steeper than at A (both arc negative). In decreasing order, we have the slopes at: D, E. C, A, B. 

4. The curve looks more like a line as the viewing rectangle gets smaller. 




* 

y ~ sin X 





-I -0.5 


5. (a) (i) m = lim 
.t-i-3 


/(.x)-/(-3) 
•r - (-3) 


= lim 
s-i-3 


(x^ + 2x)- (3) 
s - (-3) 


s lim 


(x + 3)(.x-l) 
x + 3 


lim (x — I) 


= -4 


(ii) 


m = lim 

/i ->0 


/ (-3+ /,)-/(-3) 
h 


lim 

h-tO 


[(-3 + /i)^-t-2(-3 + 7i)]-(3) 
h 


= lim 
h-*0 


9 - 6/i + - 6 + 27t - 3 

h 


ss lim 
A-^o 


h{h-A) 

h 


lim (/i — 4) = —4 
A -»0 


(b) rhe equation of the tangent line is 
3 / — 3 = —4 (x + 3) or y = -4x — 9. 
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<? / > ,1 .■ /(Jf)-/(-■) (t + 1) (jt^ - jc + l) 

6. (a) (i) m = hm - 7 ^—— = lim -i —- = lim -i- - 

jr + 1 X-^ \ 

= lim (jic^ — jic + l) = 3 

./■(-!+A)-/(-l) .. (-1+;i)’-(-l) .. h^-3h^ + 3h-\ + \ 

(ii) m = Inn-;- - -= Iim- - -i —- = lim- 

h-^0 h h-*0 h h^O h 


= lim (I? - 3A + 3) = 3 

*-. 0 ' ' 

(b) 3 '-(-l) = 3[.x-(-l)) => y = 3x + 2 



7. Using (1). 

^ = ,i„, (i^2.v- 3.^)-(-7)^ z3iizii±^= Ii„ 

r-.a x-a x-t-1 JC-(-2) l->-2 Jt + 2 »-»-2 x + 2 

= lim (-3x + 4) = 10 

x-*—2 

Thus, an equation of the tangent is >» + 7 = 10 (x + 2) or> = lO-t + 13. 

Alternate Solution: Using (2), 

,im + /(-2 + /,)-/(-2) ^ [ l-2(-2 + ;,)-3(-2 + A)^]-(-7) 

h-*o h /f-»o h /i-^o h 

(-3/1-+ lOA - 7) + 7 A (-3/,+ 10) 

= lim ^- - -= lim- - -= lim (-3/i + 10) = 10 

A-»o h h->0 h h-tO 

8 . Using (I), m = lim — = lim / }- —TT = bm —-r = —Thus, an equation of 

J-.I jT-l I -.1 1 ) (V5r+ 1 ) i-*i + 1 ) 2 

the tangent line is- I = -j (jt — 1) or v = - jjit + j. 

a IT , 1 ^ 1 - - j 4 —X- (2-x)(2 + x) 2 —X 1 

9. Using (1), m = lim -= lim —-— = lim —^- 7 --—= lim 

x-»-2x — (,—2) x->-2 4x^ (x + 2 ) x-*-2 4x2 (x + 2 ) j-,-2 4x2 4 

Thus, an equation of the tangent line is y — j = j (x + 2) =» y = jx + |. 

10. Using(l).m = lim ^ = lim- - -= lim —^— = I. 

x->o X—0 x-+ox(l—x) i-»ol—X 

Thus, an equation of the tangent line is y — 0=1 (x — 0) => y = x. 

,Ma)m=Um?^^i±ill^^ii±i 2 =,i„,-_= 1 ™_Za_= 

x->a x-a x-ia (x - a) (x + 3) (a + 3) x-ta (x + 3) (a + 3) (a + 3)2 


(b) (i) n = — 1 => m = 


(iii) a = I =» m = 


(-1 -I- 3)= 
-2 _ 

(I + 3)2 “■ 


(ii) fl = 0 =7 m — 


(0 + 3)2 9 
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12 . (a) llsiiigd). 


m = lini 


(I E + .v^) - (I + 0 + <r) 


— liiii 

V -*f/ 


X — 

(\ — f/) (I + A + «) 


: lim 


.X + A - • 


: lim 

X—¥tl 


X - a + (x - a) (.V + a) 


= lim (I + .t + a) = I + 2a 

x-*o 


(b) (i).v = -l =» «i = I E2(-l) =-I 

(ii) ,x = -^ m = l+2(-4) = 0 

(iii) .V = I =» »i = I + 2 (1) = 3 



13. (a) Using(l). 

(.«■’ - 4x + 1) - (a’ - 4a + I) (.r’ - a’) - 4 (.v - a) 

III = lim- - = lim A- 

X-> t ,X ■“ <7 .x—>o .X ■“ 

(.v-a)(x- + a.t+aA)-4(.v-a) / 2 , ,2 

= lim- - -= lim [x^ + iix + a 

i~*ti .V — a x~ta V 

(b) At (I, —2)' «i = 3 (I)’ — 4 = — I. scan equation oTlhe tangent line (c) 
isj'-(-2) =-I (r - I) » >• =-t - I. At(2. I): 
m = 3 (2)- -4 = 8. so an equation ol the tangent line is 
v - I = 8 (.V - 2) » !• = 8.t - 15. 


- 4j = 3a^ - 4 


a 



14 . (a) Using (I). 


I I 

y/$ - 2x -ys-la x/5 - 2a - x/5 - 2x 

lim -A- - -= hm - ■ ■■ ■ 

X — a X-III (v _ a) — 2x </5 — 2a 

_ 2(.v-u) _ 

X(.V — a) v^(5 — 2.t) (5 — 2a) (y/S — 2a + >/5 — it) 


(V - a) v'(5-2.t)(5-2<i) + V5-2x) 2 (5 - 2a)’/- 


-(.s- 2 a)-’’ 

(b) At (2. I): m = |5-2(2)1"’'^ = I <=> r - I = I (.v - 2) <=> 
>• = .V - I. At (-2, ';)■ III = |.S - 2 (-2)r’/2 = ?? » 

.T “ 5 “ 27 ~ (“-)l y = sy.X + 27- 


(C) 





SECTION 2.6 TANGENTS, VEIOCITIES, AND OTHER RATES OF CHANGE □ 79 


15. (a) Since the slope of the tangent at s = 0 is 0, the car's initial velocity was 0. 

(b) The slope of the tangent is greater at C than at so the car was going faster at C. 

(c) Near /I. the tangent lines are becoming steeper as x increases, so the velocity was increasing, so the car was 
speeding up. Near B. the tangent lines are becoming less steep, so the car was slowing down. The steepest 
tangent near C is the one at C, so at C the car had just fini.shed speeding up. and was about to start slowing 
down. 

(d) Between O and E, the slope of the tangent is 0, so the car did not move during that time. 

16. 



Lei a denote the distance traveled from 1:00 to 1:02. b from 1:28 to 1:30, and c from 3:.T0 to 3:33, where all the 
times arc relative to / = 0 at the beginning of the trip. 

17. Lets (!) = 40f — 16/^. 


,,, . J:(()-s(2) ,. (40f - I6r2) - 16 „ _8(/-2)(2(-I) 

n ( 2 ) = hm--— = hm 2 -= |,m- 1 - 12 - 1 

'-*2 1 — 2 f ->2 r — 2 r -*2 / — 2 


= -81im (2r- l) = -24 

i-*l 


Thus, the instantaneous velocity when r = 2 is —24 ft/s. 
//(I +/!)-//(!) 


18. (a) » (I) = lim 

/ i -»0 


= lim 
A ->0 


(58 + 58/i - 0.83 - 1. 66/1 - 0.83/r) - 57.17 


= lim (56.34 - 0.83A) = 56.34 m/s 

h-,0 


(b) I) (a) = lim 
*->o 


// (a +h)-H (a) 
h 


_ (58o + 58/i - 0.83a- - 1. 66 a/i - 0.83/)^) - (58a - 0.83a^) 

~ /i-»o h 

= lim (58 — 1. 66 a — 0.83/i) = 58—1.66a m/s 

A-*0 


(c) The arrow strikes the moon when the height is 0 . that is, 58/- 0.83r-= 0 co / (58 - 0.83/) = 0 <=> 

/ = ^ =5 69.9 s (since / can’t be 0). 

(d) Using the lime from part (c). n = 58 - 1 .66 = -58 m/s. Thus, the arrow will have a velocity of 

-58 m/s. 
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19. (ii) = lim 

/ i -»0 


= iim 
A -»o 


5 (a + /i) - 5 (o) 4 (a + h)^ + 6 (a -f A) + 2 - (4a^ + 6a + 2) 

-j-= lim- - - 

h h-*0 h 

4a^ + I2a^/i + 12a/i^ + 4A^ + 6a + 6A + 2 — 4a'^ — 6a — 2 
_ 


= lim 
h->0 


\2a'h + l2aA" 4-4A^ + 6A 

It 


= lim (12a^ + l2aA 4- 4A^ 4- 6) 
A-»o' ' 


= (12a“ 4- 6) m/s 

Soi)(l)= I2(!)^4-6= I8m/s,i>(2) = 12 (2)^ 4-6 = 54 m/s, and u (3) = 12(3)2 4-6= Il4m/s. 


20. (a) The average velocity between times t and / 4- A is 


s A) — s (f) (/ -1- hy — 8 (/ 4- A) 4- 18 ~ (^2 — 8/ 4- 18) 

(/ 4- A) - / “ A 

+ 2fA 4- A2 - 8f - 8A 4- 18 - /2 4- 8f - 18 _ 2/A 4- A^ - 8A 
h h 

= (2/ + /i — 8) m/s 


(i) |3,4]: / = 3, /> = 4 — 3 = I, so the average 
velocity is2(3) + 1 —8 = —I m/s. 

(ii) [3.5,4|: t = 3.5, h = 0.5. so the average velocity 
is 2 (3.5) + 0.5 - 8 = -0.5 m/s. 

(iii) |4. 5|: / = 4. /i = 1, so the average velocity is 
2 (4) + I - 8 = I m/s. 

(iv) [4,4.5): ( = 4, /i = 0.5, so the average velocity is 
2 (4) + 0.5 - 8 = 0.5 m/s. 


(b) V (!) = lim 
h-tO 


s (I + h) - s (I) 
h 


= lim (2/ + /i - 8) = 2/ - 8, 

*-.0 

so I) (4) = 0. 



21. The sketch shows the graph for a room temperature 
of 72° and a refrigerator temperature of 38°. The 
initial rale of change is greater in magnitude than the 
rale of change after an hour. 



22. The slope of the tangent (that is, the rate of 
change of temperature with respect to time) at 
/ = I h seems to be about 
=« -0.7»F/min. 
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23. (a) (i)[8, II): = _i.27h 

(ii) (8.10): =_|.257h 

(iii) [8.9]: ^ = -I.37h 

(b) In the figure, we estimate to be 

(18, 15,5) and » as (23,6). So the 

. . 6- 15.5 

—TT = -' 97h at 


23- 18 



8:00 P.M. 


24- (a) (i) 


.Z’(1995)-/’(1991) 839 - 793 46 


1995- 1991 


^ = — = 11.5 thousand people per year 


839-820 19 

7 995 - 1993 = y = thousand people per year 
874 -8.39 35 

(”') 1 ^ 7 - 1995 = y = '7-5 thousand people per year 
(b) Using the values from (a)(ii) and (a)(iii), we have = 13.5 thousand people per year. 


(c) 



Estimating A as (1993,816) and B as (1997,862), the slope at 
862 - 816 

'995 IS —= 11.5 thousand people per year. 


AC C(105)-C(100) 6601.25-6500 

25. (a) ( 1 ) — =-j-= 20.25/unit. 


&x 


105- 100 


AC C (101)-C (100) 6520.05-6500 

^ = — for- 100 =-i-= 20 05/unit. 


(b) 


C(l00 + /1)-C(l00) _ [5000+ 10(100 +A)+ 0.05(100 + /!)^]-6500 20h + 0.05/i2 


= 20 + 0.05A, h^O 

c ,u • . , , ... C (100 +A)-C (100) 

So the instantaneous rate of change is lim —i- - = lim (20 + 0.05/i) = $20/unit 

*->o h *-»o 
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26. AK = r (/ +A)-T (/) = 100.000 - 100,000^1-^^ 

= ,00.000 [(l - - (l - ^ + 3^)] = 10(.,000 

= ■^^/i(-I20 + 2/ + A) = 2|5A(-120 + 2/ + A) 

Dividing A F by /i and then letting A -> 0. we see that the instantaneous rate of ehange is (/ - 60) gal/min. 


t 

Flow rate (gal/min) 

Water remaining V (r) (gal) 

0 

-3333.3 


10 

-min 

69,444.4 

20 

-2222.2 

44,444.4 

30 

-1666.6 


40 

-Illl.T 

11, iii.T 

50 

- 555.5 

2, 777.7 

60 

0 

0 


The magnitude of the flow rate is greatest at the beginning and gradually decreases to 0, 
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CONCEPT CHECK 


1. (a) lim f (x)— L: See Definition 2.2.1 and Figures 1 and 2 in Section 2.2. 

x-*a 

(b) lim f (x) = L: Sec the paragraph after Definition 2.2.2 and Figure 9(b) in Section 2.2. 


(c) lim f {x) = L: See Definition 2.2.2 and Figure 9(a) in Section 2.2. 

x~*a'' 

(d) lim / (jt) = oo: Sec Definition 2.2.4 and Figure 12 in Section 2.2. 

x—*a 

(c) lim / (i) = -oo: See Definition 2.2.5 and Figure 13 in Section 2.2. 

x-*a 

2. Sec Definition 2.2.6 and Figures 12-14 in Section 2.2. 

3. (a)-(g) Sec the statements of Limit Laws 1-6 and 11 in Section 2.3. 

4 . See Theorem 3 in Section 2.3. 

5. (a) A function / is continuous at a number a if f (x) gets closer to / (a) as x gets close to a, that is, 

lim f(x) = f (a). 

x-ta 

(b) A function / is continuous on the interval (—oo, oo) if / is continuous at every real number a. The graph of 
such a function has no breaks and every vertical line crosses it. 


6. See Theorem 2.5.10. 

7. See Definition 2.6.1. 

8. See the paragraph containing Formula 3 in Section 2.6. 

9. (a) The average rate of change of y with respect to x over the interval i , ;t 2 1 is LLjl —£i_ll 


(b) T he instantaneous rate of change of y with respect to ;t at jt = jci is lim 


/(X2)-/(^|) 


X2 - .V| 
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CHAPTER 2 REVIEW □ 83 


1 . False. Limit Law 2 applies only if the individual limits exist (these don’t.) 

2. False. Limit l.aw 5 cannot be applied if the limit of the denominator is 0 (it is.) 

3. True. Limit Law 5 applies. 

4. True. The limit doesn’t exist since f (x) /g(x) doesn't approach any real number as x approaches 5. (The 

denominator approaches 0 and the numerator doesn’t.) 

F ^ j .. — 5x sin(.x-5) „ _ 

5. False. Consider hm -— or hm--—By Example 3 in Section 2.2, wc know that the latter limit 

t-* 5 .X — 5 x-*5 .V — 5 

exists (and It is equal to I). 

6. False. Consider lim I/(jr)g(x)] = lim [(x - 6) —-^1. It exists (its value is I) but/(6) = 0 and p( 6) does 

jt->6 L X — 6J ' 

not exist, so / (6)g (6) ^ 1. 

7. True. A polynomial is continuous everywhere, so lim p (x) exists and is equal to p (/>). 

8. False. Consider lim [/(x)-g(x)l = lim (4y - -irV T'his limit is-oo (not 0), but each of the individual 

x-tO I-»0\X- X*/ 

functions approaches oo. 


9. False. Consider / (x) = 


l/(x - 1) ifx yS I 
2 ifx = I 


10 . False. The function / must be continuous in order to use the Intermediate Value Theorem. For example, let 

I ifO < X < 3 

/(x) = There is no number c e |0,3] with / (c) = 0. 

— I ifx = 3 

11 . True. Use Theorem 2.5.8 with a = 2, 6 = 5,and g (x) = 4x^ - 11. Note that / (4) = 3 is not needed. 

12 . True. Use the Intermediate Value Theorem with a = —1,6 = LA' = >r, since 3 < ir < 4. 

13 . True, by the definition of a limit with c = I. 


14. False. For example, let /(x) = 


x^ -FI ifx yt 0 
2 ifx=0 


TTien / (x) > I for all x, but 


lim /(x) = hm (x^ + I) = 1. 

j -»0 x -»0 ' ' 


—' EXERCISES — 

1. (a) (i) lim /(x) = 3 (ii) lim /(x) = 0 

x->2+ x->-3+ 

(iii) lim /(x) does not exist since the left and right limits arc not equal. (The left limit is -2.) 

—3 

(iv) lim/(x) = 2 (v) lim/(x) = oo (vi) lim /(x) = —oo 

X~-*A X-»0 X“»2'* 

(b) The vertical asymptotes are x = 0 and x = 2. 

(c) / is discontinuous at x = —3, 0. 2, and 4. I'hc discontinuities are jump, infinite, infinite, and removable, 
respectively. 



B4 D CHAPTER? UMi I SAND RATES OF CHANGE 



3. lim l:in ( v^) ;= lisnO -- 0 because the lungeni function is continuous at x = 0. 


/ - 4 

4. lint ~ -- —: =; Inti 


t - I 


= lint 


I 


I I 


(..t('-3i-4 >->-i (/- 4)(( + I) /-*4/+l 4+1 5 

r .. t!+//)"“ 1 1 + 2/i + /r — I 2h + h~ / a -s 

5. lint-= Inn-:-= lim-;-= lint (2 + /i) = 2 

A-+0 h fi-fO h h-^a h A—»0 

ii+ .+!■’ ' . !-(l+/i)- -Ih-h- .. -2-h -2-0 

6. bm - ■ - i.ir.-r- = Inn-a = lim-r =-e 

h .1 I, /- -o/, (1 +/,)- A -, 0(|+/,)2 (I+OK 


= -2 


lilc - ' -• 2) 


V > -I 
1 

- ! 


(-l)--(-i)-2 0 


i-'i'-i 1 --+ tA -2 lim (v- 1-.Ta— 2) (-1)-+ 3 (-1) - 2 


8 h,., - |j,„ iLLljllzil = iim ^ nLzi -3 

' .v "-l + .iv !■ 2 t '."-1 (V + I) (a + 2) r-™l .V + 2 -1+2 

I'/ , 17 

9 lim-•, a AO since (l — C)- !) and-r > 0. 

O-O) 


10. lint - - 

A a 6 


-oc since < + 6 -> 0 as .v -» —6’' and-< 0 for —6 < .v < 0. 

.V + 6 


4 - /v 

11. lini-=• lim 


4 - 


lim 


-I 


-1 


I 


alt* .y — 16 y-ais + 4) (v^t —4) ^.v + 4 ^/76 + 4 8 

« + 4 2 + 4 


„ 1.2 + 211-8 , (I,+ 4) (I.-2) 

12. lim-;-■.-— hm-r—-^r—r-s-rr = Imi 


i/-a2 11* — 1ft 


-“2 to 4 2) (n — 2) (i>2 + 4) i.-»2 (« + 2) (ir + 4) (2+ 2) (22 + 4) 16 


13. Inn ——— = lim =■ lim (-l) = -l 

a. ,.s A-S a-.a v-8 a-»» 

14. lim (v/F-9 4 B-t + 18) — lim v^-9 f lim Ja + IJ = 9 + 10 = 10 

jr-»y+ X-'*')" 


I - y! - .v2 1 i v'f 

15. lint- 

a -tO .a 


I - (I - .a2) 

; =a lim —r_ _ = lim 


= lim 


s'ra + 2-v''2a' v'v'+2+v^ 

16. Inn -:-r— ■ -;= = lim 


+ v'l - a- a >0 ,v ^1 + Vl - a2 j 4-.0 ^ ^1 ^ Vl -x-^ > + v^^Ta 

-(.x-2) 


; = 0 


lim 


-1 


a (a-2) v^+2+v^ *-^2 « (a - 2) (>/aT2 + s/2a) '‘-’2 ,a (v'TTZ + >/2j) 


17. Since 2a — 1 < / (a) <■ .a2 forO < a < 3 and lim (2.a — I) = I = lim ^2. wchavc lim / (.a) = 1 by the Squeeze 

“ " T->1 a-*l a-* 1 


Theorem. 






CHAPTER 2 REVIEW □ 85 


18. Let/(.t) =cos (l/x^) and/i (.v) = .v^. Then since |cos (l/.t^)| < 1 forx ^ 0. we have 
f(x) <gix)< li(x) for .v ^0. and so lim J'(x)= lim h{x) = 0 => lim i?(x) = 0 by the Squeeze I heorem. 

; t->0 x-»0 x->0 

19. Given i: > 0. we need (5 > 0 so that if |x - 5| < d then |(7 jc - 27) - 8| < i; <=> |7.r - 35| < i: <=> 

|jt - 5| < c/7. So lake <5 = e/7. Then |.t - 5| < => |(7x - 27) - 8| < e. 1 hus. lim (7.v - 27) = 8 by the 

definition of a limit. 

20. Given c > 0 we must find <5 > 0 so that if |x - 0| < <5, then | - 0| < e. Now | - 0| = 1< e =s 

|.x| = < e’. Sotake.li = c5;then |.x-0| = |.t| < c^ => l^t - 0| = |.J/x| = = c. 

Ilicrcfore. bv the definition of a limit, lim ^ = 0. 

x~)0 

21. Given /; > 0. we need /i > 0 so that if fv - 21 < fli then \x~ - 3.x - (-2)| < First, note that if U - 21 < 1, then 

“I<.v—2 <I.soO<a: — l<2 ^ |x — ll<2. Now let rli = min {f;/2, I). Then 1.x — 2| < <5 => 

|;f2 - 3.V _ (_2)| = |(,V -2}(x- 1)1 = |.r - 2| |.v - I| < (e/2) (2) = e. 

Thus, lim^ (.t^ — 3.x) = —2 by the definition of a limit. 

22. Given A/ > 0. we need > 0 such that if0<ji:—4<(^ then 2l>fx— 4 > A/. This is true V-x — 4 < 2/A/ 

^ .X — 4 < 4/3/*. So if w’c choose 6 = 4/A/“, then 0 < .x — 4 < <) — 4 > A/. So by the definition 

of a limit, lim (2/v/x — 4) = oo. 

23. (a) fix) := if.x < 0, /(x) = 3 - .X ifO < x < 3, / (x) = (x - 3)“ ifx > 3. 

(i) lim /(x)= lim (3-x) = 3 

(iii) Because of (i) and (ii), lim / (x) docs not exist. 

, r~>0 

(v) lim / (x) = lim (.x — 3)’ = 0 

X-..I+ X-.3+ 

(b) / is discontinuous at 0 since lim / (.x) does not exist. / is 
discontinuous at 3 since /(3) does not exist. 


24. (a) g(.x) = 2.x - .X- ifO < X < 2.g(.x) = 2 - .X if2 < X < 3. 

(x) = X - 4 if 3 < x < 4. g (x) = ir ifx > 4. Therefore, 
lim g (x) = lim (2.x — x-) = 0 and 

.T—*2“ 

lim g (x) = lim (2 — x) = 0. Tlius. lim g (x) = 0 = g i 
X"»2'*' x~*2 

is continuous at 2. lim g(.x)= lim (2 —.x) = —land 

.i-»3 t-»3 ■ 

lim g (x) = lim (X ~ 4) = -1 TTius. lini g (x) = — I = g (3), so g is continuous at 3. 
t-.3+ .r-.3 

lim g(.x)= lim (x —4)=0and lim g(.x)= lim ar = a-. T hus, lim g(x) docs not exist, so g is 

x~-*4 X—*4 T—>4"^ X—♦4'*' X—»4 

discontinuous at 4. But lim g (x) = ir = g (4). so g is continuous from the right at 4. 


(ii) lim / (x) = lim = 0 

X-.0- x->0~ 

(iv) lim /(.x)= lim (3—.x) = 0 
r-»3“ X-.3' 

(vi) Because of (iv) and (v). lim / (x) = 0. 

X-.3 
(C) 


(b) v, 
»• 


I, SO ^ 

6 
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25. .t’ is continuous on R since it is a polynomial and cos a: is also continuous on R, so the product cosx is 
continuous on R. The root function ^ is continuous on its domain. [0, oo), and so the sum, 

/i(x) = + .v^ cos.x. is continuous on its domain. [0, c»). 

26. .T‘ - 9 is continuous on R since it is a polynomial and is continuous on [0, oo), so the composition — 9 is 
continuous on {x | x^ - 9 > O) = (-oo, —3] U [3, oo). Note that x’ - 2 ^ 0 on this set and so the quotient 

>/.x“ — 9 

function g (x) = —=-is continuous on its domain, (—oo, -31U [3, oo). 

x-' — 2 

27. /(x) = 2x^ + x^ + 2 is a polynomial, so it is continuous on (—2, — 1) and /(—2) = —10 < 0 < 1 = / (—I). So 
by the Intermediate Value Theorem there is a number c in (—2, — I) .such that / (c) = 0, that is, the equation 

2x^ +x^ + 2 = 0 has a root in (—2, —I). 

28. Let / (x) = 2 sinx — 3 + 2x. Now / is continuous on [0, 11 and / (0) = —3 <0 and 

/(I) = 2sin I - I 0.68 > 0. So by the Intermediate Value Theorem there is a number e in (0, I) such that 
/ (c) = 0, that is. the equation 2 sin.x = 3 — 2x has a root in (0, I). 

29. (a) The slope of the tangent line at (2, I) is 

/(X) -/Cl) _ 9 - 2.x^ - I ^ 8-2x^ _ -2(x^-4) _ -2(x-2)(x + 2) 


lim 

x-t2 X —2 


■ = lim 

.r-»2 -X — 2 x-i 

= lim —2 (x + 2) = -8 


2 X — 2 4:->2 X — 2 


= lim 
x-*2 


X -2 


(b) An equation of this tangent line isy — I = —8(x — 2) ory = —8x + 17. 

30. Tor a general point w ith x-coordinate a, we have 

2/(1-3x)-2/(I-3a) 2(1 -3a)-2(l - 3x) 


m = lim 

x-~*a 


= lim 


X — a 
6 (x - o) 


= lim 


x-*u (1 — 3o)(I — 3x)(x — a) 

6 6 


= lim 


■r->« (1 - 3o) (I - 3x) (x - a) x-»u (I - 3a) (I - 3x) (l-3a)^ 

For a = 0, ni = 6 and / (0) = 2, so an equation of the tangent line is >• — 2 = 6 (x — 0) or y = 6 x + 2. For 
a = — I. m = I and /(—!)= ^, so an equation of the tangent line isy — 5 = j (x + I) ory = |x + j. 


31. (a) j = I + 2( + f‘/4. T he average velocity over the time interval |1,1 + /i) is 

j(l+/i)-x(l) I +2(1 +/t)+ (I +/i) 74- 13/4 lO/i +6- 10 + 6 


h h 

intervals the average velocities arc: 

(i) (l,3|: (IO + 2)/4 = 3m/s 

(ii) (1.2]; (10+ l)/4 = 2.75 m/s 


4h 


. So for the following 


(iii) [I, 1.5]: (10 + 0.5)/4 = 2.625 m/s 

(iv) [1,1.1]: (10+ 0.0/4 = 2.525 m/s 


. x(l+/t)-s(l) lO + A 

(b) When / = I the velocity is lim-;-= lim —:— = 2.5 m/s. 

*->0 h /i->0 4 


32. (a) When I ’ increases from 200 in' to 250 in', we have A F = 250 — 200 = 50 in', and since P = 800/ F, 

80 

«=25 

Ib/in' 


8(X) 800 

A /’ = /’ (250) — P (200) = — 2 ^ = 3.2 — 4 = —0.8 Ib/in'. So the average rate of change is 


AP _ 

AT' ~ 50 


= -0.016 ■ 



CHAPTER 2 REVIEW □ 87 


(b) Since I' = 800//', the instantaneous rate of change of V with respect to P is 

Af V(P + h)-y(P) 800/(/’ + /!)-800//• 

Itm = lim-;-= hm-^- - — 

h-*o AP h-*o h h-*o h 


= ,i„, = 

*-,0 ••••■- 


-800 


h(P+h)P 

which is inversely proportional to the square of P 
U + I 


*-.0 (P + h)P 


800 
■ /'2 


33. The inequality 


Lt - I 


-3 


< 0.2 is equivalent to the double 


X + 1 

inequality 2.8 < < 3-2. Graphing the functions y = 2.8, 

y = \(x + \)/{x — 1)1 andy = 3.2 on the interval [1.9,2.15], we 
sec that the inequality holds whenever 1.91 < x < 2.11 
(approximately). So since |2 - 1.91| = 0.09 and |2 - 2.15] = 0.15. 
any positive S < 0.09 will do. 

1 

34. The slope of the tangent to y =-is 

X - I 



(-X + /i) + I _ x+ 1 

(x + A) - 1 X - 1 _ |.^ (x - l)(x + A + 1) - (x + l)(x + A - 1) 
*-*0 h h-fO A (x — I) (x + A — 1) 


A-.0 A(x - l)(x + A - 1) (x-l)^ 


35. 


2 

Soat(2,3),m ==-2 => y-3 = -2(x-2) =» 

y = —2x + 7. At(—l,0),m =-^^ i =» 

(- 1 - 1)2 2 

y = -^(x + l) => y = -^x-^. 

l/(x)l<g(x) <=> -g(x) </(x) < g(x) and lim g(x) = 0 = lim 

x-*o X—»<l 

lim / (x) = 0. 


8 



—g(x). Thus, by the Squeeze Theorem, 


36. (a) Note that / is an even function since / (x) = / (—x). Now for T' 

any integer n, [nl + f-nj = n — n — 0, and for any real number 
k which is not an integer, 

|A]] + I-A]| = PJl + (— PI — 1) = —I. So lim /(x) exists 

x-^a 

(and is equal to -1) for all values of a. 

(b) / is discontinuous at all integers. 





Problems Plus 


1. I.el/ = yi.so.t =/^ Then/ -> 1 as.t -» l,so 

(/- l){/ + l) 


I- -1 /- -1 

Inn —^—7 = lim 


llm 


= lim 


/ + I 


1 + I 


/-»!/’-I 1) (/2+< + 1) ,_,u2+,+ l iS+l + l 


Another Method: 


Multiply both numerator and denominator by + I) + l/x + 1^ 


2. First rationalize the numerator; lim 

.t-*0 


•/ax + 5 — 2 -/ax + b + 2 


= lim 


ox + 5 —I 


Now since the 


■X Vfljc + ft + 2 T-o .T (v^+ ft + 2) 

denominator approaches 0 as v —> 0. the limit will exist only if the numerator als*> approaches 0 as .v —> 0. So we 


require that (0) + ft — 4 = 0 ^ ft = 4. So the equation becomes lim —. 

y/ax + 4 + 2 

^ <7 = 4. Therefore, a = ft = 4. 


= I 


c/4 + 2 


= 1 


3. For-i < .t < f wehaveZv - I < Oandlt + I > 0, so |Zr - 1| = - (2 j - I) and |2.v + l| = 2 j + I. 

Tk f 1 - I2.t-l|-|2r + l| -(2r-|)_(2.t + l) „ -4* 

Therefore, lim -= hm —^^- i - )(„, -- (_4\ _ _4 

>-•0 X x-to X i-»o .r .t->o 


4. I.et K be the midpoint of OP. so the coordinates of « are ja;-) since the coordinates of F are (x..x^). Let 

T* 1 

Q = (0. a). Since the slope moe = — — x. mfiit = — (negative reciprocal). But 
.x^ - 2a 


foil = 


iv* - a 


so we conclude that -1 =x^ -2a 


-0 

Jt -> 0, a j, and the limiting position of O is ^0, 


2a = a:^ + I 


a = jAT" ■ 


. As 


X I I 

5. Since [.vj < .r < (.vI + I, we have I < — < I + — for at > 0. As.v 00. lx] 00, so — 0 and 

• + ;r-j -> I Thu.s, lim --- = I by the Squeeze Theorem. 

6- (a) |v||- + II t j- = I. Since |lAt]j* and |]i ||- are positive integers or 0. there arc only 4 cases: 


Case (i;. 

ffvll = 1. OyJl = 0 


1 < A < 2 and 0 < v < 1 

y\ 

. 


Cose (ii): 

IIaO = -I.O.v|I = 0 


— 1 < A <0 and 0 < y < 1 

|.|jrp , 

i ! 


Case (Hi): 

ti 

II 


0 < A < 1 and 1 < y < 2 


_i 

iv ' i 

Case (iv): 

lAl = 0,ivl| = -l 


0 < A < 1 and — 1 < y < 0 

0 

• Vv* 

•• 

‘ 

I X 


(b) |.r j’ — I.i = 5 The only integral solution of//- - nr = 3 is // = ±2 
and n/ = ± 1. So the graph is 


((.v..v)ia.v]l = ±2. 1>1 = ±II = 


(.v.y) 


2 <A< 3 or— 2 <At<l, 
I < .V < 2 or — I < y < 0 




B9 
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(c) Ijt + = 1 => I-x+>'D = ±l (d) For« < jt < n + 1, [jtl =n. Then [atII + m = I =« 

=> l<.x+>'<2or =* l-n<>'<2 — n. Choosing integer 

-1 < X + > < 0 values for n produces the graph. 



7. / is continuous on (-oo, a) and (a, oo). To make / continuous on R, we must have continuity at a. Thus, 

lint f (x) — lim /(x) =» lim x^ = lim (x + 1) => = a + \ a = A ± s/s)/2 1.618 

x-*a* x-*a~ X"»o+ x->a" v // 

or-0.618. 

8. (a) Here are a few possibilities: 



(b) The "obstacle" is the line x = y (see diagram). Any intersection of the graph of / with the line y —x 
constitutes a fixed point, and if the graph of the function docs not cross the line somewhere in (0, 1), then it 
must cither start at (0,0) (in which case 0 is a fixed point) or finish at (1,1) (in which case 1 is a fixed point). 

(c) Consider the function F (x) = / (x) — x, where / is any continuous function with domain [0, 11 and range in 
10, I ]. We 'hall prove that / has a fixed point. 

Now if / (0) = 0 then we are done: / has a fixed point (the number 0), which is what we arc trying to prove. 

So assume / (0) ^ 0. For the same reason we can assume that / (1) # 1. Then F (0) = f (0) > 0 and 

F (1) = / (I) — I <0. So by the Intermediate Value I'heorem, there exists some number c in the interval 
(0,1) such that F (e) = f (c) - c = 0. So / (c) = c, and therefore / has a fixed point. 

9. jim/(x) = jim ^(/(x) + g(x)J+ | [/(x)-g(x)]) 

= i lim [/(x)+g(x)]+ 5 lim |/(x)-g(x)] 

^ x-*a * x—fu 

= 5 ■ 2 + ^ ■ 1 = and 

lim (.t) = lim (1/ (-x) +gU)] -/(x)) = Um[/(x)+ g(x)] - lim /(jt) = 2 - § = j. 

jr—»a x-^a x~*a x-*a * * 

So Jim (/(x)g(x)] = [jim /(x)j = 5 ' 5 = 3- 
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Another Solution: Since lim 1/ U) + e (x)] and lim 1/ (x) - e (x)) exist, we must have 
x->a x-*a 

lim (/(x) + g(x)l- = (lim |/(x) +g(x)l) and lim [/(x) -^(x)]^ = (lim l/(x) -^(x)]) , so 

x^a \x->ta / x~»c/ Vr->tf / 

lim 1/ (x) s (x)] = lim j ([/ (x) + g (x)]^ - {f (x) - g (x)|^) (because all of the and g' cancel) 

= j (lim l/(x) + g(x)l- - lim [/(x) -^(x)|-) = |(2^ - 1^) = 

^ vx-^ti x^a / ^ ' / I 

10. (a) Solution I; We introduce a coordinate system and drop a perpendicular 

V 

from P, as shown. Wc see from INCP that tan W = —=—, and from 

1 —X 

IN BP that tan 0 = y/x . Using the double-angle formula for 

V 2 tan 2(y/.x) 

tangents, w e get —^— = tan2w =-^ =- r. After a 

l-;c i-tan^O \-iy/xf 

\ 2x 

bit of simplification, this becomes-= -:r « 

1 - X X- — 

y- = X (3x — 2). As the altitude A M decreases in length, the point /’will approach the x-axis. that is, v —» 0, 
so the limiting location of P must be one of the roots of the equation x (3x - 2) = 0. Obviously it is not x = 0 
(the point P ean never be to the left of the altitude A M. whieh it would have to be in order to approach 0) so it 
must be 3x — 2 = 0, that is. x = j. 

Solution 2: We add a few lines to the original diagram, as shown. Now 
note that IBPQ = IPBC (alternate angles; QP \\ BC by symmetry) 
and similarly LCQP = LQCB. So fxBPQ and ACQP are isosceles, 
and the line segments BQ, QP and PC are all of equal length. As 
\A\f\ => 0, P and Q approaeh points on the base, and the point /’ 
is seen to approaeh a position two-thirds of the way between B and C, 
as above. 

(b) The equation y ’ = x (3x — 2) calculated in part (a) is the equation of 
the curve traced out by P. Now as |/(M| —> oo. 2fl —> j, (/ —» f, 

X —» I, and since Ian//= y/x, y—» I. Thus, P only traces out the part 
of the curve with 0 < y < I. 


11. (a) Consider G (x) = 7" (x + 180°) — T (x). Fix any number a. If G (a) = 0, we are 
done: Temperature at a = Temperature at a + 180°. If G (a) > 0, then 

G(o+ 180°) = /• (a + 360°) - r (a + 180°) = T (a) - T (a-I- 180°) = -G (a) < 0. Also. G is continuous 
since temperature varies continuously. So, by the Intermediate Value Theorem, G has a zero on the interval 
[a, a -I- 180°]. If G (a) < 0, then a similar argument applies. 

(b) Yes. The same argument applies. 

(c) The same argument applies for quantities that vary continuously, such as barometric pressure. But one could 
argue that altitude above sea level is sometimes discontinuous, so the result might not always hold for that 
quantity. 
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9. (a) F’ (1) = lim 


F(x)-F(\) 


- 5.t + I) - (-3) 


.x^ - 5:H- 4 

= lim- 

X-»I .X — I 


(X - I) (.X- + x- 4) 


= lim (x^ + X - 4) = -2 

x-»i ' ' 


So an equation of the tangent line at (I, —3) is 
y-(-3) = -2(x-I) » y = -2x-l. 

Note: Instead of using Equation 3 to compute F' (I), we 
could have used Equation I. 



10. <a) G' (a) = lim 
A-*o 


G(a + h) - G (a) 


a + /i 

\+2{a + h) 
h 


a + 2u* + A + 2ah — a - 2a^ — 2ah 
A-'o A (I + 2fl + 2A) (I + 2a) 

So the slope of the tangent at the point ?--l) 's 
m = j^l + 2 j =4, and thus an equation is 
.V + J = 4 (x + ory = 4x + 




We estimate that /'(I) =» 3.296. 
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12- (a)if'(f)=^lim 
So Id G (/i) = 


+h) -S(f) _ , lan(f +/,) -tan(f) 


It 

(f+A) 


= lim 

A-tO 


. Wc calculate: 


It 

a {It) 

0.1 

2.2305 

0.01 

2.0203 

0.001 

2.0020 

0.0001 

2.0002 

-0.1 

1.82.37 

-0.01 

1.9803 

-0.001 

1.9980 

-0.0001 

1.9998 


We estimate that if' (f-) = 2. 



Krom the graph, wc estimate that the 
slope of the tangent is aboul 
1.07-0.91 0.16 

0.82 - 0.74 ~ 008 “ 


13. r(a) = lim 
/»-»0 


= lim 

/i-»0 


/ (o + It) - /(a) _ [ I + (q + /i) - 2 (a + /i)^] - ( I + g - 2a^) 

h /i-*o h 


h — 4ah — 2h^ 
h 


lim (I - 4<i - 2h) = 1 - 4« 
h-*o 


14. r{a) = lim 

h-¥0 


= lim 
h- >0 


/(a + /l)-/(fl) 

- = lim 

h 

3a“/* + 3afr + + ih 

_ = 


[(u + //)' + 3 (a + /!)] - (a'* + 3o) 
h 

= lim (3a- + 3a/i + Ir -I- 3) = 3a- + 3 


a + h a 

. . f {a + h) - f (a) ,, 2 (a + /i) - I ~ 2a - I 

h .0 h *-*0 h 

_ |.^ (a + /i) (2a - I) - a (2a + 2/i - I) -It 

~ hUo ;i(2a + 2/i-l)(2a-I) “ A™ It (2a + 2/i - I) (2a - I) 


A->o(2a + 2/i-l)(2a-I) (2o-l)- 


16. /' (a) = lim 
h-*o 


J (a+ lt)-f (a) 
h 


lim 

A->0 


a + It 

(a + /!)- - I 
It 


a 


a- - I 


(a + /i) (a^ — I) - a (a- + 2alt + /r — I) It (-a- - I - ah) 

A->o It (a^ — I) (a- + 2alt + It' — I ) A-*o It (a- — I) (a^ + 2a/i + /i^ — I) 

-a^ — I — lilt —a- — I a^ + I 

a"Ji) (a- - I) {a- + 2alt + It- - I) “ {a- - I) (a^ - I) “ ~(a2 _ |)2 
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17. f (a) = Urn + = lim V3-(a + A) ^ ^ 

h-*0 h A-»o h h-*o hy/l -a- h^yr^ 


2 V3 — a + V3 — a — h 

= liin- — — ._ — • — ■■ - — 

A-*o AV3 — a — AV3 — a V3 — o + n/ 3 — a — A 


= lim 


2[3-a-(3-a-A)| 


= lim 


*-*o V3 — a — /i\/3 — a (•s/3 — a + n/ 3 — a — A) 

_2_1^ 

“ v/3^v/3^ (2v'3^^ ~ (3 - a)5''2 

,8. /' („) = lim + = ,i„, V3(a + A)+1-V3^ 

A~»0 A A-»0 A 

{\/3a + 3A + I “ V3a + I) (V3a + 3A + 1 + \/3a + I) 

~ A-.0 


= lim 


A (s/3a + 3A + 1 + -Jia + 1) 
(JJ + 3A+ l)-(3a+ 1) 


*-»!> A (s/3a + 3A + 1 + ■v/3a + l) 

3 3 


lim 


A-»o \/3a + 3A + 1 + V3a + 1 2s/3a + 1 

Note t^at the answers to Exercises 19-24 are not unique. 

/J I ^ _ J 

19. By Equation 1. hrn-^-=/'(!), where /(xr) = V*- 

Or. /” (0), where f(x) = vT+7 

20. By Equation U ^1™ ^ -- = /' (2), where / (x) = jt^. 


21. By Equation 3, lim 


.x''- 1 
X - I 


= /' (I). where / (jt) = x’. 


COS J( ^ 1 

22. By Elquation 3, lim --— = /' (3)t). where / (x) = cosx. 

x->3» X — 3a 


24. By Equation 3. lim 


sin (t + /) - 1 , . 

ion 1, lim — - y - -= / (f).' 

3' - I 


23. By Equation 1, hni ~ y -1 = f (*). where /(x) = sinx. 


I->0 X 


= /'(O), where /(x) = 3'. 


K. .,2> - /•(2). I.™ . ,i„ |(2.H.)2-t<2t/,)-5)-|22-tC)-,] 

h-*0 h h-*0 h 

.. (4 + 4A + A2-12-6A-5)-(-l3) A^ - 2A 

= hm —-;-= hm-;-= lim (A — 2) = —2 m/s 

h-^O A A-.0 A /J-.0 

26. „ (2) = /' (2) = lim = lim ^ 

h A-»o h 

(2A^ + 12A2 + 24A + 16-2-A-f 1)-I5 2A’ + 12A2 + 23A 

h-*0 h h-*0 h 

= ^im (2A2 + 12A + 23) = 23 m/s 
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27. (a) /' (x) is the rale of change of the production cost with respect to the number of ounces of gold produced. Its 

units are dollars per ounce. 

(b) After 800 ounces of gold have been produced, the rale at which the production cost is increasing is $17/ouncc. 
So the cost of producing the 800th (or 801 si) ounce is about $17. 

(c) In the short term, the values of /' (x) will decrease because more efficient use is made of start-up costs as x 
increases. But eventually /' (x) might increase due to large-scale operations. 

28. (a) /' (5) is the rale of growth of the bacteria population when / = 5 hours. Its units arc bacteria per hour. 

(b) With unlimited space and nutrients. /' should increase as / increases; so /' (5) < /' (10). If the supply of 
nutrients is limited, the growth rate slows dewn at some point in time, and the opposite may be true. 

29. (a) /' (o) is the rate at which the fuel consumption is changing with respect to the speed. Its units are 

(gal/h)/(mi/h). 

(b) The fuel consumption is decreasing by 0.05 (gal/h) / (mi/h) as the car’s speed reaches 20 mi/h. So if you 
increase your speed to 21 mi/h. you could expect to decrease your fuel consumption by about 
0.05 (gal/h)/(mi/h). 

30. (a) /' (8) is the rate of change of the quantity of coflee sold with respect to the price per pound when the price is 

$8 per pound. The units for /' (8) are pounds/ (dollars/pound). 

(b) /' (8) is negative since the quantity of coffee sold will decrca.se as the price charged for it increases. People are 
generally less willing to buy a product when its price increases. 


31. C' (1980) is the rate of change of IJ.S. cash per capita in circulation with respect to time, fo estimate the value of 

C (1980), we will average the difference quotients obtained using the years 1970 and 1990. 

C(I970)-C(1980) 265-571 , ^ C (1990) - C (1980) 1063 -571 

l-ct -4 =- n;;::::—= --— = 30.6 and B = -—————- =-—-= 49.2. 


1970- 1980 


Then C'(1980) = lim 
»-»l980 


C(/) 


-10 

-C(1980) 


A + B 


1980 


1990- 1980 
= 39.9 dollars per year. 


10 


32. For 1910: We will average the difference quotients obtained using the years 1900 and 1920. 


I.et A = 


£(1900)-£(1910) 48.3-51.1 


B = 


1900- 1910 
£(1920)- £(1910) 


-10 

55.2-51.1 


= 0.28 and 


£'(1910)= lim 

I-.I9I0 


1920-1910 10 

£(/)- £(1910) , 


= 0.41. Then 


A A- B 


= 0.345. This means that life expectancy at birth was increasing 


/ - 1910 
at about 0.345 years/year in 1910. 

For 1950: Using data for 1940 and 1960 in a similar fashion, we obtain £' (1950) = [0.31 -I- 0.10| /2 = 0.205. So 
life expectancy at birth was increasing at about 0.205 years/ycar in 1950. 


33. Since / (x) = x sin (I /x) when x yi 0 and / (0) = 0. we have 

/'(0)= lim ^ —/W _ 11 ^ /isin(l//i) —0 _ [jm sin (l//i). This limit does not exist since sin (l/h) 

A—*0 h h~*o h /i-^o 

lakes the values -1 and 1 on any interval containing 0. (Compare with Example 4 in Section 2.2.) 
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34. Since f (x) = x^ sin ( I/jt) when Jt ^ 0 and / (0) = 0, we have 

/' (0) = lim ^ ^ = lim ^ sin(l//i) —0 _ y, sin (1/A). Since - I < sin -^ < 1. we have 

A->0 It h-tO It h->0 It 


|A| < A sin - < |A|. Because lim (— |A|) = 0 and lim |A| =0. we know that lim I A sin 


A 

rheorcm. Thus. (0) = 0. 


h ->0 \ 


(Asinl)=0 


by the Squeeze 


The Derivative as a Function 


1. Note: Your answers may vary depending on your estimates. From the 
graph of /, it appears that 


(a)/'(!)»-2 

(b)/'(2)=s 

(c)/'(3)=«-l 

(d)/'(4)« 

From the graph of /, it appears that 

(a)/'(0)*= 1.8 

(b)/'(!)=« 

(c)/'(2)=s0 

(d) /'(3)=» 

(c)/'(4)=a-2.5 

(f)/'(5)=» 


3. It appears that J is an odd function, so /' will be an even function — 
that is, /' (-«) = /' (a). 

(a)/'(-3)=» 1.5 (b)/'(-2)=»l 

(c)/'(-l)=«0 (d)/'(0)=«-4 

(c)/'(l)*0 (0/'(2)=«l 

(g)/'(3)«1.5 



4. (a)'= II. since from left to right, the slopes of the tangents to graph (a) start out negative, become 0. then positive, 
then 0, then negative again. The actual function values in graph II follow the same pattern. 

(b) '= IV. since from left to right, the slopes of the tangents to graph (b) start out at a fixed positive quantity, then 

suddenly become negative, then positive again. The discontinuities in graph IV indicate sudden changes in the 
slopes of the tangents. 

(c) '= I. since the slopes of the tangents to graph (c) are negative for.T < 0 and positive for jt > 0, as are the 

function values of graph I. 

(d) '= III, since from left to right, the slopes of the tangents to graph (d) are positive, then 0. then negative, then 0. 

then positive, then 0, then negative again, and the function values in graph III follow the same pattern. 
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15. (a) By zooming in. we estimate that /' (0) = 0, /' ^ = 1, /' (1) = 

and /' (2) = 4. 

(b) By symmetry. /' (-.x) = -/' (x). So /' (-i) = -I, 

/'(-!) =-2. and/'(-2) =-4. 

(c) It appears that /' (x) is twice the value of x, so we guess that 
/'(jt) = Zx. 


(d) /' (X) = lim„ 
h-tO 


= lim 
/■>>o 


f(x+h) 


h (2x + A) 


-f(x) ,. (x+A)2-x2 ,, (x 

-= hm-:-= lim — 

h-»o h *->o 

= lim (2x + /i) = 2x 
A-*0 


2. 2-5 



^ + 2Ax + A^)-x^ 


2.5 


16. (a) By zCK>ming in. we estimate that /' (0) = 0, /' ^ « 0.75, 

/'(l)r«3,/'(2)s= I2.and/'(3)a*27. 

(b) By symmetry. /’ (-x) = f (x). So /' (-i) 0.75, /' (-1) =» 3, 

/' (-2) ss 12. and /' (-3) as 27. 

(d) Since /' (0) = 0. it appears that /' may have the form /' (x) = ax^. 

Using /' (I) = 3, we have a = 3, so /' (x) = 3x-. 

..r... , /(x4-/r)-/(x) (x + A)5-.x’ .. (x3 + 3x2A + 3.t/|2 + A3)-x3 

•♦0 /; A-»0 /l fi-*0 h 



= lim 

/r-*0 


h (3x2 ^ + /,2j 


= hm^ (3x2 ^ 3^/, 3. /,2) ^ 3,2 


, /(v + A)-/(x) .. l5(x + /i) + 3]-(5x + 3) 5h , , 

17. / (.t) = lim -:-= lim - -^ = lim — = lim 5 = 5 

h^O h h^O h h^O h h^O 

Domain of / = domain of f' = R. 

18 /'(x) = lim = ,i„, [5-4 (x + /,) + 3(x+A)2]-[5-4x + 3x2] 

h »0 h h-tu h 

[5 - 4x - 4 /i + 3x2 ^ + 3 ;, 2 | _ [5 _ 4 ^ 4 . 3^21 

= lim *- 2 —l-J 

h->v h 

-4/i + 6x/i + 3A2 , 

= lim- - -= lim (—4 + 6 x + 3A) = —4 + 6 x 

A-tO A A-»o 

Domain of / = domain of /' = R. 


19 /'(x) = lim + lin, [(sr + A)^ - (^ + A)2 + 2 (x + A)J - (x^ - x2 + lx) 

h-tO A A-*0 A 

3x~/i + 3x/r + — 2x/i — h-+ 2h , , , 

= lim-;-= lim ( 3 x 2 4. 3jj|, 4. /,2 _ 2x — /, + 2) 

/no A A->o' ' 

= 3x2 - 2x + 2 

Domain of/ = domain of/' = R. 




20. /' (x) = lim 
^-♦0 


/(x + /i)-/(x) 


. = I'"’ 

h h->o h 

•Jx + h — ^ -Jx + h + y/x \ 
h V'x+lr + Vx / 
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= lim 1 

7 + 

h->0\ 


= lim 

1 + ■ 

h-»0 


= 1 + ■ 

1 


(x + A) - X 


h {y/x + h + y/x) 
I 


= lim ( 1 + 

A->0 \ 


y/x + h + y/x } 


; = I + 




Domain of / = (0, oo). domain of /' = (0. oo). 


, .. «(t+A)-s(x) VI +2(x +A)- /I +2.t 

21. ^ (x) = Imi- - -= lim - - - 

* *-.0 /i A -.0 A 


= lim 


(I + 2x + 2A) - (I + lx) 


= lim 


y/l + 2 (x + A) + VI + 2x 
VI + 2 (x + A) -f VI + 2x 
I 


A->0 A [VI + 2(x + A) + VI + 2.xJ *-<0 Vr+2(xTS) + ViTlx VI + 2.x 
Domain ofg = [~ 5 ' °°)' ^“Tiain of^' = ^-15,00^ 

X + A + J 

/(x + A)-/(x) 


22. /'(.X) = lim 
h -»0 


; lim 

li->0 


X + A - I 


x+ I 

X - I 


-2A 


^ I (t + A + I) (x - I) - (x + I) (x + A - I) ^ _ 

;i™o A (x + A - I) (x — I) *-»o A (x + A — I) (x — I) 


= lim 


-2 


-2 


fc2;b (x + A - I) (x - I) (x - 1)^ 

Domain of / = domain of /' = {.x | x ^ I), 

4 - 3 (x + A) 


4-3x 


. ■■ f;(x+A)-a(x) 2 + (x + A) 2 + x 

23. 6 (x) = lim-;-= lim- 7 - 

h-tO A A->o A 


= lim 

li->0 

= lim 


(4 - 3x - 3A) (2 + X) - (4 - 3x) (2 + x + A) 
A(2 + x+A)(2+.x) 

-10 -10 


-lOA 


h-tO A (2 + X + A) (2 + .x) 


/;' ;b (2 + x+ A)(2 + x) (2 + x)- 
Domain of G = domain of G' = {x | x ^ —2|. 

I 


I 


24. g' (x) = lim 

/i—»0 


g(x + A)-g(x) 


= lim 
^-♦0 


(■X -t- hy 


= lim 


X- - (X + A)- 

nb h(x+h)^x^ 

.X-- (x’ + 2xA + A’) -ZxA-A- , -lx-A 

= lim -^;- - = lim-=—r = lim-x-rr 

A-»o A /<-»0/,(x+A)- x2 />-*o (x + A)^ x2 

= -lx 

Domain ofg = domain ofg' = (x | x 54 0). 


-Zx 


25. /' (x) = lim 

/j-+0 


/(x+/i)-/(.v) 

h 


= lim 

/i-»0 


(.X + hy - 
h 


= lim 
h ^0 


4x’A + 6x-A- + 4xA’ + A"* 


= lim {4x’ + 6.x’A + 4xA 2 + /r’) = 4x’ 

/i-»0' ' 

Domain of / = domain of f = R. 
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26. (a) 





(b) Note that the third graph in part (a) has small negative values for its slope, /'; but as x -» 6~, /' 

- (jc + /i) + -Ji)- X 


, ^ - (.X + A) - V6 - JT 

(c) /' (jt) = hm —-;— -= lim- - - 

*-.0 h A-o h 


-h 


y/6- (x + h) + V6-; 


[6-(x + A))-(6-x) 

= lim . . - ■ ■ = lim —— _ ,__ 

*-♦* h [V6 — (-T + h) + V6 - x\ *-»0 h (^/6 — x — h + V6 — x) 


= lim 


-I 


-1 


*-*0 Vb — X — h + •Jb — X 2V6 — X 

Domain of / = (—oo, 6], domain of /' = (-oo, 6). 


(d) 



27. (a) /' (x) = lim = lim 

h—*0 h A-^O 




= lim 

/ i -*0 


,2 2 

h + - 


(x + h) 


,, f. 2(x-\-h)-2x'\ r, 2 1 

= lim I + —-— = lim 1 +-— 

h-to [ (h) (jr) (jt + A) J A-*o [ x{x + h)\ 


= 1 +2x~^ 


(b) Notiee that when / has steep tangent lines, f (x) is very large. 
When / Is flatter, /' (x) is smaller. 



-4 
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28. (a) /' (/) = lim 
h-*0 


/(/+/,)-/(/) 


lim 

h—tO 


6 

I + (/ + h)^ 
h 


6 

7+7^ 6 + 6i2-6-6(/ + A7 

-= lim —T-r-— 

[I +(, + /,)-’](! + ,3) 


-l2f/i-6/r -12/-6A -12f 

lim —z -r-- -— = liin - - Tr: -— =-r 

A->OA[l +(/+/,)2j(| +,2) A ,0 [I +(,+/,)2] (1 +,2) (|+/2)2 


(b) Notice that f has a horizontal tangent when ( = 0, This corresponds 
to /' (0) = 0. /' is positive when / is increasing and negative when 
/ is decreasing. 



29. (a) U' (/) is the rate at which the unemployment rate is changing with respect to time. Its units are percent per 
year. 

(b) To find U' (0. we use lim ^ ^ <') ^ V(l + h)-U(l) 

h-to h h 

For .988: (7' (1988) = ^ - U (m,) ^ ^ 

1989-1988 I 

For 1989: We estimate 47' (1989) both using /i = —I and using h = I, and then average the two results to 
obtain a final estimate. 

A = -l ^ E;'(I989)=«‘™:1^™=H^ = -0 20: 


1988- 1989 


-I 


= - 0 . 20 ; 


h = I 


(.989) = 0.30. 


1990-1989 I 

So we estimate that t/' (1989) as j (-0.20 + 0.30) = 0.05. 


/ 

1988 

1989 

1990 

1991 

1992 

1993 

1994 

1995 

1996 

1997 

u'd) 

-0.20 

0.05 

0.75 

0.95 

0.05 

-0.70 

-0.65 

-0.35 

-0.35 

-0.50 


30. (a) S' (/) is the rate at which the smoking rate is changing with respect to time. Its units arc percent per year. 

.u>-nr.o,-.v ,• S^l+li)-S{l) ^ S[l+h)-S{l) , , 

(b) To find S (/), we use ^im^- - -as- - -for small values of h. 

For .978: ^ (.978) ^ = HdziH = -3.05 

1980-1978 2 

For .980: We estimate y (1980) both using h = —2 and using h = 2. and then average the two results to 
obtain a final estimate. 

(, = -2 =. y (.980) = = -3.05 


1978-1980 


-2 


/i = 2 


y (.980) = = -0.20 


1982-1980 2 

So we estimate that .V (1980) as i (-3.05 - 0.20) = -1.625 


/ 

1978 

1980 

1982 

1984 

1986 

1988 

1990 

1992 

1994 

1996 

y(r) 

-3.05 

-1.625 

-0.675 

-0.575 

-0.15 

0.10 

-0.225 

0.075 

1.25 

1.40 
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(d) We could gel more accurate values for S' (() by 
obtaining data for the odd-numbered years. 



31. / is not differentiable at .r = — I or at i = 11 because the graph has vertical tangents at those points; at x — 4, 
because there is a discontinuity there; and at .t = 8 . because the graph has a comer there. 

32. (a) g is discontinuous at x = —2 (a removable diseontinuity), at x = 0 (g is not defined there), and at x = 5 (a 

jump discontinuity). 

(b) g is not differentiable at the above points (by Theorem 4). and also at x = -1 (comer), at x = 2 (vertical 
tangent), and at x = 4 (vertical tangent). 


33. As we zoom in toward (— 1.0). the curve appears more and more like 
a straight line, so / is differentiable at x = — I. But no matter how 
much we zoom in toward the origin, the curve doesn’t straighten out 

— we can’t eliminate the sharp point (a cusp). So / is not 
differentiable at x = 0 . 

34. As we zoom in toward (0, I), the curve appears more and more like a 
straight line, so / is dilferentiable at x = 0. But no matter how much 
we zxjom in toward ( 1 , 0 ) or (— 1 , 0 ). the curve doesn’t straighten out 

— we can’t eliminate the sharp point (a cusp). So / is not 
differentiable at x = ± I. 


r -- 

1 



1 

! _ 


-I 

3 



,c . 1 ew s .■ ,. x'/3-al/3 x''’-a'/’ 

35. (a) / (a) = hm - = lim-= lim 7 - 7 -r- . ,,, --r— 

i-»« X—a x-*<i x—a x-*“ (x'f’- (x^f^-f x'/^a'/^-I- o2/3J 

1 II 

“ V™ x2/3 + X + a2/3 ~ X™ 3 ,x2/3 “ 3^2/3 

(b) /'(0) = lim ^ ^ = lim ^ = lim tttt- This limit does not exist, and therefore /'(0) 

*-.0 h h->o h h-,0 /i2/3 ■' ’ 

does not exist. 


(e) lim (/'(x)| = lim 
.T-»o ' jc^o 


= oo and / is continuous at .r = 0 (root function), so f has a vertical tangent at 


X =0. 
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36. (a) g' (0) = lim 

jr-»0 


-g(0) 

;t -0 



x->0 X 


lim “ 777 , which does not exist. 

X-+0 Jf'/3 


(b) g' (a) = lim 


= lim 


g(x)-g(a) 


rVi _ „2/3 


= lim - 

x-*a 


= lim 




X — a x-fa X — a 

x2/3+xI/To'/3+o 2/3 “ 3a3/3 


x^a (,1/3 _ al/3) (;t2/3 + ;tl/3al/3 + o2/3) 
2 

3a'/3 


(c) g (3t) = x^!^ is continuous at x = 0 and 
2 

lim 'g'(x)| = lim- ^ = oo. This shows that p has a vertical 

X -.0 ® ' x -*0 3|x|'/^ 

tangent line at x = 0. 



37. /(X) = lx - 6| = 


6 — X if X < 6 
X — 6 if X > 6 


,. /(.x)-/(6) |x-6|-0 ,. x-6 ,. , , 

lim -= lim -= lim -= lim 1 = 1. 

x-*6+ x-6 X—6 i-»6*X-6 x-t6* 

r, . /(J()-/(6) |x-6|-0 ,. 6-x ,. , 

But lim ---= lim -= lim --= lim (—1) = —1. 

jr-t6- x-6 i->6- x-6 x-6 


So /' (6) = lim exist. However, /' (x) = 

x-»6 X — 6 


-I ifx < 6 
1 ifx > 6 


38. / (x) = lx| is not continuous at any integer n, so / is not 

differentiable at ;i by Theorem 4. If a is not an integer, then / is 


0 


constant on an open interval containing a, so /' (a) = 0. Thus, 

/' (x) = 0, X not an integer. 


r" 

X 


39. (a)/(x) = x|x| = 


x^ ifx > 0 
-x^ if X < 0 



(b) Since / (x) = x^ forx > 0, we have /' (x) = 2x forx > 0. (Sec 
Exercise 3.2.IS(d).| Similarly, since /(x) = -x^ forx < 0, we 
have f (x) = —2x for x < 0. At x = 0, we have 


^-(0) = lin, lini iM = lin, |,| =o 

x-»0 X—0 I-.0 X x-»0 

So / is differentiable at 0. Thus, / is differentiable for all x. 


(c) From part (b), we have /' (x) = 


2x if X > 0 
-2x ifx < 0 


= 2|x|. 
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, /■(4 + /i)-/(4) 5-(4 + A)-l -h , ^ 

40. (a) /I (4) = lim ^- - -= lim - - -= lim — = -1 and 

h-tO- n A_»0- n *-»0- h 


I 


y;(4)= lim + M 


- I 


I-(I-A) .. I 

= “TTi—T—^ = '• 

*-<0* h (I — h) *-.0^ I 



A-t0+ A *^o* A(l—/i) I—A 

0 if.t < 0 

(c)J'(,x)= 5-x ifO<Ar<4 

1/(5 -x) if.x > 4 

These expressions show that / is continuous on the intervals 
(-00,0), (0,4). (4, 5) and (5, oo). Since 
lim f (x) = Itm (5-x) = 5 5^0= lim /(x), lim/(x) 

.t-*0'r x->0“ jt-»0 

docs not exist, so / is discontinuous (and therefore not 
difTcrcntiable) at 0. 

At4wehave lim /(x)= lim (5 —x)=land lim /(x)= lim --= 1, so lim/(x) = 1 =/(4) 

,T—*4“ x-*4 x-»4'r *4"^ 5— X x-*4 

and / is continuous at 4. Since / (5) is not defined, / is discontinuous at 5. 

(d) From (a), / is not differentiable at 4 since f'_ (4) ^ /J. (4). and from (c), / is not differentiable at 0 or 5. 

41. (a) If/ is even, then 

. f(-x + h)-f(-x) f(x-h)-f(x) 

f (_,) = |,„ --= - - - 

.. /(x-A)-/(x) ,, ,. /(x + Ax)-/(x) , 

= - lim-:- let Ax “ “/il = - lim ---= -/ (x) 

rhcrcforc. /' is odd. 

(b) If / is odd, then 

/(-x-FA)-/(^ ^ -/(x-M + /(.x) 

/i-*o h h-*o h 

/i-.a -/i ax->o Ax 


Therefore, /' is even. 


42. (a) 


(c) 


ilT/dl 



(b) The initial temperature of the water is close to room temperature because of the water that was in the pipes. 
When the water from the hot water tank starts coming out, dTjdl is large and positive as T increases to the 
temperature of the water in the tank. In the next phase, dT/dt = 0 as the water comes out at a constant, high 
temperature. After some lime. dT/dt becomes small and negative as the contents of the hot water tank arc 
exhau.stcd. Finally, when the hot water has run out, dT/dt is once again 0 as the water maintains its (cold) 
temperature. 
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I-rom the diagram, we see that the slope of the tangent is equal to 
tan^. and also that 0 < 0 < y. We know (see Exercise 15) that the 
derivative of/ (.r) = x~ is /' (.v) = 2x. So the slope of the tangent 
to the curve at the point (I, I) is 2. So ij> is the angle between 0 and 
T whose tangent is 2, that is. </> = tan"' 2 =s 63° 

^2-3 Differentiation Formulas 

1. /(.v) = 5x-I => /'(.x) = 5-0 = 5 

2. F(.v) =-4.v"> => F'(.x) =-4(IO.r'‘’-') =-40x’ 

3. /(.v) = .v2 + 3.v- 4 => /'(x) = 2x--'+3-0 = 2t+3 

4. g(x) = 5x*-2x‘ + 6 => /(x) = 5(8.x*-')-2(5.xS-')+0 = 40x’- lOx'' 

5. ('(/•)= ja-=* F" (r) = ja (3/'’) = 4a/ ’ 

6. i(r) = »^-3r2+12/ => i'(/) = 3r5-‘-3(2/2-')+|2 = 3/^-6( +12 

7. F (x) = (16.x)2 = 4096.x'' =» F' (.x) = 4096 (O.x^) = 12,288x2 

8. II (s) = (i/2)* = .x*/2* = => IF (.r) = ^ (5.5* '') = 

9. ) (/) = 6/-’ => r'(/) = 6(-9)/-'“ = -54/“"' 

10. «(/) = 5/-*^* => «’(/) = 5[-|/'-*/*>-'j =-.3/"'/* 

11. + = 4a2 =j y' — 0 since 4a2 is a constant. 

12. R(x) = = v/iOa-2 =» R'(x) = -TyiO.x " = 

x' -T* 

13. g(.x) =*2 +-L = ,x2 + x-2 => /(x) = 2x+ (-2 ).x- 2 =2.x - 

X‘ -X-* 

14. /(,)=yi-± = ,'/2-,-./3 = = + ^ 

15. + = V57=x/5.x'/2 =» x/ = V5(^):x-'/2 = ^ 

16. + = a^/*-.x2/2 =, 

17. Product Rule: + = (,x2 + I) (.x* + I) =» 

/ = (.x2 + I) (3 ,x 2) + (a* + I) (2a) = .la** + 3x2 ^ 2 x* +Zx = 5.x'‘ + 3.x2 + 2x. 

Multiplying first: y = (a2 + I) (a* + I) = a* + a* + .x2 + I => y' = 5.x^ + 3a2 + 2x (equivalent) 
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43./(j) = 3;t'’-5AH3 => 

/' (.t) = 3 • 15*- 5 • 3x2 = 45x‘'' - 15*2 



-9 


Note that f (x) = 0 when / has a horizontal 
tangent, /' is positive when / is increasing, and /' 
is negative when / is decreasing. 


44./(x) =x + 1/x =x+x"' => 

/'(x)= 1 -X--2 = 1 - l/x2 


6 



Note that /' (x) = 0 when / has a horizontal 
tangent, f is positive when / is increasing, and /' 
is negative when / is decreasing. 



46. (a) I ■« 
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The endpoints of / in this graph are alxtut (1.9, 1.2927) and 
(2.1, 1.3455). An estimate of /' (2) is 

1.3455- 1.2927 0 0528 n. 

—J.I-1.9— - 'TT' - "■2^- 
(b) fix) = *2/5 => /' (x) = |x-2/* = 2/(5x2/5). 

/' (2) = 2 /(5 • 2’/’) ss 0.263902. 


The endpoints of / in this graph arc about (2.9, 1.19706) and 
(3.1, 1.33932). An estimate of /' (3) is 
1.33932-1.19706 0.14226 

3.1-2.9 ~ 0.2 

(b)/(x) = x-v5' =5 /'(x)=l-|x-'/2=i_^, 

/'(3) = 1 - =«0.7113. 



X| »! — 1.25, XT =» 0.5, and X3 = 3. The slopes are negative (so /' 
is negative) on (—oo,xi) and (X2,X3). The slopes arc positive (so 
/' is positive) on (xi, *2) and (*3,00). 







23 
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4< + 5 ^ , _ (2-3/)(4)-(4( + S)(-3) 

2-31 ^ (2-3l)~ 


(2 - 3/)-’ 


33. >- = jr + -J^ = x+.x2''S => /=I + lx--V5=| + -^ 

34. « =+ 2,/75 =/2/3 + 2/5/2 =» «' = ^/-'/5 + 2(^)/'/2 = ^ + 3v/? 


35. I) = -xVx += .*5/2 + Jf 5/2 ^ »' = ^,x'/2 - ^jf- 2/2 = - £_ 

“ 2jr ^x 


37./(x) = 


-X 

X + c/x 


/'(X) = 


(x + c/x)(l) -X (1 -c/.x2) 
(.X + c/xf 


X + c/x - .X + c/x .x2 


2c.x 

(.x 2 + c)^ 


38. /(x) = 


ax + 6 
cx + (/ 


/'(x) = 


(cx + d) (a) - (ax + h) (c) 
(c.x + d)' 


acx + ad — acx — be 
(cx+rf)2 


ad — be 
(ex + d)- 


39. /(x) = 



/'(x) = 


(x5-2)(Sx‘')-.x5(3x2) 

(x5-2)^ 


2.x'’ (x5 - 5) 

(x5-2)^ 


40. i = V7 (/5 - V/ + 1) = /2/2 - / + / '/2 


Another Method: Use the Product Rule. 




41. P(x) — a„x" + a„-ix""' +-Fa2x2 +a|X + ao =* 

P'(x) = na„x"~' + (n - l)a„-ix"~- +-F 2x)2X +oi 


42. /(x) = 
f'(x) = 


.x2 - 1 

(x2 - I) I -X (2x) -x2 - I 


x 2 + 1 


( x 2 - l )- ( x 2-|)2 ( x 2 - 1)2 

Notice that the slopes of all tangents to / are negative and /' (x) < 0 
always. 



-5 
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43./(jr) = 3*'’-5.»^ + 3 => 

/' (x) = 3 • IS.t''* - 5 • 3x^ = 45^'^ - 15^^ 


8 



Note that /' (.t) = 0 when / has a horizontal 
tangent, /' is positive when / is increasing, and /' 
is negative when / is decreasing. 


44./(jt)=jt+l/j[ =x+.v‘‘ => 
/'(.r)= I -x-2 = I - ]/x^ 


6 



Note that /' (.r) = 0 when / has a horizontal 
tangent, /' is positive when / is increasing, and /' 
is negative when / is decreasing. 



The endpoints of / in this graph are about (1.9, 1.2927) and 
(2.1, 1.3455). An estimate of /' (2) is 
= =0.264. 

(b)/(jr)=;r2/s => f'(x)=\x-^l^ = 2/(5x^l^). 

/' (2) = 2/(5 • 2’/’) =» 0.263902. 


46. (a) 


1.4 
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The endpoints of / in this graph are about (2.9, 1.19706) and 
(3.1, 1.33932). An estimate of /'(3) is 
1.33932-1.19706 0.14226 

3.1-2.9 “ 0.2 

(b) f {x) = X - y/x => f'(x) = 

/'(3)=l-^a=0.71I3. 



From the graph in pari (a), it appears that /' is zero at 
j:i *5 —1.25. XI 0.5. andxj =» 3, The slopes are negative (so /' 
is negative) on (— oo,;tl) and (xz. Jta). The slopes are positive (so 
/' is positive) on (xi.xz) and (xs, oo). 




1 - ix-'/^ = 1 - 


2y/x 







(c) f{x) = x*- 3x^ - 6x^ + lx + 30 
/'W = 4,r^ - 9.t2 -l2x + 7 
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48. (a) 



(b) 



From the graph in part (a), it appears that g' is zero at x = 0. The 
slopes are negative (so g' is negative) on (-<», 0). TTie slopes are 
positive (so g' is positive) on ( 0 , t»). 


(c)g(x) = 3 
?'(.T) = 


.t2 + 1 

(jH l)(2.r)-:r^(2;«) 
(x'-+l)^ 


lx 





-1 

-O 2.T , (.x+I)(2)-(2 a)(I) 2 . , I 

y ~ ^ ^ \ y — -(x~+Tp-~ (xTTp ^ ^ and an equation of the tangent line 

I 


\sy - \ = j {x - I). or^' = 5 J: + 5 - 


(j: + l)-(2;t) _ I - r 
(■v + 1)- 2 v;(x + i)2 ~ +i)^ 

y' = - 7 ^ = -0.03, and an equation of the tangent line is y - 0.4 = -0.03 (.r - 4), or >< = -0.03x +0.52. 


50. y = —^— => y' 
^ x + \ ^ 


y = f (.v) = Jc + y* =* /' (.x) = I + So the slope of 

the tangent line at ( 1 , 2 ) is /' ( 1 ) = 1 + j ( 1 ) = | and its equation is 
+ - 2 = j (x - 1 ) or>- = ^x + ^. 


3.5 




LZj 



-1.5 


®2. + — xy7 — x^^- =» y = jx''^. At (I. I), y = |, and an equation of the tangent line is + — I = 5 (x — 1), or 


>’ = sa - V 
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53. (a)>' = /(jt) = => /'(x)= ^ 


('+*T 

langcm line at the point (- ■. 5 ) 's /' (- 1 ) = ^ = j and its 
equation isy - 5 = j (x + 1 ) ory = jj: + I. 


54. (a) y = / (at) = 


1 +^2 


(I+.2)^ (i+x^-Y 

tangent line at the point (3,0.3) is /' (3) = and its equation is 
y - 0.3 = -0.08 U - 3) ory = -0.08.t + 0.54. 

55. (a) ifg)' ( 5 ) = / ( 5 ) g' (5) + g (5) /' (5) = (I) (2) + (-3) ( 6 ) = 2 - 18 = -16 





g(5)/'(5)-/(S)g'(S) _ (-3)(6)-(l)(2) ^ _20 

9 


[g(5)r 


(-3)^ 


(0 I (5) = 


/(5)g'(5)-g(5)/'(5) (l)(2)-(-3)(6) 


= 20 


(/(5)]^ (1)^ 

56. (a) (/ + g)' (3) = /' (3) + g' (3) = -6 + 5 = -1 

(b) (/g)' (3) = / (3) g' (3) + g (3) /' (3) = (4) (5) + (2) (-6) = 20 - 12 = 8 




g (3) /' (3) -/(3)g'(3) (2) (-6)-(4) (5) _ -32 


(g(3)l' 


( 2 )- 


= -8 


(d) 


( 7 ^)' 


(3): 


[/ (3) - g (3)1 /' (3) - / (3) [/' (3) - g' (3)] (4 - 2) (-6) - 4 (-6 - 5) 


(/(3)-g(3)l^ 


(4 - ir 
-12 + 44 _^ 


2 - 


57./(.v) = v^g(.x) => /'(x) = v^g'(x) + g(.x) . 

/'(4) = s/4g'(4) + g(4).5^=2.7 + 8.i = 16. 


58. ^ 
ax 


■/i(x)T xV (x) -/i (x). 1 

d r^(x)1 

L X J" .x 2 

^ dx[ X J, 


59 . (a)«(x) = /(x)g(x),soii'(l) = /(l)g'(l) + g(l)/'(l) = 2.(-l)+ I - 2 = 0 

. g(5)/'(5)-/(5)g'(5) 2(-J)-3.^ 2 

(b)o(.x) = /(.x)/g(x).soB (5) =--=-2^- ““3 


60. (a)y = xV(x) 


|g(5)r 

y'=xV'(.x) + /(x)( 2 x) 


/(X) , xV'W-/(.»)(2x) x/'(x)-2/(x) 

(b)y = ^ ^ y= 


(c)y = 


/(X) 


/ (x)(2x)-xV'(x) 

(/(x)P 
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(d)>' = 


I+.V/W 


[•«/' (j:) + /(•*)]- 11 +■»/ (i)l ^ 


2x'/2 jt/( jt) + 2x^/'(x) - I 

;t ■ 2i'/2 - 2x^/2 


61. V = / (x) = I — ^ /' (x) = —2x, so the tangent line at (2, —3) has 

slope /' (2) = —4. The normal line has slope - ^ = j and equation 
> + 3 = I (x - 2) or^ = ;Jx - 



62. y =/(x) = X —x^ /'(x) = I — 2x. So/'(1) =—I, and the slope of 
the normal line is the negative reciprocal of that of the tangent line, that is, 
-l/(-l) = 1. So the equation of the normal line at (1,0) is>' — 0 = 1 (x — I) 
o y = X - 1. Substituting this into the equation of the parabola, we obtain 
X— l=x — x^ » x = ±l. The solution x = — 1 is the one we require. 
Substituting x = — I into the equation of the parabola to find the y-coordinatc, 
we have .v = —2. So the point of intersection is (-1, -2), as shown in the 
sketch. 



63. y = x’ — X- — X + 1 has a horizontal tangent wheny' = 3x^ — 2x — I = 0. y' = (3x + I) (x — I) = 0 <=> 
X = I or - 3. Therefore, the points are (1,0) and 3 , ^ ^ 

a. , (Jt + 1)0-U - l)(l) 2 

64. y =-- =» y =--=- -. If the tangent intersects the curve when x = a, 

Jt + I (x+l)^ (x + 1)^ 

then its slope is 2/ (a + 1)^. But if the tangent is parallel to x — 2y = 2, 

2 1 

that is, y = ix - 1, then its slope is v Thus,-r = - => 

^ - (0+1)2 2 

(a+l)2 = 4 => o + I = ±2 => o = I or —3. When o = I, y = 0 

and the equation of the tangent isy- 0 = 5 (x-l)ory = 3X — j. 

When a = —3, y = 2 and the equation of the tangent is y — 2 = ^ (x + 3) 

ory = jx + j. 



-6 
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65. Ifv = / (.t) = —-— Iheii !' (x) = ^ ^ ^ ^ (I) _-J— When x = a, the equation of the tangent 

v +1 • ' ' (.t + l)^ (.v + D- 

line is y - - — =-^—r (.v — a). Tliis line passes through (1.2) when 

a + 1 (o + I )- 

2-= -r-d—at <=> <> 

0 + 1 (o + D- -ri— 7 —' 

2 (o + I)’ = o (o + I) + (1 — o) = o^ + 1 «=> o’ + 4o + 1 = 0. T he j / 

quadnUic formula gives ihe roots of this equation as —2 ± so (here arc ^ * a — 

”6 .J &-•••. 5 

two such tangent lines, which touch the cur\'c at / 

A (-2 + v/3, =s (-0.27, -0.37) and / 

fl(-2-./3.-U^) =s (-3.73, 1.37). -6 

66. « .' t f l,et (o.o^) be a point on the parabola at which the tangent line 

\ / , passes through the point (0,—4). The tangent line has slope 2o 

\ f 1 , 1 . ii'i 

\ J and equation v — (—4) = 2o (x — 0) ^ y = lax — 4. Since 

^ V __ {a, a-) also lies on the line, o^ = 2a (o) — 4. or a’ = 4. So 

\ / o = ±2 and the points arc (2, 4) and (—2. 4). 


67. = 6 .v’ + 5.V — 3 => m = y' = 18.x- + 5, but x^ > 0 for all x, so m > 5 for all x. 

68 . If.i' = X- + .V. then y' = Iv + I. If the point at which a tangent meets the parabola is (o, a’ +a), then the slope of 

o” + a + 3 

the tangent is 2o + I. Hut since it passes through (2, -3). the slope must also be--—. T herefore. 

a — 2 

(i~ -f. 3 

2o + 1 =--—. Solving this equation for a we get o’ + a + 3 = 2a’ — 3a — 2 

0 — 2 

o’- 4a - 5 = (a - 5) (a + I) = 0 » o = 5or-l. Ifo =-1, the point is (-1,0) and the slope is—I, so the 
equation is.v - 0 = (-1) (x + I) or.v = -x - I. Ifo = 5, the point is (5, 30) and the slope is 11, so the equation 
isy - ,30 = 11 (X - 5) or i' = 1 lx - 25. 

We will sometimes use the form / 'g + jg' rather than the form fg' + gf for the Product Rule. 

69. (a) [Jgh)' = |( /g) h]' = (fg)' h + (fg) h' = (fg + fg') h + (fg) h' = f'gh + fg'h + fgh' 

(b) v = ./x (x* + X + I) (2x — 3). Using part (a), we have 

r' = (x" + v 4 l) (2.x - 3) + (4.x’ + l) (2.x - 3) + ^ (x'* + x + l) (2) 

= (x-* + X + l) + Vx [(4.x’ + l) (2x - 3) + 2 (x'* + X + l)j 

70. (a) Putting / = g = /i in Uxercise 69, we have 

^ If (-r)l’ = (///)' = /'// + fff + fff = 3///' = 31/ (x)l V (X). 

(b) y = (x'' + .3.x’ + I7v + 82)’ => >■' = 3 (x’ + 3x’ + I7x + 82)’ (4.x’ + 9x’ + 17) 
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Ti. y = f (x) = ax^+ bx'+CX+ d => /'(.x) = + 26.r+c./(-2) = 6 => 

—80 + 46 — 2t' + </ = 6 (I). y (2) = 0 => 8a + 46 + 2c + cF = 0 (2). Since there are horizontal tangents at 
(-2,6)antl (2,0),/'(±2) = 0. /■'(-2) = 0 => l2o - 46 + c = 0 (3) and y '(2) = 0 =» 

12o + 46 + c = 0 (4). Subtracting equation (3) from (4) gives 86 = 0 =» 6 = 0. Adding (I) and (2) gives 

86 + 2<f = 6. so 1/ = 3 since 6 = 0 |■■roln (3) we have c = - I2fl, so (2) becomes 8a -4 4 (0) + 2 (—12a) + 3 = 0 
=> 3 = I60 =* o = ■^. Now c = —12a = —12 'he desired cubic function is 

>'= -!•'' + 3 - 

72. (a) s (0) = 100,000 subscribers and « (0) = 1,2 phone lines per subscriber, s' (0) = 1000 subscribers/montb and 

n' (0) = 0.01 phone line per stib.scribcr/month. 

(b) The total number of lines is given by A (/) = j (/) n (r). To find /,' (0). we 
first find i' (/) using the Product Rule. /.' (1) = s (l)n' (/) + n (l)s' (/) => 

V (0) = J (O)n' (0) + n (0) j' (0) = 100,000 (0.01) + 1.2 (1000) = 2200 phone lincs/month. 

73. Let /’ (f) be tbe population and let + (/) be the average annual income at time /. where t is measured in years and 
/ = 0 corresponds to July 1993. Then the total personal income is given by T (r) = /' (/) .1 (/). We wi.sh to find 

7' (0). (/) = P (t) A' (l) + A (/) P' (r). The term P (/) A' (l) represents the portion of the rate of change of total 

income due to the existing population’s increasing income. The term A (/) /*' (f) represents the 
portion of the rate of change of total income due to the increasing population. 

/•' (0) = P (0) A' (0) + A (0) P' (0) % (3.354.000) (1900) + (21.107) (45.000) = 7,322,415.000. So the total 
personal income was rising at a rate of about $7,322 billion per year. 

74. (a) f (20) = 10.000 means that when the price of the fabric is $20/yard. 10.000 yards will be sold. 

/' (20) = -350 means that as the price of the fabric increases pa.st $20/yard, the amount of fabric which will 
be sold is decreasing at a rate of 350 yards per (dollar per yard). 

(b) /?' (p) = pf (/)) + /(p) I =s R' (20) = 20/' (20) + /(20) I = 20(-350) + 10.000 = .3000. fhis 
means that as the price of the fabric increases past $20/yard. the total revenue is increasing at $3000/ ($/yard). 
Note that the Prrxiuct Rule indicates that wc will lose $7000/ ($/yard) due to selling less fabric, bul that that 
loss is more than made up for by the additional revenue due to the increase in price. 


75./(x) = 2 — .X if.x < I and/(x) = .x’— 2x + 2 if .X > 1. Now we compute 
the right- and left-hand derivatives defined in Exercise 3.2.40: 


/:(!)= lim 
h->0- 


y (I +/i)-/(i) 


,. 2-(1+6)-! ,, -6 

= hm -;-= lim —- = hm 

/i->o 6 h-,0- h 


-1 = -1 and 


, /(1+A)-/(I) .. (I+6)--2(1+6) +2-1 „ 6- 

/+(!)= hm-;-= Inn-;-= lim -- 

6 6 6 

Thus, /' (1) docs not exist since yi (I) # yl (I). 

so y is not differentiable al I. But /' (.x) = -1 

for X < I and /' (x) = 2x — 2 if.x > I. 
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I-2.V if.t<-l 

76. ;r(.v)= .x^ ir-l< .x<l 

.t if.r > 1 



g(-i + A)-g(-i) 

- lim 

l-l-2(-H-/i)|-1 

- lim - 

liin 

A-»o- 

h 

*-♦0 

h 

*-.0- 1 

lim 

g(-l +/i)-g(-l) 

lim 

lim 

-2h + /|2 


h 


h /I-.0*- 

h 


= lim (-2 + A) = -2, 


so g is difTcrcnliable at — 1 and g' (— 1) = —2. 

(L±^= H, (2 + /0 = 2and 

/t-*0 ll h->0- h h >0 « A-*0- 


lini —£112=; lim —1= lim lim I = I, sog'(1) does not exist. 

h h >0* h h-tO* h h->0* 

T hus, g is difTcrcnliable except when .t = I, and \ >' y = g{x)/' ^ f 

-2 if.t<-l \ ^ / I / _ 

g'(x)= 2.r if-l<x<l \ / A = 

^ ^ ^ -I 0 \ X Z*j ~1 0 1 X 


' - 9 < 0 for .t- < 9 

|x| < 3 <=> -3 

< X < 3. So 

x’ -9 

ifx < -3 

1 

I 2x 

ifx < -3 

-x^ + 9 

if-3 <x <3 

11 

-2x 

if-3 <x <3 

.X--9 

ifx > 3 

1 

1 2x 

ifx > 3 


To show that /' (3) does not exist we investigate lim ^ ^ ^ —lil2 hy computing the left- and right-hand 

^-♦0 h 

derivatives defined in Kxercisc 3.2.40. 

lim /li±lLlZH= lim lim (-6 + Tr) =-6 and 

h h-*o h 


= lim (—6 +/i) = —6 and 
h-*o- 


, , .. fO + h)-f(3) [(3-T-/i)--E 9] - 0 bh + h^ 

h-tO*- h h->0* /» h h-¥0^ 

Since the Icrt and right limits arc diftcrcni, (b) 1 ''j j / 

fTTt \ /1\ / a 


;i->or h /i->o+ 

Since the left and right limits arc difl'erent. 

lim ^ —^-1^ does not exist, that is. 

t-iO h 

f (3) docs not exist. Similarly, /' (—3) docs not 
exist. Therefore, / is not diftercnliablc at 3 or at 
-3. 
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78. Ifjt > 1, Ihen h(x) = \x - 1| + |x + 2| = .t - I + .x + 2 = + 1. 

If —2 < X < I. then h(x) — — (x — I) + x + 2 = 3. 

Ifx < —2, then h (x) = — (x — I) — (x + 2) = —2x — I. Therefore, 


/,(x) = 


-lx - 1 ifx < -2 
3 if-2 < X < I 

lx + I ifx > 1 


h'ix) = 


-2 ifx < -2 
0 if-2 <x < I 
2 ifx > 1 


To sec (hat /i' (I) = lim 

x-»l 

exist, observe that 
//(x)-/.(l) 

Iim -= hm 

.t-»|- X - I jr-»|- 


-/»(!) 
X - I 


docs not 


3-3 

3-1 


= 0 but 


lint 


/»(x)-/)(!) 
X - 1 


lim 

X -+1 + 


2x -2 
X - I 


= 1 


Similarly, h' (—2) docs not exist. 


V 

\J 


1 

II 

-2 0 

1 ^ 


y- 

y = /i'(x) 

2- 


-'2 0 

1 




79. _v = / (x) = ax^ ^ /' (x) = 2ox. So the slope of the tangent to the parabola at x = 2 is m = 2a (2) = 4o. 

Tlie slope of the given line is seen to be —2. so we must have 4a = —2 <=> a = — j. So the point in question 
has y-coordinatc — ^ ■ 2^ = —2. Now we simply require that the given line, whose equation is 2x + y = />. pa.ss 
through the point (2,—2): 2 (2) + (—2) = i <=> b = 2. So we must have a =—j and i = 2. 

80. / is clearly dilTcrcntiable forx <2 and forx > 2. Korx < 2. /' (x) = It, so /I (2) = 4. Torx > 2. 

/' (x) = III, so /.J. (2T = m. For / to be dilTcrentiable at x = 2. we need 4 = yl (2) = /J. (2) = iii. So 
/(x) = 4x+/>. We must also have continuity at X = 2. so 4 = /(2) = lim f (x) — lim (4x + A) = 8 + /i. 

Hence, h = -4. 


81. F = //g 




f = F'g+Fg' => r = 


/' - f'g' _ f'-{f/g)8' ^ fg - fg' 
g g g^ 


c / c \ c 

82. (a) = c v = Lei /^ = (a, - ). The slope of the langenl line at .jt = a is^ (o) = — r. Us equation is 

X ^ a / a- 

c c , ^ c 2c . , .2c„. 

V - = —r (-t — a) or V = —r.v f — , so Its v-intcrccpl is — . Setting y = 0 gives x = 2a, so the 

a a ' a 

.Y-inlcrccpt is 2a. The midpoint of the line segment joining («i) and (2a. 0) is ^o, —^ = P. 

(b) We know the x- and y-intercepts of the tangent line from part (a), so the area of the triangle bounded by the 
axes and the tangent is jxy = 5 (2a) (2c/a) = 2c. a constant. 
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83. Solution I: Let / (.x) = Then, by the definition of derivative. 


/'(!)= lim 

i->l 


= lim 


1 


. But this is just the limit we want to find, and we know (from the 


.x — I x-»l AT — I 

^1000 _ I 

Power Rule) that f'(.x)= lOOO.x’^.so /'(!)= 1000(1)’^= 1000. So Jim= 1000. 
Solution 2: Note that (.x'““ - 1) = (jt - I) (x’” + + ■ ■ ■ + + x + l). So 


lim 


I 


I X - I 


= lim 


(X - 1) (x’” + x’^ + x^+ - -t-.x^+x + I) 


= lim (.1 
x-*l V 


X - I 

.x’^+x’^ + .x’^ +--l-x2+x + l) = l + l + l+ -+ l + l + l 


1000 ones 


= 1000, as above. 


84. 


In order for the two tangents to intersect on the y-axis, the points of tangcncy 
must be at equal distances from the y-axis, since the parabola y = x^ is 
symmetric about the y-axis. Say the points of tangcncy arc (a, and 
(—a, a^), for some a > 0. Then since the derivative of y = x^ is dy/dx = Zx, 
the IcIT-hand tangent has slope -2a and equation y — a^ = -2a (x + a), or 
y = -2a.x — a2, and similarly the right-hand tangent line has equation 
y = 2ax - a2. So the two lines intersect at (0, -a^). Now if the lines are perpendicular, then the product of their 
slopes is-1, so (-2a) (2a) =-I <=» = \ <=> a = ^. So the lines intersect at (o,-l). 



Rates of Change in the Natural and Social Sciences 


1. (a) j =/(r) = (2 - 10/+ 12 => !){/) = /'(/) = (2/- 10)ft/s 

(b) 1.(3) = 2 (3)- 10 =-4 ft/s 

(c) The particle is at rest when I) (/) = 0 <=> 2/—10 = 0 o / = 5s. 

(d) The particle is moving in the positive direction when II (/)> 0 <=» 2/ —10>0 <=> 2/> 10 <=> 
/ > 5, 

(c) Since the particle is moving in the positive 
direction and in the negative direction, we 
need to calculate the distance traveled in the 
intervals (0, 5| and [5, 8] separately. 

1/(5)-/(0)| = 1-13-121 = 25 ft and 
1/(8) - /(5)l = 1-4 - (-13)1 = 9 ft. The 
total distance traveled during the first 8 s is 
25 + 9 = 34 ft. 



0 
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2. (a)i = /(/) = t^-9/2+ I5/ + 10 => »(/) = f{i) = 3l^- 18/ + 15 = 3(/- 1)(; -5)ft/s 


(b) I. (3) = 3 (2) (-2) =-12 ft/s 

(c) B (0 = 0 f = I s or 5 s 

(d) 0 (/) > 0 <=> 0 < / < I or r > 5 

(e) l/(l)-/(0)| = 117-101 =7, 

1/(5)-/(l)l = 1-15-171 = 32. and 
1/(8)-/(5)| = |66-(-15)1 = 81. 
Total distance = 7 + 32 + 81 = 120 ft. 


(0 


1 = 5 . 
j= -15 


c 


/* 8 . 

j*66 


/ = 0. 
10 


3 


1 = 1 . 
.t= 17 


0 




3. (a) s = /(/) = »•’- 12r^ + 36/ => b (/) = /'(/) = 3/^ - 24/ + 36 

(b) B (3) = 27 - 72 + 36 = -9 ft/s 

(c) The particle is at rest when b(/) = 0. 3/^ - 24/+ 36 = 0 => 3 (/- 2) (/- 6) = 0 => / = 2, 6. 

(d) The particle is moving in the positive direction when o (/) > 0. 3 (/ - 2) (/ - 6) > 0 <=> 0 < / < 2 or 
/ > 6 . 


(e) Since the particle is moving in the positive direction and in the 
negative direction, we need to calculate the distance traveled in the 
intervals [0, 2], [2,6], and [6,8| .separately. 

1/ (2) - / (0)1 = 132 - 0| = 32. 1/ (6) - / (2)| = |0 - 32| = 32. 
1/(8) — /(6)| = |32 - 0| = 32. The total distance is 
32 + 32 + 32 = 96 ft. 


(0 


/ = 6, 




r = 0. 

5 = 0 


/ = 8. 

5 = 32 


3 : 


4. (a) j = /(/) = /■•-4/+ 1 => B (/) = /'(/) = 4/’-4 

(b) B (3) = 4 (3)^ - 4 = 104 ft/s 

(c) It isat rest when B (/) = 4 (/^ - I) = 4(/- 1) (/-+/+1) = 0 <=> / = 1. 

(d) It moves in the positive direction when 4 (/* — 1) > 0 / > I. 

(e) Distance in positive direction = |/(8) - /(l)| = |4065 - (-2)| = 4067 ft 
Di.stancc in negative direction = |/(l) — /(0)| = |-2—l| = 3ft 

Total distance traveled = 4067 + 3 = 4070 ft 

(0 / = 8. 


f = 4065 



5 = I 


119 
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5. (a). = ^ 


II (0 = i'(/) = 


(i^+1 )(I)-t(2i) _ 1-/^ 

(r=+lf (/2+ir 


(c) It is at rest when r =0 C5 1— i^=0 <=» 1 = 1. 

(d) It moves in the positive direction when i> > 0 I — /‘>0 » /^<1 <=> 0<l<l. 

(c) Distance in positive direction = |s (I) - s (0)| = | j - 0| = j ft 

Distance in negative direction = [j (8) — s (1)| = | ^ - j | = ^ ft 
Total distance traveled = j + ^ = gj ft 



6. (a) .s = V? (3/^ - 35i + 90) = - 35/’^^ + VOr'/^ => 

„ (,) = .s'(o = - '-ft'r- + 451-'/2 = '4r'>- (1^ - 7r + 6) = ^ (r - l)(T - 6) 

(b) I. (3) = 3^ (2) (-3) = -15>/3ft/s 

(c) It is at rest when ii = 0 <=> r = I s or 6 s. 

(d) It moves in the positive direction when w > 0 <=> (i — I) (r — 6) > 0 « 0 < / < 1 or r > 6. 

(c) Distance in positive direction = |s (I) - s (0)1 + Is (8) — s (6)| = |58 — Oi + j4v^ — 12-s/6^| 

= 58 + 4^2 + 12v/6 a: 93.05 ft 

Distance in negative direction = |s (6) — .v (I )| = j — l2v/6 — 58j = 58 + l2\/6 87.39 ft 

Total distance traveled = 58 + 4\^ + l2-v/6 + 58 + l2v/6 =116 + 4-1/2 + 24^/6 ^ 180.44 ft 


1 - 6 . 
j“-12v'6 
- -24.4 


1 = 8. 

.V = 4v'2 - 5.5 



7. s (/) =/■' — 4.5r'— 7/ =» 11 (r) = .v' (1) = 3/’— 9/— 7 = 5 <=> 3/' —9r—12 = 0 <=> 

3 (/ _ 4) + I) =; 0 / = 4 or - 1 , Since I > 0, Ihe particle reaches a velocity of 5 m/s at / = 4 s. 

8. (a) At maximum height the veliKity of Ihe ball is 0 ft/s. i> (1) = s' (1) = 80 — 32( =0 <=> 32( = 80 <=> 

I = X. So Ihe maximum height iss = 80 — 16 ^ 5 ^ = 200 — 100 = 100 ft. 


(b) s (1) = 80f - 161-= 96 <=s I6(’- 8O1+96 = 0 <=> 16 (/- 3) (/- 2) = 0. So the ball has a height of 

96 ft on the way up at ( = 2 and on the way down at ( = 3. At these times the velocities are 
11 (2) = 80 - 32 (2) = 16 rt/s and n (3) = 80 - 32 (3) = -16 ft/s respectively. 
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jr(Al| 


(A.t)= 


9. (a) A (.v) = .t^ ^ (x) = 2x. (15) = 30 mm’/mm is the rate at which the area is increasing with respect 

to the side length as x reaches 15 mm. 

(b) The perimeter is P (.x) = 4.x, so 

A' (x) = Zx = j (4x) = (x). I'he figure suggests that if 

Ax is small, then the change in the area of the square is 
approximately half of its perimeter (2 of the 4 sides) times 
Ax. From the figure. &A = 2x (Ax) + (Ax)". If Ax is 
small, then A A as Zv (A.v) and so A///Ax aj 2x. 



.v(Ax( 


10. (a) r (x) = x’ => ^ = 3 x 2 . ^ ^3 (3)2 ^ 27 mm^/mm is 

(/.X dx 5^3 

the rate at which the volume is increasing as x increases past 15 mm. 
(b) The surface area is .9 (x) = fix^, so 

I” (x) = 3x2 _ ^ (6x2) = j.9 (x). The ligurc suggests that if Ax is 
small, then the change in the volume of the cube is approximately half 
of its surface area (the area of 3 of the 6 faces) times Ax. From the 
figure. A F = 3x2 ^ 3^^ 3. (Ax)’. If Ax is small, then 

A/' as 3x2 ((^x) and so A I'/Ax as 3x2. 



11. (a) //(>■)=:= T/-2, so the average rate of change is: 

/l(3)-.4(2) 9a-4)r , .. d (2.5) -./(2) 6.25x-4ff 

3-2 2.5-2 =~~(K5~ 

,...,/((2.1)-.1(2) 4.41;r-4sr 

(m) - , . ^-= -jTi-=■» ''' 


(b) A' (r) = 2xr. so A' (2) = 4a. 

(c) file circumference is (’ (r) = 2ar = A' (r). I'he figure suggests that if Ar is 
small, then the change in the area of the circle (a ring around the outside) is 
approximately equal to its circumference times Ar . Straightening out this ring 
gives us a shape that is approximately rectangular with length 2nr and w idth 
Ar, .so AA as 2nr (Ar). Algebraically, 

AA = A (r + Ar) — A (r) = a (r + Ar)’ — ar2 = 2ar (Ar) + a (Ar)2, So 
we .sec that if Ar is small, then A.I aj 2ar (Ar) and therefore. A/I/Ar as 2ar. 



12. After / seconds the radius is r = 60/. so the area is A ( 1 ) = rr (61)/)’ = 360t)a/2 A' (/) = 7200a/ 

(a) A'(l) = 7200a em’/s (b) d'(3) = 21,600a em’/s (c) .l'(5) := 36.000a enr/s 

As time goes by. the area grows at an increasing rate. In fact, the rate of change is linear with respect to time. 

13. .S(r) = 4ar2 => .S' (r) = 8ar :=> 

(a) .V' (1) = 8a 1)2/11 (b) y (2) = 16a 1)2/1) (e) .9' (3) = 24a D’/ft 

As (he radius increases, (he surface area grows at an increasing ra(c. In fact, the rale of change is linear will) respect 

to the radius. 
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14. (a) (' (r) = <=> the average rate of change is 

1(8)-/'(5) ta (512)-fa (125) 3, 

8-5 3 


(i) 


= 172a 


l'■(6)-/'(5) fa (216)-fa (125) _ 

(II) - -—- - = ^^- = 121.3a 

0 — 5 I 

r(5.1)-r(5) fa (5.1)’- fa (5)’ - , 

(iii) -—— -=-—-= 102.013a /<m’//(m 


5.1 -5 


0.1 


(b) I" (r) = 4ar’. so I" (5) = 100a //m’//<m. 

(c) /■ (r) = far’ => I" (r) = 4ar’ = S (r). By analogy with Exercise 11(c). we can say that the change in 
the volume of the spherical shell. A /', is approximately equal to its thickness. A/-, times the surface area of the 
inner sphere. Thus. A /' » 4ar’ (Ar) and so A V/\r ^ 4ar^. 

15. / (.v) = 3 .t’. so the linear density at x is /) (x) = /' (x) = 6x. 

(a)/)(!) = 6 kg/m (b)/»(2) = 12 kg/m (c)/>(3) = 18 kg/m 

Since p is an increasing function, the density will be the highest at the right end of the rod and lowest at the IcO 
end. 

16. I'(l) = 5000(1 - //40)’ = 5000(l - ^( + => E'(/) = 500o(-^ + = -25o(l - 

(a) /"(5) = -250 (l - ^) = -218.75 gal/min (b) r(10) = -25o(l - fj) = -187.5 gal/min 

(c) l"(20) =-250 (l -|g) =-125 gal/min (d) I"(40) =-250 (l - f^) =0 gal/min 


T he water is flowing out the fastest at the beginning — when / = 0, /"(/) = —250 gal/min. The water is flowing 
out the slowest at the end — when / = 40, I" (r) = 0. As the tank empties, the water flows out more slowly. 

17. Q (/) = /’ - 2/’ + 6/ + 2, so the current is Q' (0 = 3/’ - 4( + 6. 

(a) Q’ (0.5) = 3 (0.5)^ - 4 (0.5) + 6 = 4.75 A 

(b) C>'(I) = 3(I)’-4(1) + 6 = 5A 

The current is lowest when O' has a minimum. Q" (/) = 6/ — 4 < 0 when / < f. So the current decreases when 
/ < I and increases w hen / > j. Thus, the current is lowest at f s. 

18. (a) /■■ = = (OmM)r~^ => — = —2 (CmK1)r~^ = _ ^ _ which is the rate of change of the 

/••= Jr 

force with respect to the distance between the bodies. The minus sign indicates that as the distance r between 
the bodies increases, the magnitude of the force /■' exerted by the body of mass m on the body of mass A/ is 
decreasing. 


(b) Given 7'(20,000) = -2. find f'(10,000). -2 = - 


IGmM 


20 , 000 ’ 


O’mAf = 20,000 


( 10 , 000 ) = - 


2 ( 20 . 000 ’) 


= -2-2’ = -16N/km 


19. (a) /’/’=(• 


p 


10 , 000 ’ 

dP ~ /'2 

(b) From the formula for </1’/<//’ in part (a), we see that as P increases, the absolute value of dV/dP decreases. 
Thus, the volume is decreasing more rapidly at the beginning. 

C C I 
(PV)P ~ CP ~ P 


(c)A 


y dP ~ /' \ /”j “ 
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20. (a) (i) 


C(6)-f (2) 

0.0295 - 0.0570 

6-2 

“ 4 

= —0.006875 (molcs/L)/min 

r(4)-C(2) 

0.0408 - 0.0570 

4-2 

2 

= -0.0081 

(moles/L)/niin 

C( 2 )-r( 0 ) 

0.0570 - 0.0800 

2-0 

2 

= -0.0115 

(moles/L) / min 


• I 0.077 

( ), opc ~ 


0.01 (niolcs/l.)/min 



12 3 4 5 6 7 


21 1860- 1750 no II 2070-1860 210 

21 . (a) IMZU. in\ — — 11,7n2 — |6jfl - ) 9 jo “ To' ~ 

(nil + mi)/2 = (II+21)/2=I6 million/year 
1980. mi - i^jsijrTTO - -nr - 75. mi _ nHjrrnssB = Tir = 

(mi + mi)/2 = (75 + 85)/2 = 80 million/year 

(b) /3 (0 = 0 /’+/>/-+ci+rf where a = 2325.67, 6 = -1.306488 X lO’, c = 2.44631 x 10'®,aml 
</ = -1.52658 X 10”. 

(c) P (/)=«/’ +6/-+ c/+ </ =* P'{!) = 3al^ + 2bl + c 

(d) />'(1920) = 3 (2325.67) (1920)’ +2 (-1.306448 X lO’) (1920) + 2.44631 x lO'® 

= 14.010,464/year [.smaller lhan ihe answer in part (a), but close to it] 

P' (1980) = 78.845.204/year (.smaller, but close) 

(c) P' (1985) = 86,515,627,25/year, so the rate of growth in 1985 was about 86,5 million/year. 

22. (a) / (/) = fl/-* + 6/’ + d- +dl + e for 1983 < / < 1992. where a = -0.0145512821, b - 115.636927, 

c = -.344.605.8704, <7 = 456.421,256. and e = -2.266939 x lO”. 

(b) Using the values in part (a). /'(/)= 4<;/’ + 36/’ + let + d. 

(c) /'(I988) =s0.49559and/'(I99I) =»-l.95946, (d) '0 _ 

so the interest rate was increasing at about _ 

7 percent per year in 1988 and decreasing at ' 

about 2 percent per year in 1991. 


23. (a) [C] = 


rate of reaction = 


(b) If .r = |C’|. then o — .x = o — 


(fl*/+l)^ 

a-kl a^kl + a — a^kt 


t9S^ 




/' 

\ 

o’* (aki + 

6 

1 — akt) 

ah 

^akl+\)~ 

(akt + 1)’ 


Hok(a—x)-=k (—^—=———^ [from part 

Voir + i; (0/L/ + I)’ dl ‘ 
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„ 1 I I .. I 9-/ „ /9 .,dp /(9-/)-/-? /- 

P f <1 P f<i g-fdq (q- ff (q- 

P 

25. (a) Using ii = —; - r^) with P = 0.01, / = 3, P = 3000, and n = 0.027, we have u as a function of r: 

4ql ' 


o(r) = 


3000 

4 (0.027) 3 


(0.01^ - r-). V (0) = 0.925 cm/s, v (0.005) = 0.694 cm/s, n (0.01) = 0. 


(b) 1 / (r) = ■/— (P' — r^) «' (r) = (—2r) = When / = 3, P = 3000. and q = 0.027, we have 

4ql 4ql 2ql 




3000r 


-. o' (0) = 0, o' (0.005) = -92.592 (cm/s)/cm, and o' (0.01) = -185.185 (cm/s)/cm. 


2(0.027)3' 

(c) The velocity is greatest where r = 0 (at the center) and the velocity is changing most where /• = P = 0.01 cm 
(at the edge). 


1 




-T/2 = - 


4Lyrp 

Vf 


(b) Note: Illustrating tangent lines on the generic figures may help to explain the results. 


df 

(i) — < 0 and I, is decreasing 
aL 

df 

(ii) -” > 0 and T is increasing 
dl 

df 

(iii) — < 0 and p is increasing 
dp 


f is increasing 
/ is increasing 
/ is decreasing 


higher note 
higher note 
lower note 




27. (a) C (x) = 2000 + 3.t + O.Ofx^ + 0.0002x’ => C (x) = 3 + 0.02x + O.OOObx^ 

(b) C' (100) = 3 + 0.02 (100) + 0.0006 (10,000) = 3 + 2 + 6 = $ll /yard. C' (100) is the rate at which co.sts arc 
increasing as the 100th yard is produced. It predicLs the cost of the lOIst yard. 

(c) The cost of manufacturing the lOIst yard is 

C (101)-C (100) = (2000 + 303+ 102.01 + 206.0602) - (2000 + 300 + 100 + 200) 

= 11.0702 »>$11.07/yard 

28. (a) C(x) = 84 + 0.16x-0.0006x2+ 0.000003x^ ^ C'(x) = 0.16 - 0.00I2x + 0.000009x2 => 

C' (100) = 0.13. This is the rate at which costs are increasing as the 10Oth item is produced. 

(b) C (101) - C (100) = 97.13030299 - 97 ss 0.13. 
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(d) C" (Jt) = -0.0012 + O.OOOOISx = 0 => 

X = 66 1 and C" (at) changes from negative to 
positive at this value of x. This is where the 
marginal cost changes from decreasing to 
increasing and so has its minimum value. 

200 

From the graph, we can estimate the ^-coordinate 
of the point of inflection to be between 60 and 80. 



29. (a) A (at) = 


P(x) 


. VC’f)-/'(•»)• I „ 

A (x) =- 5 -. A (x) > 0 


productivity increases as the size of the workforce increases. 

P(x) 


(b) Suppose p' (At) > A{x). Then p' (.r) > 
xp'(x)-p(x) 


Jtp' (At) > p (a:) 


> 0 


A' (At) > 0. 


A (At) is increasing; that is, the average 

=> xp' (At) — p(x) > 0 => 


30. (a) S = 


dx 


(I -I- 4a°‘') (9.6;c-°‘) - (40 -|- 24a°‘*) (1.6^-°^) 

(1 + 4.v»'‘)^ 

9.6a-”-^ + 38.4a-°-^ - 64a-°‘ - 38.4j-°^ _ 54.4j-°* 

(I-l-4.r0.t)^ (I-F4;c<>'')^ 


(b) 



-40 


At low levels of brightness, R is quite large [/? (0) = 40] and is 
quickly decreasing, that is, 5 is negative with large absolute value. 
This is to be expected: at low levels of brightness, the eye is more 
sensitive to slight changes than it is at higher levels of brightness. 


31. Py = nRT 


T = 


PV 


py 


1 


nR (10) (0.0821) 0.821 


(pyy 


X = '°>J -0 2436 K/min 


dt 0.821 

32. (a) If F/t/r = 0. the population is stable (it is constant.) 




tiP 


-(-a 


--'-T 
ro Pc 


Pc ro 


-M'-e 


If Pc = 10.000, ro = 0.05, and ft = 0.04, then P = 10,000 (l - 5 ) = 2000. 
(c) l{ft= 0.05, then F = 0. There is no stable population. 


33. (a) ^ = 0 and = 0. 
dt dt 

(b) The caribou go extinct o C = 0. 

(c) We have (1) 0.05C - 0.001C IF = 0 and (2) - 0.05 IF 0.0001C IF = 0. Adding 10 times (2) to (I) gives us 

0.05C — 0.5IF = 0 =» C = lOIF. Substituting C = lOIF into (1) results in IF = 0 or 50 and hence, C = 0 
or 500. The pairs arc (0,0) and (500, 50). So it is possible for the two species to live in harmony. 
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^5-5 Derivatives of Trigonometric Functions 


1. /(-v) = \ — Tsin V =» f (.v) = I — 3cos.v 

2. / (v) = X sin.v => /■' (A) = v • cosa + (sin a) • 1 = a cosa + sinA 

3. y = sin A + cos A ^ i/ivV/a = cosa — sinA 

4. 1' = cos A — 2 liin A => dyldx = — sinA — 2 sec- a 

5. >.'(0 = <’cos/ => g'(/) =/^ (—sin/) + (cosf) ■ 3/'= 3/^cos/-/’sin/ 

6-^(/) = “Iscc/3-Ian/ => ^;'(/) = 4 sec/ Ian/+ see’/ 

7. h (0) = » esc // — col 0 h' {()) = 0 (— esc 0 cot 0) + (esc //) ■ I — (— esc’ 0) = esc 0 — 0 esc 0 cot/7 + esc’ 0 


8. h (0) = VS col// => h' (//) = VS(-csc’//) + (cot//) col// - Vtfese’// 


tan A 

9. !■ =- => 


10. j- = 


dx 


X see* -A — tan a 


I + COSA 

rfy _ (I + cosa) COSA — siiiA (— sin a) cosa + cos’ a + sin’ a 
i/a 


I 


(I + cosa)' 


(I + cosa)’ 


COSA + I 


(1+COSA)’ I + COSA 


11. y = 


sin.v + COSA 
dy (sin.v + cosa) — .v (cosa — .sin.v) 
v/.v (sin.v + COSA)’ 


(I +.v)sinA + (I -.v)cos.v 
sin’ A + cos’ A + 2 sin A cos a 
(1 +.v)sin.v + (I — a)cosa 


12. y = 


I + sin Iv 

Ian V — I dy sccascc’a — (tan.v — l)scc.vlanA see .v (see’ a — tan’ a + Ian a) 

see A dx see’ A see’ a 


Another Melli(xl: Siniplil'y y first: y = sin.v — cos.v 


y = cos.v + sin A. 


13. y = 


a’COSA — (sin.v) (2v) .v (a cosa — 2sinA) acosa — 2sinA 


I A Ian A 
sec A 


14. y = Ian//(sin//+ cos//) => 

y' = Ian// (cos// — sin//) + (sin// + cos//) sec’// = sin// — sin//tan// + sin//see’// + see// 

15. y = c.sc A col A => dy/dx — esc a col x ) col v + esc .v (— esc’ v) = — esc v (col’ a + esc’ a ) 

16. Recall that if y = /y/i. then y' = f'yh + fg'h 3 - Jgh'. y = a sin.v cos.v => 

-j- = sin.v COSA 3- A COSA COSA 3" A sin.v (— sin a) = sin.v cos.v 3- v cos’.v — .v sin' .v 
dx 

., </ / I \ (sin.v)(0) — I (cos.v) —COSA I cosa 

17. — (esc V) = — I ^— I =-^---- =-=— = —^— = - escA col.v 

dx dx \s‘.nx / sin' A sin' a sin a sin a 

,„ </ , , '/ / I \ (cos.v) (0)- I 

18. — (sec.v) = — I-I =- 

J.X t/.Y \COS.V/ COS“.V 


> — I (-sin.v) sin.v 


cos-.v cos.v cos.v 


= SCC.V !an.v 


• A <• » “ /COS.V \ 

19. — (col.v) = — ) 

(ix (ix V sin v / 


J /cosv\ (sin.v)(-.sin.v) — (cosv)(cosv) sin-.v + cos^v 


CSC" v 
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20. / (.V) = cosj: => 

„ f(x + h) — f(x) .. cosTj! +/() — cos.x .. cos.t cos//- sin;( sin/i - eosjt 

/' (.t) = lim — - ^= lim--= lim -;- 

h~*o h /i-*o h /i-jO h 


, / cos//—I sin//\ cos//—I 

= lull I cos.t-;-sin.r—— I = cos.x li/n-;-sin.t Inn 

/i-*o V // // / /'-•o li *->“ 


sin// 

~jr 

= (cos.x) ( 0 ) — (sin.v) (I) = — sin.t 


21 . = liui t ^ y' = scc" X => the slope of the tangent line at (|. I) is sc*c- 5 ^ = = 2 and an equation is 

V - 1 = 2 (.t - f) or y = 2.t + I - T- 

22. y = 2sin.t y'=2cosx ^ the slope of the tangent line at (J, I) is 2 cos J = 2 •= \/5 and an 

equation isy — I = •\/3 (x — 5 ) ory = s/Sx + I — 


23. y = X + cost =» y' = 1 — sinx. At (0, 1). y' = I, and an equation of the tangent line isy — 1 = I (x — 0). or 
y = x + I. 


24. v = 


I 


eosx — sin.t 


(Reciprocal Rule). At (0, I). v': 

i.t)- 


I -0 


sinx + cost ■ (sin.t + cos.' 

equation of the tangent line is y — I = — I (x — 0). or y = —x + I. 


(0+1) 


— = — I. and an 


25. (a) y = xcos.t => y'= x (—sin.t) +cosx (1) = eosx — x sinx. So 
the slope of the tangent at the point (;r, —/r) is 
cos /r — ;r sin X = -1 — /r ( 0 ) = — 1 , and its equation is 
y + /r = — (x — /r) » y = —x. 



-.s 


26. (a) y = sec.t — 2 cos.x =* y'= sec t lanx + 2 sinx => the slope 
of the tangent line at (j, I) is 

sec y tan y + 2siny = 2\/3 + 2 - ^ = 3s/3 and an equation is 
.V — 1 = 3>/5(x — y) ory = 3\/3.t + I — ;r\/3. 


(b) 
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27. (a) / (x) = 2 r + col x => 
/' (.t) = 2 — csc'.t 



-4 


Notice that /' (.t) = 0 when / ha.s a 
horizontal tangent. Also, f (x) is large 
negative when the graph of / is steep. 


28. (a)/(.x) = V^^sinx => 

/' (x) = V* cosx + (sinx) 

_ sinx 

= ^cosx + ^ 



-3 

Notice that /' (x) = 0 when / has a horizontal 
tangent. /' is positive when / is increasing and 
/' is negative when / is decreasing. 


29. >< = X + 2sinx has a horizontal tangent whenv'= I + 2cosx = 0 cosx =-j <=> x = ^ + 2arn or 
^ + 2ffn or, equivalently, {2rt + 1) x ± y, n an integer, 

cosx , — sinx (2 + sinx) — cosx cosx —2sinx - sin^x — cos^x —2sinx—I 

30. y = -^— => v' =- - -=-=-=-y = 0 

2 +sinx (2 + sinx)^ (2 + sinx)^ (2 + sinx)^ 

when —2sinx — I = 0 sinx = —j <=> x =-^ + 2xn orx = ^ + 2xrt, n an integer. Soy =-^ or 

y = —^ lutd the points on the curve with horizontal tangents are: + 2xn, + 2x«, ” **1 

integer. 

31. (a) X (/) = 8sin/ =» » (/) = x'(/) = 8cosr 

(b) X (x) ~ ^ (^) ~ “ (t) ~ ® Since v (x) 's nioving to the leA. 


32. (a) x (t) = 2cos/+ 3 sint » (/) = —2sin/+ 3cos/ 

(b) ^ (c) X = 0 =» <2 ss 2.55. So the mass passes through the 

equilibrium position for the first time when I ^ 2.55 s. 

(d) I) = 0 => /| w 0.98, X (/|) St 3.61 cm. So the mass travels 

R a maximum of about 3.6 cm (upward and downward) from its 

equilibrium position. 

(e) The speed |i)| is greatest when x = 0; that is, when 
/ = /2 + nit, n a positive integer. 



33. 



From the diagram we can see that sin(7 = x/10 <=> x = 10 sin 0. But we want to find 
the rate of change of x with respect to 0. that is, dx /dO. Taking the derivative of the 
above expression, dx/dO = 10 (cosO). So when 0 = y, 

dx/dO = lOcos y = 10 = 5 ft/rad. 
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34. (a) F = 


H sin 0 + cos 0 


dF (// sinO + cost)) (0) — /iH' (/i cost) — sinfl) /(K' (sinE> — /i cost)) 
do (fi sin + cos 0)^ {ft sinO + cos (>)• 


(b) = 0 ^ ft ir {sinO — ft cost)) = 0 ^ sinF^ = ft cost) => tanfl = // =* 0 = lan“' // 



From the graph, we see that — =0 => 0 v 0.54. Checking this 

with part (b) and ft = 0.6. we calculate 0 = tan"' 0.6 =s 0.54. So the 
graph is consistent with part (b). 


s>n5( 5sin5r ,sin5r , . 

35. Iim-= hm —;— = 5 lim-=51=5 

/->n / ;-»o 5/ ;-»o 5/ 


■M! I- 1 

36. Iim ^-= lim 

i-tosin9( i-to 


8 1 

f sin 8r \ 

.sinSt 

fi lim 



[~»r) 

o lim —-— 
i->o 8/ 

8- 1 

Q 1 

'sinO/X 

sin9t 

9 lijY) _ 

“ ^ 


r^) 

/-*o 9t 



sin(eos«) 

37. hm —^ 
o-*o sect) 


sin ( lim cos0 I 
V>-»« / 

lim sec0 
a-to 


cost) — I 


cost) - I 


cost) - I 0 

38. hm-= hm-=7= 

«-*o sm/7 «-»o smw 




„ sm^t) /smfl\ . . sinEt . 

39. hm-= hm |-I sinE/ = hm- hm sint9 = I ■ 0 = 0 

»-»o t) «-.o \ t) ) n -,0 t) «-»o 


„ .. tanx I stnac 

40. hm —-— = hm- 

j:-*0 4.V ,t-»o 4 x 


I I .. sinjr I 

-= - hm- hm- 

COSJ 4x-*0 Jt x-*OCOSX 




coilv cosZxsin.t ^ f (sinj:)/jif 1 

41. Iim - = iim-—-= hm coslx . ^ - = Iim cos2x 

x-*o csc.r .t-»o sinZt x-»o L(sin2x)/xJ Jt-»o 


lim [(sinx)/.x) 

.t->0 _ 

2 lim ((sin2jf)/2jf] 


.. sin;x —cosjr sinx 

42. Iim ---= hm —> 

jr~»jr/4 COS2.X x~»»/4cOS^X 


sinx—cosx smx—cosx 

os^x - sin^x X-.X/4 (cosx + sinx)(cosx - sinx) 


= lim -— =-=— * . -= 

x-»ir/4 cosx + smx cos j + sin J 

43. Divide numerator and denominator by 0. (sin El also works.) 

sinO .. sinO 

|,^ SinO ^ - y =- '>^0 0 

fl-*oO-^\nnO fl-*o j sinfy 1 .... sinO .. 

^ 0 cos 0 


stnO 
hm —— 
«-*o 0 


sinO 1 

1 + hm —- hm- - 

«-*o t) »-*o cosO 


.. sin(x-l) 

44. hm ■=-= hm 

x->l x^ + x — 2 i-»l 


sin (x - I) 


(x + 2) (x — I ) x-» I X + 2 !-► I X — I 
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d d sinAT 

45. (a) — tan j - 

dx dx cosjT 


cosj( cosjt — sin;t (—sin.x) cos^x + sin'x 


. So sec' X 




d d 1 (cosx)(0) — 1 (—sinx) „ sinx 

(b) — secx =-=> sccx tanx =-^-. So secx tanx = —— 

dx dx cosx cos^x cos-x 

^ d , . ^ d \ + cotx 

(c) — (sinx + cosx) = - -=> 

dx dx cscx 


cosx — sinx = 


cscx (— csc^x) — (1 + cotx)(—cscxcotx) — csc^x + cot^x + cotx 


So cosx — sinx = 


cotx — 1 
cscx 


46. l.et l/'fil = X. Then we get the following formulas forr and h in terms of 0 and x: 


Or . 0 ^ 0 h 

sin - = - => r = X sm - and cos - = - 
2 X 2 2 X 

A (0) = and B(0) = \ (2r)h = rh. So 


0 

h = X cos -. Now 
2 


A{0) .. xar- 5axsm(«/2) 

I't" —^ , = lim - 

»_,o+ B (0) o-to* rh a-»o+ x cos (0/2) 

= lim 4a tan (0/2) = 0 . 

U-tO* 

47. By the definition of radian measure, s = rO, where r is the radius of the circle. 


. . 0 d/2 

By drawing the bisector of the angle 0, we can sec that sin - = 



So lim = lim 


rO 


= lim 


2 • ( 0 / 2 ) 


— lim 


0/2 


e-iO* d »->o* 2r sin (0/2) »-»o* 2 sin (0/2) «->o sin (0/2) 

lim = I combined with the fact that asfl -> 0, ® ^ 0 also.] 
x-»o ^ 


=> <7 = 2 r sin -. 

2 

= I. (This is just the reciproeal of the limit 


^3;® The Chain Rule 


1. Let « = g (x) = x^ + 4x + 6 and y = / (u) = u*. 

Then ^ = {iu*) (2.x + 4) = 5 (x^ + 4x + 6)^ (2.x + 4) = 10 (x^ + 4x + 6)^ (x + 2). 


2. Letu =g(x) = 3x andy = /(u) = tanu. Then ^ = (sec^u) (3) = 3scc2 3x. 

3. Let u = g(x) = tanx andy = /(u) = cosu. 

dy dy du \ ■ , . j 

Then — = — -= (— sin u) (sec'' x) = - sin (tanx) sec' x. 

dx du dx 


4. Let M = g(x) = I + x^ andy = / (u) = u'/^. 

-,hen ^ (3x^) = (1 A-xT^^^x^ 

ax du dx ^ 


(l+x3) 


m- 


5. 

6 . 


cosx 


_ dy dy du , .cos x 

etu = g(x) = sinx andy = /(u) = Vu. Then ^ ^ = Y^u ^ 

dy dy du /i cosm cos-Jx 

Cl» = g (.) = ^ and ^ = / (») = sinu. ITien ^ = 5 ;; ^ = (cos«) ^ 


7 . F (X) = (x’ + 4.x)’ =» F' (x) = 7 (x^ + 4x)‘ (3x^ + 4) (or 7x‘ (x^ + 4)‘ (3x- + 4)) 

8. F(x) = (x2-x + I)’ =» r(x) = 3(x^-.x +l)’(Zx-1) 
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9. ^(x) = V.x2-7x = (;c2-7.t)''^ => g-(x) = ^ (x^ - 7x) (2x - 7) = —■ 

2vx^ — 7x 

/' (0 = -4 {r- - 21 - 5)'* (2/ - 2) = , 

(/2 - 2( - 5)^ 

11. /i(0 = (T-l/0^^^ =» A'(/) = |(/-l//)''^(l + l/f-) 

12. /(/) =-yr+larT/= (I + lanO'^^ =* /'(>) = i (I 4- lan/ = . ■ ^ 

3^(1 +tan7r 

13. y = cos (a^ + x^) => / = — sin (a’ + x^) • 3x^ = -3x^ sin (a^ + x^) 

14. _)< = a’+ cos^x =* y = 3 (cosx)^ (-sinx) =-3sinx cos^x 

15. >> = cot(x/2) => y'=-csc^ (x/2) • j = —5 csc^ (x/2) 

16. y = 4scc5x ^ y'= 4 sec5x tan 5x (5) = 20see5x lan5x 

17. 6 ’(x) = (3x-2)'“(5x2-x + I)‘^ =» 

G'(x) = (3x -2)'® (12) (5x2 -X + |)" (iqj _ |) 4. I0(3x -2)®(3) (Sx^ - x+ l)'^ 

= 6 (3x - 2)® (5x2 - X + I)" [2 (3x - 2) (I Ox - I) + 5 (5x2 - X + 1)] 

= 6(3x -2)® (5x2 - X + ,jii (85^2 _ 51 1 49 ) 

18. g(/) = (6/2 + 5)^((’-7)'' => 

g' (0 = (6/2 + 5)’ (4) (/2 - if (3/2) + 3 (6/2 + 5)^ (12/) (P - if 
= 12/ (6/2 + 5)^ (/2 - if [/ (6/2 4 5) + 3 (/2 - 7)] 

= 12/ (6/2 + sf (/2 - 7)’ (9/2 + 5/ - 21) 

19. y = (lx-5)® (8x2- 5 )"2 ^ 

y' = 4 (2x - 5)2 (2) (8x2 _ jj-J 4 (2)t - 5 )* (-3) (8x2 _ 5)-' 

= 8 (lx - 5)2 (8 .x 2 - 5)'^ - 48x (2x - 5)'' (8x2 _ 

(This simplifies to 8 (2x - 5)2 (8x2 _ 5^-' ^4.^2 4 _ 5^ ^ 

20 . y = (x2 + 1 )(x2 + 2)'^’ => 


/ = 2x (x2 + 2)'/' + (x2 + 1) (I) (.x2 + 2)-'^' (2x) = 2x (x2 + 2)'^’ Jl + 

21. y = .x2 cos/i.x => y' — .x2 (-sinnx) (n) + cosnx (3x2) _ ^2 (3(;osnx — nx sinnx) 

22 . A (j) = s/j2 4 I (j2 4 !)■* = (jJ 4 |)'^2 ^^2 +1)^ ^ 

F' <s) = I (*2 4 P 4 1^ 4 ^^3 ^ ,y/2 ^ 1^3 


3j2(x2 4 1)^ , .j - 




()' + 7)(l)-0'-6)(l) 




(>' + 7 )- 


39 (y-6)2 
Cv + 7)‘' 
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1/4 


— 

25. /(r) = (2.--l)-'/* 

v/7 ~ 3.V - V 
/'(a) = — 


3/-«3,2 (,3_|)_(,>+i)p,2) \ + 




"2l,P-lj (P-l)- 


=> /'(r) = -^(2z- 1)-®/5(2) = -|(2 z- 1)-*^’ 

0(7-3.t)-'/^(-3) 


1 


3.V 


l4-3:t 


27. y = liin (cos.v) 
sin" t 


7-3.V v/TToJ 2(7-3.t)^/^ 2(7-3.v)-’''^ 

y' = sec’ (cos.x) ■ (— sin.t) = — sin.t sec^ (cos.t) 


28. V = 


cos.v 


C(>s.v(2siii.rcoSA^)-sin-.t(-.sin.t) sinx (2co!!^.t + sin^t) sinx(l +cos^x) 
■’ cos- X cos^ X cos^ X 

— sin x (! -i- >c~:~ \ ) 

/Ininhcr Mclhihl. y ■— \xu:: -itnx 3 '= scc^ .x sin x 4-tanx cosx = sec-x sin x-I-sin x 
29. )• —. see’ 2.\ - lair 2 v =» v' = 2 sec 2x (sec 2.\ Ian 2x) (2) — 2 tan 2x sec’ (2x) (2) = 0 
iMsier method i’ = see‘ 2.v — lan’ 2.x = I y' — 0 


30. V — v'i-i- 2tan V :=> y'= i (I + 2tanx) '-2six-.x 

31. r = sin^ X eos^ x 


•/\ -i- 2 tan x 

y' = 3 sin’.x cos.x -I- 3eos^.x (- sinx) = 3siii.x cosx (sinx — cos.x) 

32. y — sin'(cosi(.v 1 =» v'= 2sin (cosAx)co.s(cos/r.x) (-sin*.x) (t) =sintx sin (2costx) 

33. y = (I 4 cos^ > )*’ -x> y' = 6(1+ co.s-.x)^ 2cos.x (- sinx) = — 12cosx sinx (1 + cos^x)* 


1 , 1 I / I \ 1 

34. y = x sin - v = sin - + x cos - I —I = sin- 

x x x \ x-/ x 

, (1 — sin2.x) (2cos2.x) — (I + sin2x) (—2cos2x) 


I I 
- cos - 

X 


35. V = 


I + sin 2x 


(I — sin 2.x )^ 


4cos2x 
(I - .sinlx)- 


I - sin lx 

36. y = lan (x^) + lair x => y' = sec’ (x’) (2x) + 2lanx sec^ x 

37. y = lair (x^) =s y' = 2lan (x^) sec^ (x^) {3.x^) = 6.x- tan (x^) sec’ (x^) 

38. V = .sin(sin(sinx)) => i'= cos(sin(sin.x)) -7- (sin(sin.x)) = cos(sin(sin.x))cos(sin.x)cosx 

dx 


(- 


.I 


2^) 


39. y = v''^+v's =» = X (x + v/x) '^^(l4 5 X _—_- 

Z^J Jf *r 

40. y =/xVv/7?^ 2 ^ y' = ^x + v^+*;A)"''‘[l-l-H-^ + s/^‘''''(' + 5'*‘'^')] 


41. y = sin ^lan ysin.x) => y' = cos ^lan -y/sinx^ ^sec’ Vsinx^ 


42 


1 . y = y/cos (siir x) 


’ = X (cos(sin-x)) [—sin (sin’.x)] (2 sinx cosx) = — 


sin (sin-x) sinx cosx 


y'cos (sin- x) 

/' (,x) = 8 (-]) (4 + 3x)-’''^ (3) = -12 (4 + S.x)-’'^, The 
slope of ihc langcm ai (4, 2) is y' (4) = — ^ " "“IR equation is — 2 = —(jc — 4) + 


43. =8(4 4-3.r)-'^- 

^4 + lx 
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44. y =/(.v) = sinx + cosZv => /'(.r) = cos.v — 2sin2t. The slope of llic langcnl al (^, 1) is 

/' (f) = ^ - 2 (^4) = and its equation is y - I = (v - i) or + 2y ==2 + 

45. y = sin (.sin a) y' = eos(sin.t) • cos.v. At (tr, 0), y' = eos(sin t) ■ cosrr = cos (0) ■ (— I) = 1 (— I) = — I, 

and an equation of the tangent line is y — 0 = — 1 (,v - i). or y = —.r + a-. 

46. y = ^/5 + X- =» y' = j (5 + (2.t) — ^ j V5 + At (2,3). y' = and an equation of the tangent 

line is y - 3 = j (.V — 2), or y = j.v + |. 


47. (a) y = / (x) = tan (|.t-) => /' (a) = see’ (2 • ^x). The 

slope of the tangent at (I, I) is thus 
/' (I) = sec^ j (^) = 2 - !;= It. and its equation is 
y—l=a(.t — l)ory = aA—a + l. 



48. (a) For A > O.y = /(a) = 


/' (.») = 


s/IT^d) - A (I) (2 - a2)-'^- (-Za) (2 _ ,^2)' 


2-.r^ (2-.v2)'^^ 

(2-.a^)+a^ 2 

(2-.t2)’'- (2-.a2)’^^ 

So at (I, I). the slope of the tangent is /' (1) = 2 and its equation is 
y - I =2(a - Dory = 2v - I. 



49. (a) / (A) = 



/'(.V) 


a KI-a^) ''^{-2x)-V\ - X 

-I 

aVI - a7 a Vi -a2 




-8 


Notice that all tangents to the 
graph of / have negative slopes 


and /'(a) < 0always. 


50. (a) / (A) = 


eos2 Kx f 9sin^ irx 1 + 8sin^ aa 


/' (a) = — (I h 8 sin* jta) ‘ (16 sin ax) (cos a a) 
— 16/T SinAACOSAA 
(I + 8 sin* /T a)' 


(b) , 



A 


Notice that /' (a) = 0 when J 
has horizontal tangents. 
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51. Por the tangent line to be hori/.ontal /' (x) = 0. /(x) = 2sinx + sin^x => 

/'(x) = 2cosx + 2sinx eosx = 0 c* 2cosx (I + sinx) = 0 <=> eosx = 0 or sinx = —I, so 
X = rr or ^2n + j) rr where « is any integer. So the points on the eurve with a horizontal tangent are 

^^ 2 n + 5 ) <r, 3^ and ^^ 2 n + 5 ^ a-, - 1 ^ where n is any integer. 

52. /(x) = sin2x — 2sinx => /'(x) = 2eos2.v - 2cosx = 4eos^x — 2cosx — 2, and 

4cos^x — 2eosx — 2 = 0 <=> (eosx — I)(4cosx + 2) = 0 es eosx = 1 oreosx = — j. Sox = 2na or 
( 2 n + I) a ± n any integer. 

53. /■■(x) = /(g(x)) => 

(-V) = /' (g (X)) g’ (X), so F' (3) = /' (g (3))g' (3) = /' (6) g' (3) = 7 ■ 4 = 28. 

54. ID = H o I) => 10 ' (x) = u' (v (x)) 1 / (x), so w' (0) = «' (i) (0))«' (0) = u' (2) u' (0) = 4 • 5 = 20. 

55. (a) A (X) = / (g (X)) => h’ (X) = /' (g (x)) • g' (x), so /t' (1) = /' (g (I)) ■ g' (I) = /' (2) ■ 6 = 5 • 6 = 30. 

(b) // (x) = g (/(x)) => H' (x) = g' (/(X)) • /' (x). so //' (1) = g' (/(!)) • /' (1) = g' (3) • 4 = 9.4 = 36. 

56. (a) F (x) = / (/ (x)) =s F' (x) = /' (/(x)) • /' (x). so F' (2) = /' (/ (2)) /' (2) = /' (I) • 5 = 4 • 5 = 20. 

(b) G (X) = g (g (x)) =» O' (x) = g' (g (X)) ■ g- (X). St) G' (3) = g' (g (3)) ■ g' (3) = g' (2) • 9 = 7 • 9 = 63. 

57. (a) ,1 (X) = /■ (g (X )) =s I/' (X) = /' (g (X)) g- (x). 

So«'(l) = /'(g(l))g'(l) = /'(3)g'(l) = (-i)(-3) = |. 

(b) i)(x) = g(/(x)) => n'(x) = g'(/(x))/'(x). Soi)'(l)=g'(/(l))/'(l) = g'(2)/'(l).whiehdoes 

not exist since g' ( 2 ) docs not exist. 

(C) U) (x) = g (g (x)) => lu' (x) = g' (g (x)) g' (X). 

So«)'(l)=g'(g(l))g'(l)=g'(3)g'(l) = (§)(-3) = -2. 


58. (a) /i (x) = / (/ (X)) => /]' (X) = /'(/ (X)) /' (x). 

So (2) = /' (/ (2)) /' (2) = r (1) /' (2) =« (-1) (-1) = 1. 

(b) g (x) = / (x2) =» g' (X) = /' (x2) (2.x). So g' (2) = /' (22) (2 • 2) = 4/' (4) at 4 (1.5) = 6. 

59. /i(x) = /(g(x)) =» h’l.x) = /'(g(x))g'(x). So6'(0.5) = /'(g(0.5))g'(0.5) = /'(O.l)g'(0.5). We can 

estimate the derivatives by taking the average of two secant slopes. 

,,, . 14.8-12.6 18.4-14.8 , mi+m-) 

For / (0.1): mi = ^ ^ =22, m 2 = ^ = 36. So / (0.1) =»- - —^ = 29. 

.. 0.10-0.17 0.05-0.10 

horg (0.5): m, = = -0.7, mj = = -0.5. 

So g' (0.5) = (m I + m 2 ) /2 = -0.6. Hence, h' (0.5) =# (29) (-0.6) = -17.4. 

60. g (X) = / (/ (X)) => g' (x) = /' (/ (x)) /' (X). So g' (I) = /»(/ (D) /' (I) = /' (2) /' (1). 

3.1—2.4 4.4 —3.1 c ai|+m2 

For / (2): mi = = 1.4, mx = = 2.6. So / (2) ---=2. 


2.0- 1.5 


2.5 - 2.0 


For /'(I): mi = ^ = 0.4. m 2 = ^ =0.8. So/'(l)=s = o.(). 


1.0-0.5 
Hcncc.g'd)(2) (0.6) = 1.2. 


1.5- 1.0 


61. (a) F(x) = /(eosx) 

(b) G(x) = cos(/(x)) => G'(x) =-sin(/(x))/'(x) 


F' (x) = f (cos t) — (cos t) = — sin.t/' (eosx) 
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62. (a) F(x) = f(x") => F'{x) = /'(x“) ^ (at") = 

ax 

(b)C;(.x) = [/(Ar)I“ => G'(x) = a\f(x)r-' fix) 

63. j (/) = lO + 3 sin (IOff () ^ the velocity after ( seconds is 
I) (/) = s' (/) = 3 cos{10ff/) (lOff) = ^ cos(IOff/) cm/s. 

64. (a) 5 = ^ cos (to/ 4 - <5) ^ velocity = 5 ' = —w/f sin (w/ + <5). 

(b) If /I ^ 0 and w ^ 0, then s' = 0 o sin (fot -j- S) = 0 <=> (ot -i- S = njt ^ t = ——n an integer 

<0 


65. (a) B (r) = 4.0 + 0.35 sin — 
5.4 


— 

dl 


I 0.35 cos 


2x1 

sl” 




2ff< 

Ja 


, dB Ik Ik 


0.16. 


66. /.(/)= 12+ 2.8 sin (^(/-80)) =» i'(/) = 2.8cos(^ (r - 80)) (^). 

On March 21, r = 80, and /,' (80) ss 0.0482 hours per day. On May 21, / = 141, and Z,' (141) ss 0.02398, which is 
approximately one-half of /.' (80). 


67. (a) Derive gives g' (t) ■■ 


45 (t - 2)» 
( 2 ( + 1 )'® 


without simplifying. With either Maple or Mathemalica, we first get 


s'(!) = ’) 


(t - 2 )^ 

(2/ + o'* 


- 18 


(/ - 2)’ 


( 2 / + 1 )' 


;, and the simplification command results in the above expression. 


(b) Derive gives / = 2 - x + 1)^ (2x + !)■* (I7x’ + 6x^ - 9x + 3) without simplifying. 

With either Maple or Mathcmatica, we first gel 

/ = I0(2x + O'* (x’ — X + l)"* + 4 (2x + I)* (x^ — X + I)* (3x^ — I). If we use Mathemalica's Factor or 
Simplify, or Maple’s factor, we get the above expression, but Maple’s simplify gives the polynomial 
expansion instead. For locating horizontal tangents, the factored form is the most helpful. 


/f* _ ;( + I \ 

68. (a) /(x) = ( 4 ^ , I IJcrivc gives /'(x) = 

.Mathcmatica give /' (x) = 


(3x''-l) 


X'* - X + I 
x'’ + x + I 


lx"* - I 


X'' - X + I , , ,.2 

T77^(^^+-+') 


(x''+x + l)(x^-x + l) 
-after simplification. 


whereas Maple and 


(b) /' (X) = 0 « lx” - 1 = 0 X = ±y|±0.7598. 

(c) /' (x) = 0 where / has horizontal tangents. ]' has two maxima and 
one minimum where / has inflection points. 
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69. (a) If / is even, then / (x) = f (—x). Using the Chain Rule to difteremiate this equation, we get 

/' (.r) = /' (-.V) (-.V) = -/' (-X). Thu.s, /' {-x) = -/' (x). so /' is odd. 

ax 

(b) If / is odd. then f (x) = -f (-.«). DifTerentiating this equation, we gel /' (x) = -/' (-x) (-1) = /' (-x), 
so /' is even. 


70. 


fU 

LsU) 


y =[/(x)i«(x)r']' = /'(.x)(g(x)|-' + (-i)i^(x)rVw/co 


/'(X) _ /(x)g'(x) ^ /'(x)g(x)-/(x)g'(x) 

i’U) Ig(x)P [g(x))^ 


71. (a) — (sin"xcosn.v) 
Jx 


= nsin"-’ X cosx cosnx + sin"x (—nsin/ix) 

= n sin""' X (cosnx cosx — sinnx sinx) = n sin""' x cos(nx +x) 

= nsin"*' X cosl(n + l)x| 


(h) — (cos" X cosnx) = nco.s" 
ax 


X (— sinx)cosnx + cos"x (—n sinnx) 

"' X (cosnx sin x + sinnx cosx) = —ncos" ' x sin (nx +x) 

= —ncos" ' X sin[(n + l)x] 


72. 80—= — V* = Sv''— <=> 80 = (Note that <7>/<7 x 0 since the curve never has a horizontal tangent) 

dx dx ■ dx 

« y'* = I6 <=> .V = 2 (sinccy > 0 forallx) 

73. Since ^ = (ifo) rad. we have — (sin/?°) = — (sin jfjj/;) = cos -^0 = cosO°. 

74. (a) / (;ir) = |.t| = => /'{x) = j (lx) = x/V? = x/\x\ 


(b) f (x) = |sin.v| = x/sin^.t => 

/ V I / • “» sinjf 

/ ix) ss X (sin‘.v) 2sin.x cosjc = r-:—: cosjc “ 
- ^ ' \sinx\ 


cosx if sinx > 0 
— cosx if sinx < 0 



/ is not dilTcrcntiablc when x = nx. n an integer. 

(c) g(x) = sin|x| = sin => g'(x) = cos |x| ■ cosx = 



cosx ifx > 0 
— cosx ifx < 0 


g is not dilTcrcntiablc at 0 
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[•7 Implicit Differentiation 


1- (a) ^ (tv + + 3,\-) = ^ (4) => (x ..v' + y-l) + 2 + 6.t =0 => xy' = -y-2-6.x => 

_ 2 - 6.t , y + 2 

y = -or V = —6-. 

.V X 

(b) .vv + 2.r + 3.r’ = 4 =» .ry = 4 - 2,v - 3.r- =» y = - —— —^ = ^ - 2 — 3v. so !■' = — 3 

X X X- 


(c) From part (a) 


a) _ - (4/.t - 2 - 3.t) - 2 - bx _ -4/.v - 3.x _ 4 

" X X X ~ x- ' 


2. (a)-^(4 .v- + 9i’ 2) = -^(36) => 8x+18r v' = 0 

(I.x ' ' dx 


, _ __8x_ 4 ^ 

“ I8v “ 9y 


(b) 4x^ 4 9>’= 36 =» 9>'-=36 —4x- =* v- = 5(9- x’) => y = ±j V9 - x‘. so 

/ = ±^ • 5 (9-x-)''^^(-2x) = 4j-^^ 

(c) From pari (a), v = - . - = T— 7 ==. 

9(±a,/9^) 3v/9^ 


yj .V- y^ x^ 




(h) i 1 ^ 1 => 1 = 1-1 = ±zl ^ V = _L- ,0 ' (* -’ )<l)-(.v )(l) ^ 

X v V X X ■ X - I ■ ^ ( x - 1 1 ’ 


X v y X X ■ X - I (,t _ 

,t) v' = - il = -. = -—Jl _1_ 

*■ ' X- .v^ .v 4 {x-H-“ '(v-l)2 

4. la) —■ {/T 4 v<F) = (4) =» 4 --^x.v' = 0 => y’ == ---= 

</x ' tlx 2/t 2^y ,x 

(b)./v = 4-y\ => r = (4 - yv)‘= 16 — 8y»’4x v'----7=4l 

■v/x 

_ 4 — x/x 4 ^ I 

^/x yx yx 


(x-I)’ (x-l)’ 


5. — 4 V") - —(I) => 2x4 2vi'' = l) => 2vv'=-2,> ^ ,•' = -■ 

tlx tl< 

6. {x-- y-) = ^ t\) ^ 2x-2vi’' = 0 => Zv=2>y => - 

tlx tlx )■ 

^ ('' + .x'.v 4 4i'^) — — (6) 3v’ + (x'l ’ 4 y 2v) 4 8rv' = 0 =:> .x’j ' Sn' .=. -3x- — 2\i =■» 

r ’ 1 1 ! \ ' 1 ^ -> < -3x- 4 2xv 

x-4 8y)y =-3.x--2xy => y=- 

X- 4 8v 
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a. —{x^-2xy+y^) =-^(c) => lx - 2 (a:/+ >- ■ 1) + Ts-V = 0 => It - 2>' = 2x>''- 3>/V => 

dx dx 

2x-2y=y'{2x-iy^) => ^ 


9. _ (x^y + xy^) = 4- (3.t) =» (xV' + >• • 2x) + (x ■ 2>y + • 1) = 3 => x^s-' + 2xyy' = i-Xxy-y^ 

dx dx 


y' (x- + 2xy) = 3 - 2x>' - y^ => / = 


/ _ 3 - 2x> - 


x2 + Zxy 


10. — (y’+xV) = ^ (■=> 5//+ x^ ■ 3>’V + y’• 2x = 0 + XV + >" • “tx’ 

/(5y'+3xV-.t^)=4x5>'-2x>-3 =» 


11. ——— — + 1 ^ 2-v — 2 ~ , v 2 

x-y (jr -yY (x -yY 


^^(^-y)y'-y(i-y') ^xy'-y ^ y^i + 2(x->-)2 


^ 1 •*" 2 ^y 

Another Method: Write the equation as y = (x - 3 ») (x^ + I) = x^ + x - ^-x^ - ><. Then y' =- x^ +2 -' 


12. V5T7+v^ = 6 =» I (x + (!+>•') +5 u>’r'^(.v + v) = o => 

(x + y)~'^^ + {x+y)~'^-y' + (.xy)~'^^y + (xyy'l^xy' =0 => 

,_ (x+ j>r‘^^ + (x3')~'^V (x+>')'^^(xy)'^- v^ + T'v'x+T' 

^ “ (x + v)"''^ + (.>->')‘'''^x ' (x+>/)'/^(x>’)'^^ s/^ + Xs/x+T 


13. yt]f=l+xV => 5 (.xy)"'^ (x/+ >• ■ I) = 0 + xV+>■-Zx 


X , y 

2JTy 


= x^y' + 2.x>’ => 





=> 


y' 


/ .x-2x-V^y \ 

V 2V^ / 


4xy^ - y 
2^/xv 


y = 


4x>'7^ - y 

x - 2x2^<xv 


14. yr + x^y~ = Zxy 


^ (1 + x^v^)*'''^ (x2 • 2yy' + y~ ■2x) = 2 (.xv' + >» • 1) 


2x2;- 


: V' + ■ 


2xy 


2yi +x2y ■ 2v'T+72y^ 


= 2x/ + 2v - y(-^j^-Xx) = 2>.- 


xy 


yrr 


x*-y^ 


. /x^r - 2xyi + x^y^^ 2;'v''l + x^v^ - x^ ^ 

^ ■" ^ 2> +x2y2 ) “ yi +x2.v2 

^ 2 Wl+x 27 -xy ^ T(2v/l+x2y-Acy) ^ ^y 

xh-2xy/\ +x2y2 x(xy-2yr+^V) 

Another Method: Since I + x^y^ is positive, we can square both sides first and then difierentiate implicitly. 


15. 4cosxsiny = I => 4cosxcosy y'+ 4siny(-sinx) = 0 


, 4 sin X sin y 

y =-= tan.x tany 

4cosx cosy 
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16. .tsin>/ + cos2>'= cosy =» siny + (xcosy)/-(2sin2>')/= (-siny)/ => 

siny = (2sin2y)y'— {.K cosy) y'— (sin y)y' => y'=--—— 

2sin2y - x cosy — siny 

17. cos (.V — y) = y sinj: =» — .sin (jr — y) (1 — y') = y'sin.t + y cos.x v' = - - —y) + ycosx 

sin (x — y) — sinjt 

18. xcosy+ ycosx = I =» cosy+ x (—siny)y'+y'cosx—ysin.t = 0 =* y _ T*sin.t —cosy 

cos-i — X siny 


19. xy = cot (xy) => y + xy'= - esc* (xy) (y + xy') => (y + x/) [ 1 + csc^ (xy)] = 0 
y + xy' = 0 (since I + csc^ (xy) >0] =» y' = -y/x 

20. sinx + cosy = sinx cosy => cosx - siny • y' = sinx (- siny • y') + cosy cosx => 

COS jc (cos V ” 1) 

(sin.t sin V - sin>^)y = cosjic cos>'“ cosjf ^ — - -- 

siny (sinx — 1) 


21. xl/(.x))’+x/(x) = 6 => (/(x)]’ + 3xf/(x)|^/'(x) + /(.x) + x/'(x) = 0 


/' (a:) = - 


[/(A)r + /(x) 

3x[/(.x)l2+x 


/'(3) = - 


(1)^+1 _ I 

3 (3) (1)2+ 3 6 


22 . [^(x)l2 + 12x=.x2g(.x) => 2^(x)/(.x)+ 12 = 2x«(x) + x2/(.x) « /(;,) = ?££<£>—!i 

2y(x) -xA 

y(,)_ 2(-«)('2)-12 _2l 

2(12)-(4)2 2 


dx 


23. +x^y^+yx^ =y+\ => 4y2 + lt^y2 + 2x2y + x'* + Tyx^^ = I 


dy 


dy 


^ _ I - 4y2 - Zt2y - x'* 
dy Ixy- + 4yx2 


24. (x2 + y2)2 =ax^y => 2 (x2 + y2) ^2x ^ + 2v) = 2ayx — 

\ dy f dy 


+ ax 


2 _ 0x2 — 4y (x2+y2) 

dy 4x (x2 + yJ) — 2oxy 


jjT y2 ^ 2vv^ 9x 9F_SI S 

® = ' ^ 8~"r='’ = Whenx = -5andy = |wchave/ = .j^^ = --so 

an equation of the tangent isy — | = -| (x + 5) ory = — |x — 4. 


26. V + ^ = l => _ + 

9 36 9 18 


4jr 

y' =-. When X = —I and y = 4v^ we have 

y 


, •♦(-I) I ^ . 

y = —= -^ so an equation of the tangent line is y - 4/2 = ^ (x + 1) or y = -^ (x + 9). 

27. y2 =x’(2-.x) = 2x’-x'* => 2vy' = 6x2-4x’ =» y' = ~ . When.x = v=l, 

y 

, 3(I)2-2(1)^ . 

y =-j-= I, .so an equation of the tangent line isy - I = I (x - 1) ory = x. 
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28. = 4 => = 0 =» -^ + -^=0 =* y' = -^. When.r =-3-^3 and 

yjx >/x 


y = \, we have y':=—~ 


/ /-\ */•* 
(-3V3) 

= ■Jj" ■* ■* 


H'^) 3 1 

^— = —= = — 7 =, SO an equation of the tangent is 
-3v/^ 3V3 n/3 


29. 2 {x^ + >2)- = 25 {x' -y^) => 4 (.x^ + v^) (Zx + 2yy') = 25 (2.x - 2yy') 


4yy' (.x^ + >'2) + 25v.v' = 25.x - 4 j (x^ + y^-) 


, _ 2Sx-4.x(.x^+r) 


25>' + 4>' (x^ + S'") 


Whenjif = 3 andjv = K 


y’ = = -.p so an equation of the tangent isy - 1 = — ^ (x — 3) orj' = “fjJf + T 3 - 


30. x^y^ = (v + 1)^ (4 - ><-) => 2xy' + 2x^ vy' = 2 (y + I ) y' (4 — y^) + (y 4- I (—2yy') 


^ (y + l){4-y^)-y(>’+1)--x^y 
y + 2 = 0 (x - 0) ory = -2. 


= 0 when x = 0. So an equation of the tangent line at (0, -2) is 


lOx^ ^ X 

31. (a) y-= 5.x''- x- =* 2yy'= 5 (4x’) - 2x => y'= —(b) 

, 10(1)’-1 9 

So at the point (1,2) we have y =- - -= and an equation 

of the tangent line is >■ - 2 = j (x - 1) or v = j-v — j • 



32. (a) y’ = x’ + 3.x’ =* 2yy' = 3.x’ + 3 (2x) 


, 3x’4-6x „ . . . 

y =- - -. So at the point (1, —2) we have 


3(1)’ + 6(1) 


= —. and an equation of the tangent is y — (-2) =-| (x - 1) <=> y = -|x + 5 . 

4 


(b) The eurve ha.s a horizontal tangent where y' = 0 » 3x’ + 6x = 0 (c) 

<=> 3x (x + 2) = 0 <=> .x=0orx = — 2. But note that at x = 0, 
y = 0 also, so the derivative docs not exist. At x = —2. 
y’ = (-2)’ + 3 (-2)’ = -8 + 12 -- 4, so y = ±2. So the two 
points at which the curve has a horizontal tangent are (-2, —2) and 
(- 2 , 2 ). 
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33. (a) 


There arc eight points with horizontal tangents: 
four at Jt as 1.57735 and four at jt as 0.42265. 



(b) / = ; 


— 6j( + 2 


y = -l at 


' 2(2y^-3y^-y+i) " 

( 0 , 1 ) and y' = j at ( 0 , 2 ). 

Kquations of the tangent lines are y = -a: + I 
and y = jjc + 2 . 

(c) y' = 0 => 3j:2 - 6 v + 2 = 0 => 


(d) By multiplying the right side of the equation by .x — 3, we 
obtain the first graph. 

By modifying the equation in other ways, we can generate 
the other graphs. 



4 



-3 


y(y^-i)(y- 2 ) 

= jx(jr - l)(x - 2) (.3 -3) 




•» ( 3 "+l)(y'^ - 1 ) (y- 2 ) 3 ( 3 ^+I) ( 3 - 2 ) 3 ( 3 +l)(.v^- 2 ) 

= y(x - I)(.x -2) =.x(y-l)(Ar-2) = x (.r - 1) - 2) 
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34. (a) 



(b) There arc 9 points with horizontal tangents: 3 at.v = 0, 3 at at = i, 
and 3 at .X = 1. The three horizontal tangents along the top of the 
wagon are hard to find, but by limiting the y-range of the graph (to 
(1.6. 1.71, tor example) they are di.stinguishahle. 


35. From lixercise 29. a tangent to the Icmniscatc will be horizontal => y' = 0 ^ 25x — 4x (.x^ + y") = 0 ^ 

.t^+y^ = ^. (Notcthatx = 0 => y = Oand there is no horizontal tangent at the origin.) Putting this in the 
equation of the lemniscate. we get .x- — y^ = y. Solving these two equations we have x- = || and so 

the four points are ± 1 ^ 


36. = I 

a‘ h- 


+ ^ = o 


fe“T 

y = —^ => the equation of the tangent at (xq, vq) is 


y - .v’o = 


■ — (.T — .vo). Multiplying both sides by ^ gives ^ q. Since (-xo,>X)) lies on 


«‘>’0 


.1 11- u -^ 0 ^ . y’oy •’^0 . >^0 , 

the ellipse, we have —r- + -pr- 

a- 

' ^ 2.r 2y/ 


b^x 


37. *-~r — ^ = I ^ ” "T5“ “ ^ ^ y' “ ^ equation of the tangent at (jto. >^) is 




a^y 


y— Vo — (x - -xo). Multiplying both sides by ^ gives ^ -y. Since (.xq, vo) lies on the 


I U 1 u 0 •'0 1 

In perbola. we have —y —-y = = 1 . 

b~ a* b^ 


1 y' y/v 

yt. Jx + Jv = => —= + T^=0 => y' = -^ the equation of the tangent line at (.xo,yo) is 

2Vx 2yy y? 

V - VO = (x - .Xo). Now x=0 =» y = vo - (-xo) = yo + so the y-intercept is 

yxo ' y.xo 

__ aJvo 

yo + •vAov^- Also y = () => -yo =(x - .xo), so the x-intercept isxo + yxo^yo. The sum of the 

yxo 

intereepts is (yo + ./xoyji) + (xo + -J^y/yS) = -xo + 2 ^X 0 .^ + yo = (y^o + -JwY — 


39. If the eireic has radius z, its equation is x^ + y2 = 


tangent line at P (xo, vy) is — —. The slope of OP is — =-;— 

yo -Xo -xo/.vo 


Zx+ 2 yy' = 0 => y'= —, so the slope of the 
so the tangent is perpendieular to OP. 


40. !■'' = xP => q\<^~'y' = px’’-' 


px 


P-\ 


qy 


, 0-1 


P-xP-'y 

qyq 


qxP q 


41. 2x2 q. y 2 _ 3 2 „j j. _ y 2 intersect when 2x2 + x — 3 = (2x + 3) (x — 1) = 0 o x = —j or 1, but —s is 
extraneous. 2x2 q-y2 = 3 ^ 4.v + 2yy'= 0 ^ y'= —2x/y, and x = y* ^ I = 2yy' =» 
y' = 1/ (2y). At (I. I) the slopes are mi = -2 and mi = 5 , so the curves are orthogonal there. By symmetry 
they are also orthogonal at ( 1 , — I). 
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42. - v’= 5 and 4.r-■(-9v^ = 72 intersect when 4.V-+ 9(.t^ - 5) = 72 «=> I3.e^ = ll7 <=> .v = ±3, so 

there arc (our points of intersection: (±3, ±2). -v^ = 5 => 2r — 2v>''= 0 => >''= .r/yand 

4.r' + 9y- = 72 ^ S.r + ISyy' = 0 « y' = —4;i/9y, At (3, 2) the slopes arc mi = 5 and m 2 = —}. 
the curves arc orthogonal there. By .symmetry, they are al.so orthogonal at (3, -2), (-3,2) and (-3, -2). 



45. X- +y^ = r- is a circle with center O and ax + by = 0 is a line through O. 
x^ + y^ = =3 2x + 2yy' = 0 y' = —jt/y, so the slope ofthc tangent 

line at /’o (.vp. yo) is —aro/yo- I he slope of the line OP h yo/xo. svhich is the 
negative reciprocal of —xo/yo. Hence, the curves arc orthogonal. 



46. The circles v- + y- = ax and x^ + y- = by intersect at the origin where the tangents 
arc vertical and horizontal. If (.ro.yu) is the other point of intersection, then 
avo = .' 0 +>o = ('A'). Now + y^ = o.t => 2.t + 2yy'= o => 


- ‘’-2 X , 2 . ■> , 

y = — - - and.r‘ + y = by 


2.x + 2yy' = bv' 


lx 

b — 2v 


. Thus, the 


.^u 1 . / > a - 2 x 0 b — 2yo 

curves are orthogonal at (jto. yo) <=* -=- — <=» 

2yo 2 ao 

2o.xo - 4 .X 5 = 4y^ - 2f)yo <=> 2o.xo + 2fcyo = 4 (.xj + yj), which is true by (★). 



47. y = c,x^ =» y'= 2cx and x-+ 2y^ = A- =» 2x + 4yy'=0 
XX I 

y = —— = —r—T = ——, so the curves are orthogonal. 

2y 2f.x- 2c.x 
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48. y = ax^ => y' = 3ax^ and + 3y^ = b =* 2x + 6yy' = 0 => 

XX ^ 

y =-=-j =-so the curves are orthogonal. 

3y 3ax‘ 3ax^ 



49. >> = 0 ^ - a: (0) + 0^ = 3 <=» jc = ±V3. So the graph of the ellipse crosses the x-axis at the points 

^±->/3,0^. Using implicit differentiation to find y', we get 2jr — xy' — y + 2yy' = 0 ^ y (2y — x) = y — Zx 


y' = ^So v' (s/3, o) = ——= 2, and v' (-v^, o) = ^ = 2 = >' (,/3, oV .So the 

2>--x ■ \ ' } 2(0)-V3 ' V / 2(0) + y3 V > 


0-275 


0 + 275 


tangent lines at these points arc parallel. 


V — 2x 

50. (a) We use implicit differentiation to find y' = ^-as in Exercise 49. 

The slope of ti;c tangent line at (-1, I) is m = 2*(|)^^( 'i) “ '• so the 


slope of the normal line is-= — I, and its equation is 

m 

1 = —(x + 1) » >1 = —X, Substituting this into the equation 

of the ellipse, we getx^ — X (—x) + (—x)^ = 3 => 3x^=3 <=> 

X = ±1. So the normal line must intersect the ellipse again at x = I, 
and since the equation of the line is >" = -x, the other point of 
intersection must be (I. — I). 


(b) 



-2 


51. x‘y^ +x>< = 2 


2xy^ + 2x^j'y + ^ + .X>'' = 0 «=> y (2x^>' + x) = —2x>'^ — y 


<=> 


2xy^ +>> 
Zx^y + X' 


So-^^T-^=-' « 2xy^+y = 2x-y + x ^ y(2xy+l) = x{2xy+]) e=> 

2x^y + X 

(Ixy + 1) O'— x) = 0 o ^=xorx>' = —j. Butx>' = -j =9 x V + xy = j — j y 2 so we must have 
X = y. Then xy + .xy = 2 x^+x^=2 <=> x^+x^-2 = 0 <=> (x^ + 2) (x^ — I) = 0. So 

x^ =—2, which is impossible, or x^ = 1 <=> x = ±l. So the points on the curve where the tangent line has a 

slope of-l are (-1,-1) and (I, 1). 


52. Using implicit difl'erentiation, Zx + 8yy' = 0 soy' = —Let (o, 6) be a point on x’ + 4y^ = 36 whose 

a a 

tangent line passes through (12,3). The tangent line is then y - 3 = — — (x — 12), so 6 - 3 = — — (a - 12). 

Ab Ab 

Multiplying both sides by 46 gives 46^ —126 = —a^ + 12a, so 46^ + = 12 (a + 6). But 46^ + a^ = 36, so 

36=12(a + 6) => a + 6 = 3 =s 6 = 3 - a. Substituting into x^ + 4y^ = 36 gives a^ + 4 (3 - a)^ = 36, 
so a^ + 36 — 24a + 4a^ = 36. Hence, 0 = 5a^ — 24a = a (5a — 24), soo = 0ora = Thus, if a = 0, 

6 = 3 — 0 = 3 while if a = ^, 6 = 3 — y = —|. So the two points are (0,3) and (y. ~ j)- A check shows 
that both points satisfy the necessary hypothesis. 
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53 . . 1 ^ + 4 ^^ _ 5 => 2 jc + 4 ( 2 >'y) = 0 Now let A be ttic lieight of the lamp, and let (a, A) be 

the point of langency of the line passing through the points (3, It) and (-5.0). This line has slope 

(A — 0) / [3 - (-5)1 = jA. But the slope of the tangent line through the point (a, b) can be expressed as 

, a b-0 b a b 

y “"71’°''''^- ~ ~ , ' i; [since the line passes through (-5.0) and (a, A)], so-=- <=> 

^ t at o + a 4A a + 5 

— 5o + 4A* = —5a. But + 4b~ = 5, since (a. A) is on the ellipse, so 5 = —5o <=> 

“ = Then 4A-=-1 — 5 (—I) = 4 => A = I, since the point is on the top half of the ellipse. So 
h b II 

^ ^ j — _| ^ j = ^ => A = 2. So the lamp is located 2 units above thex-axis. 



Higher Derivatives 


1. a = /, A = /', c = f". We can sec this because where a has a horizontal tangent, A = 0. and where A has a 
horizontal tangent, c = 0. We can immediately see that c can be neither / nor /', since at the points where c has a 
horizontal tangent, neither a nor A is equal to 0. 

Z Where d has horizontal tangents, only c is 0, so d' = c.c has negative tangents for x <0 and A is the only graph 
that is negative for x < 0, so c' = A. A has positive tangents on R (except at x = 0), and the only graph that is 
positive on the .same domain is a, so A' = a. We conclude that d = f,c = f',b = /", and a = /"'. 

3. We can immediately see that a is the graph of the acceleration function, since at the points where a has a horizontal 
tangent, neither c nor A is equal to 0. Next, we note that a = 0 at the point where A has a horizontal tangent, so A 
must be tbc graph of the velocity function, so that A' = a. We conclude that c is the graph of the position function. 

4. a must be the jerk since none of the graphs arc 0 at its high and low points, a is 0 where A has a maximum, so 

A = a. A is 0 where c has a maximum, so c' = A. We conclude that d is the position function, c is the velocity, A is 
the acceleration, and a is the jerk. 

5. /(x) = x* + 6x^-7x => /'(x) = Ax'* + I2x - 7 =» /"(x) = 20.x^ + 12 

6 . /(/) = /*-7(‘’ +2/^ => /'(r) = 8 r’- 42r* + 8 (’ => /"(r) = 56/* - 210/''+ 24/- 

7. y = cos 7/1 => y' = -2 sin W ^ y" = —4 cos 2/7 

8 . y = /7sin/? => / =//cos//+ sin// => y" =/7 (-sin//) + cos/I • 1 + cos//= 2cos/7 -//sinfl 

9. A (x) = x/PTr => A'(x) = i (x^ + l)”‘^ (2x) = f ^ 

^ ■Jx^ + I 

(x 2 + l)’/^ (x 2 +l)’'^ 

10. G- (r) = VF + 4/7 => G' (r) = + '^-2/3 =, a" (r) = -|/•-3/2 _ 2^-5/3 

11. ^(.v) = (3^ + 5)* A"'(j) = 8 (3j + 5)’(3) = 24 (.3s + 5)’ => 

F" (s) = 168 (3 j + 5)* (3) = 504 (3i + 5)* 

12. g(u) = 1/Vl - u = (I -«)-'/2 g'(i/) =-^( 1 -h)-’/ 2(-1) = i(|-«)-3/2 

^'(/z) = - 3 (I - »)-’/- (-1) = I (I - «)-V2 


13. y = 


I -X 


y = 


1(1 -x)-x(-l) 
(I - .x)2 


(I -X)- 


y" = -2(I-x)-5 (-1) = 


(l-x)3 
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14. j;=.r" => y' = itx"~^ => y'= n (n — 

15, .y = (l-.y)’^'' => y' = ^(l-.y)-'/''(_2,v) = _4., (l- tS)-'/" =, 

y=-4 (I - - ^jx (-1) (1 -xr"'* (-iv)= -i (1 (1 


„ .X- , (.x+l)lx-.v^ .v^ + 2x 

16. y = -- => y =-X- = -^ =» 

•f+I (x+l)- (x+l)- 

„ _ (X + 1 (lx + 2) - (x- + It) (2) (.x -H) _ 2 (.x + I) [(.x + 1)^ - (x^ + Zx)] _ 2 

^ ~ (x+ 1)^ “ (JC + I)-" “ (.x + I)’ 

17. H (/) = lan3/ => //'(() = 3scc^3/ =» 

II" (f) = 2 ■ 3 see it — (sec 3/) = 6 sec 3/ (3 sec it tan 3/) = 18 sec^ it tan 3/ 
at 

18. g(s) = j’coss =» y (s) = 2scoss — s’sins => 

g" (s) = 2eoss — 2s sins — 2ssins — s’coss = (2 — s’) coss — 4ssins 


19. g (0) = 0 CSC 0 => g' {0) = —0 CSC 0 col 0 + cscO 

g" (O) = (—OcscWcolrt + (-t7) (— CSC 17 cotrt) cotfl + i—OcscO) (—csc’fl) — esc<7 cot 0 
= CSC 0 (0 esc’ 0 + 0 col’ 77 — 2 cot 77) 


20 ./,(.x) = 4 Tr 

x‘ + 2.x 


/i'(.x) = 


(x’ + 2x)(l)-(.x+3) (2x + 2) _ (x- + 2x) - (Ix^ + g.x + 6) _ .x’ -E 6.x + 6 

(.x2 + 2.x)- " (.x2 + 2x)^ ""(.x^ + T^)- 

(;,) = (a- + 2.x)^ (2-x + 6) - (.x^ + 6.x + 6) 2 (.x^ + 2x) (2x + 2) 

[(.x7 + 2x)^]^ 

2 (x’ + 2x) [(.x^ + 2x) (x + 3) - (x^ + 6.x + 6) (2x + 2)] 

(x2 + 2 x)' 

_ 2 [(x' + 5.x^ + 6.x) - (2.x^ + I4x^ + 24.x + 12)] _ 2 (x^ + 9x^ + 18.x + 12) 

(x2 + lx)’ " {.x2 + 2.x)’ 


21. (a)/(.x) = 2cos.x + sin’x => /'(x) = 2(-sin.x) + 2sin.x (cosx) = sin2x — 2sinx =s 

f" (x) = 2cos2x — 2cosx = 2 (cos2x — cosx) 


(b) 



We can see that our answers arc plausible, since / has horizontal 
tangents where /' (x) = 0, and /' has horizontal tangents where 
/''(.x) = 0. 
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22. {a)f{x) = 


+ I 


/' U) = 


{jt^+l)-x( 2 Ar) \-x^ 


(x 2 + if 




f" U) 


(b) 


,, ^ (.t^ + 1 ) (-lx) - (1 - x^) ( 2 ) (JT^ + I) { 2 x) _ 2 x( 2 x^- 2 -x^-\) _ lx (x^ - 3 ) 

(^^+ 0 ^ " (x^+lf ~ (x^+lf 

Wc can see that our answers are plausible, since / has horizontal 
tangents where /' (jt) = 0 , and /' has horizontal tangents where 
/"W = 0 . 


1.5 


."v 

' 


1 * 

\ t 

» t 

\ / 



-1.5 

23. y = ^^7T3 = (2t+3)'/2 => y' = ^(2x + 3)-''^-2 = (2x + 3r'^ => 

y" = -^ (lx + - 2 = - (2r + 3)-’^^ =» y"’ = I (2x + 3)"*'^ • 2 = 3 (2c + 3)"*/^ 


-2 


24 . u=ii:i ^ ^ 

1 (1 + Jt)^ (I +Ar)' 

/" = -l2(l + .X)-' 

25 . /(x) = ( 2 - 3 .c )-'/2 => /( 0 )= 2-'/2 = ^ 

/' (X) = - i (2 - 3 x )-’/2 (- 3 ) = I (2 - 3 x )-’/2 = 

/" (.») = -I (2 - 3 x )-*/2 (_ 3 ) = j( 2 - 3 x )-*/2 


= -2(l+xr 


v" = 4(l +x)-’ 


/'( 0 ) = ?( 2 rV 2 = -^ 


/"( 0 ) = ?( 2 rV 2 = ^ 
/"'(x) = 122 ( 2 - 3 xr ’/2 =» /"'( 0 ) = ^ ( 2)-’/2 = ^ 

26. g(,) = (2-l^f => g(0) = 2^ = 64 


g- (/) = 6(2 - i^y (-20 =-121 (2- r-y 


g'(0) = 0 


g"(/) = - 12 ( 2 -/^)’+ 120 / 2 ( 2 -/ 2 )'' =, g"( 0 ) =- 12 ( 2)’=-384 
g"'(/) = 360/(2 -/ 2 )''- 960/2 (2 -/ 2)2 => g'"( 0 ) = 0 

27. / (ff) = col 0 => /' (//) = — csc2 ff =» /" (0) = —2 CSC // (— esc cot </) = 2 csc2 /7 cot 0 

/"' (0) = 2 (—2 csc2 0 col 0) cot /> + 2 csc2 /? (— csc2 0) = —2 csc2 0 (2 cot2 0 + csc2 0) => 


/’"(l) = -2(2)' 


2 (^ 3 )^ 


+ ( 2)2 


= -80 


28 g(x) = secx => g'(x) = secx tanx => 

g" (x) = secx sec 2 x + tanx (secx tanx) = sec^x + secx Ian 2 x = scc^x + secx (scc 2 x - I) 

= 2 sec’X —secx => 

g'" (x) = 6 sec 2 x (secx tanx) — secx tanx = secx tanx ( 6 sec 2 x — I) =» 
g"'(i) = s/ 2 (l)( 6 . 2 -l)=ll>^ 

3 x 2 3. 33 , 23 ,' _Q ^ /_ — ^ 

>■2 


29 . x’ + v’ = I 


„ 2 x>'2 - 2 x2vj|'' 2x>'2 - Zt 23 . (_x 2 / 3 , 2 ) 2 x>'2 + 2 x'' lx (y’ + x’) 2 x 

y =- 4 -=- 2 -=-;-- =- 5 -=- T, since x and v 

y y* y’ 

must satisfy the original equation, x’ + y’ = I, 
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30. vA + V? = I => ^ + -f- = 0 

2y/X 


y' - -■»/5'/vA' =» 

,»^ V^l'/{2y/y)]y'-VyU/{2VPi\ ^ ^{\/^) (-^y/v^ ^ i + v(r/vA 


y»+yy 


2x 


2.x 


V -y ‘ • 

2jt^A~ = since Jt and y must satisfy the original equation, ^x + ^ = I. 


31. .v- + j:>’ + .v^ = I => Zx+xy'+y + 2yy'= (l => /(x + 2y) =-2.r - v =» / = -?l±Z => 

.» + 2y 

y, _ _ A + 2>') (2 + y') - (It + y) (1 + 2j'') _ ^ (2t + xy' + 4y + 2yy') - (2x + 4xy' + y + 2yy') 

(x + 2y)^ “ (x + 2y)- 

i t.. 3x (2x + y) + 3y (x + 2y) 

^ -3.ty' + 3y ^ I ^ + 2yj + -^^ ^ x + 2y 

(x + 2y)= (x + 2y)2 (,x + 2y)^ 

_Ox^jE 3.ty + 3xy + 6y^ _ 6 (x^ + xy + y’) 

(X + 2y)^ ~ (X + 2y)’ 


6 

(x + 2y)' 


. since x and y must satisfy the original equation, x^ + .xy + y^ = I, 



fl2 





a'-y 


h^x 

„ _ h~ .V — .ty' _ ^a-y _ b~ a~y^ — b-.x^ 

y- y2 a- a^y^ 

the original equation. 


jlo. 

0-y3 



b* 

fliyJ 


since x and y must satisfy 


33. /(x) = .t" =» /'(.v) = nx"-' => f" (X) = n(n-\)x’’-- => .. => 

(x) = n (« - I) (« - 2) • •. 2 . lx"-'’ = n! 

34. /(x) = (I -x)'^ => /'(x) = -2(1-x)-’(-0 = 2(1-x)-’ => 

/"(x) = 2(--3)(l -x)-'(-l) = 2.3(l -x)-'' =» 

./■'"(x) = 2.3(-4)(l-x)-*(-0 = 2.3.4(l-x)-® => ... => 

/<"> (X) = 2 3 4 .„ („ + I) () _ x)-<'’+2> = ** L. 

(I -x)"^2 

35. /(x) = (I + x) -' => /'(X) = - I (I +x)-2, /"(x) =1-2(1 +x)-’. /•<3>(x) = - I . 2.3(1 +x)-‘'. 

/'<> (X) = I 2.3 ■ 4 (I + x)-5./<"> (X) = (- 0" n! (I + x)-(" + '> 

36. /(x) = vA = x'/* => /'(x) = ft-'/2 => f"(x) = i (-^)x-^''2 => 

/'"’(.t) = ^ (-4) (-?) ■ ■ • (j - n+ l)x-'2"-l)/2 = (- 1 )”-' —^ ~ ^\x-(2"-l)/2 

37. /(.t)=l/(3.t’) = }x-3 => /'(x)= i(-3)x-'' => 

/"(J() = 3 (-3)(-4)x-* => /'''(x)= ^(-3)(-4)(-5)x-* =>...=> 

/<"> (x) = i (-3) (-4) ■■■(-(« + 2)|x-<"+J> = -3-4.5 .(n + 2) ^ (-l)"(/, + 2)! 

3x'’+5 6x"*^ 
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38. Osin.r = cos.t =» sin.x = — sinx =» sin.x = — co.s.t => O'* sin.x = sin.t 

T he derivatives of sinx oceur in a cyeic of four. Since 99 = 4 (24) + 3, we have sinx = O’ sinx = - eosx. 

39. In general. 0/(2.x) = 2/'(2x), f (Tx) = A f" (2x) _/T''/(2x) = 2";<"> (lx). Speeifieally. since 

/(.x) = eosx and 50 = 4 (12) + 2, we have (x) = (x) = — eosx, so D*® cos2.x = —2’® coslx. 

40. l.el / (x) = x sinx and h (x) = sinx, so / (x) = x/i (x). Then 

/' (X) = /. (x) + x/i' (x). /" (x) = h' (X) + h' (x) + x/i" (X) = W (x) + xh" (X), 

(x) = 2/i" (x) + h" (x) + xh'" (x) = 3/i" (x) 4- xh'" (x)./<"> (x) = «/)<"-'> (x) + x/i<"> (x). Since 

34 = 4 (8) + 2, we have (x) = (x) = D- sinx = - sinx and (x) = - eosx. T hus. 

D*^*>x sinx = 35/i*^^* (x) + x/i'^*' (x) = —35 sinx - x eosx. 


41. By measuring the slope of the graph ofs = /(() at / = 0, 1, 2, 3. 4. and 5. and using the method of F.xampic 1 in 
Section 3.2. we plot the graph of the veUicity function ii = f (!) in the first figure. The acceleration when / = 2 s 
is« = f" (2). the slope of the tangent line to the graph of /' when / = 2. We estimate the slope of this tangent line 
to be a (2) = f" (2) = »' (2) =» y = 9 fi/s’. Similar mca.surcnienls enable us to graph the acceleration function in 
the second figure. 




42. (a) Since we estimate the velocity to be a maximum at / = 10. 
the acceleration is 0 at t = 10. 



(b) Drawing a tangent line at / = 10 on the 
graph of a. a appears to decrease by 
10 ft/s- over a period of 20 s. So at 
( = 10 s, the jerk is approximately 
-10/20 = -0.5 (ft/s^)/s or ft/s’. 


43. (a) X =/’— 3( =9 II (/) = j'(/) = 3/^ — 3 o (r) = «'(/) = 6( 

(b) a (I) = 6(1) = 6 ni/s^ 

(c) II (r) = 3(- - 3 = 0 when i- = I. that is. r = I ando (I) = 6 m/s’. 


44. (a) s-= /--/+1 => II (!) = j'(/) = 2f — 1 => a ( 1 ) = ii'(/) = 2 

(b) o(l) = 2m/s2 

(c) II (/) = 2i — I = 0 when i = j and a = 2 m/s^. 
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45. (a) i = sin2ff/ => ii (l) = s'{1) = In kosIk t ^ a (() = u'(/) = —4*^ sin2)r/ 

(b) a (1) = —4 h'^ sin2!r (1) = —4ic^ (0) = 0 m/s" 

(c) II (/) = 2ff cos2)r/= 0 when 2»ns an odd multiple of I <=> / is an odd multiple of | <=> 

I 6 J± j, ±|, ±|,... j. When / e j..., - 5 , 1.1,. • ■ j, sin2)r/ = 1 and a (/) = -4^^ m/s^. When 

I e j...,—j.-j,|, 5 ,.,.j,sin 2 irf = -l and a (() = 4it^ m/s^. 


46. (a) J = 2/-’- 71^ + 4/+ 1 => 11 (») = s'(/) = 6/^ - 14/+ 4 =s a (/) = 1 /(/) = 12/- 14 

(b) a(l)= 12- 14 = -2m/s^ 

(c) 11 (/) = 2(3/^ -7/ +2) = 2(3/ - !)(/ -2) = 0when/ = ^ or 2 and a = 12 (j) - 14 = -10m/s% 
a (2) = 12(2)- 14= lOm/s^. 

47. (a) s (/) = /■'-4/5 + 2 => i> (/) = s'(/) = 4/’- 12/5 ^ a (/) = 11 '(/) = 12/5 - 24/= 12/(/- 2) = 0 

when / = 0 or 2. 

(b) s (0) = 2 m, II (0) = 0 m/s,s (2) = —14 m, 11 (2) = —16m/s 


48. (a) s (/) = 2/5 — 9/5 n (/) = s'(/) = 6/5 — 18/ => a (/) = 11 '(/) = 12/— 18 = 0 when / = 1.5. 

(b) s(1.5) = -13.5 m, ii(1.5) = -13.5 m/s 


49. (a) s = /(/) = /' - 12/5 + 36/ 
a (3) = —6 (m/s) /s or m/s5 
(b) "o 



II (/) = s' (/) = 3/5 — 24/ + 36 =* a (/) = o' (/) = 6/ — 24. 


(c) First note that o (/) = 0 when / = 2 and when / = 6, and a (/) = 0 
when / = 4. The particle is speeding up when 0 and a have the same 
sign. This occurs when 2 < / < 4 and when / > 6. It is slowing down 
when II and a have opposite signs; that is, when 0 < / < 2 and 
4 < / < 6. 


50. (a) X (/) = ^ => !>(/) = x' (/) 

a (/) = 0 => 2/ (/5 - 3) = 0 = 
(b) 15_, 

' ' /■ '1 



- 1.5 


I -/5 

(l+/5)^ 


a(/) = ii'(/) = 


2/ (/5 - 3) 

"oW 


/ = 0 or 

(c) The particle is speeding up when o and a have the same sign; that is, 
when I < / < >/3. The particle is slowing down when 11 and a have 
opposite signs; that is, when 0 < / < I and when / > V3. 


51. (a) >1 (/) =/I sinai/ =* n (/) = y (/) =/(focosciil => a (/) = n'(/) = —/4fo5 siniu/ 

(b) a (/) = — +a|5 sin «!/ = —ary ( 1 ) 

(c) |o (/)! =/1/u|cos«i/| is a maximum when cosoi/= ±1 <=> sinft)/=0 <=> a(/) = —/l<o5sin5fo/= 0. 




SECTION 3.8 HIGHER DERIVATIVES □ 151 


52. a (/) = — = ~ — = u (/) —. Then — is the rate of change of the velocity with respect to time (in other 
words, the acceleration) w hereas du/ds is the rate of change of the velocity w ith respect to the displacement. 

53. Let P (x) = ax~ + fiar + c. Then P’ (x) = 2o.v + b and P" (.t) = 2a. 

P"{2) = 2 => 2a = 2 => a=l. /"(2) = 3 => 4a + b = 4 + b = 3 => b = -\. 

f>(2) = 5 =» 2--2 + c = 5 => c = 3. So P (x) = x^-x+ 3. 

54. Let Q (i) = ax^ + bx^ + cx + d. T hen Q" (jr) = 3ojt^ + 2bx + c, Q" (x) = (>ax 4-2b and Q'" (;t) = 6a. Thus, 

0 (I) = a + 6 + c + t/ = 1. 0' (1) = 3a + 26 + c = 3, (I) = 6a + 26 = 6 and (2"' (I) = 6a = 12. Solving 

these four equations in four unknowns a, b, canid wc get a = 2. 6 = -3. c = 3 and </ = -1. so 

a(;t) = 2x’-3.r- + 3.r- I. 


55. y =/(sin.r + fleosa: => y'=/Icosx - iSsinat =» y" =-/I sin Jt - Bcosjt. Substituting into 

y" + y' — 2y = sin.r gives us (—3/1 — B)sinjc + (A — 3fl)cos.t = 1 sinx, so we must have —3/1 — B = \ and 
A — 3B = 0. Solving for A and B. we add the first equation to three times the second to get /J = and 

^ = ■■re- 

SB. y = Ax^ + Bx + C =» y' = 2Ax + B =» y" = 2A. We substitute these expressions into the equation 
y" + y' — 2y = X- to get 

(2/4) + (2Ax + B)-2 (/4x2 + Bx + cj= x^ 

2A+2AX + B- 2Ax- - 2Bx - 2C = x^ 

{-2A).x^ + (2/4 - 2B)x + (2A + B - 2C) = (l)x^ + (0)x + (0) 

The coefficients ofx^ on each side must be equal, so—2/1 = I => /I =-j. Similarly, 2/4 - 2B = 0 => 

/f = B = -iand2/l + B-2C = () => -l-^-2r = 0 =» C = -^. 

57./(x) = .tg(x2) =» /'(x) = g(x2)+xg'(x2)2t=g(x2) + 2xV(:<-) =» 

/" (x) = 2.rg' (x^) + 4.xg' (x-) + 4x^g'' (x^) = 6.xg' (x^) + 4x’g" (x^) 


58. /(x) = 


g(x) 


f"(x) = ' 


U' 


(x) + xg" (x) - g' (x)] - 2ic [xg" (x) - g (x)| 
x-' 


^~g" (^) - 2xg' (x) + 2g (x) 
x3 


59. /(x) =g(v'x) 


/'(x) = 


g'(sA) 

lyfx 


2 /- s' (>A) 

2J-X '' ^x y^g"(v-x)-^(^ 

4x 4xy/x 


60. 



/ (x) = 3x5 _ 10^3 ^ 5 ^ /' (x) = 15x‘' - 30x2 => 

/" (x) = 60x5 _ ^J,2 - I) = 60x (x + 1) (x - 1) 

So /" (x) > 0 when — I < x < 0 orx > I, and on these intervals the 
graph of / lies above its tangent lines; and f" (x) < 0 when x < -1 
or 0 < X < I, and on these intervals the graph of / lies below its 
tangent lines. 


-25 
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61. (a) /(.T) = - 5 -!— => r {X) = 


X- + .X 


(x2+^r 


_ (.r- + x)~ (-2) + (2.V + I) (2) + x) (Zt + 1) _ 2 (.It^ + 3x + I) 

(x^ + xY ~ (x^+x)^ 


f"‘(x) = 


(.t- +.x)^ (2) ((« + 3) - 2 (3.t^ + 3.x + I) (3) + x)^ (It + 1) 


(x^ + .x)" 


-6 (4x^ + 6x^ + 4x + I) 
(.x2 4.*)" 


_ (x- + x)^ (-6) (llx- -f I2x + 4) + 6 (4x’ + 6x^ + 4x + I) (4) (x^ + x)^ (lx + 1) 

(.x2+x)* 

24(5x-' + 10x’ + 10x2 + 5x4 I) 


/'*> (.X) = ? 


(b)/(x) = 


(x2+x)’ 


I I 


/' (X) = -x-2 4 (X 4 I) - 


x(x+l) X x+1 
/"(x) = 2.x-’-2(x + I)-2 => /"'(x) = (-3)(2)x-' + (3)(2)(x + ir^ 

/<">(x) = (-1)",,! [x-<"+') - (x 4 


62. (a) Use the Product Rule repeatedly: F = fg =» F' = f'g + fg’ 

!•" = (J”g + f'g') + (yV + fg") = f'g + 2/'g' 4 /g". 

(b) F'" = f"'g 4 f'g' 4 2 (/V + fg") + Z'g" + fg'" = f'"g + 3/"g' 4 Ifg" 4 fg'" => 

/.-<4) ^ ^ 3 (y-g- + y»g«) ^ 3 (y-y- + ygl4) 

= f*h 4 4/ 'V 4 6/"g'' 4 4/'g"' 4 /g<''> 


(e) By analogy with the Binomial Theorem, we make the gue.ss: 

= f^g 4 «/''’-"g' + 4 4 (")/'"-*’g‘*' 4 • • • 4 n/g'"-" 4 /g' 

i(n- l)(n-2) - («-A4 1) 


(«) 


I. (*^\ '*( 


i! 


dv 

63. The Chain Rule says that = 
dx 


dy du 


d~y d ^ dy d 

dx- dx \dx ) dx V/u dx } [rf.x \(/m )\dx^ du dx / 

r d /dy^duldu dyd^u dy d~u 

\_du v/u } dx \ dx ^ du dx^ du~ \rf.v / ^ du dx^ 


(Product Rule) 
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64. From F.xercisc 63, 


d^y 

dx- 


d'y / \ ' dy d^u 

dll- \£/.t / ^ dll dx^ 



r d / d^ y\ du~\ / du'^ du d'u d^y j" d / dy\dul / d^u\ d^udy 

\_du \du^ J dx\ \i/.v ) ^ dx dx- du^ ^ [t/u \rfn / r/.t J ^ dx^ du 

d^y/dii\^ dud^ud'y dyd^u 
du^ ^ dx dx^ du- ^ du dx^ 


Applied Project 


Where Should a Pilot Start Descent? 


1. Condition (i) will hold if and only if all of (he following four conditions hold: 

(«) /> (0) = 0 

(/f) P' (0) = 0 (for a smooth landing) 

(y) f" (f) = 0 (since the plane is cruising horizontally when It begins its descent) 

(^) P (f) = h. 

First of all, condition a implies that P{0) = d = 0,so P (jr) = ax^ + bx^ -ycx P' (.x) = 3a.x^ + Ihx + c. 

But f" (0) = c = 0 by condition fi. So P' (t) = iafi + Ibt = t (ia( + 2b). Now by condition y, iat + 26 = 0 

=> “ ~ U) = Setting f (0 = 6 for condition <5, wc get 


P (0 = + be^ = h 

. 2/1, 36 , 

PU) = —p^^+-px^- 


-\b(^+be^ = h 


, 36 26 

* = 72 =* " = "F- 


dx 

2. By condition (ii), — = —ii for all /, sox (/) = f — iil. Condition (iii) states that 
dt 


d^y 


dl^ 


< k. By the Chain Rule, 


dy 26 ,, dx 36 dx 6hx^i> 

.have- = -^(3x^)- + ^(2x)- = 


bhxt) 


<fiy 6hv dx 6hi) dx 

'W7I ^ ~ 


mir 


6hi)- 


(forx < () 


f-’ 62 


!n particular, when / = 0, x = ^ and so 


d^y 

li=o 
taking X = 0.) 


1261)2 5y,„2 


66i)2 


Thus, 


d^y 


dl^ 


66i)2 

e- 


< k. (This condition also follows from 


3. We substitute k = 860 mi/h^, 6 = 35,000 ft x 


6 (35,000 • 54s) (300)’ 


I mi 
5280 ft 


and i> = 300 mi/h into the result of part (b): 


e- 


< 860 <=> e > 


/ 35,000 

> 300,/6-^; 

V 5280 • 860 


: 64.5 miles. 
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4. Substituting the values of h and ( in Problem 3 into 

P (Jt) = ^ T- gives us P (x) = ax^ + where 

a =» 4.937 X Ifl-* and h ^ 4.78 x 10 



^2;^ Related Rates 


</r JV dx j 2 </jc 
dt dx dt dt 


2. (a) .4 = nr- 


dA _ d A dr _ dr 

Hi ~ Hilt ~ ’"'li 


(b) ^ = 2xr^ = 2rt (30)(I) = bOtt m’/s 
dl dl 


3. v = .t’ + 2.t => ^ = (3.v- + 2)(5) = 5(3^- + 2). Whenx =2. ^ =5(14) = 70. 

at dx dt ^ ' dt 


4.v = yrT^ =5 ^ = = 

dt dx dt ^ ' ’ ' ' dl 2Vl +x3 dt 

, . 3 (4) dx dx 

y = 3. we have 4 = —— — ^ — = 2 cm/s. 

2(2) dl dt 


,, ujK 2x^ dx dy 
(3x^) — = — —7 —. With — = 4 when x = 2 and 

' 'At ft • At (ff 


5. (a) Given: a plane flying horizontally at an altitude of I mi and a speed of 500 mi/h passes directly over a radar 
station. If we let t be time (in hours) and x be the horizontal distance traveled by the plane (in mi), then we arc 
given that dxjdt = 500 mi/h. 

(b) Unknown: the rate at which the distance from the plane to the station is (c) 

increasing when it is 2 mi from the station. If we let y be the distance from I 

the plane to the station, then we want to find dyjdt when y = 2 mi. 



(d) By the Pythagorean Theorem, y-= x^ + I => 2y(dyldt) = 2x (dx/dt). 

(e) ^ = - ^^ = 500 -. When y = 2, x = A so ^ = 500 f = 250v/3 as 433 mi/h. 

dt y dly dl \ ^ / 


6. (a) Given: the rate ofdccrea.se of the surface area is I cm^/min. If we let 
/ be time (in minutes) and S be the surface area (in cm^), then we are 
given that dS/dt = — I cmVs- 

(b) Unknown: the rate of decrease of the diameter when the diameter is 
10 cm. If we let x be the diameter, then we want to find dx/dt when 
X = 10 cm. 
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(d) If the radius is r and the diameter x. then 5 = 4irr- = = >r.t- => dS/dx = lux {dx/dt) 

, . , r/-"! , r/.t dx I , , dx 1 

(e) — 1 = = 2;r.x — — = — -— When .t = 10, — = — ——. So the rate of deerease is 

dl dl dt ZTCX dt 20!r 

^ cm/min. 

7. (a) Given; a man 6 ft tall walks away from a .street light mounted on a 15-ft-tall pole at a rate of 5 ft/s. If we let t 
be time (in s) and x be the distance from the pole to the man (in ft), then we are given that dx/dt = 5 ft/s. 

(b) Unknown: the rate at which the tip of his shadow is moving when he is (c) r\^ 

40 ft from the pole. If we let y be the distance from the man to the tip of his 

d ^Ns. 

.shadow (in ft), then wc want to find — {x + y) when x = 40 ft. 6 

dt _ I \ 


(d) Bv similar triangles, — = - ^ ^ 
6 >• 


15>' = 6.t + 6y 


9y = 6x 


y = |.v. 


(c) The tip of the shadow moves at a rate of — (.r + y) = — (x + f = - — = J (5) = ^ ft/s 

dt ' dt \ ^ ) i dt ^ y ! ■ 

8. (a) Given: at noon, ship A is 150 km west of ship B; ship A is sailing east at .35 km/h. (c) fl 

and ship B is sailing north at 25 km/h. If we let t be time (in hours), x be the . 

distance traveled by ship A (in km), and y be the distance traveled by ship B (in ^ 

km), then we are given that dx/dt = 35 km/h and dy/dt = 25 km/h. ^ ^ — 

(b) Unknown: the rate at which the distance between the ships is changing at 4:00 P.M. If wc let c be the distance 
between the ships, then we want to find dz/dt when r = 4 h. 




(e) At 4:00 P.M.,.T = 4(35) = 140 and >- = 4 (25) = 100 =:> j = 7(150- 140)2 + ,qo 2 = yiolw. So 

. Jy^ -10(35)+100(25) 215 . 

"T = - (A — 150) —- + ^— =- ,- _ -= -- 25 # 21.4 km/h. 

(it - L dt j y/VOAOO 7TM 



We are given that ^ = 60 mi/h and ^ = 25 mi/h, z- = x^ + =s 
dt dt 

2z^=lx^+ 2y^. After 2 hours, .r = 2 (60) = 120 and y = 2 (25) = 50 


= 130. so 


dz 1 / dx dv\ 


120 (60)+ 50 (25) 


= 65 mi/h. 


1-^ i:-r 


dx y 2 14 

We arc given that — = 1.6 m/s. Bv similar triangles. — — - => i = — =; 

dt ' ■ ^ 12 X ■ X 

dy 24 dx 24 dy 24 (I 6) 

= -^: 7 - = -—(1.6). W'hcn.x =8.-f = -±4^ = -0.6m/s.sothc 
dt x^ dt X- dt 64 

shadow is decreasing at a rate of 0.6 m/s. 
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Wc are given that ^ = 4 ft/s and ^ = 5 ft/s. = (.x + + 500- => 

at at 

dz (dx dy \ 

2z — = 2(jt + v)l-1- — 1. ISminules after the woman starts, wc have 

dt ' \dl dl; 

X = (4 ft/s) (20 min) (60 s/min) = 4800 ft and y = 5 ■ 15 • 60 = 4500 => 
r = v/(4800 + 4500)2 + 50(P, so 


dz X + y fdx ^y\ ^ 
dt z \dt ^ dt) 


i?22 + ^(5 + 4) = ^«r8.99ft/s. 
V86,740,000 


12. Wc arc given that 

(a) « >-2 = (90-.t)2 + 902 => 2>’^ =2(90-a:)^-^^. 

When I = 45, > = 745^ + 902 = 4575, so 

\' ^ ^ (-24) = -ii 

dt y \ dt) 45,/5 S’ 

H so the distance from second base is decreasing at a rate of 10.7 ft/s. 

(b) Due to the symmetric nature of the problem in part (a), we expect to get the same answer — and we do. 

+ 90- ^ 2z— = 2jt^. Whenx = 45, r = 45>/5, so ^ ^ (24) = ^-= ^ 10.7 ft/s. 

dt dt dt 45^/5 S 


13. A = ibh. where b is the base and h is the altitude. We are given that ^ = 1 cm/min and —- = 2 cm^/min. 
^ dt dt 

dA \ / dh db\ 

Using the Product Rule, we have — = — I b — + /i— I. When h = 10 and A = 100, we have b = 20, so 
® dt 2 \ dt dt) 

1 / db\ db db 4-20 

2 = i(20-1 + 10^) => 4 = 20+10^ => ^ = -—=-1,6 cm/min. 

2 V d!) dt dt 10 


14. P“"'y 



dy dx . 

Given — = — 1 m/s. find —- when x = 8m. Z=x-I-1 =» 

dt dt 

, dy . dx dx y dy y 

2y—=lx — =* — = -— = —. Whenx = 8. y = v65, so 

■ dt dt dt X dt X 

^ Thus, the boat approaches the dock at ^ as 1.01 m/s. 

at o 



We are given that ^ = 35 km/h and ^ = 25 km/h. = (x -I- y)^ + 100^ 
dt dt 

=» 2z% =2(x +y) -I- At4:00p.M.,x = 140 and y = 100 

dt \dt dt) 


=» 2z^ =2(x +y) -I- ^Y At4:00p.M.,x = 140 and y = 100 

dt \dt dt ] 

=> z = 260, so 

d: x + y/dx dy\ 140+100 720 

— = 2J!12:1 ‘ (35 + 25) = 55.4 km/h. 

dt 2 \dt dt) 260 ' 3 ' 


li^(35 + 25)=Z^=.55.4km/h. 
260 13 ' 
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16. Lei D denote the distance from the origin (0,0) to the point on the curve v = y/x. 
D = ^(x-Qf + (y- 0)2 = .^^2 + => 

_ I r_2 . 2jt+l dx dx ^ , 


'^^\(x^+xr'\ix+x)'^ = 


d! 2-Jx^ +x dt 


-f-. With — = 3 when x = 4. 


dD 9 27 

-T- = — 7 = (3) = —p =« 3.02 cm/s. 

dt 2v/20 4>/5 



If C = the rate at which water is pumped in, then — = C — 10.000, where 

dt 

y — is the volume at lime t. By similar triangles, - = - 

2 6 

r = ^A => f = ^*3 =» ^ = When 

dh , 

b = 200, — = 20, so C - 10,000 = 5 (200)^ (20) => 
dt ^ 

C = 10,000+ ^^71 289,253 cm’/min. 



^ By similar triangles. ~ = j,sob = 3/j. '1116 trough has volume 

( T^ = A6A(IO) = 5(3A)/i = 15 / 1 ’ => l2 = — = 30h— => 

^ dt dt 


dh 2 , , dh 2 4 

“ = 77 . When A = 7 , -— = —^ = - ft/min. 

dt 5h ^ dt s \ S ' 


0.25 0.3 025 



The figure is labeled in meters. The area A of a trapezoid is 
5 (basei + basC 2 ) (height), and the volume V of the trough is lO.*!. Thus. 

V = i |0.3 + (0.3 + 2a)|A(10), where 7 = —— = - sola = h =? 

h 0.5 2 

/'' = 5(0.6 + A)A = 3A + 5A’ => 0.2 = ^ = (3 + lO/i) — =» 

dt dt 


dh 0.2 dh 0.2 0.2 10 

* = 3TM- i; = 3 + 10(0.3) = T = T 


-6-.t. 12—.h.-16- 


Thc figure is drawn without the top 3 feet. 

I’ = 5 (fc -I- 12) A (20) = 10 (A + 12) /i and, from simi lar triangles, x = h and 

y 16 8 8/) IIA 

^ = - = 5 ,so 6 =>.+ 12 + x = A+l 2 +y = 12 +-^. 

1 10^2 .... / -ttn \ 


Thus, T = 10 (24 + h = 240/1 + -5-!^ and so 0.8 = — = ^240 + —/A — . When A = 5 
\ X J 3 dt \ i f dt 


dt 240 + 5 (220/3) 2275 


5 0.00132 A/min. 
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We arc given that = 30 ft^/min. )’ = = js h = 

df jTh-dh dh 120 , 

30 = — = —--- => — = ——r. When h = 10 ft, 

dt 4 dt dl irh^ 

dh 120 6 . 

— = = — *= 0.38 ft/min. 

d! lO^ir 





We are given (/;(/<// = 8 ft/s. cot=-— => x = lOOcotW => 

100 

#=-100csc^E;i^ ^ ^ = _^.8.When^ = 200. 
dt dt dt 100 

. , 100 I dO (1/2)- „ 1 j , 

sino = —- = - =» — =-——- 8 = —— rad/s. Ine angle is 

200 2 rf/ 100 50 ® 

decreasing at a rate of jJj rad/s. 

A = j6/t, but 6 = 5 m and A = 4 sinO so A = lOsin/A We are given 
do dA dO 

— = 0.06 rad/s. — = lOcosO— = 0,6cost?. When 0 = i, 

At j 


= 0.6 (cos = (0.6) ^ 5 ^ = 0.3 m’/s. 


We are given dO/dt — 2°/min = ^ rad/min. By the Lavs- of Cosines. 

= 12^+ 15^ -2(12)(15)cosO = 369-360cosO =» 

lx — = 360 sin TT—, When 0 = 60°, x = V369 — 360 cos 60° = V189, so 
dt dt 


dx 360 sin 60° n tty/i -Jin 


as 0.396 m/min. 


dV dP 

25. Differentiating both sides ot PI' = C with respect to t and using the Product Rule gives us -b ~ *3 

dV V dP dP dV 600 

=> — =-—. When I' = 600, /* = 150 and —- = 20, we have — = — - (20) = —80, so the volume 

dl P dl dt dl 150 

is decreasing at a rate of 80 cm^/min. 

26. P('' ‘’ = r =» I '-i^ + =0 => — =-. When r =400, P = 80and 

dl dt dt 1.4/’ dt 

^ = - 10 . we have = ~ (— 10 ) = —. so the volume is increasing at a rate of » 36 em’/min, 

27. With /?! = 80 and /?3 = 100, -J- = -^ + -|- = ^ + so R = Differentiating 

R R) Ri %0 100 8000 400 9 ^ 

111., , I dR i dRi \ dRi 

— = — + — with respect to t. we have --:rT “ 7 “ =-T “I-T "T- => 

R Ri R 2 R^ dl /f2 dt rI dt 


(-j; ^ ^ 5! ■ 
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28. Wc want to find ^ when L = 18. 
dt 


dli dBdli'dL / , i/i\/ , / 20—15 \ 

~17 = TTTTTTT = [ 0.007 ■ (o.l2 ■ 2.53 ■ ( ———] 

dt dlf' dL dt \ ^ /V / \ 10.000,000/ 

= [o.007 ■ I (0.I2 . 18^ (0.I2 • 2.53 • 18' ») 1.045 x IQ-* g/yr 


29. 



dx 

Wc arc given that — = 2 ft/s. x = lOsinO 
dt 




— = lOcosO—. When 
d! dt 


dl 


10 


(l/V2) 


= -r rad/s. 


30. 


dy 



Using Q for the origin, wc are given ^ = -2 ft/s and need to find — when 

dl dl 

K = —5. Using the Pythagorean Theorem twice, wc have 

.Jx^ + 12^ + + 12^ = 39, the total length of the rope, nifferentiating 


with respect to r, we get 


dx 


dy 


+ 122 dl ^y2 + 122 dt 


= 0, so 


dt ~ ^ V ■* = + 122 + Vyi + 122 = 13 + v/? + 12^ » 

>/j’^ + 12^ = 26. and y = >/26^ - 12^ = y/m. So when jt = -5. ^ (_2) sss -o 87 ft/s So 

dl n/532(13) 

cart fl is moving towards O at about 0.87 ft/s. 


31. (a) 



By the P)'thagorean Theorem. 4000- + y^ = Differentiating with respect to 
dy df dy 

/, wc obtain 2y — = 2f — Wc know that = 600. so when y = 3000 and 

. = 5000, ^ ^ 360 ft/s 

dl e 5000 5 


(b) Here tan 0 — \74000. so sec* TT “ = —!— — 

dt 4000 dl 


dO cos- Ddy „„ dv 

T = TTTCTTT-r- When y = 3000. -j- = 600. 
dt 4000 dt dt 


/■ snnA . ‘*000 4000 4 do (4/5)2 

t = 5000 and cost) — -=-- so — = ' ’ 


5000 


5 dt 


4000 


(600) = 0.096 rad/s. 


32 



We arc given that ^ = 4 (2)t) = 8)r rad/min. jt = 3 tan (? 
dt 


— =iscc^0^. Whenrr = l.tan</= ^.sosec2i7= 1 + ^ and 

^ = 3 (87r) = ^ 83.8 km/min. 
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33. 



dx 

We are given that — = 300 km/h. By the Law of Cosines, 
dt 

= + I - 2(I)xcosI 20‘’ =;c2+ 1 =jf-+.r + l,so 

dy ^ dx dx dy 2x + I rf.t . joo - 

dl dt dt dt 2y dt 

=> >. = V52 + 5+1=./3T => 

^ = (300) = 296 km/h, 

dt 2 V 3 T vn 


34 . 


dz 

di 



We are given that — = 3 mi/h and ^ = 2 mi/h. By the l.aw of Cosines, 
dt dt 

2 ^ = x^ + y^-2xycos45° =x^ + y^ - y/lxy => 

Zz— =2x— + 2y— — -/ix— — \/2y—. After 15 minutes, we have 
dt dt dt dt dt 


X = I and y = j 


v^l3-6v^ 


and 


y/\i-6s/2 


[2 (I) 3 + 2 2 - (i) 2 - 3 ] = yi3-6,^!» 2.125 mi/h. 


35 ^ -distance between the runner and the friend be t. T hen by the Law of 

Cosines, 

= 200^ + 100^ - 2 • 200 ■ 100 • cosO = 50,000 - 40,000cost? (★). 
Diftcrentiating implicitly with respect to /, we obtain 

2f — = -40,000 (- sinO) —. Now if O is the distance run when 
dt dt 

the angle is 0 radians, then by the formula for the length of an arc on a circle, s = rO, we have D = lOOt?, so 

n — _1— O => — = —= ——. To substitute into the expression for —, we must know sin t? at the time 
100 dt 100 dt 100 dl 



when C = 200, which we find from (★): 200" = 50,000 — 40,000cosf? 


cost? = 3 


sint? = - ( 3 )' = Substituting, we get 2 ( 200 ) ^ = 40 , 000 ^ ((^) => 

Jf/dt = 2^ SS 6.78 m/s. Whether the distance between them is increasing or decreasing depends on the 
direction in which the runner is running. 
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36 . 



The hour hand of a clock goes around once every 12 hours or. in radians per 
hour, ^ ^ rad/h. The minute hand goes around once an hour, or at the rale 

of 2a rad/h. So the angle 0 between them (measuring clockwise from the 
minute hand to the hour hand) is changing at the rate of 
dO/dt = ^ - 2ff = rad/h. Now, to relate// to f, we use the Law of 
Cosines: = 4^ + 8- - 2 ■ 4 ■ 8 • cos// = 80 - 64cos// (★). 


DilTerentialing implicitly with respect tor. we gel 2t~ = -64 (-sin//) At 1:00, the angle between the two 

at at 

hands is one-twelfth of the circle, that is, ^ | radians. We use (★) to find £ at 1 :00; 

f = ySO — 64 cos ^ = \/80 — 32v^, Substituting, we get ^ = 64 sin ^ ^ 

_ 88 ”- 

2v/80 - 32,/3 3\/80 - 32,/3 


■ — 18.6. So at 1:00, the distance betw-een the lips of the hands is 


decreasing at a rate of 18.6 mm/h 0.005 mm/s. 


0 Linear Approximations and Differentials 


1. As in Example I, T (0) = 185, T (10) = 172, T (20) = 160, and 
r(l0)-r(20) 172-160 


r (20): 


= -l.2°F/min. 


10-20 -10 

T (30) T (20) + r (20) (30 - 20) « 160 - 1.2 (10) = 148' F. We 
would expect the temperature of the turkc>' to get clo.ser to 75' F as lime 
increases. Since the temperature dccrea.sed 13° F in the first 10 minutes 
and 12° F in the second 10 minutes, we can assume that the slopes of the 
tangent line are increasing through negative 
values: -1.3, —1.2,.... I lence. the tangent lines are under the curve and 148° F'is an underestimate. From the 
figure, we estimate the slope of the tangent line at r = 20 to be = “55 Then the linear approximation 

becomes 7'(30) ^ r (20) + r (20) ■ 10 » 160- |^(I0)= I47f =e 147.7. 



2. P'(2)-- 


/’(I)-/'(2) 87.1 - 74.9 


= —12.2 kilopascals/km. 


I -2 -I 

PO)^P (2) + P' (2) (3 - 2) 74.9 - 12.2 (I) = 62.7 kPa. From the 

figure, we estimate the slope of the tangent line at A = 2 to be 
^5^ = ~T - Then the linear approximation becomes 


P(3)^P (2) + />' (2) • 1 74.9 - ^ ss 63.23 kPa. 
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3. 


If r (j) represents the cash per eapita in circulation in year I. then we estimate 
C (2000) using a linear approximation based on the tangent line to the graph of C at 


(1990,('(1990)) = (1990, 1063). C'(I990) = 


C (1980)-C (1990) 


571 - 1063 2 dollars 


1980-1990 -10 year 

('(2000) arC( 1990) + C'( 1990) (2000- 1990) 1063 + 49.2(10) = 1555. So our estimate of cash per capita 

in circulation in the year 2000 is $1555. For the given data. C is increasing, so the graph of C is concave upward 
and the tangent line approximations are below the curve, indicating that our prediction is an underestimate. 



From the figure, 

/»' (17) as 2 =2.5 thousand bees/week. 
/»(18) =« />(I7)+ /"(I7)(18- 17) 

as 70 + 2.5 (1) = 72.5 or 72.500 bees. 
/>(20) as /> (17) + /" (17) (20- 17) 

» 70 + 2.5 (3) = 77.5 or 77.500 bees. 


(b) Since the tangent line at r = 17 is above the graph, our predictions are overestimates. 

(e) /’ (18) is more accurate than /’ (20) since it is closer to the given daui. 

5. /(.r) 1= .r^ => /' (.v) = 3.x^ so /(I) = I and /' (I) = 3. 

Thus./.(.r) = /(!) + /'(l)(Ar- I) = 1 +3(.t- l) = 3x-2. 

6. /(.x) = l/^/2l^x = (2 + .x)-'^^ => f'{x) = -\ (2 + x)-^^ so f {0) =-^ and/'(0) = - I /(475) . So 

L(x) = f (0) + /' (0) (.X - 0) = (X - 0) = (l - ix). 


7. /(.x) = 1/.X => /'(.X) = -l/.x’. So/(4) = ^ and /'(■») = -r- 

So 1. (.X) = /(4) + /' (4) (x - 4) = i + (.X - 4) = ^ - -{^x. 

8 . /(.x) = = x'/^ ^ /'(x) = so /(- 8 ) =-2 and/'(-8) = -R. 

Thus. 1 . (X) = /(-8) + /' (-8) (x + 8) = -2 + (x + 8) = TJX - |. 

9. /(x) = x/i -X => /'(x) = so/(0) = I and/'(0) = -f 

I'hcrcforc. 

yrr? = ./ (x) a= / (0) + / (0) (x - 0) 

= l + (-i)(.x-0)=l-lx 



-0.75 


3.5 


So ,/(T9 = v/l -0.1 as I - ^ (0.1) = 0.95 and 
v/ow = yi - 0.01 a; I - ^ (0.01) = 0.995. 

10. g(.x) = ^'T+x = (l+.x)'/’ => g'(.x)= j(l+x)"2^’sog(O) = 1 

and g' (0) = j. 

Therefore, v^l + .x = g(x) =» g (0) + g' (0) (x — 0) = I + j.x. 

So ^/Om = ,yi +(-0.05) ai I + ^ (-0.05) = 0.983. and 
yrTas J(| +0.1 == I +^(0.1)= 1.03. 



-1.5 
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11. f(x) = VI + .X => /' (jr) = — 7 === so /(O) = I and /' (0) = i 

2v» + .t 

Thus. / (.K) / (0) + /' (0) (at - 0) = I + ^ (.V -<>)=] + 

Wc need VI +Jr —0.1 < I + j.r < VI + .» + 0.1. By zooming in or 
using an intersect feature, we see that this is true when -0.69 < .t < 1.09. 

12. /(.t) = tan t => /(x) = sec^jt .so/(0) = 0and/'(0) = I. 

Thus, /(.t) » /(O) + /' (0) U - 0) = 0 + I (x - 0) = X. 

Wc need Ian x - 0,1 < x < lanx +0.1, which is true when 
-0.63 < X < 0.63. 


I 

^ = TT ; , ,4 => /' (•'') = 7T-r-s so f (0) = I and 

(l+2x)’ (l+lx)’ 

/'( 0 ) = - 8 . 

Thus. / (x) =» / (0) + /' (0) (x - 0) = 1 + (-8) (x - 0) = I - 8x. 

Wc need 1/ (1 + 2.x)^ — 0.1 < I — 8x < 1/ (I + 2x)‘' + 0.1, which is true 
when —0.045 < ,x < 0.055. 

»/(») = I “’d 


/(*)-V4^ =» /' (^) - 2 (4 _ = J 

f' (^) = iig - So y (j:) 2 + ^ (.X — 0) = 5 + -^x. Wc need 


-3.91 < X < 2.14. 


+ 0.1, which is true when 


' 






L 

-0 .1 







_ 


_^ 


/ + O.I/^ 





15. If y = / (x), then the diflerential dy is equal to /' (x) t/x. y = x'* + 5x => rfj 

16. y = cos a-x dy — — sin nx ■ z dx = —x sin xx dx 

17. y=x2tanx => </.v = (x^ sec^x + tanx • 2x) </x = (x-seevt + lx tan.x) rfx 

18. y = VI + =» </y = 1 (I+/2)‘'/-(2/)(/r = 

Vi +72 

19. y = iii-l ^ (^ .)(l)-(a + l)(l) ^^^^_^ 

»-> («-l)^ («-!)- 

20. y = (1+2r-)‘'' => rfy =-4(1 + • 2(//-=-8(I + 2x)-* rfr 

21. (a) y = x^ + Zx => rfy = (lx + 2) dx 

(b) When x = 3 and dx = J, dy = [2 (3) + 2)^5^ =4. 

22. (a) y = x^ - 6.x-+ 5x - 7 => rfy = (3x-- 12x + 5) r/x 

(b) When.x = -2 and rfx = 0.1, rfy = (12 + 24 + 5) (0.1) = 4.1. 


dy = (4.x’ + 5) dx. 
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23. (a) y = (.r- + 5)’ => dy = i (.r^ + 5)^ 2x dx = 6.v (x^ + 5)^ dx 

(b) Wheti.x = I ancl£/.x =0.05,</>' = 6(I)(|2 + 5)‘(0.05)= 10.8. 

24. (a) y = -J\-x => dy = ; (I - (- 1 )(Tjr - --- ^jl^— dx 

(b) When .v = 0 and dx = 0.02. rfy = —5 (0.02) = —0.01. 

25. (a) v = cos X =* dy=- sin x dx 

(b) When -T = f and dx = 0.05, </y = — 5 (0.05) = —0.025. 

26. (a) y = sin.x => dy = i:osxdx 

(b) When x = j andt/.x = —0.l,dy = ^ (—0.1) = 


27. y = .X-. .X = I. A.X =0.5 =» 
Ay = (1.5)2- |2= 1.25. 
x/y = 2xrf.x =2(1)(0.5)= I 



29. y = 6 - .x2, x = -2. A.x = 0.4 =» 

Ay = (6 - (-1.6)2) _ _ (_2)2) = I 44 

dy = -2.x dx = -2 (-2) (0.4) = 1.6 





31. y = /(x) = V^ ^ <7y = j^d.x. When.x = 36 and x/.x = 0.1, x/y = (0.1) = so 

^/3^ = /(36.1) /(36) + x/y = >/36 + ax 6.0083. 
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"32. y = f(x) = i/i => dy = dx. Ifx = 1 and dx = 0.02. then 

dy = (t + j) (002) = ^ (0.02). Thus. + ^05 = / (1.02) ^ fl,\) + dy = 2+ ^ (0.02) a: 2.0117. 


33. ,v = /(.V) = I/.V => dy = (-\/x-)dx. When.t = 10andrf.t = 0.1. t/y = (0.1) =-0.001. so 

=/(10.1)=s/(10)+rfy = 0.1 -0.001 =0.099. 

34. y = / (x) = .v‘ => dy = 6.t* dx. When * = 2 and dx = -0.03, dy = 6 (2)* (-0.03) = -5.76. so 
(1.97)* = y (1.97) =« / (2) + </y = 64 - 5.76 = 58.24. 

35. y =/(.T) = sinj =» dy = Qosxdx. When jr = ^ and rf.ic =-^Ij, </y = cos f (-.[fj) = - jlj, so 

510 59“ = / (^t) « /(5) +rfy = ^ - ^ 0.857. 


36. '■ =/(t) = cos.e => dy = -s\nxdx. When;( = | andi/.i = 

rfy = -sin| =-i(if 5 ) = -5Sg,socos31.5“ = /(^ir)«/(f) + </y = ^ - ^ ^ 0.8.53, 

37. We can see from a graph of y = sec jr that the tangent line approximation .at (0, 1) is the horizontal line v = 1. 
Since 0.08 is clo.se to 0. approximating sec 0.08 with 1 is reasonable. 

38. Ify = x^.y' = 6x* and the tangent line approximation at (1,1) has slope 6. If the change in.r is 0.01. the change 
in y on the tangent line is 0.06, and approximating (1.01)* with 1.06 is rea.sonable. 

39. (a) IfX is the edge length, then K = x’ => dl’ = 3x^ dx. When x = 30and dx =0.\. 

df =3 (30)" (0.1) = 270, so the maximum error is about 270 cm^. 

(b) .V = 6x dS = I2.t dx. When x = 30 and dx = 0.1, r/S = 12 (30) (0.1) = 36, so the maximum error is 

about 36 cm*. 

40. (a) A = /rr* d.‘t = 2itf' dr. When /■ = 24 and dr = 0.2, dA = 2k (24) (0.2) = 9,6jr, so the maximum 

error is about 9.6ff =» 30 cm*. 

.. „ . . AA dA 9.6k I 

(b) Relative error =-^ = — 

d d K (24)* 60 


S 0.0167 


41. (a) For a sphere of radius r. the circumference is C = 2Kr and the surface area is S = 4;rr2. xor =C/ (2k) =» 
S = 4k (C/2k)- =C^/k => dS = (2/K)CdC. When C = 84 and r/C = 0.5, r/S = J (84) (0..5) = 

so the maximum error is about ^ « 27 cm*. Relative error ss — = = _L 




/ C \'^ 1 

(b) >'■ = Jtrr’= — j = — =» </!' = ^C-</r. When C = 84 and </C = 0.5. 


d^ = (04)* (0.5) = —so the maximum error is about 

2a* a* 

1764/a 2 I 


1764 


179 cm'. The relative error is 


, dV 

appro.ximatelv — =-;-= — % 0 018 

• F (84)V(6a2) 56 


42. I ■ = |a/ ’ =» dV = 2Kr- dr. When r = 25 and dr = 0.0005. dV = 2a (25)* (0.0005) = ^. so the lunount 

of paint is about ^ ^2 m'. 

43. (a) F = ar^/i =» At' ^ df' = 2Krhdr = 2KrliAr 

(b) AF = a (r + Ar)-h - ar^/i. so the error is A F - r/n = a (r + Ar)^ h - Kr^h - 2a/-/iAr = a (Ar)-h 
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, , dF ^kR}dR 

H^.F = kR* => dF = *kR^dR. — = ■ 


-(f) 


the relative change in F is about 4 limes the 


relative change in R. So a 5% increase in the radius corresponds to a 20% increase in blood flow. 


dc 

45. (a) dc = j^dx = 0d.x = 0 

d du , , 

(b) d (cu) = — (cu) dx =c—dx =cdu 


d /du dv\ , du j do ■ , j 

(e)c/(» + u) = ^ (« + = (* + + ST''" + 

(d)i/(uD) = — iuD)dx = (u— + -udo + vdu 

du do du t/u 

(0 rf(T") = (jr”)dT = nx"~' dx 
dx 

46. (a) f(x) = sinx => /' (jt) = cosjt so /(O) = 0 and /' (0) = I. 

Thus, f(x) « /(O) + /' (0) U - 0) = 0 + I (x - 0) = 



-0.33 



We want to know the values of x for which y = x approximates >< = sin x with less than a 2% difference; that 


is, the values of x for which 


X — sinx 
sinx 


< 0.02 


<=> 


0.98sinx <x < l.02sinx whcrcsinx > 0 
1.02sinx < X < 0.98sinx where sinx < 0 


In the first figure, we sec that the graphs are very close to each other near x = 0. Changing the viewing 
rectangle and using an intersect feature (sec the second figure) we find that y = x intersects y= 1.02 sin x at 
X »S 0.344. By symmetry, they also intersect at x w -0.344 (see the third figure ). Converting 0.344 radians to 

degrees, we gel 0,344 19.7“ ss 20“, which verifies the statement. 






LABORATORY PROJECT TAYLOR POLYNOMIALS □ 167 


47. (a) The graph shows that/'(I) = 2. so /-(.t) =/(I) +/'(I) (x - I) = 5 + 2(x - I) = 2v + 3. 

/(0.9) L (0.9) = 4.8and / (l.l) i (I.l) = 5.2. 

(b) From the graph, we sec that Z' (x) is positive and decreasing. This means that the slopes of the tangent lines are 
positive, but the tangents are becoming less steep. So the tangent lines lie above the curve. Thus, the estimates 
in part (a) arc too large. 

48. (a) g‘ (x) = s/x 2 + 5 => (2) = 79 = 3. g(1.95) ^ g(2) + g' (2) (1.95 - 2) = -4 + 3 (-0.05) = -4.15. 

g (2.05) w g (2) + g' (2) (2.05 - 2) = -4 + 3 (0.05) = -3.85. 

(b) The formula g' (x) = 7x- + 5 shows thatg'(x) is positive and increasing. This means that the slopes of the 
tangent lines are positive and the tangents arc getting steeper. So the tangent lines lie behw the graph of g. 
Hence, the estimates in part (a) arc too small. 


Laboratory Project □ Taylor Polynomials 

1. We first write the functions described in conditions (i). (ii), and (iii): 

/> (x) = .4 + Bx + Cx2 /(x) = cosx 
P' (X) = B + ICx f (X) = - sinx 

f‘" (x) = 2C f" (x) = — cosx 

So, taking o = 0, our three conditions become 

/’(0)=/(0): /L=cos0=l 

/>'(0) =/'(0): B = -sin0 = 0 

/>" (0) =/" (0): 2C = -cos0 = -l => C = -| 

1 he desired quadratic function is B (.t) = I — jx^, so the quadratic approximation is cosx I — j.x^. 

TTie figure shows a graph of the cosine function together with its 
linear approximation i (x) = 1 and quadratic approximation 
B (x) = I - jx^ near 0. You can sec that the quadratic 
approximation is much better than the linear one. 

(l-^x^)|<0.1 <=> cosx - 0.1 < I - ^x^ < cosx+ 0.1. 

From the figure we see that this is true between A and B. Zooming in 
or using an intersect feature, we find that the x-coordinates of B and 
A are about ± 1.26. Thus, the approximation cosx w I — ^x^ is 
accurate to within 0.1 when — 1.26 < x < 1.26. 



- 0.1 
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3. ir /> U) = /I + fl (v - «) + C (.V - a)^. then P' (x) = B + 1C (t - a) and P" (.t) = 2C. Applying the conditions 
(i), (ii). and (iii). wc get 


P(a)=f(ay. A=f(a) 

/>'(a) = /'(<i); B = f'(a) 

/>"(«) =/"(a); 2C = /"(«) 


C = \f"(a) 


I hiis. /' can be written in the form P (x) — f (a) + f (a) (x — a) + 


r(a) 

2 


(x - a)-. 


4. From Kxampic 2 in Section 3.10, wc have y(l) = 2. y'(l) = j, and 
/' (.v) = ^ (x + 3)-''-. So /" (x) = (.T + 3)“’^^ => 

/" (1) = — From Problem 3, the quadratic approximation P (x) is 

^/TTi Si /(I) + /' (I) (x - 1) + (.X - I)- 

= 2+J(.x- l)-^(.x- I)- 



The figure shows the function / (x) = Vx + 3 together with its linear approximation /, (x) = jx + j and its 
quadratic approximation P (x). You can sec that P (x) is a better approximation than L (x) and this is borne out by 
the numerical values in the following chan. 



from L (x) 

actual value 

from P (x) 


1.9950 

1.99499373... 

1.99499375 

s/los 

2.0125 

2.01246118 .. 

2.01246094 

JVi 

2.0500 

2.049.39015... 

2.04937500 


5. 7„ (X) = CO + C| (X - a) + c: (x - o)’ + cs (x - a)’ + •• ■ + c„ (x - a)”. If wc put x = a in this equation, then all 
terms alter the first arc 0 and we get T„ (a) = co- Now we dilTcrcntiate T,, (x) and obtain 

(x) = Cl F 2f2 (X - a) + 3 c3 (x - a)- + 4c4 (x - a)’ + • • • + nc„ (x - a)"^' Substitutingx = a gives 
(a) = C|. Differentiating again, we have 

7 " (x) = 2c: + 2 ■ (X - a) + 3 ■ 4c4 (x - a-) + • • ■ + (n - l)nc„ (x - a)"~^ and so T" (a) = 2c2. Continuing 
in this manner, we get 

T;"' (x) = 2 3cj + 2 3 4 c 4 (x - a) + ■ ■ ■ + (n - 2) (n - I) nc„ (x - a)" ’ and (a) = 2 • 3cj. 

B\ now we see 'he pattern. If wc continue to ditfcrcnliatc and substitute x = a. wc obtain 7„'‘'’ (a) = 2 • 3 ■ 4c4 and 
in general, lor an> iiUegcr k between I and /i. 

7-(*) 4 X 

(rt) = 2 3 ■ 4 • 5. kck-k\ck => a = — 


Because wc want T„ and / to have the same derivatives at a, we require that c* = 


/*** (o) 
*! 


for k = 


l,2,.,.,n. 
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6- Tn (.r) = / (a) + /' (o) (.t - a) + — ^ (jc — o)- H-p ——(x - a)”. To compute the coefficients in this 

equation we need to ealculate the derivatives of / at 0: 

/ (.x) = cos.v / (0) = cosO = 1 

/'(x) = -sin-x /'(0) = -sinO = 0 

/" (x) = - cos.x /'' (0) = -1 

/"'(,x) =sin.x /"'(0)=0 

/'•'* (x) = COS.X /W* (0) = 1 

We see that the derivatives repeat in a cycle of length 4. so /(*' (0) = 0. /'*> (0) = -1. /'’> (0) = 0. and 
y (0) = I. I'rom the original expression for T„ (.x), with n = 8 and a = 0. we have 


7-8 (X) = /(0) +/'(0) (.X - 0) + (X - 0)2 + (,x - 0)5 + ... + (,x - 0)» 

= I + 0 ■ X + ^x2 + 0 • x' + ^x^ + 0 • x’ + -^x* + 0 • x’ + ^x* 

_ I _ ^ x'' x‘ X* 

J^2 ^4 ^5 ^8 

and the desired approximation is cosx»!|- — + — - _ + The Taylor polynomials n. 7i, and To consist 

2! 4! o! ft! 

of the initial terms of Tg. 1 herefore, 72 (x) = I - —, (x) = I - — + I—, and (x) = I - — + : -—. 

2! 2! 4* 2! 4! 6! 

We graph T 2 . Ti. Tg. 7g. and /: 



Notice that TS (x) is a good approximation to cosx near 0, Ti (x) is a good approximation on a larger interval. 
T(, (x) is a better approximation, and Tg (x) is better still. Each successive Taylor polynomial is a good 
approximation on a larger interval than the previous one. 
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^^3 Review 


CONCEPT CHECK 


1. See Definition 3.1.2 and the subsequent discussions on the interpretations of the derivative as the slope of a tangent 
and as a rate of change. 

2. (a) See Definition 3.2.3. 

(b) See Theorem 3.2.4 and the note following it. 

3. (a) The Power Rule: If n is any real number, then ^ (x") = nx'-'. The derivative of a variable base raised to a 

constant power is the power times the base raised to the power minus one. 

d d 

(b) ITie Constant Multiple Rule: Ifc is a constant and f is a differentiable function, then — \cf (x)l = c—/ (x). 
The derivative of a constant times a function is the constant times the derivative of the function. 

(c) The Sum Rule: If /andg are bothdifterentiable, then ^l/(x) + g(x)I = —/(x)+ The 

derivative of a sum of functions is the sum of the derivatives. 

(d) The DifTerence Rule: If / and g are both differentiable, then ^[/(x) -g(x)] = 
derivative of a difference of functions is the difference of the derivatives. 

(e) The Product Rule: If y and g are both differentiable, then ^ [/ (x)g(x)] = /(x) + «(•*) 

The derivative of a product of two functions is the first function times the derivative of the second function plus 
the second function times the derivative of the first function. 

(f) 3 he Quotient Rule: If / andg arc both differentiable, then — I J = [gOOp ' 

The derivative of a quotient of functions is the denominator times the derivative of the numerator minus the 
numerator times the derivative of the denominator, all divided by the square of the denominator. 

(g) The Chain Rule: If / and g arc both differentiable and f = / o g is the composite function defined by 
fr ( j) = / (g (x)), then F is differentiable and F’ is given by the product F' (x) ^ f (g (x)) g' (x). I he 
derivative of a composite function is the derivative of the outer function evaluated at the inner function times 
the derivative of the inner function. 


(a) ,v = x" =5 

^ y 

' = 

nx""' 

(b) y = sinx 


/ 

= cosx 

(c) y = cosx 

=> 


= — sin.t 

(d) y = tanx 


y' 

= sec^ X 

(c) y = esex 


.v' 

= —esex cot Jf 

(f) y = seex 


y' 

= seex tanx 

(g)y = cotx 


y 

= — CSC^ X 






5. Implicit differentiation consists of differentiating both sides of an equation involving x and y with respect to x, and 
then solving the resulting equation for y'. 

6. fhe second derivative of a function / is the rate of change of the first derivative /'. The third derivative is the 
derivative (rate of change) of the second derivative. If / is the position function of an object, /' is its velocity 
function, j" is its acceleration function, and /"' is its jerk function. 

7. (a) The linearization i, of / at x = o is /. (x) = f (a) + f (o) (x — a). 

(b) If y = / (x). then the differential dy is given by dy = /' (x) dx. 



TRUE-FALSE QUIZ 
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1. False. See the warning after Theorem 3.2.4, 

2. T rue. This is the Sum Rule. 

3. False. See the warning before the Produet Rule. 

4. T rue. This is the Chain Rule. 

5. True by the Chain Rule. 


6 . False. 



2 ^ 


by the Chain Rule. 


7. False, /(.v) = -f a| = -F.t for.t > Oor.v < - I and |jt^ +j:| = -(.v^ -Fjc) for-1 < x < 0. So 

/' (.v) = 2.r -F I for at > 0 or j: < -1 and /' (x) = - (Zr 4- 1) for -1 < x < 0. But |2t -I- 11 = Zx + I 
forx > and 12x + I| = -2x - 1 forx < -J. 


8. True. 

9. T rue. 


f (r) exists => 
j.(.v) = x’ => 
*-»2 .r — 2 


/ is difterentiable at r / is continuous at r => lim/(x) =/(/■). 

f!'U) = Sx'' => g' (2) = 5 (2)^ = 80, and by the definition of the derivative. 
= ^'(2) = 80. 


10. False. 


fl 

dx- 


is the second derivative while 



is the first derivative squared. 


For example, if v = x, then 


dx' 



- 1 . 


11. False. A tangent to the parabola has slope dy/dx — 2x, so at (-2.4) the slope of the tangent is 2 (-2) = -4 and 

the equation is y — 4 = —4 (x + 2). [The equation — 4 = 2x (.x 4- 2) is not even linear! ] 

12. True. D (tan- x) = 2 tanx scc^x, and D (scc'x) = 2secx (secx tanx) = 2 tan x sec’x. We can also show this 

by dilVerenliating the identity tan-.x 4 I = scc^x; we get (tan^x 4 1) = -^ tan^x = — sec’x. 

dx ' ' dx dx 


■■ ' ' ' EXERCISES .- ' 

1. Kstimating the slopes of the tangent lines at x = 2, 3, and 5. we obtain approximate values 0.4, 2. and 0.1. Since 
the graph is concave downward at x = 5, f" (5) is negative. Arranging the numbers in increasing order, we have: 
/"(5).0./'(5),/'(2). I./'(3). 

2. 2'' = 64. .so / (x) = .x‘ and a = 2. 

3- (®) f (r) is the rate at which the total cost changes with respect to the interest rate. Its units arc 
dollars/ (percent per year). 

(b) T he total cost of paying olT the loan is increasing by $1200/ (percent per year) as the interest rate reaches 10%. 
.So if the interest rate goes up from 10% to 11%. the cost goes up approximately $1200. 

(c) As r increases. C increases. So f (r) will always be positive. 
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7. The graph of a has tangent lines with positive slope for .x < 0 and negative slope for x > 0, and the values of c fit 
this pattern, so c must be the graph of the derivative of the function for a. The graph of c has horizontal tangent 
lines to the IcfT and right of the x-axis and i has zeros at these points. I lence, h is the graph of the derivative of the 
function for c. Therefore, a is the graph of /, c is the graph of /', and b is the graph of /". 

8. (a) Drawing slope triangles, we obtain the following estimates: F' (1950) as = 0.11, 

r'(l965) =« = 1 ^ = -0.16, and r(1987) =s ^ =0.02. 

(b) The rate of change of the average number of children bom to each woman was increasing by 0.11 in 1950, 
decreasing by 0.16 in 1965, and increasing by 0.02 in 1987. 

(c) There are many possible reasons: 

• In the baby boom era (post-WWlI), there was optimism about the economy and family siz^e was rising. 

• In the baby bust era, there was less economic optimism, and it was considered less socially responsible to 
have a large family. 

• In the baby boomict era, there was increased economic optimism and a return to more conservative altitudes. 


9. (a) 


(b) 

(c) 


.. /(x+A)-/(x) .. V3-5(x+7.)-V3^(v'3-5(x + /i) +V3-5x) 

ti-»o h h-to h (^3 — 5 (x + A) + -Ji — 5x) 

_ |3 - 5(x+ /■)]-(3-5x) _ _-5_^ -S 

/i->o h (V3 — 5 (x + /i) + V3 — 5x) *-»(• V3 — 5 (x + h) + ^3 — 5x 2>/3 — 5x 

Domain of/: 3 — 5x > 0 =* 5x < 3 =s x e ^-oo, jj 

Domain of /': exclude j; x € oo, 

Our answer to part (a) is reasonable because /' (x) is always negative and / is always decreasing. 



-3 


I 
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10. f(x) = 


^-x 
3 + ;t 


4 - (x + /i) 4 - X 

/<(,) = ,i„, = lin, 3 +Jx + /,)-3T7 

A—»0 h /i-^o h 

(4-x-/i)(3+x)-(4-x)(3+x + /i) 

= lim --= lim 

*-.0 . — . 


-Ih 


= lim 


/i(3 + x + /))(3+x) 
-7 7 


h-to h(3 + X + h) (3 +x) 


(3+x)'' 


a-.o(3 + x + A) (3+x) 

11. / (x) = x^ + 5x + 4 => 

,^ /(x + /i)-/(x) ^ (x+/i)^ + 5(x+/i) + 4-(x^ + 5x + 4) 

■ " h h-tO h 


= lim 
h ~>0 


12. /(x) = X sinx 


/i->0 h h-tO 

3x-/i + 3 xA2 + hi + 5h 


= lim (3x2 ^ 3^;, 3. ;,2 + 5) = 3,2 + 5 
/»-pO ' ' 


/'(x) = lim +^) - /(-y) _ (jf +/?)sin(jr + /i)-jr sinx 
/i-»0 h h^O ft 


= lim 

h-fO 


= lim 
h-^O 


(x + h) (sinx cos/> + cosx sinTi) — x sinx 
h 

X sinx (cos/i — 1) + x cosx sin/i + h (sinx cos A + sin A cosx) 


cosA—1 sin A 

= X sinx lim- - -+x cosx lim —— + sinx lim cos A + cosx lim sin A 

/>->o A h->0 A h-tO h-tO 

= X sinx (0) + X cosx (I) + sinx (I) + cosx (0) = xcosx + sinx 

13. 3; = (x+2)*(x + 3)* => 

/ = (x + 2)*6 (x + 3)’ + (x + 3)* 8 (X + if 

= 2 (x + if (X + 3)* |3 (x + 2) + 4 (x + 3)J = 2 (x + if (x + 3)* (7x + 18) 


14. 3'= + 1/^ = x'/2 + J( 1/2 

15.3- = 


y = ix- 2/3 - ^^- 4/3 


, ^ yo - 4x - X [-4 7(279 - 4x) ] 79^717 _ (9-4x) + 2.x _ _ 
9 - 4x “ (9 - 4 x)’/2 “ (9 


75 ^^ 

16. 3 '= (x + 1/x2)'^ => y = 77(x + l/x2)'^“'(I - 2 /x2) 

17. x23»3 + 3v2 = X — 43 ' => 2.X3'2 + 3x23'23,' 3 - ft^y = ] — 4y' 

18. 3 / = (1-X-')"' => 3 ’' = -(l-. 3 "')"^jr'^ = -(x-l) 2 

19. 3 ’ = sec 2// =s y = 2 sec 10 Ian 10 

20. 3- = -2/77^=-2/-2/4 => y=(-2)(-3),-7/4 = |,-7/4 


y = 


I -2xv’ 


3x2y2 4- 6y 4- 4 


21. 3- = 


8-3x 


y = 


(8-3x)-x(-3) 
(8 - 3 x)2 


(8 - 3x)2 


9-2x 

i_4x)3/2 
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I+.\V7^ 1 =T>' =» ,vV.t-i+>- ^ J—^ + vv-i+f ., r — ^ y' = y + ^y‘ 

2vx - I 2y/x — I 

, - I) 

•Jx-\- X T.v/(2v'r- 1) 

• = (.V tan v)’’ ^ => >■' = i (.T Ian,t(tan t+Jt sec-.t) 

' = sin(cos.v) y'= cos(cosi)(—sin.\) = — sin.r eos(cosA:) 

r- = y O' + I) = y- + y =» 2.x = 2y.v' + y' => y' = 2x / (2y + 1) 

■ = (.X + yl)"'’ => = + + 

_ (x - I) (.V - 4) _ -X- - 5.x + 4 
’ ^ (X - 2) (x - 3) “ .x2 - 5.x + 6 ^ 

, _ (.X- - 5.x + 6 ) (2.x - 5) - (.x^ - 5.x + 4) (2x - 5) _ 2 (lx - 5) 

(.x2-5.x+6)’ (x - 2)2 (.X - 3)- 

i’ = V^inv<x =» y' = ^ (.sin >/x)~‘^~ (cos /x) 

\2y/x / 4vxsinV-* 

,_ , , , - -, / I \ scc2 yi — x 

i’ = tan X =» V = (see- VI -x) ( , ) (-D =- . . 

V2vl-x/ 2VI-X 


I , /(t) , I 

30. Using the RceipnKal Rule, 7;(.x) = — ^ g (x) = - ««-■ have y = ----- ^ 

cos(.v — sinx) (Icosx) 

y =-TT--^^- 

sin* (.V — sinx) 

31. y = sin (lan Vl + x-'^ =» y' = eos (tan V I + x’^ ^sce^ V 1 + x^) [sx^ ^ ^2 Vl + x^j j 

(X t-2)^ , (x^ + ;■•*) (4) (x + 2)2 - (x + /)•* (4x2) 4 ^ ^)3 (^.t _ ; ,.3) 

+ =» >' - (.x-' + a^)- (.x-' + ^Y 

33. y = exit (3x2 + 5) ^ y'=-tse^ (S.x^ + 5) (6x) = -6.xe.sc2 (3x2 + 5) 

34. y = (sin mx) /x =* y' = (m.x cos mx - sin mx ) / x2 

35. y = eos2 (lanx) => y' = 2cos(tan.x) (-sin(lanx)l.scc2x = -sin(2lan.x)sec2 x 

, 1 ^ , , lan>’ 

36. x tan i’ = v - I => lany + (x sec-y) y = y => y = --y- 

37. /(x) = (2x- l)-5 => /'(.x) = -5(Zx-I)-N2) = -10(2.x-I)-* => 

/"(.,) = 6l)(2x - I)-2(2) = I20 (Xx - I)"’. /" (0) = l20(-l)-2 = -120 


38. g(() = cse2/ => g'(/) =-2csc2(cot2; =» 

g” {!) = —2 (-2esc 2/ col2()eol2( - 2esc2/ (-2csc2 2() = 4esc2/ (cot2 2i + csc~2i) 

= 8 esc' 2/ — 4 CSC 2/ =* 

g‘" (I) — 24cse2 2l (-2 CSC 2/ cot 2/) - 4 (-2csc2( cot 2/) = -48csc2 2i col2t + 8 esc 2/ col 2/ => 

g'" (_ J) = -48 (-V2)\-1) + 8 (-V2) (-1) = -88V2 
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39. + /’ = 1 => 6t* + 6v’v' = 0 => 

„ >’(5.v-')-.v*(5yV) 5.vV 


• y = -x^/y^ => 

[>'-.v(-.v’/y)] 5.t^ [(/+.I**)/y ] 5.v^ 

y'O ~ yi ~ ~yT 


M. /(Ar) = (2-.v)-' =j /'(.t) = (2-.v)-2 /"(.r) = 2(2-.t)-^ => /"'(.t) = 2 3 (2 -.v) •' => 

/•'" U) = 2 ■ 3 4 (2 - x)-^. In general. /*”' (.v) = 2 ■ 3 • 4.«(2 - =- - - 

(2-.»)<"+'> 

.. ,. secjc secO I 

41. Iim ---=-= I 

sin.x I—sinO I—0 


42. Iim 


Iim ' 


/■’ co.s^ It 


cos^ h 


/-*oian’2r (-»o sin* 2/ 


43.,.= 


.y-2 


-= Iim cos 2/ 

2/ 1-^0 

^sm*2r 

Iim- 

'""g Ain, *'"2'' 

y*"8.|*-i 


(2t)’ 

\/-»o 2/ 

) 

(x--2)-xax) 

1 

1 

to 

. When X = 2.,' 

1 

to 

to 

(.x-’-2)^ 

(x*-2)* 

(2^-2f 


the tangent line at (2, I) is,. - 1 = -j (jr - 2) or,. = —jx + 4. 


3 

-. so an equation ol 


+ = 3 =» 7^ + :rV.v' = 0 => y' = -^. 

2>A 2v^ y? 

line at (4. I) isy — I = —4 (x — 4) or, = — jx + 3. 


At (4, I). y = — so an equation of the tangent 


45. , = tanx => ,' = sec*x. When x = ^, y = 2* = 4, so an equation of the tangent line at >/3^ is 
v - n/ 3 = 4 (x - 5^) or, = 4x + yj - 


46. , = xs/I +x* => y = Vl +x* +x*/Vl 4-x^. When X = l.y = yl 4-^ so an equation of the 

tangent line at ^ 1, is , — yS = (x — I) or, = 2^x — 


47. (a)/(x) = xyr=7 => /'(x)=x[^(5-.x)-'/2(_|)j . 


2(5-x) l()-3x 


2y5 — X 2y5 — X 2y5 — X 
(b) At (1,2): /' (1) = j. So an equation of the tangent is, — 2 = | (x — I) or, = jx + J. 

At (4.4): /' (4) = — 4 = — I. So an equation of the tangent is, - 4 = — (x — 4) or, = —x + 8. 



(d) 



The graphs look reasonable, since f is positive where / has tangents 
with positive slope, and /' is negative where / has tangents with 
negative slope. 
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sec-x /"(x) = —2secx (secx tanx) = —2sec^x tanx. 

Wc can see that our answers are reasonable, since the graph of /' is 0 
where / has a horizontal tangent, and the graph of /' is positive 
where / has tangents with positive slope and negative where / has 
tangents with negative slope. The same correspondence holds 
between the graphs of /' and /". 


49. y = sinx + cosx ^ y' = cosx — sinx = 0 <=> cos.x = sinx and 0 < x < 27r <=> x = j or so the 

points are %/2^ and 


50. x^ + 2,v^ =1 =» 2x + 4yy' = 0 

ellipse, we have (—2y)' + 2y- = 1 




y' = -xf (2y) =1 o X = —2y. Since the points lie on the 
by^ = 1 => y = Ihe points arc “I'd 


51. / (x) = (x - a) (x - b) (x - c) =» /' (x) = (x - h) (x - c) + (x - a) (x - c) + (x - a) (x - b). So 

/'(x) _ (x - />) (x - c) + (x - a) (x - c) + (x - g) (x - b) _ _1_ ^ I ^ I 

/ (x) ~ (x - a) (x - A) (x - c) X - a x - b x - c 


52. (a) cos2x = cos-x - sin-x => -2sin2x =-2cosx sinx - 2sinx cosx sin2x = 2sinx cosx 

(b) sin (x + a) = sinx COSO + cosx sin a => cos(x+o) = cosx coso — sinx sino. 


53. (a) A(x) = /(x)g(x) => A'(x) =/'(x)g(x) +/(x)g'(x) => 
A' (2) = /' (2)g (2) + /{2)g’ (2) = (-2) (5) + (3) (4) = 2 
(b)/- (x) =/(g(x)) =» f'(x) =/'(g{x))g'(x) => 

(2) = /' 0? (2)) / (2) = /' (5) (4) = 11 ■ 4 = 44 


54. (a) /'(x) =/(x)g(x) => P'(x) = f{x)g'(x) + g(x)f'(x) =» 

P' (2) = / (2) g' (2) + g (2) /' (2) = (1) (2) + (4) (-1) = -2 

8 (v) [g (x))'' 

g(2)/'(2)-/(2)g'(2) (4)(-l)-(l)(2) 3 

fe(2)P ■ 42 "5 

(c) C (x) = / (g (x)) => C (x) = /' (g (x))g' (x) => 

C (2) = /' (g (2))g' (2) = /' (4)g' (2) = (3) (2) = 6 

55. / (x) = x2g (x) => /' (x) = 2xg (x) + x2g' (x) = X [2g (x) + xg* (x)] 

56. / (X) = g (x2) => /' (X) = g' (x2) (Zx) = 2xg' (x2) 

57. / (X) = |g (x)]2 => /' (X) = 2g (X) g' (X) 

58. f (x) = .r^g(x'’) => /'(x) = o.x"-'g(x'’)+.x"g'(T*) (*•»*“') + 

59. /(x) = g(g(x)) =» J'{x)=g'(g(.x))g'{x) 

60. / (x) = g (tan v^) => 

/' (») = g' (tan V?) ■ ^ (tan V?) = g' (tan ^ ■ sec-^ (V?) = ^ ^ 
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61. h (x) = 


/(•v)g(.<) 

/(T)+g(.T) 


^ 1/ (v) + g (X)| [/ (-T)g' (.t) + g (AC) r (;r)l - / (X) g (x) [f (x) + g' (;()] 

(/(.v) + g(.x)l2 

^ l/(■X)^g' (x) + /(x)g(.t)/' (X) + f(x)g(x)g'(x) + [g(x)l^ f(x) - /(-X)g(.T)/' (.t) - /(x)g(.t)/(.t) 

I/(.x) + g(.x)p 

_ /'(.xXgCxlp+g'CxX/Cx))- 

I/(-*)+g(A)]^ 


62. A(v1= /ZM ... ' /'(■x)g(x)-/(x)g'W f{x)g(x)-f(x)g'(x) 

2v//(.x)/g(.x)fg(.x)p 2|g(j:)l’^ s//(x) 

63. Using the Chain Rule repeatedly,/i (.t) = /(g(sin4.t)) 


*'(x) = /'(g(sin4.x))- 


i/.r 


(g (sin 4.x)) = /'(g(sin4x)) g' (sin4x)- 


dx 


(sin4x) 


= /' (g(sin4x))g'(sin4x) (eos4x) (4) 


64. (a) 


a 



(b) The average rate of change is larger on (2, 3). 

(c) The instantaneous rate of change (the slope of the tangent) is 
larger at x = 2. 

(d) /(x) = X - 2sinx =s /'(x) = 1 - 2cosx, so 

/'{2)= 1 -2cos2=« 1.8323 and /'(5) = 1 - 2cos5 =» 0.4327. 
So /' (2) > /' (5), as predicted in part (c). 


65. /■ is not differentiable: at x = -4 because f is not continuous, at x = -1 because / has a comer, at x = 2 because 
f is not continuous, and at x = 5 because / has a vertical tangent. 

66. (a) X = v/6^ + 


0 ( 1 ) 


+ c-l^ — (c-l/Vb^~+T^\ 

a(i) = {,) -irr-Ti- - 


' = [l/ (2 v/*2T727I)] 2c-/ = + ch^ 




(b) I) (/) > 0 for / > 0. so the particle aKvays moves in the positive direction. 

67. (a) y =/^ — 12/+ 3 =» « (/) = y'= 3/^ — 12 =» a (/) = «'(/) = 6/ 

(b) i> (/) = 3 (/’ - 4) > 0 when / > 2, so it moves upward w'hen / > 2 and downward when 0 < / < 2. 

(c) Distance upward = y (3) - y (2) = -6 - (-13) = 7, 

Distance downward =y (0) -y (2) = 3 - (-13) = 16. Total distance = 7 + 16 = 23 

68. (a) y = jirr^h => dl’/dh = 


(b) dy/dr = larh 


69. The linear density /; is the rate of change of mass m with respect to length x. m = x (1 + ./t) = x 4- x^^- =* 
/) = dm/dx = I + jv^. .so the linear density when x=4isl + ^V4 = 4 kg/m. 

70. (a) C (x) = 920 + 2 a - 0.02x^ + 0.00007x^ =s C' (x) = 2 - 0.04x + 0.00021x2 

(b) C' (100) = SO. 10/unit. This value represents the rate at which costs are increasing as the hundredth unit is 
produced, and is the approximate cost of producing the 101st unit. 

(c) C ( 1 01) - C ( 1 00) = 990. 1 0107 - 990 = $0.10107. slightly larger than C' (100). 
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71. IfX = edge length, then T" => dVIdt ■= ix^dx/dl == \0 =» t/x/rfz = 10/(3x^) and S = &x- => 

dS/dt = (\2x)dxldt = I2x[l0/(3x^)J = 40/x. When x = 30, = ^ = j cm^/min. 


72. Given dV/dt = 2, find dh/dl when h = 5. V = and, from similar 


triangles. ^ =-i =» 

dl 100 dl 
/i = 5. 


3 VIO/ 100 


so 


dh 200 200 8 , 

— =-^ =-IT = — cm/s when 

dt 9xh^ 9x (5)^ 9ff 



73. Given dh/dt = 5 and dx/dt = 15, find dz/dt. z^ —x^ + => 

2z^=2x^+2/i^ =» ^ = l(15x + 5A). When/ = 3, 

dt dt dt dt z 

A = 45+ 3 (5) = 60 and X = 15(3) = 45 => z = 75, so 
^ = ^(15(45) + 5(60)] = l3ft/s. 



74. We arc given dzidt = 30 ft/s. By similar triangles, 

y 4 4 

~z-^\ ^ -"“ 7241 ^’“ 

^ » 7.7 ft/s. 

dt y/w dt y/7M 

75. We are given dO/dt = -0.25 rad/h. x = 400 cot 0 => 

— = — 40Ocsc^t7-;-. When</= f, 
dt dt * 

^ = -400 (2)^ (-0.25) = 400 ft/h. 




76. (a) /(x) = V25-X- => 

/' (x) = — ^ . = -X (25 - x^y'^. So the linear 
^ 2-J15-x^ ' 

approximation to /(x) near 3 is 
/(^) « /(3) + /' (3) (X - 3) = 4 - I (X - 3). 

(c) For the required accuracy, we want V25 — x^ — 0.1 <4 — 3 (x — 3) 
and 4 - I (x - 3) < ^25 - x- + 0.1. From the graph, it appears that 
these both hold for 2.24 < x < 3.66. 



2.8 
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77. (a) / U) = = (I + => /' (.t) = (1 + so 

Z.W = /(0) + /'(0)(;t-0)=l'/5 + |-2/3;t = l+.x. Thus, ymia* I+.t => 
•yr03 = 4/1 +3 (0.01) =s 1 +(0.01)= 1.01. 


(b) The linear approximation is 4/l + 3.r =s 1 + .t, so for the required 
accuracy we want 4^1 +3x - 0.1 < 1 + x < 4^1 + 3x +0.1. Krom 
the graph, it appears that this is true when -0.23 < .x < 0.40. 


1.5 



78. y = - 2x- + 1 => dy- (3x^ - 4x) dx. When x = 2 and <fx = 0.2, dy = [3 (2)- - 4 (2)] (0.2) = 0.8. 

79. /I = x^ + ^jx^ = (1 + J)x- =» rf/1 = (2 + j)x rfx. Whenx = 60 and 

r/x = 0.1. <//1 = (2 + j) 60(0.1) = 12 + ^, so the maximum error is 
approximately 12 + a: 16.7 cm-. 



*-*“ * Jx=l6 ’ l* = '6 


4 716 


3 32 


cos/7 - 0.5 f c/ I , /j 

82. Iim —-rr“= "T^cos/y =_sin^=-J^ 


83. Iim 

i->0 


71 + lanx - 71 +sinx (71 + tanx - 71 + sinx) (71 + lanx + 71 + sinx) 

ini ---= hm 

X-.0 




x^ (71 + tanx + 71 + sinx) 


(I + tanx) — (I + sinx) ,, sinx (l/cosx — l)cosx 

= Iim , , =-= hm 


t-*0x* (71 + tanx + 71 + sinx) i-*o x* (71 + lanx + 7l + sinx) cosx 
sinx (I -cosx)(l +COSX) 


= Iim 


J -.0 x’ (71 + tanx + 71 + sinx) cosx (I + cosx) 


= Iim 


sinx • sin X 


-•0 x^ (71 + tanx + 71 + sinx) cosx (I + cosx) 
3 


sinxy 

= I Iim - I Iim 

V->o .T / x-*0 


I 


= | 5 . 


-♦0 (71 + tanx + 71 + sinx) cosx (I + cosx) 
I I 


(7T + yr)|.(l + l) * 
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84. Differentiating the lirst given equation implieilly with respect to x and using the Chain Rule, we obtain 

/(TfE-v))=.v => /'(g (•»))(?'(•»)= I => g' (at) - * . Using the second given equation to expand 


/'(g(x)) 


the denominator of this expression gives g' (x) = 


I 


I +I/(g(-t))l 


. But the lirst given equation states that 


/ (g (v)) = .V. so g' (x) = 


I 


I +X-’ 


85. — (/■(2,t)l= .r^ => J'(2x) - 2 = x- => /'(lx) = Let / = 2.v. Then/'(t) = 
so/'(.x) = lx-. 

86. Let (/j, e) be on the curve, that is, = a-^^. Now x^^^ +>'’^' = => — = 0. so 

■* ■* dx 

dy 

■— = ~ JT/J “ ” \7/ ’ slope ot the tangent line is — {c/hy'‘ and an equation of the tangent 

line is^' — c = - (f//))*'-' (a - b)OT y ~ — (c/h)^^^ x + (c + Setting y = 0. we find that the 

A-inicrcept is h' ' -I h and setting a = 0 we find that the v-intercept is e + So the length of the 

tangent line between the.se two points is 

(c-T/J + i2D)J^ + [c-l, 1 (,.2/3 + /,2/.t)]2 ^ Ji,7/i („2,/3)2 ^ (^2/3)2 

= y(/,2/3 q e2'J)r,L'3 = 

= \/a- = o = constant 



Problems Plus 


1. Ixt a be the .r-coordinate of Q. Since the derivative of v = I - is y' = -Zx. the slope at Q is -2a. But since 

the triangle is equilateral, TO/OC = x/5/I. so the slope at Q is -n/ 3. 1 herefore, we must have that -2a = -V5 

=» a = Thus, the point Q has coordinates I - j) and by symmetry, P has 

coordinates j) 

2 . y = — 3.V -I- 4 => y' = 3x~ — 3. and y = 3 (.x^ —x) => y' = (xx - 3. I'he slopes of the tangents of the 

two curves arc equal when 3.x^ - 3 = 6 .r - 3. that is, when x = 0 or 2. At x = 0, both tangents have slope -3, but 

the curves do not intersect. At At = 2. both tangents have slope 9 and the curves intersect at (2, 6). So there is a 
common tangent line at (2, 6 ), y = 9.x — 12. 



3. (a) But X = 0 and y = 0 in the equation: f (0) - f{0 + 0) = f (0) -f- / (0) -h 0- • 0 4-0 • 0- = 2/ (0). 
Subtracting / (0) from each side of this equation gives / (0) = 0. 


(b) /'(())= lim 

/i ->0 


= lim /(0 + > 0 -/( 0 ) ^ [/«))-t-/(/ 0 -t- 0 -'/> + 0 /r]-/( 0 ) 

h h -*0 h 


/(*) fU) , 

= lim —-— = hm -= I 

A-»o n .t-tO .X 


,0 /' ,.x) = lim = lim [/(-^)-h/W-hx^/.-h.vf,^|-/(x) 


h 

f(h)+.x^h+xh- 

= lim a:- 

h ->0 h 


= lim f ^ -h x/i = I -I- j 
/i-*o L h 


4. We find the equation of the parabola by substituting the point (-100, 100). at which the car is situated, into the 
general equation y = ox^: I00 = a(— 100 )’ => o = Now we find the equation of a tangent to the 
parabola at the point (xq, yo). We can show that y' = a (lx) = (2.x) = ^x. so an equation of the tangent is 

- .vn = ^-xo (x - xo). Since the point (xo, yo) is on the parabola, we must have yo = t^x^, so our equation of 
the tangent can be simplified to y = j^xj ^.xo (x — .xo). W'c want the statue to be located on the tangent line, 
so we substitute its coordinates (100, 50) into this equation: 50 = ^ X 5 -h ^.xo (100 - xq) => 

.x^ - 200.XO + 5(H)0 = 0 => .xo = i [200 ± \/2002 - 4(5fl()0)j ^ xo = 100 ± 50>/5. But xo < 100. so the 

car’s headlights illuminate the .statue ivhcn it is located at the point [l(K) - 50s/2, 150 - lOOv^) =s (29.3.8.6). 
that is. about 29.3 m east and 8 6 m north of the origin. 
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d” 

5. We use mathematical induction. Let S„ be the statement that-(sin'' .v + cos^ x) =4”“' cos (4.t + na/2). 5i is 

dx" 

true because 


^ ^sin''.x + cos^ jtj = 4sin’jtcos.t - 4cos^.t sin.v = 4sinj[ cosac ^sin^ j: - cos^i^ 

= —4 sin at cos x cos Zx = —2 sin Zx cos 2x = — sin 4 .t 
= cos (y — (—4.v)) = cos (y + 4.t) = 4"“' cos (4.t + tiy) when n = 1 


d 

Now a.ssume .S'» is true, that is, -j-j (sin^.tt + cos'*.!) = 4*"' cos(4x + k^). Then 


^ (sin-'.X + cos^ jt) = £ (sin^x + cos"x)] = ^ [ 4 *-' cos (4x + )] 

= -4*-' sin (4x + ) ■ ^ (4x + ) = -4* sin (4x + ) 

= 4* sin (—4x - *y) = 4* cos (y - (-4x - iy)) 

= 4*cos(4x + (* + l)f) 

which shows that is true. 

Therefore, (sin'* x + cos'* x) = 4"“' cos {4x + 07 ^) for every positive integer n, by mathematical induction. 

dXf, 

Another Proof: First write 

sin"* X + cos'* A = (sin‘ A + cos’ a)^ — 2sin^ a cos- a = 1 — 5 sin^ 2a = 1 — j (1 — cos 4a) = | ^ cos 4a. 

Then we have yjj (sin** a + cos'* a) = (J + 3 cos 4a j =: j ■ 4" cos {4a + /jf) = 4””* cos (4a + 


A» j 

6. If we divide 1 — a into a" by long division, we find that / (a) =-= —a""' — a”“^-a — 1 +-. 

1 — A 1 — A 

This can also be seen by multiplying the last expression by I — a and canceling terms on the right-hand side. So 

I / I \ 

we lctg(x) = I+x+x-+ -l-x""’, so that/(x) = --g(x) => /*"'(x) = ( --) -g*"’(x). 

I — X \ I — X / 

( I 

■j-j . Now 

d 

— (I -X)-' = (-0(1 -x)-2(-|) = (1 _(| = (_2)(| _.V)-J(_1) = 2(1 -x)-^ 

dx dx^ 

d^ 

—j(l - X)-' ={-3) 2(l -X) ■'(-l) = 3 2(1 -x)-^ — ;(! -X)-' = 4 • 3 • 2 (1 - x)'*, and so on. So 
dx' dx* 


( I fj\ 

— I = —^— 
\-x) (l-x)'- 




PROBLEMS PLUS □ 183 


7. We must find a value xo such that the normal lines to the parabola y = at x = ±xo intersect at a point one unit 
from the points (±.to, Xo)- The normals to >> = x’ at x = ±xo have slopes - and pass through (±xo. x^) 

respectively, so the normals have the equations y - x^ = - ^ (x - xo) and y - x^ = — (x + xq). The 
common y-intcrccpt isxg + j. We want to find the value ofxo for which the distance from (o. Xg + j) to (xo.Xq) 
equals I ITic square of the distance is (xo - 0)^ + [j^o “ (^o + j)]^ = + 7 = ' <=> -^o = ±^. For these 

values ofxo, the y-inicreept is Xq + j = |, so the center of the circle is at ^0, 

Another Solution: Let the center of the circle be (0, a). Then the equation of the circle is x^ + (y - o)^ = I. 
Solving with the equation of the parabola, y = x’, we get x^ + (x^ - a)^ = 1 o x^ + x'' - 2ax^ + = I 

<=> x‘* + (I — 2a)x^ + o’ - I = 0. The parabola and the circle will be tangent to each other when this quadratic 
equation in x^ has equal roots, that is, when the discriminant is 0. Thus, (1 - 2o)^ - 4 (o^ - I) = 0 <=> 

I — 4o + 4o^ — 4o’ + 4 = 0 <=> 4o = 5, soo=|. The center of the circle is ^0, 

8. lim = ,i„ f/Wz/W . + 

■ + >/Sj 


»-♦" ^ — Ja y/x - y/a ,/x 


= lim - 


(■Jx + = fi 


f(x)-f(a) 


lim 

x-*a X — a 


lim (Vx + ~/a) 


X — a 
= f (a) ■ {y/a + y/a) 

= 2 Va/' (o) 

9. We can assume without loss of generality that fl = 0 at time r = 0 ,sothatfl= I2jr/ rad. (The angular velocity of 
the wheel is 360 rpm = 360 • (Itc rad) / (60 s) = I2 t rad/s.} Then the position of /I as a function of time is 

A — (40 cos fl, 40 sin = (40 cos 12!r/, 40 sin I2!r/), so sina = ~ ~ j sin 12a/. 

(a) Differentiating the expression for sin a, we get COSH • — = 4 • 12a cos 12a/ = 4a cos/7. When 

at 

0 = j, we have sinn = | sin/7 = so cosh = yj\ - and 

da 4;r cos y 2k 4t\/3 
^ “ COSH "" ynTn "" ^ 7 ;=^ **6.56 rad/s. 

(b) By the I .aw of Cosines, l/fyi^ = \OA\- + \OP\' -2\OA\\OP\co^O => 

120^ = 40-+ |0/>|2-2-40lO/’lcos/7 => |0/’|’- (80cos/7)|0/'| - 12,800 = 0 => 

|C7/’| = I (80cos/7 ± v'6400cos’ 2'/7 + 51,200) = 40cos/7 ± 40/cos7/7 + 8 
= 40 (cos/7 + \/% + cos7 /7^ cm (since \OP\ > 0) 

As a check, note that lO/*! = 160 cm when /7 = 0 and |C77’| = 80^2 cm when 0 = ^. 

(c) By part (b), the x-coordinalc of P is given by x = 40 (cos/7 + y/i + cos-0^, so 

dx dx do ( 2cos/7sin/7 \ / cos/7 \ 

d' d» dt \ 2 V 8 + cos 2/7/ \ VsTcos^/ 

In particular, dx/dt — 0 cm/s when /7 = 0 and dx/dt = -480a cm/s when /7 = f. 
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10. The equation of 7’i is v — .vf = Iri (jt — ,xi) = 2.xi.t — 2irJ or 

y = 2.i|.r — xf. The equation of Ti is >• = 2xi.r — Xj. Solving for the point 
of intersection, we get 2x (xi — xj) = xf — x| => x = j (xi + X 2 ). 
Therefore, the coordinates of P arc (xj + xi), xixi^ So if the point of 
contact of r is (o. o^). then (7| is (u + xi) ,axi^ and Q 2 is 
(5 ((i + X2).a.x2). 

Therefore. l/'C^il* = j (o - X 2 )^ + xf (o - X 2 )* = (a - .X 2 )^ + .»?) and 


W 

/ 


/■,(x,.x;)/ 

p,(x,.x;)\ 

(fl. a') n 

V. 



0 / *x 

r 


Vp 


If/’il^ = I (X| - .X2)^ + .vf (.ri -^2)^ = (a:: -^2)^ (3 +arf). So ['"Ji']-, = and similarly 

|/’C?2p ^ Cn -«)- p. ,,, \PQ\\ |PC^2l ^ ‘>-x2 XI -fl ^ 

|/’/’2l^ (tl - V’)' I/’/'ll l^/’2l Jf|-X2 XI-X2 


11. It seems from the figure that as P approaches the point (0,2) from the right, x/- —» 00 and yr -> 2‘''. As P 
approaches the point (3.0) from the left, it appears that xj- —> S'*" and yr -» 00 . So we guess that x/- 6 (3. 00 ) 
and yr e (2, 00 ). It is more diflicult to estimate the range of values for x.v and yn. We might perhaps guess that 
Xfj € ( 0 ,3), and y/j 6 (— 00 , 0 ) or (- 2 , 0 ). 

In order to actually solve the problem, we implicitly difl'ercntiate the equation of the ellipse to find the equation 
x“ y“ 2.x 2y 4 x 

of the tangent line: — + — = I =» — + -f y' = 0, so y' = -- -. So at the point (xo, yc) on the ellipse, an 

94 94 9y 

equation of the tangent line isy — .mj = — j — (x — xq) or 4xi).x + 9yoy = 4 xq + 9yg. This can be written as 

9 ^ 

2 

q. = ^0 q. ^ = I, because (xo.yo) lies on the ellipse. So an equation of the tangent line is 
9 4 9 4 

XQX yoy _ . 

9 4 

Therefore, the x-intcrcept xy for the tangent line is given by = 1 <=> = “. end 'he y-intercept yy 

. . u yoyr , “* 

IS given by —-— = 1 <=> y; = — . 

4 yo 

So as xo takes on all values in (0, 3), xy takes on all values in (3, oo), and as yo takes on all values in (0,2), yy 
lakes on all values in ( 2 , 00 ). 

At the point ( xo, lu) on the ellipse, the slope of the normal line is ——-- — - and its equation is 

y(xo.va) 4 .X 0 

v-vo = -— (x— .Xo). So the x-intcrcept x\ for the normal line is given by 0 - vo = 7 — (xjv - xo) => 

4 Xo ■ 4 Xo 

x\ = — ^ -I- Xo = and the v-intercept y/e is given by yy — yo = 7 — (0 - xo) =» 

9 9 4 xo 

9.10 , 5yo 

yy =-r + 10 =-p. 

4 4 

So as .Xo takes on all values in (0,3), xy lakes on all values in ^0, and as >0 takes on all values in (0,2), yy 
takes on all values in 1 . 0 ^. 
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sin (3 + jt)’— sin9 , , 

’2- ---=/ (3)where/(.v) = sin.r-. Now/'(x) = (cosa:^) (2t).so /'(3) = 6cos9. 


y 





'^i-t 







0 



If the two lines L \ and Li have slopes m \ and nii and angles of 
inelination and (pi- then mi = tan and mi = tan tpt. The triangle 
in the figure shows that 0| + « + (180“= - ^ 2 ) = 1*0° and so 
<1 =<I> 1 - 4>\. Therefore, using the identitv for tan {x - y), we have 

/, , . tan^-> — tan^i mt — nit 

tan « — tan (^i “ 0 1 ) = , . ^ ^and so tan « ^ 


I + tan ^2 Ittti^l I -t-mim? 

(b) (i) The parabolas interseet when .t’ = (.r - 2)^ => jc = 1 . Ify = x~. then .v' = 2.t. so the slope of the 
tangent toy = .r2 at (I, I) is mi = 2(1) = 2. Ify = (r - 2)% theny'= 2 {.t - 2). so the slope of the 
tangent to y = (.r - 2 )’ at (I, I) is m 2 = 2 (I - 2 ) = - 2 . t herefore. 

mi — nil —2 — 2 , . , 

tanw = --- = —- = ^ and sou = tan-' i as 53 °. 

I + mim 2 I + 2(-2) ' ^ 

(ii) X- - y2 = 3 and x^ - 4.t + y^ + 3 = 0 interseet when v- - 4.r + (j- - 3) + 3 = 0 « 2.v (x - 2) = 0 
=a Jt = 0 or 2. but 0 is extraneous. If x = 2. then y = i I. If - y^ = 3 then 2x - 2yy' = 0 => 
y'=.x/yandx2-4x+y2 + 3=0 =» 2x - 4 + 2yy'= 0 => y'=At (2. I) the slopes are 

m I = 2 and m 2 = 0. so tan « = _ _2 => « a: 117». At (2. -1) the slopes are m 1 = -2 and 

mi = 0 , so tan a - =2 => « as 63°. 


14. y^ = 4px ^ 2yy' = 4p => y'-Iply =» slope of tangent at f (xi,yi) is mi = 2p/yi. The slope of 

y\ 

FP is mi — -, so by the formula from Problem 13(a). 

X| - p 

tan« = >“1 /(>=t -P) -2p/yi yi (xi - p) ^ yf-2p(xi - p) 

1 + PpAi ) [>'i/(xi - p)] yiCxi-p) >'i (Jti-p) + 2 pyi 

4pxi - 2pxi + 2p- 2p(p + xi) 2p 

=- rii -= ■—;—;-r = — = slope of tangent at /' = tan K 

Xiyi - pyi + 2pyi .V|(p + X|) yi 

Since 0 < «, // < 4. this proves that n = ft. 

15. Since IROQ = lOQP = 0, the triangle QOR is isosceles, so 
IC>y?i = IWOI = X. By the Law of Cosines, x^ =x^+r^ - 2r.T cost). Hence, 


2rx COS 0 =S r *, SO AT = 


= - -Note that asy 0^,0 0'^ (since 

7 /'r*c /I ' 


2rcost) 2 cost) 


sin t) = y/r), and hence x 


■z -r = T. Thus, as P is taken closer and clo.ser to 

2cos0 2 


thex-axis. the point R approaches the midpoint of the radius AO. 

fix)-jm 



16. lim ^ = lim = lim = lim 


X -0 


lim 

.t-tO 


f(x)- J (0) 

x-0 


/'(O) 


‘-•o^Cx) x-.og(x)-0 x-,0 g(x)-g(0) x-»o g(x)-g(0) ijn, g'(0) 

.t-*o 


x-0 


x-0 
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„ sin (a + lx) — 2sin (a + x) + sina 
17. Iim-^- 


sin a cos 2x + cos a sin 2x - 2 sin a cos x - 2cosasinx + sin a 


sin a (cos 2x — 2cosx + 1) + cosa (sin2x — 2 sin x) 


= lim 

x-*0 

= lim 

i-*o 

sin a (2cos^x — 1 — 2cosx + 1) + cosa (2sinx cosx - 2sinx) 
= lim -T- 

I-.0 x^ 

sin a (2 cosx) (cosx — !) + cosa(2sinx)(cosx - I) 

= lim-5- 

x->o x^ 

2 (cosx — 1) [sinacosx + cosasinx] (cosx + 1) 

= lim- , , -——- 

jr-*0 x^(cosx+l) 


—2 sin'' X (sin (a 
x-^o x^(cosx+I) 


= lim 


I) x->0 \ X / cosx + 1 cosO 


2 sin (o + 0) _ 
+ 1 “ ' 


18. Suppose that y = mx + c is a tangent line to the ellipse. Then it intersects the ellipse at only one point, so the 


x* (mx + c)' 

discriminant of the equation -x +--5-= I 

b‘ 

0. that is. 


+ a^m^) x^ + 2mco^x + = 0 must be 


0 = ^2mca^^ — 4 ^6^ + ^a^c^ - 

= 4o'*c‘m^ — 4o^6^c^ + 4o^b^ — 4a^c^m^ + — Aa^b^ + b^ — 


'I'hercfore, + 6^ — c"’ = 0. 

Now if a point («, fi) lies on the line y = mx 4- c, then c = p — ma, so from above, 

0 = + b^ — {p — ma)^ = (a^ - a^) + 2apm + b^ — p- <=> ^2 _ ^2 ~ 


(a) Suppose that the two tangent lines from the point (a, P) to the ellipse have slopes m and —. Then m and — 

are roots of the equation 4—4- - 7 —^ = 0. ITiis implies that (z — m) -^ = 0 ^ 

4- —^ z 4- m ^ = 0, so equating the constant tcrnis in the two quadratic equations, we get 

~ = m = 1, and hence 6^ - p- =a~ - a?. So (n,/7) lies on the hyperbola x^ - yp = - b^. 

— a- \m ) 
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(b) If the iwo langcnl lines from the point (n, p) to the ellipse have slopes m and —then m and —!-arc roots of 

m m 

the quadratie equation, and so (r — m) ^ = 0 , and equating the constant terms as in part (a), we get 

b^-p- , , , , 

-y——y = — I, and hence — p- = «•' —a‘. So the point («,/() lies on the eircle x~ + >>- = <j- + h-. 





19. y = X* — 2x^ — X => y' = Ax^ — 4jr — I. The equation of the tangent line at jc = o is 

y ~ {‘I* ~ “ ") = — 4a — I) (jr — a) or>> = (4a’ — 4o — l);t + (-3a^ + 2a’) and similarly for .r = b. 

So if at j: = a and x = b we have the .same tangent line, then 4a’ - 4a - I = 4*’ — 4i — I and 
—3a^ + 2a- = —Jb* + 2b-. The first equation gives a’ — i’ = a — ft => (a - ft) (o’ + oft 4 ft’) = (o — ft). 
Assuming o 5 ^ ft, we have I = a’ + oft + ft’. The second equation gives 3 (o'* - ft'*) = 2 (o’ - ft’) ^ 

3 (o’ - ft’) (o’ + ft’) = 2 (a’ - ft’) which is true if a = -ft. Substituting into I = a’ + aft + ft’ gives 
I = a’ - a’ + o’ a = ± I so that a — I and ft = -1 or vice versa. Thus, the points (1,-2) and (—1,0) 
have a common tangent line. 

As long as there are only two such points, we are done. So we show that thc.se are in fact the only two such 
points. Suppose that a’ - ft’ 0. Then 3 (a’ - ft’) (a’ + ft’) = 2 (o’ - ft’) gives 3 (o’ + ft’) = 2 or 

o’ + ft’ = j. Thus, oft = (o’ + oft + ft’) — (o’ + ft’) = I — | = i,soft = —. lienee, o’ + —= -, so 

3a 9o’ 3 

9a'* + 1 = 60 ’ =» 0 = 9a* - 60 ’ + I = (3a’ — I)’. So 3o’ — 1=0 => 0 ’ = ^ => 
ft’ = ^ = j = o’, contradicting our assumption that o’ 5 ^ ft’. 


20. Suppose that the normal lines at the three points (oi, of), ( 02 , oj), and ( 03 , of) intersect at a common point. Now 
if one of the o, is 0 (suppose oi = 0) then by symmetry 02 = -03, so 0 | + 02 + 03 = 0. So we can assume that 
none of the o, is 0 . 


The slope of the tangent line at (a,, a}) is 2a,, so the slope of the normal line is -— and its equation is 

2o, 

y — = — ^ (J^ - o,). We solve for the jc-coordinate of the intersection of the normal lines from ( 01 , of) and 

(02,0’): y = of-^(,-o,) = o’-^(.r- 02 ) ^ ( 2 ^ " ) = “I - ^ 

( ai — ^2 \ 

I = - (at - 02 ) (oi -I- 02 ) <=> jt = —20102 (oi-I- 02 ) (★). Similarly, solving for the x-coordinate 


of the intersections of the normal lines from (oi, of) and (03, of) gives x = - 2 oio 3 (o| -|- 03) (f). Ivquating (★) 
and (t) gives 02 (oj -1-02) = 03 (oi -1-03) <=> o| (02 — 03) = of — of = — (02 -I- 03)(02 — 03) 

0| = - (02 + 03) <=> 0| 4- 02 -I- 03 = 0 . 
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Because of the periodic nature of the lattice points, it suffices to consider the points in the 5 x 2 grid shown. We 
can sec that the minimum \aluc of r occurs when there is a line with slope j which touches the circle centered at 
(3, I) and the circles centered at (0,0) and (5,2). To find P, the point at which the line is tangent to the circle at 
( 0 , 0 ), we simuliancousK solve r-and >• =-vx ^ .x^+”x^=r^ => .x^ = =s 

X = y = f - either use symmclr>' or solve (x - 3)^ + 0 ' ~ l)‘ = and 

y — 1 = — j (x — 3). As above, we get x = 3 — y = \ + Now the slope of the line PQ is j, so 


1 

+ 


1 + 

to _ 

v/29+ lOr 



~ 3- 


3v^-4r 


5y/29 + 50r 

= 6x^ 

-8r 



58r 

= 


<=> 


r 

~ 58 



So the minimum value of r for which any line with slope 5 intcrscets circles with radius r centered at the lattice 
points on the plane isr = ^ =s 0.093. 


22. 



Assume the axes of the cone and the cylinder are parallel, l.ct H denote 
the initial height of the water. When the cone has been dropping for I 
seconds, the water level has risen .x meters, so the tip of the cone is 
X + Ir meters below the water line. We want to find dx/dl when 
X +1 — h (when the cone is completely submerged). Using similar 

ri r r 

triangles,-= - =» ri = - (x +/), 

x + l h h 


volume of water 

and cone at time t 

original volume 
of water 

+ 

volume of submerged 
part of cone 

xK-(ll +x) 

= xR-H 

+ 

Jffrf (x + r) 

xR-H + iTRh 

= ttR-U 

+ 

^ff^(x + r)’ 

ilrR^x 

= r^(x + l)^ 





PROBLEMS PLUS □ 


189 


23. 


Din'crentiating implicitly with respect to r gives us 


3A 


dt 




, dx 


3 (j + /)■" -r + 3 (•'' + ‘) 

dt 


,dr 

dt 


dx _ r^(x + tf 
'di ~ {x + t)^ 


r-h- 


x+t = h 


;| 2 /? 2 _^ 2;,2 R 2 ^ f ,2 


Thus, the water level is rising at a rate of ^ cm/s at the instant the cone is completely submerged. 

r h 5/z ^ , 

y similar triangles, - = — => r = —. The volume of the cone is 

5 16 16 

I 1, I 2Sn 2 <^h ..... f 

= \nr^h = I — I h = Now the rate of 

5 ^ \ 6/ 768 dt 256 di 



y 

change of the volume is also equal to the difference of what is being added 
(2 cm^/min) and what is oozing out {knrl, where Tcrl is the area of the cone and k 

dV 

is a proportionality constant). Thus, — = 2 — knrl. 

dV dh 5(10) 25 / 10 

Equaling the two expressions for — and substituting h = 10, — = -0.3, r = , and = — 

, ,_ s >- l25Jtffv/28T ^ 750ff ^ , 

<=> /= |,^,wcgel^(10)^(-0,3) = 2-*ff^ • |V28T c* --= 2 + Solving lor * 

gives us A = ^36 + .jg niaintain a certain height, the rate of oozing, kttrl, must equal the rate of the liquid 
250a 

. 256 +375a 25 5v^ 256 + 375a 

being poured in. that is, dV/dt — 0. knrl = ~ ^ -' 1.204 cm'^/min. 


250tn/^ 8 8 
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Applications of Differentiation 


Maximum and Minimum Values 


1. A function f has an absolute minimum at jr = c if / (c) is the smallest function value on the entire domain of /, 
whereas / has a local minimum at c if / (c) is the smallest funetion value when x is near c. 

2. (a) The ICxlreme Value Theorem 
(b) See the Closed Interval Method. 

3. Absolute ma.\imum at absolute minimum at d. local ma.\ima at h. e; local minima at d, s: neither a maximum 
nor a minimum at a. c, r, and I. 

4. Absolute maximum at c; absolute minimum at l; local maxima at c. e. s: local minima at b. c. d. r; neither a 
maximum nor a minimum at a. 

5. Absolute maximum value is /(4) = 4; absolute minimum value is /(7) = 0; local maximum values arc /'(4> = 4 
and / (6) = 3 ; local minimum values arc / (2) = 1 and / (5) = 2. 

6. Ab.solule maximum value is /(7) = 5; absolute minimum value is / (I) = 0; local maximum values arc 


ri 

II 

s 

= 4, and /(5) = 3; local minimum values are /(l) = 0,/(4) 

= 2. and /(6) = 1. 

7. ,.| 

8. 

■ 

1 



2- 

1 

\ 


0 

12 3^ 0 

1 2 3 * 
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15. f (x) = S - 3x, X > I. Absolute maximum 
/(I) = 5; no local maximum. No absolute or 
local minimum. 



17. /(x) = 0 < X < 2. No absolute or local 

maximum or minimum value. 



19. fix) = x^, 0 < X < 2. Absolute minimum 
/ (0) = 0; no local minimum. No absolute or 
local maximum. 



21. / (x) = x^, —3 < X < 2. Absolute maximum 
/ (-3) = 9. No local maximum. Absolute and 
local minimum / (0) = 0. 



SECTION 4.1 MAXIMUM AND MINIMUM VALUES □ 

16. /(x) = 3 — 2x,x < 5. Absolute minimum 
/ (5) = —7; no local minimum. No absolute or 
local maximum. 



18. /(x) = x^,0 < X < 2. Absolute maximum 
/(2) = 4; no local maximum. No absolute or 
local minimum. 



20. / (x) = x^, 0 < X < 2. Absolute maximum 
/(2) = 4. Absolute minimum y'(0) = 0. No 
local maximum or minimum. 



22. /(x) = 1 + (x + 1)", —2 < X < 5. No absolute 
or local maximum. Absolute and local minimum 
/(-!)= 1 . 



133 
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23. y (;) = I //, 0 < ( < I. No maximum or 
minimum. 


Y‘ 

V 

0 

1 ' 


24. /(() = l/F. 0 < r < I. Absolute minimum 
/(I) = 1; no local minimum. No local or 
absolute maximum. 



25. I (0) = sinL/. —2n <0 <2n. Absolute and 
local maxima ^ = /(f) = *• Absolute 

and local minima /(—t) = / (t) “ 



1 


2jr 

-2ir 


0 ^ 



26. J (0) = tanLA — j <0 < Absolute minimum 
/ (—f) = —1; no local minimum. No absolute 
or local maximum. 



27. f (.x) = .v^. No maximum or minimum. 


29. /(.V) 


V. 

1 

T 

1) .t 

VI 

o 

A < 1 


Absolute 


2-x if I < .V < 2 
minima / (0) = / (2) = 0; no local minimum. 
No absolute or local maximum. 


28./(x) = 2 — x''. Local and absolute maximum 
J (0) = 2. No local or absolute minimum. 



x^ if -1 < X < 0 

f (.x) = , 

2-x^ ifO < X < I 

Absolute and local maximum / (0) = 2. No 
absolute or local minimum. 
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31. f (x) — 5.X" + 4.t => /' (,x) _ 10.it + 4. /' (x) = 0 => x = — 5 , so —5 is the only critical number. 

32. /(.It) = 5 + 6.t-2x5 => /'(Jt) = 6 - 6 Lir- = 6 (l+j)(l-jt)./'(j;) = 0 => .v = ±1, so ±1 arc the 

critical numbers. 

33. / {/) = 2l^ + 3/' + 6 r + 4 =* /'(/) = 6 r^ + 6 ( + 6 . But + / + 1 = 0 has no real solution since 

— 4ac = I - 4 (I) (1) = —3 < 0. No critical number. 

34. fix) = 4.t^ - 9 .v2 - 12.V + 3 => f (x) = I2x^ - 18jt - 12 = 6 (2t^ - 3x - 2) = 6(2* + I) (.t - 2). 

/'(*) = 0 * =— 5 . 2 ; so the critical numbers are* =— 5 , 2 . 

35. * (r) = 2/^ + 3/^ — 6 r + 4 => s' (/) = 6 (^ + 6 r — 6 = 6 (t’ + ( — 1). By the quadratic formula, the critical 

numbers arc r = ^-1 ± / 2 . 


36. s (r) = /■' + 4r-’ + 2l^ => s' (r) = 4/^ + 12/2 + 4 , = 4 , (,2 + 3 , + 1 ) = 0 when / = 0 or /^ + 3/ + I = 0. By 
the quadratic formula, the critical numbers are 1 = 0, 

■>-1 /■, > '■ (r-^H-I) 1-/•(2*) -r^+l _ , 

37 . /('■)— 2 ■ I ^ /('■) —-—--= —-3 =0 <=> *7 = 1 <=> r = ±1, so these are 

+' ('- + ir P+I) 

the critical numbers. Note that /' (*) always exists since *7 + | ^ 0. 


38. /(z) 


z+ 1 

’ *7 + r + I 




: = 0,-2 are the critical numbers. (Note that z7 + ; + 1 ^ 0 since the discriminant < 0.) 


39. g(*) = |2*+3| = 


2*+ 3 if2* + 3>0 
-(2*+ 3) if2* + 3 <0 


=» «'W = 


if* > —I 
-2 if* < -| 


g'(*) is never 0 . but ^ (*) does not exist for* = -|,so -j is the only critical number. 

40. g(*) = *‘‘'7 -*-7/7 => g'(jt) = |jf-2/3 + 2 jj- 5/3 ^ (* + 2) = s'(-2) = 0 and g'(0) 

not exist, but 0 is not in the domain of so the only critical number is — 2 . 

^(0 = g' (t) = ^/-V3 5 | 2/3 docs not exist, so r = 0 is a critical number, 

g '(0 = (2 +/) = 0 <=> / =— 2 , so/ =-2 is also a critical number. 


does 


42. ^ (/) = v/l (I - 0 = - /7/7 => s'{!)= - j\/t. g' ( 0 ) does not exist, so / = 0 is a critical number. 


1 -3r 


0 = g '(0 = -^^^ =* / = j, so r = j is also a critical number. 


43. F(*) =*''/7(*-4)7 => 

F' (*) = |*-'/7 (* - 4)7 + 2*^/7 (* - 4) = |*-*/7 (* - 4) [4 (* - 4) + 10*) 

(*-4)(I4* - 16) 2(*-4)(7*-8) , , 

~-sTi/t -~-JxiTi-~ ** when * = 4. and b (0) does not exist. 

Critical numbers arc 0. |. 4. 


44. G (*) — ^*7 — * =s G' (*) = j (*7 — *) 7/7 _ ij. c' does not exist when *7 — * = 0 or* = 0. I. 

G'(*) = 0 <=> 2* — 1 = 0 <=> * = j. Sothecritical numbersarc* = 0, s, 1 . 
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45. / (0) = sin- (20) =» /' (0) - 2 sin (20) cos (2jO) (2) = 2(2 sin 20 cos 20) = 2 |sin (2 • 20)\ = 2 sin 4« = 0 

<=> sin4W = 0 «=> 4W = Hff. n an integer. So/F = ;ja^/4 are the critical numbers. 

K. g(0) = 0 + i.mO => g'(t^) = I + cosW = 0 «:> cos W = —1. The critical numbers are 
0 = 71 + 2/177 = ( 2/1 + I) n an integer. 

47. r(.x) = 3.x^ - I2.V + 5, |0,31. /'(a) = 6.i - 12 = 0 <=> x = 2. f(0) = 5,/(2) = -7, /(3) = -4 So 
/ (0) = 5 is the absolute maximum and / (2) = —7 is the absolute minimum. 

48. f(x) = x^-ix + 1.10,3], /'(x) = 3.t- - 3 = 0 o .x = ±l,but - I is not in [0,3|. /(O) = I,/(I) = -1. 
/ (3) = 19. So /(3) = 19 is the absolute maximum imd /(I) = —I is the absolute minimum. 

49. /(V) = 2.v’ + 3.v^ + 4.1-2, I). /' (x) = 6x^ + 6.x = 6.x (x + I) = 0 x = -I, 0. f(-2) = 0. 

/ (—1) = 5, y'(()) = 4, y (I) = 9. So/(l) = 9 is the absolute maximum and/(—2) = 0 is the absolute 
minimum. 

50. /(x) = 18.x + 15.x--4.x’, 1-3,4). /'(x) = 18 + 30.x - 12x’= 6(3 - x) (1 + 2x) = 0 «=> x=3,-i 

/ (-3) = 189, / z= — /(3) = 81, /(4) = 56. So / (-3) = 189 is the absolute maximum and 

/ y l) = — X absolute minimum. 

51. /(x) = x'' - 4x’ + 2, [-3,2|. /' (x) = 4.x’ - 8.x = 4.x (x’ - 2) = 0 x = 0. ±V2. /(-3) = 47. 

/ (-v^) = -2. /(O) = 2. /(x/2) = -2. /(2) = 2. so / = “2 is the absolute minimum and 

/ (-3) = 47 is the absolute maximum. 

52. /(.x) = .3.x’ -5.x’- I. (-2,2). /'(x) = 15.x‘’ - 15x2 ^ 15x2 (x + I) (x - |) = o ^ x = -l.0, I. 

J (-2) = -57, / (-I) = I. / (O) = — I, / (I) = —3. /(2) = 55. So J (-2) = -57 is the absolute minimum 
and / (2) = 55 is the absolute maximum. 

53. /(.x)=x2 + |. [^.2 ]./'(.x) = 2x--^= 2:!^-^=0 » x’-l=0 O (x - 1) (x’+x + l) = 0. 

but x’ F x F I / 0. so X = I. The denominator is 0 at x = 0. but not in the desired interval. / (j) = x- 
/(I) = 3, y (2) = 5. So / (I) = 3 is the absolute minimum and f (2) = 5 is the absolute maximum. 

54. /(x)= v/9^r72, |-I.2|. /'(x) = -x =0 e=> x = 0. /(-I) = 2^/2./(O) = 3. / (2) = ^/5. So 

/ (2) = \/5 is the absolute minimum and / (0) = 3 is the absolute maximum. 

55. / (x) = , . |(). 2). f (x)= ^^ ~ = ' — X = 0 <=> .x = ±l,but-l isnotin[0,2|. 

/ (0) = 0. y {1) = 5 . / (2) = I. So / (I) = 5 is the absolute maximum and / (0) = 0 is the ab.solute minimum. 

56. /' (x) = —^—. 11.2|. y' (x) = ^-5— =-X ^ 0 =* no critical number. /(I) = ^ and 

■'■-FI (x-Fl)- (x-Fl)- 

y (2) = |.soy'(l)= X is the absolute minimum and/(2)= j is the absolute maximum. 

I . I , si"-' 

57. /(x) = sinx-F eos.x. 0. T . y (x) = extsx — smx = 0 » sinx = cos.x =» -= 1 => tan.x = I 

' ’ ' cosx 

=s ,x = |. /(O) = I. / (= V 2 ^ 1.41. y‘(y) = s- I 37 So /(0) = I is the ab.solute minimum and 
/ (f) = is the absolute maximum. 
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58. /(at) = .t-2cosjt, /'(.t) = 1+ 2sm.t = 0 <=> sin.t =-i <=> v = 

/(-;r) = 2 - ;r -|.I4. /(-^) = 75 - ^ -0.886. /(-f) = -| - VI:« -2.26. 

/()r) = ff+2ai5.l4. So/(-5) = —Viis the absolute minimum and y (a) = + 2 is the absolute 

maximum. 



We sec that /' (.v) = 0 at about .t = — 1.3, 0.2, 
and I. I. Since f exists everywhere, thc.se are 
the only critical numbers. 



We sec that /' (x) = 0 at about .v = 0,0 and 2.0. 
and that /' (.v) does not exist at about x = -0.7. 
1,0, and 2,7. so the critical numbers of / arc 
about -0.7, 0.0, 1.0, 2.0, and 2.7. 


61. (a) 



From the graph, it appears that the absolute maximum value is about 
/(—1.63) = 9.71, and the ab,solute minimum value is about 
/(1.63) = -7.71. These values make sense because the graph is 
symmetric about the point (0, !).(>' = .r’ - 8v is .symmetric about 
the origin.) 


(b)/(x) = x^ - 8.x + I => /'(x) = 3x2 - 8. So/'(x) = 0 ^ 

/ (±/f)=(±yf)' - 8 (±yf) +1=±1/f :p 8y»+1 

= ~T\/f + 1 = 1 — (minimum) or -jy/j + 1 = 1 + (maximum) 
(I roin the graph, we see that the extreme values do not occur at the endpoints.) 


62. (a) 


2.5 



From the graph, it appears that the absolute maximum value is 
} (2) = 2, and that the absolute minimum value is 
about / (0.25) = -0.11. 


(b) y (x) = V* - 3x1 + .3x2 -X ^ /'(x) = 4x1-9x2+ 6x - I = (4x - l)(x - 1)2. So/'(.v) = 0 
X = 1 orx = I. Now /(I) = I'* — 3 ■ |1 + 3 • |2 — I = 0 (not an extremum) and 


/ (?) - (j) “j(?) +^(?) -? =-^ (minimum). 
/ (2) = 2'* — 3 ■ 2^ 4* 3 • 2^ — 2 = 2 (maximum). 


Ai the right endpoint we haNC 


.=> 
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63. (a) 


0.4 



From the graph, it appear.^ that the absolute maximum value is about 
/ (0.75) = 0.32, and the absolute minimum value is 
/ (0) = / (I) = 0, that is, at both endpoints. 


(b) / (x) = xVx - .X- 
So /' (x) = 0 => 


=> /'(x) = x 


3x - 4x^ = 0 


I _ 2x , _ (x - 2x^ ) + (2x - 2x^) _ 3x - 4x^ 

2Vx - x^ + 2y/x - x7 2Vx -X- 

=5 ;( = Oor /(O) = /(I) = O(minima), and 


/ (I) = ^ (maximum). 


64. (a) 



- 0.8 


From the graph, it appears that the absolute maximum value is alxiut 
/ (5.76) = 0.58, and the absolute minimum value is about 
/(3.67) = -0.58. 


(b)/(x) = 


2 + sinx 


/ txi = 


sinx = — j 


(2 + sinx)‘ t.4 + sinx)- 

= ^ or Now / (^) = = “7! (minimum), and / = ^ = ^ 


(maximum). 


65. The density is defined as p = 
dp 


volume V (T) 

.dV 


(in g/cm^). But a critical point of p will also be a critical 


point of V [since — = -10001'“^— and I' is never 0], and F is easier to 
dT dT 

differentiate than p. V {T) = 999.87 — 0.064267’ + 0.00850437*^ — 0.00006797*^ => 

F' (7 ) = -0.06426 + 0.01700867* - 0.0002037r^ Setting this equal to 0 and using the quadratic formula to find 


7*. we get 7* = 


-0.0170086 ± VO.01700862 - 4 ■ 0.0002037 • 0.06426 


! 3.9665° or 79.5318°. Since we are 


2 (-0.0002037) 

only interested in the region 0° < 7* < 30°, we check the density p at the endpoints and at 3.9665 

1000 1000 _ 1000 

/>(0)=«;t^«1000l3;/>(30) 


999.87 ' 1003.7641 

its maximum density at about 3.9665°C. 


1 0.99625; p (3.9665) = 


999.7447 


1.000255. So water has 


66. F* = 


pW 


p sin 0 + cos 0 


dF _ (p sinO + cosO) (0) - pW (p cosO - sin6>) _ -/ilF(/i cosO - sing) 
~ 7 (/< sinfl + cosg)7 


dO 


dF 


dO 
F = 


= 0 


p cosO — sin 77 = 0 


(tang) W 


IF tan g 


(p sing f cosg)^ 
p = tang. Substituting tang for p in F gives us 
IF tan g cos g W .sin 0 


(tang) sing + cosg sin^g „ sin^g + cos^g 

-+ cosg 

cosg 


IF sin g. 


1 
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\f\anO = /(.then sinfl = (see Ihc figure), so F = —r ^ U-’ We 

vV + l v/7r- + I 

eompare this with the value of b' at the endpoints: F (0) = >/ K' and f ( 7 ) = H' 

Now because - < 1 and ^ f < «, we have that IV 

/PTJ 

is less than or equal to each of F (0) and f ( 7 ). Hence, ^ H' is the absolute minimum value of F l/J). and it 

v//<- + I 

occurs when tanfl = /t. 

67. We apply the Closed Interval Method to the continuous function / on |0, 10], Its derivative is 

/' (/) = 0.00045225('' + 0.005752/^ — 0.19683(sj + 0.9196/ — 0.6270. Since /' exists for all /. the only critical 
numbers of / occur when /'(/) = 0. We use a root-linder on a computer algebra .system (or a graphing device) to 
find that /'(/) = 0 when / =» —29.7186, 0.8231, 5.1309, or 11.0459. but only the second and third roots lie in the 
interval [0, 10]. The values of / at these critical numbers arc / (0.8231) a: 99.09 and / (5.1309) 100.67. The 

values of / at the endpoints of the interval are / (0) = 99.33 and / ( 10 ) as 96.86. Comparing these four numbers, 
we see that food was most expensive at / as 5.1309 (corresponding roughly to August, 1989) and chcape.sl at 
/ = 10 (midyear 1994). 



68 . (a) 


4200 



The equation of the graph in the figure is 
!)(/) = 0.00146/’-0.11553/2 

+24.98169/ -21.26872 


(b) a (/) = 1 / (/) = 0.00438/2 - 0.23106/ + 24.98169 
=> a' (/) = 0.00876/ - 0.23106. o' (/) = 0 => 

'I = sisi 26.4. o (0) ae 24.98. o (/,) =s 21.94, 
and o (126) as 64.60. The maximum acceleration is 
about 64.6 ft/s2 and the minimum acceleration is 
about 21.94 ft/s’. 


69. (a) 0 (r) = A- (/"o - /■) r2 = kror^ — kr^ =» 
o' (/■) = Ikror — 3kr^. o' (r) = 0 =» 

kr (2ro — 3r) = 0 => r = 0 or jro (but 0 is not in 
the interval). Evaluating 0 at jfo, jro, and ro, we get 
I) 0 ^fro) s= ^kr^. and o (ro) = 0. 

Since ^ > g. « attains its maximum value at r = jro. 
This supports the statement in the text. 


(b) I'rom part (a), the maximum value of 0 is 

Air’ 

57 *'^ 0 - 



20. g (x) = 2 + (x - 5)2 =» g' (x) = 3 (x — 5)2 => /' (5) = 0, so 5 is a critical number. But g (5) = 2 and g 
takes on values > 2 and values < 2 in any open interval containing 5. so g does not have a local maximum or 
minimum at 5. 
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71. /(.t) +.v’'+ I => /'(Jt)= 10 U'‘’® + 51.v*“+ 1 > 1 rorall;(, so/ (jr) = 0 has no solution. 

T hus, /(.x) has no crilical number, so / (x) can have no local maximum or minimum. 

72. Suppose that / has a minimum value at c. so / (x) > / (c) for all x near c. Then g (x) = —/ (x) < -/ (c) for 
all X near c, so g (x) has a maximum value at c. 

73. If y has a local minimum at e. then g (x) = -/(x) has a local maximum at c, so g* (c) = 0 by the case of Fermat’s 

Theorem proved in the text. fhus. / (c) = —g' (c) = 0. 

74. (a) / (x) = rrx^ + bx^ + c.x + il. a ^ 0. So / (x) = 3ax- + 2b.x + c is a quadratic and hence has cither 2, 1, or 0 

real roots, so / (x) has cither 2 , 1 or 0 critical numbers. 


Case 0} (2 crilical numbers): 

/(x)=x’-3x =» /(x) = 3x--3, 


1 


so X = — 1. 1 are critical numbers. 

A 

1 



/ ” 

A 

Case (ii) (! crilical number): 

/(x) = .x' => /(x) = 3.x^ 

so X = 0 is the only critical number. 

>• 

L 



r 

0 It 

Case (iii) (no critical number): 

/(x)=x3 + 3x =» /'(x) = 3x2 + 3. 


7 


so there are no real roots. 


/. 



1 

fit 


(b) Since Ihere arc at most two critical numbers, it can have at most two local extreme values and by (i) this can 
occur. By (iii) il can have no local extreme value. However, if there is only one critical number, then there is no 
local extreme value. 
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Applied Project □ The Calculus of Rainbows 


1. From Snell’s l.aw.wc have sinrt = 4 sin/< => — (sin«) =-—(sinfl) 

da i da 


dp 3cos« 


eos« = -cosfi — ^ 
3 da 


. Now D{a) = It + 2a - 4p 


/>'(«) = 2-4^ =2-3^^. So D'(a) = 0 <=> 
da cos fi 


da 4 cos p 

2 cos // = 3 cos a. Thus. 4 cos* fi — 9 cos^ a 
sin/^ = ^sin« => 4-4^|sin«^ =9-9sin^a => ^9 - 5 ^ sin^ « = 9 - 4 = 5 


4 — 4sin^^ = 9 — 9sin^ a. Since 3sin« = 4sin/y, 


4:in2/, _ 20 
sin a — 


sinrt . So rt as 1.037 radians or 59.4°. We show that this a does give the minimum on [O, y j: When « = 0, 

sina = 5 sin^ => ^ = 0, or D (0) = »■ as 3.14. When a = ^, I = sin 4 = j sin^ => sin ^=5 ^ 
p as 0.85. So D(f) as - 4(0.85) as 2.88. Fora as 1.037, sin^ = J sina = so^ as 0.702 => 
D(a) as ;r + 2 (1.036) — 4(0.702) as 2.41. So the minimum occurs when a as | .04 radians or 59.4°. 


2 . 


We repeat Problem I with * in place of 4. So sin a = A- sin « =s> — = I . Then 

da k cosp 

D'{a) = 2 — 4^ = 2 — - --and/J'(a) = 0 «=> * cos/) = 2 cosa. So cos^ # = 4cos^ a ^ 

da kcosp 


k^ - k^ sin^ P = 4 - 4sin^ a =» - sin'a = 4 - 4sin^a s=» 3sin^a = 4-it^ 


sina = 



So fort as 1.3318 (red light) the minimum occurs when sinai 



(1.3318) 

3 


2 


oral 


1.038 radians, so the 


rainbow angle is about sr - D(ai) as 42.3°. Fortas 1.3435 (violet light) the minimum occurs at 
a 2 1.026 radians, and so the rainbow angle is about a - D (a 2 ) as 40.6°. 


3. At each reOection or refraction, the light is bent in a counterclockwise direction: the bend at /I is a — p, the bend 
at B is It — 2p. the bend at C is again n — 2p, and the bend at D is a — p. So the total bend is 

D (a) = 2(a — /() + 2 (a — 2/F) = 2a — 6/( + 2n. as required. Now sina = ksmp =» — = - " . So 

da k cos p 

D'(a) = 2-6-^ =2—- --andD'(a) = 0 <=> t cos/F = 3 cosa. So cos^/) s= 9cos^ a 

da kcosp 


— t'sin^^ = 9 —9sin^a =» —sin^a 

A = |, then the minimum occurs when sina i = 


= 9 — 9 sin' a 


/ 


9-(4/3)^ 


• or «I 


= V- V 8 

as 1.254 radians. Thus, the minimum 


h-k^ 


. Il' 


counterclockwise rotation is D («i) 231®, which is equivalent to a 

clockwise rotation of 360® — 231®= 129® (see the figure). So the rainbow 
angle for the secondary rainbow is about 180® - 129° = 51®, as required. 
In general, the rainbow angle for the secondary' rainbow is 
n — [2ar — D («)] = D («) — t . 
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4. In the primar>' rainbow, the rainbow angle gets smaller as k gets larger, as we found in Problem 2, so the colors 
appear from top to bottom in order of increasing k. But in the secondary rainbow, the rainbow angle gets larger as 
k gets larger. To see this, we find the minimum deviations for red light and for violet light in the secondary rainbow. 


ForA 1.3318 (red light) the minimum occurs when sin 


inai = J 


9- 1.3318^ 


or «1 ar 1.254 radians, and so the 


rainbow angle is D (h i) - a =» 50.6°. For A as 1.3435 (violet light) the minimum occurs when 
<) — 1 3435 ^ 

sin «2 = J - - -or «2 a! 1.248 radians, and so the rainbow angle is D ( 02 ) - a as 53.6°. Consequently, 

the rainbow angle is larger for colors with higher indices of refraction, and the colors appear from bottom to top in 
order of increasing A, the reverse of their order in the primary rainbow. 


Note that our calculations above also explain why the secondary rainbow is more spread-out than the primaiy 
rainbow: in the primaiy rainbow, the difference between rainbow angles for red and violet light is about 1.7°, 
whereas in the secondary rainbow it is about 3°. 


The Mean Value Theorem 


1 . / (.r) = - 4x -F I, [0,4J. Since / is a polynomial, it is continuous and differentiable on R, so it is continuous on 

[0,4] and differentiable on (0,4). Also,/(O) = I =/(4)./'(c) = 0 e=> 2c — 4 = 0 <=> c = 2, which is in 
the open interval (0.4), so c = 2 satisfies the conclusion of Rolle’s Theorem. 

2. / (.v) = — 3x^ -F 2x -F 5, (0,2). / is continuous on [0,2] and differentiable on (0,2). Also, / (0) = 5 = / (2). 

/' (c) = 0 <=> 3 c^ — 6 c-f2 = 0 c=> c= - ^ = 1 ± 5 both in (0,2). 

0 

3. /(.x) = sin2ax,[-l, 1]. /, being the composite of the sine function and the polynomial 2 irx, is continuous and 

differentiable on R, so it is continuous on |—1, I] and differentiable on (—1, I). Also, / (—1) = 0 = / (I). 
/'(c )=0 <=> 2 acos 2 ac = 0 <=> cos 2 ac = 0 « 2 ffc = ±|+ 2 an <=> c = ±j + n. Ifn = 0 or 

± 1 , then c = ± 3 . ±3 is in (- 1 , 1 ). 

4. f (x) = X y/x -F 6, [-6,0|. / is continuous on its domain. [— 6 , 00 ), and differentiable on (— 6 , 00 ), so it is 

continuous on 1-6,0] and differentiable on (— 6 ,0). Also,/(- 6 ) = 0 =/(O). /'(c) = 0 <=> ' , —- =0 

2^/c + 0 

c — —4, which is in (— 6 ,0). 

5. /(x) = 1 -x^/’. /(-I) = I -(-1)^/’ = 1 - I = 0 = /(I). f'{x) = -^x"'/’, so/'(c) = 0 has no solution. 
This docs not contradict Rolle’s Theorem, since f (0) docs not exist, and so / is not differentiable on [-1, I). 

6 . /(x) = (x-I) ^ /( 0 ) = ( 0 -l)-^= 1 = ( 2 -I )^2 = /( 2 ). /'(x) = - 2 (x-I)-^ => /'(x)isnever 

0. This does not contradict Rolle’s Theorem since /' (1) does not exist. 



/( 8 )-/( 0 ) 

8-0 


6-4 

8 


2 

4' 


The values of c 


which satisfy /' (c) = j seem to be about 
c = 0.8, 3.2, 4.4. and 6.1. 
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/(7)-/(0) 2-4 2 . 

-z— -= —-— = --. The values ol c 

/ “" U 7 / 


which satisfy /' (c) = - ^ seem to be about 
c= 1.2, 2.8, 4.7, and 5.8. 



9. (a), (b) T he equation of the seeant line is 
, 85 - 5 , 

>'-5 = [ (x- I) <=> 

y = {x + t 


10 



(c) / (JT) = Jt + 4/.V => f (.V) = I - 4/x^. So 

/’ (e) = j => c’ = 8 => c = 2 ^2, and 
/ (c) = 2 V 2 + ^ = 3 v^. I hus. an equation 

of the tangent line is y - 375 = s (-v - 2 \/2j 

<=> y = jJt + 275. 


10 



10. (a) 


/- 

d 




-5 


(b) The slope of the secant line is 2, and its equation is y = 2x. 
f (x) — — 2x ^ f (x) = 3.r^ - 2, so we solve 

/' (c) = 2 = 4 . 3c 2 = 4 =» c = w 1.155. Our 
estimates were offby about 0.045 in each case. 


It seems that the tangent lines are parallel 
to the seeant at .v ± 1.2. 

11. /(jr) = 3x^ + 2v + 5, [— I, l|. / is continuous on [—I, 11 and difl'erentiable on (—1, 1) since polynomials are 
continuous and differentiable on R. /' (c) = —/(£) ^ 6e + 2 = ~ ^ _ 2 <=> 


b — a 


6c = 0 <=> c = 0, which is in (— I, I). 


l-(-l) 


12. fix) = + .T - I, (0, 2]. / is continuous on |0,2| and differentiable on (0, 2). /' (c) = 


3c 2 + I = ^ » 3c- = 5 - I C5 c" = 


,.2 _ 4 „ 

- T <=> 


c = but only ^ is in (0,2). 


2 
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difTerenliable on (0, 1). /' (c) = —/W ^ 

b — a 


13. / (.x) = 4^, [0, I]. / is continuous on R and differentiable on (—oo, 0) U (0, oo), so / is continuous on (0, 1) and 

1 /(l)-/( 0 ) I 1-0 

3 (, 2/3 _ ] ^ ^ <=> <=> c = ±y^ = ±^, but only ^ is in ( 0 . 1 ). 

14. / (x) = ^ 11,4], / is continuous on [1,4] and differentiable on (1,4). /' (c) = ^ 

X + 2 b — a 

2 _ I 

= 3—1 «=> (c + 2 )^ = l 8 o c =-2±3v ^.-2 + 3^^!«2.24isin (1.4). 


{c + 2y 


4- I 


15. /(x) = |x - 1|. /(3)-/(0) = |3- 1| - |0- l| = 1. Since /'(c) =-I ifc < 1 and /'(c) = 1 ifo I, 

/' (c) (3 — 0) = ±3 and so is never equal to 1. This does not contradict the Mean Value Theorem sinee /' (I) does 
not exist. 


16. /(x)= /(2)-/(0) = 3-(-l) = 4. /'(x)= * ^ ^ -,^,,2 Sinee/'(x) <0 

2 t-l (x + 1 )^ (x + I)^ 

for all X (except x = — I), /' (c) (2 — 0) is always < 0 and hence cannot equal 4. This does not contradict the 

Mean Value Theorem since / is not continuous at x = I. 


17. /(x) = X* + lOx+3. Since / is continuous and/(—!) = —8 and /(0) = 3, the equation/(x) = 0 has at least 
one root in (— 1,0) by the Intermediate Value Theorem. Suppose that the equation has more than one root; say a 
and b arc both roots with a < b. Then / (a) = 0 = / (b) so by Rolle’s Theorem /' (x) = Sx'* +10 = 0 has a root 
in (a, b). But this is impossible since clearly /' (x) > 10 > 0 for all real x. 


18. / (x) = 3x — 2 + cos (jx). Since / is continuous and /(O) = —I and / (1) = 1, the equation / (x) = 0 has at 
least one root in (0, 1) by the Intermediate Value Theorem. Suppose it has more than one root; say a < i are both 
roots. Then / (o) = 0 = / ( 6 ), so by Rolle's Theorem. /' (x) = 3 — j sin (jx) = 0 has a root in (a, b). But this 
is impossible since-sinx >-1 =* /'(x) > 3 — | > 0 for all real x. 

19. / (x) = x^ — 6x + c. Suppose that / (x) = 0 has two roots a and b with -1 < a < A < 1. Then 

/ (a) = 0 = / (A), so by Rolle’s Theorem there is a number d in (a. A) with /' (</) = 0. Now 

0 — f'(d) — 5d* — 6 => (/ = ±y|, which are both outside (—I, 11 and hence outside (a, A). Thus,/(x)can 
have at most one root in (—1, I). 

20. / (x) = x'' + 4x + c. Suppose that /(x) = 0 has three distinct real roots a. A, d where a < b < d. Then 

f (a) — f (A) = f (d) = 0. By Rolle’s Theorem there arc numbers c\ and C 2 with a < ci < A and b < C 2 < d 

and 0 = f (c\) = f (cj), so /' (x) = 0 must have at least two real solutions. However 
0 = /' (x) = 4x^ + 4 = 4(x^ + l) = 4(x + l)(x^—x + l) has as its only real solution x = — 1. Thus, / (x) 
can have at most two real roots. 


21. (a) Suppose that a cubic polynomial P (x) has roots ai < a 2 < aj < a 4 , so P (a\) = P ( 02 ) = P (aj) = P (a 4 ). 
By Rolle’s Theorem there are numbers ci, C2, C3 with ai < ci < ai , 02 < C2 < 03 and 03 < C3 < 04 and 
P' (ci) = P' (C 2 ) = P' (C 3 ) = 0. Thus, the second-degree polynomial P' (x) has three di.stinct real roots, 
which is impossible. 

(b) We prove by induction that a polynomial of degree n has at most n real roots. This is certainly true for n = 1. 
Suppose that the result is Uoe for all polynomials of degree n and let P (x) be a polynomial of degree n + I. 
Suppose that P (x) has more than n + I real roots, say ai < a 2 < 03 < • • ■ < a„+i < a„+ 2 . Then 

P {a\) = P (02) = •■■ = /’ (a„+ 2 ) = 0- By Rolle’s Theorem there arc real numbers ci.c„+i with 

ai < ci < a 2 . => a„+\ < c„+i < a „+2 and P' (ci) = ■•• = ?' (c„+i) = 0. Thus, the nth degree 

polynomial P' (x) has at least n + 1 roots. This contradiction shows that P (x) has at most n + I real roots. 
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22. (a) Suppose that f (a) = f (b) = 0 where a < b. By Rolle’s Theorem applied to /' on (a, />] there is a number c 
such that a < c < b and /' (c) = 0. 

(b) Suppose that / (a) = /( 6 ) = /(c) = 0 where a < b < c. By Rolle’s Theorem applied to /(jt) on (a, (i| and 
(i, c] there are numbers a<d<b and b<e<c with /' (rf) = 0 and /' (c) = 0. By Rolle’s Theorem 
applied to /' (x) on (c/, e] there is a number g with d < g <e such that /" (g) = 0 . 

(e) Suppose that / is n times dilTerentiable on R and has n + I distinct real roots. Then /<"> has at least one real 
root. 


23. By the Mean Value Theorem, / (4)-/(!) =/'(c) (4- I) forsomec e (1.4). But for every c e ( 1 ,4) we have 
f (e) > 2. Putting /' (c) > 2 into the above equation and substituting / (I) = 10. we get 
/(4) = /(!) + f (c) (4 — I) = 10 + 'if (c) > 10 + 3 ■ 2 = 16. So the smalle.st possible value of f (4) is 16. 


24. By the Mean Value Theorem, 

5-2 - - 3 


= /' (c) for some c 6 (2, 5). Sinee I < /' (x) < 4, we have 
< 4or3 < /(5)-/(2) < 12. 


25. Suppose that such a function / exists. By the Mean Value Theorem there is a number 0 < c < 2 with 

f — 2 _ Q- ~ 2 ' impossible since /' (x) < 2 < | for all x, so no such function can exist. 


26. Let /) = / - g. Then since / and g arc continuous on (a, 6 ] and differentiable on (a, b). so is h, and thus h 
satisfies the assumptions of the Mean Value Theorem. Therefore, there is a number c with a < c < b such that 
h(b) = h (b) - h (a) = It' (c) (6 - o). Since h' (c) < 0, h' (c) (6 - o) < 0, so / ( 6 ) - g ( 6 ) = h ( 6 ) < 0 and 
hence f (b) < g ( 6 ). 


27. We use Exercise 26 with /(x) = VI +x,g(x) = I + Jx, and a = 0. Notice that /(O) = 1 = g(0) and 

/'(•»)= j =g'{-») for-x > 0. So by Exercise 26, / ( 6 ) < g ( 6 ) => Vl + * < I + j* fori > 0. 

Another Method: Apply the Mean Value Theorem directly to cither / (x) = 1 + jx - VI +x or g (x) = vTTx 
on | 0 , 6 ). 


28. / satisfies the conditions for the Mean Value T heorem, so we use this theorem on the interval (— 6 , 6 |: 

^ = f (c) for some c e {-b, b). But since / is odd, f (-b) = -f (b). Substituting this into the 

u /(*) + /(*) , /(b) 

above equation, we get -— = /' (c) =» i-LJ. = f (c), 

2b b 


29. Let / (x) = sin X and let 6 < a. Then / (x) is continuous on ( 6 , o] and differentiable on (b, a). By the Mean 
Value Theorem, there is a number c e (b,a) with sino - sin* = f (a) - f (b) = f (c) (a-b) = (cosc)(a - b). 
Thu,s, Isina - sin 6 | < |cosc| |* - a| < |a - *|. If a < b. then 

|sin o — sin *1 = |sin 6 — sin a| < |* — a| = |o — ft|. If a = 6 , both sides of the inequality are 0. 


30. Suppose that /' (x) = c. Let g (x) = cx, sog' (x) = c. Then, by Corollary 7, / (x) = g (x) + d. where <7 is a 
constant, .so /(x) =cx + d. 


31. Forx > 0, /(x) = g(x), so/'(x) =g'(x). Eorx < 0,/'(x) = (1/x)' = -l/x^and 

g'(x) = (i + 1/x)'=-1/x^, so again/'(x) =g'(x). However, the domain of g(x) is not an interval [it is 
(- 00 , 0) U (0, 00)1 so we cannot conclude that / - g is constant (in fact it is not). 



206 


O CHAPTERS APPIICATIONSOf DIFFERENTIATION 


32. Let 0 (/) be the velocity of the ear I hours after 2:00 P.M. Then “ ~ ,,, — = •20. Hy the Mean 

I /o — U I/O 

Value Theorem there is a number 0 < c < j with »' (c) = 120. Since «' (/) is the acceleration at time f, the 
acceleration c hours after 2:00 P.M. is exaetly 120 mi/h’. 

33. Let g (/) and h (/) be the position functions of the two runners and let / 0) = g it) — ^ (>)■ By hypothesis 

/ (0) = g (0) - /i (0) = 0 and f ib) — g {b) - It (b) = 0 where b is the finishing time. Then by Rollc’s Theorem, 
there is a time 0 <c < b with 0 = /' (c) = g' (c) - h' (c). Hence, g' (c) = h' (c). so at time c, both runners have 
the same velocity g' (c) = h' (c). 

34. Assume that / is diftcrcntiable (and hence continuous) on R and that f'(x)^ 1 for all x. Suppose / has more 
than one fixed point. Then there are numbers a and b such that a < b. f ia) = a, and f (b) = b. Applying the 
Mean Value Theorem to the function / on [a. i), we find that there is a number c in (a, b) sueh that 

f (c) = ~ then f (c) = t—- = I, contradicting our assumption that f ix) ^ I for every real 

h — a b — a 

number x. This shows that our supposition was wrong, that is, that / cannot have more than one fixed point. 


^3-3 How Derivatives Affect the Shape of a Grap h 

1 . (a) / is increasing on ( 0 , 6 ) and ( 8 ,9). 

(b) / is decreasing on ( 6 , 8 ). 

(e) / is concave upward on (2,4) and (7,9). 

(d) / is concave downward on (0,2) and (4,7). 

(e) Ilie points of inflection are (2.3), (4,4.5) and (7,4) (where the eoncaviiy changes). 

2. (a) / is increasing on (0, 2.8) and (4, 5.5). 

(b) / is decreasing on (— 1,0), (2.8,4), (5.5, 7), and (7, 8 ). 

(c) / is concave upward on (— 1,2) and (7, 8 ). 

(d) / is concave downward on (2,4) and (4,7). 

(e) ITic only point of inflection is (2, 2). Note that 7 is not in the domain of this function. 

3. (a) Use (he Incrc.asing/Dccrcasing (1/D) Test. 

(b) I l.se the Concavity Test. 

(c) At any value of .t where the concavity changes, we have an inflection point at (x, / (x)). 

4. (a) See the First Derivative Test. 

(b) Sec the Second Derivative Test and the note that precedes Example 7. 

5. (a) Since /' (.v) > 0 on (-oo, 0) and (3, oo), / is increasing on the same intervals. /' (x) < 0 and / is decreasing 

on ( 0 ,3). 

(b) Since /' (x) = 0 at x = 0 and /' changes from positive to negative there. / changes from increasing to 

decreasing and has a local maximum at x = 0. Since /' (x) = 0 at x = 3 and changes from negative to positive 
there. /' changes from decreasing to increasing and has a local minimum at x = 3. 
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6 - (a) /' (at) > 0 and / is increasing on (-1,3) and (4. t»). f (x) < 0 and / is decreasing on (-oo, -I) and 
(3.4). 

(b) Since /' (.v) = 0 at at = 3 and /' changes from positive to negative there, / changes from increasing to 
decreasing and has a local maximum at x = 3. Since /' (x) = 0 at x = -1 and x = 4 and changes from 
negative to positive at both values, / changes from decreasing to increasing and has local minima at x = -1 
and X = 4. 

7. There is an inflection point at x = 1 because /" (x) changes from negative to positive there, and one at x = 7 

because /'' (x) changes from positive to negative there. 

8 . (a) / is increasing on the intervals where /' (x) > 0 . namely, ( 2 ,4) and ( 6 , 9 ). 

(b) / has a local maximum where it changes from increasing to decreasing, that is, where /' changes from positive 
to negative (at x = 4) Similarly, where /' changes from negative to positive. / has a local minimum (at x = 2 
and at x = 6 ). 

(c) When /' is increasing, its derivative J" is positive and hence. / is concave upward. This happens on (1,3). 

(5.7), and (X, 9). Simiharly, / is concave downward when /' is decreasing — that is, on (0,1), (3, 5 ), and 
(7. 8 ). 

(d) / has inflection points at x = 1,3, 5, 7, and 8 , since the direction of concavity changes at each of these values. 

9. The function must be always decreasing and concave downward. 



10. (a) The rate of increase of the population is initially very small, then gets larger until it reaches a maximum at 

about / = 8 hours, and decreases toward 0 as the population begins to level off. 

(b) The rale of increase has its maximum value at r = 8 hours. 

(c) The population function is concave upward on (0, 8 ) and concave downward on ( 8 , 18). 

(d) At r = 8 , the population is about 350. so the inflection point is about ( 8 . 350). 

11. (a)/(x) = x^-12v +I => /'(x) = .3x7-|2 = 3(x + 2)(x-2). So/'(x)>0 « x>2orx<-2 

and /' (x) < 0 o -2 < x < 2. So / is increasing on (-oo. -2) and (2, oo) and decreasing on (-2,2) 

(b) ] changes from increasing to decreasing at x = —2 and from decreasing to increasing at x = 2. Thus. 

/ (- 2 ) = 17 is a local maximum and / ( 2 ) = -15 is a local minimum. 

tc) /"(x) = 6 x./"(.v) > 0 <=> X > 0 and/" (x) < 0 <=> x < 0. Thus. / is concave upward on ( 0 , oo) and 
concave downward on (—oo, 0). There is an inflection point where the concavity changes, at 
(0./(0)) = (0, I). 

12. (.i)/(x) = 5-3.x-+x^ => /'(x) =- 6 x+ 3x-= 3x(x-2). So/'(x) > 0 <=» x<0orx>2and 

/' (x) <0 e=> t) < X < 2. So / is increasing on (—oo, 0) and (2, oo) and / is decreasing on (0, 2). 

(h) / changes from increasing to decreasing at x = 0 and from decreasing to increasing at x = 2. Thus. / (0) = 5 
is a local maximum and /(2) = I is a local minimum. 

(c) /' (x) = —6 + 6.x = 6(x — 1). /" (.x) > 0 e» x > 1 and f" (x) < 0 ,x < 1. Thus, / is concave 
upward on (I, oo) and concave downward on (-oo, 1). There is an inflection point at (1. 3). 
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13. (a)/( t) = t‘’+ I92x + 17 =» /'U) = 6 ^* + 192 = 6 (jr* + 32). So/'(x) > 0 <=> x* >-32 « 

X > —2 and /' (x) < 0 x < —2. So / is increasing on (-2, oo) and decreasing on (—oo, —2). 

(b) / changes from decreasing to increasing at its only critical number, x = —2. Thus, f(-2) = —303 is a local 
minimum. 

(c) /" (x) = 30x'’ > 0 for all x, so the concavity of / doesn’t change and there is no inflection point. / is concave 
upward on (—oo, oo). 

14. (a)/(.x) = x/(l+.x)2 =s 

, (I +x) 2 (I)-(x) 2 (I +x) (H-x)[(l+x)-2x] (l+x)(l-x) l-x „ 

/ (jf) = -=- = - 1 - = -3- = -T. So 

[(I+X)2 f (1 + T)" (I+Jt)' (1+x)^ 

/' (x) > 0 <=> -1 < X < I and /' (x) < 0 <=» x < — 1 or x > 1. So / is increasing on (— 1, 1) and / is 

decreasing on (—oo, —I) and (1, oo). 

(b) / changes from increasing to decreasing at x = 1, x = -1 is not in the domain of /. Thus, / (I) = j is a local 


(l+x)^ (-l)-(l-x)3(l+x)^ ^ (l+x)^ [-l(l+x)-3(l-x)l ^ 2x-4 ^ ^ 

[(l+x)’f ( 1 +T)‘ (l+At)" 

<=> X > 2 and /" (x) < 0 <=> x < 2 (x yF — I). Thus, / is concave upward on (2, oo) and / is concave 
downward on (—oo, — 1) and (—1,2). There is an inflection point at ^2, 

15. (a)/(x) = X — 2sinx on (0,3)r) =* /'(x) = I — 2cosx./'(x) > 0 » I—2cosx>0 <=> cosx < j 

<=> j < X < ^ or ^ < X < 3ff. /' (x) < 0 <=> cosx >j <=> 0<x<jor^<x<^. So/is 
increasing on and (^, 3x), and / is decreasing on (0, f) and 

(b) /changes from increasing to decreasing at x = and from dccrea.sing to increasing atx = j and atx = 

Thus, / ~ X ® ma.ximum and / (j) = ^ — ^/3 » —0.68 and 

/ (^) = — y/i 5.60 are local minima. 

(c) /" (x) = 2sinx > 0 » 0 < x < i and 2x < x < 3)1, /" (x) < 0 <=> x < x <2k . Thus, / is 
concave upward on (0, ir) and (2n ,3x), and / is concave downward on (jr, 2w). There arc inflection points at 
(it, jr) and (2x, 2x). 

16. (a) /(x) = 2 sinx + sin^x on [ 0 , 2 *) => /'{x) = 2 cosx + 2 sinx cosx = 2 cosx (1 + sinx). /' (x) > 0 

<=> cosx > 0 (since 1 + sinx >0 with equality when x = ^, a value where cosx = 0 ) <=> 0 <x<^or 

2^ < X < 2)r. So / is increasing on (0, f) and ^^,2*^^, and / is decreasing on 

(b) Since / changes from increasing to decreasing at x = |, / (^) = 3 is a local maximum. Since / changes 
from decreasing to increasing atx = ^,/^ 2 »^ = _l jja local minimum. 

(c) /" (x) = 2cosx (cosx) + (I + sinx) (-2sinx) = 2cos^x - 2sinx — 2sin^x 

= 2 ( 1 — sin^x) — 2 sinx — 2 sin^x = 2 — 2 sinx — 4sin^x = 2 (1 + sinx) (1 — 2 sinx) 

/" (x) > 0 c=> I — 2sinx >0 <=> sinx <j «=> 0<x<§or^<x< 2x, so / is concave 
upward on (0, 5 ) and 2xJ, and concave downward on T here are inflection points at 

and (^. 2 ). 
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17./(jt) = .T*-5.x + 3 => /'(jt) = 5^'*-5 = 5(jr^ + l)(jr + l)(j( - I). 

First Derivative Test: /' (at) < 0 => -1 < ,x < 1 and /' (x) > 0 => x > I or x < -1. Since /' changes 

from positive to negative at x = — I, / (— I) = 7 is a local maximum; and since /' changes from negative to 
positive atx = I,/(!) = —1 is a local minimum. 

Secomi Derivative Test: f"(x) = 20x^. f'(x) = 0 <=> x = ±1./" (-1) =-20 < 0 => /(-1) = 7is 
a local maximum./"(I) = 20 > 0 =» /(I) =—I is a local minimum. 

Preference: For this function, the two tests arc equally easy. 

4-x- (2 + x)(2-.x) 


18. /(x) = 


..^ + 4 

First Derivative Test: /' (x) > 0 


(x2 + 4)^ 


(x2 + 4)" 


(xU4r 

* —2 < X < 2 and /'(x) < 0 =» x > 2 orx < —2. Since /' changes 
from positive to negative at x = 2 , / ( 2 ) = | is a local maximum; and since /' changes from negative to positive at 
X = —2, /(—2) = — I is a local minimum. 

Second Derivative Test: 


r(.r) = 


(x^ + 4) (-2x)-(4-x^) -2(.x^ + 4)(2-x) _ -2x (x^ + 4) [(x^ + 4) + 2 (4 - x^)] _ -2x (12- 


[(x2 + 4)^] 


(x 2 + 4r 


(x2 + 4) 


/'(x) = 0 » X = ±2./" (—2) = ^ > 0 =s /(—2) =-| is a local minimum./" (2) =< 0 =» 

/ ( 2 ) = I is a local maximum. 

Preference: Since calculating the second derivative is fairly difficult, the First Derivative Test is easier to use for 
this function. 

19. / (x) = X + Vl —X => /' (x) = I + j (I — .x)~'^^ (— 1 ) = 1 - Note that / is defined for 

2 vl - X 

I -X > 0, that is, forx < I. /' (x) = 0 => 2VI - x = I => yi - x = , => l-x = j => x = |. 
/' does not exist at x = I, but we can’t have a local maximum or minimum at an endpoint. 

hirst Derivative Test: f {x)> 0 => x < | and / (x) < 0 => | < x < 1. Since/'changes from 

positive to negative at x = j, / | is a local maximum. 

Second Derivative Test: /"(x) = -i (I -x)*’/^(-l) =-!-r. T" = -2 < 0 => 

' 4(7r=7) ^ 

/ (t) = I is a local maximum. 

Preference: The First Derivative lest may be slightly easier to apply in this case. 

20 . (a) fix) = x^ix - 1 )^ => 

/' (x) = X'' • 3 (X - I)- + (X - 1)5 • 4x5 = ;(3 _ 1)2 J3;, + 4 (;( _ 1 )) = .j3 _ | )2 ,7^ _ 4 ) 

The critical numbers arc 0, I, and 7 . 

(b)/"(x) =3x5 (x- 1)2 ( 7 ;^ _ 4 ) 4 .j. 3 . 2 (;t _ |) ( 7 , _ 4 ) 4 .;t 3 _ 1 ) 2.7 

= x5 (x - I) [3 (x - 1) {7x - 4) + 2x (7x - 4) + 7x (x - 1)) 

Now /" (0) = /" (1) = 0, so the Second Derivative Test gives no information forx = 0 orx = I. 

f" ( 7 ) ”( 7 ) (7~*)[® + ®'*'^( 7 )( 7 ~l)j = ( 7 ) (“ 7 ) (~0 ^ ’5 a local minimum 

atx = 7 . 


(c) /' is positive on (— 00 ,0), negative on ^0, 7 ^, positive on ^ 7 , l), and positive on (1, 00 ). So f has a local 
maximum at x = 0 , a local minimum at x = 7. and no local maximum or minimum at x = I. 
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21. /(—1) = 4 and /(I) = 0 gives us two points to start with. 

y'(—l) = /'(l) = 0 =* horizontal tangents at j: = ±1./'(;ic) < 0 if 
|jt| < I / is decreasing on (—1.1)./'(x) > 0 if Ul > 1 =» /is 

increasing on (-oo, — 1 ) and (I. oo). /" (x) < 0 if x < 0 => / is concave 

downward on (-oo, 0 ). /" (x) > 0 if x > 0 =» /is concave upward on 
( 0 , oo) and there is an inflection point at x = 0 . 



22. Since /'(-l) = 0and /'(I) docs not exist, we have a horizontal tangent at 
X =-I and a vertical tangent atx = I./'(x) < 0 if |x| < I ^ /is 
decreasing on (- 1 , I), and/'(x) > 0 if |xl > I / is increasing on 

(- 00 , -1) and (I, oo). /" (x) < 0 if x I /is concave downward on 

(— 00 ,1 ) and (l,oo). 



23. Using the same principles as in Exercises 21 and 22, we sketch a possible 
graph. 



24. lim / (x) = —oo =» there is a vertical asymptote atx = 3. /' (0) = 0 
.t->3 

means that there is a horizontal tangent at x = 0. /' (x) > 0 if x < 0 or x > 3 
and /' (x) < 0 if 0 < X < 3 indicates that there is a local maximum at x = 0, 
since / is increasing on (—oo, 0 ) and decreasing on ( 0 ,3), and then increasing 
on (3, oo)./" (x) < 0 ifx ^ 3 =» / is concave downward on (-oo, 3) and 

( 3 , 00 ). 



25. (a) / is increasing where /' is positive, that is, on (0,2), (4, 6 ), and ( 8 , oo); and decreasing where /' is negative, 
that is. on (2, 4) and ( 6 , 8 ). 

(b) J has local maxima where /' changes from positive to negative, at x = 2 and at x = 6 , and local minima where 
/' changes from negative to positive, at x = 4 and at x = 8 . 

(c) / is concave upward where /' is increasing, that is. on (3, 6 ) and (c) > 

( 6 . oo), and concave downward where /' is decreasing, that is, on 
(0,3). 

(d) There is a point of inflection where / changes from being CD to 
being CU, that is, at x = 3. 
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26. (a) / is increasing where /' is positive, on (1,6) and ( 8 , oo), and decreasing where f is negative, on (0, I) and 

( 6 , 8 ). 

(b) / has a local maximum where /' changes from positive to negative, at x = 6 , and local minima where /' 
changes from negative to positive, at x = I and at x = 8 . 


(c) / is concave upward where /' is increasing, that is, on ( 0 , 2 ), ( 3 , 5 ), (e) 

and (7, oo), and concave downward where /' is decreasing, that is, on 

(2, 3) and (5, 7). 

(d) There .are points of inflection where / changes its direction of 
concavity, at x = 2, x = 3. x = 5 and x = 7. 



27. (a) /(x) = 2x5 -3x^ _ , 2 ^^ ^ f (x) = - 6.x - 12 = 6 (.x^ - x - 2) = 6 (x - 2) (x + I). /'(x) > I) 

<=> X < -1 or X > 2 and /' (x) < 0 <=> — I < x < 2, So / is increasing on (—oo, — 1) and (2, oo). and / 
is decreasing on (— 1 , 2 ). 

(b) Since / changes from increasing to decreasing at x = -1, / (-1) = 7 is a local maximum value. Since / 
changes from decreasing to increasing at x = 2 . / ( 2 ) = -20 is a local minimum value 


(c) /" (x) = 6 ( 2 t - 1 ) =» /" (x) > 0 on oo) and f" (x) < 0 

on ^— 00 , j). So / is concave upward on ^ j, oo) and concave 
downward on ^-oo, j). There is a change in concavity at x = 
and we have an inflection point at —-y). 



28. (a)/(x) = 2 + 3x-x5 =» /'(.x) = 3 - .Tx^ =-3 (x^ - I) =-3(x + I)(x - 1)./'(x) > 0 » 

-I < X < I and y' (x) < 0 <=> x < -1 orx > I. So / is increasing on (—1, 1) and / is decreasing on 
(- 00 , - 1 ) and ( 1 , 00 ). 


( 6 ) /(—I) = 0 is a local minimum value and /'(I) = 4 is a local 
maximum value. 

(c)/"(x) =-6.V =» /" (x) > 0 on (- 00 , 0 ) and y" (x) < 0 on 
(0. 00 ). So / is concave upward on (— 00 ,0) and concave downward 
on (0. 00 ). There is an inflection point at (0.2), 
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29. (a) / (.t) = a:"* - 6.x’ => /' (.x) = 4.x’ - 12.x = 4.x - 3) = 0 when x = 0, ±->/3. 


Interval 

4.x 

x’-3 

/' (.X) 

/ 

x < -y/i 

- 

+ 

- 

decreasing on ^-oo, —y/3^ 

— y/i < X < 0 

- 

- 

+ 

increasing on ^-^3, oj 

0 < x < V3 

+ 

- 

- 

decreasing on ^0, y/3^ 

X > 

+ 

+ 

+ 

increasing on (s/J, oo^ 


(b) Local minima / (±'/5) = -9, local ma.\imum /(O) = 0 

(c) /" (x) = 12x’ — 12 = 12 (x^ — 1) > 0 <=> x^ > 1 <=> |x| > 1 

<=> x > 1 orx < -1, so / is CU on (—oo, -1), (1, oo) and CD on 
(— 1, 1). Inflection points at (± 1, —5) 



30. (a) g(x) = 200 + 8.x’ + x'* =» g' (x) = 24.x’ + 4.x’ = 4x’ (6 + x) = 0 when x = -6 and when x = 0. 

(x) > 0 » X > -6 (X ^ 0) and ^ (x) < 0 <=> x < -6, -so g is decreasing on (-oo, -6) and g is 

increasing on (—6, oo), with a horizontal tangent at x = 0. 

(b) g (—6) = —232 is a local minimum value. There is no local (d) 

maximum value. 

(c) g" (x) = 48.x + 12x’ = IZx (4 + x) = 0 when x = -4 and when 

x = 0, g" (x) >0 <=> x < —4 or X > 0 and g" (x) < 0 » 

0 < X < 4. so g is CU on (—oo, —4) and (0, oo), and g is CD on 
(—4,0). Inflection points at (—4, —56) and (0,200) 



31. (a) h (x) = 3.x’ - 5.x’ + 3 => /i' (x) = 15.x'' - 15.x’ = 15x’ (x’ - 1) = 0 when x = 0, ±1. h' (x) > 0 
x’> 1 «=> .x> I or X < — 1, so/i is increa-sing on (—00, — 1) and (1, oo) and decreasing on (—1, 1). 

(b) Local maximum // (-1) = 5, local minimum /i (1) = 1 

(c) h" (x) = 60.x’ - 30x = 30x (2,x’ - I) 

= 60.x(x + ^)(x-^) 


h" (x) > 0 when x > 


or —W < x < 0, so h is CU on 




and ^-^, 00 ^ and CD on (“OO,and ^0. Inflection 
points at (±;^.3±^v/^)and(0,3) 
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32. (a) h (.x) = (jc- - l)^ ^ A' (x) = 6 x (x’ — 1)^ > 0 <=> x > 0 (x 5 A 1), so h is increasing on (0, 00 ) and 

dccrca.sing on (— 00 , 0 ). 

(b) h ( 0 ) = — 1 is a local minimum. 

(c) A" (x) = 6 (x* - 1 )^ + 24x^ (x^ — 1 ) = 6 (x^ — I) (5x^ — 1). The roots ±1 and divide R into five 
intervals. 


Interval 

x^-l 

5x^ - 1 

A"(x) 

Concavity 

X < -1 

+ 

+ 

+ 

upward 

-1<X<-^ 

- 

+ 

- 

downward 


- 

- 

+ 

upward 


- 

+ 

- 

downward 

X > 1 

+ 

+ 

+ 

upward 


l-rom the table, we see that A isCU on (— 00 , — I), and 

(1, 00 ), and CD on and (^’0 points at (±1,0) 



33. (a) P (x) = .\y/.\-+ I =s 

^2 •>^2 I I 

P' (x) = \/x- + I + = 'T. > 0. so P is increasing on R. 

•/x- f I 7x^+1 

(b) No maximum or miiiirnuni 


(c) P"U) = 


4xv^+ I - (lx- + I) ~ 


+ 3) 


x2 + l (x^+\f^ 

X > 0 so /’ is CD on (0, 30 ) and CD on (- 00 ,0). IP at (0,0) 


> 0 <=> 



34. (a) P (x) = Xy/x + 1, domain = [-1, 00 ), P' (x) = y/x + I +x- 


3x + 2 2 

> 0 when .r > — ; 


2>/x+T 

P' (x) < 0 when - I < x < - j, so /’ is increasing on ^- 5 , txi^ and decreasing on ^-1, - jj. 


(b) Local minimum P = " 3 ^ 

3 {2y/r+T) - (3.3 + 2) (I/v^TH) 


(c) P"{x) = • 


3x + 4 


■»(j: + I) 4(x + I)’'2 

X > — 1, so /' is CU on (-1, 00 ). No inflection point 


> 0 when 
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35. (a) Q {X) = x'!'^ (x + 3)^/’ => Q' (at) = (x + 3)^^’ + x'/’ {]) (x + 3)-'/’ = ■ The 

critical numbers arc —3, — 1, and 0. Note that x^^^ > 0 for all x. So (x) > 0 when x < —3 or x > — I and 
Q' {x) <0 when —3 < x < — I =* is increasing on (— 00 , —3) and (— 1, 00 ) and decreasing on 
(-3,-1). 

(b) Q (—3) = 0 is a local maximum and (d) 

g (—1) = —d'/T Si —1.6 is a local minimum. 

(c) , 5/3 (/+ 3 ) 4/3 =» e"(at)>0whenx <0. 

SO ^ is CU on (— 00 , —3) and (—3,0) and CD on (0, oo). IP 
at (0.0) 

36. (a) g(x) = x-3x'/’ =» g*(x) = I - > 0 <=> x^^^ > I <=> x^ > I <=> x<-lorx>l,so 

g is increasing on (- 00 , -I), and (1, 00 ), and decreasing on (-1, I). 

(b) g'(x) = 0 <=> X = ±1; g (I) =-2 is a local minimum, (d) 
and g (—I) = 2 is a local maximum. 

(c) g" (x) = >0 x>0, sogis CU on (0, 00 ) 

and CD on (— 00 ,0). Inflection point at (0,0) 

37. (a) /(0) = sin^<1 =^ /'(<l) = 2sin<lcos0 = sin2F) > 0 <=> 20 € (0, i) U (2!r. 3ir) o 

0 € (0, I) U (x, So / is increasing on (0, f) and (or, and decreasing on (f, or) and 2*). 

(b) Local minimum f (it) = 0, local maxima / (y) = / (x) = ' 

(c) /" (0) = 2 cos 20 > 0 <=> (d) 

20 6 (0,f)u(^,5f)u(^f-.4x) » 

0 6 (0, 5) U U (^, 2x), so / is CU on these 

intervals and CD on and II* at 

n = 1.3.5,7 

38. (a)/(/) = / +cosr => /'(r) = 1 - sin/> 0 for all r and (d) 

/'(/) = 0 when sin/= I <=> / = —^ or f, so / is 
increasing on (-tx), 00 ). 

(b) No maximum or minimum 

(c) /"(F) =-cos/> 0 <=> ' e (“T’ “f)(f • 

/ is CU on these intervals and CD on 2x, — x)’ 

, and , 2)/^. Points of inflection at / = ±^, 
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39. (a) 



From the graph, we get us an estimate of / (I) « 1.41 as a local 

.v + 1 


maximum, and no local minimum. / (x) = 




I -X 


(x2 + I) 
the exact value. 


3/2 


./'(X) = 0 X = l./(l)=;^=V^i 


(b) From the graph in part (a), / increases most rapidly somewhere between x = — 5 and jr = — ^. To find the 

exact value, wc need to find the maximum value of f\ which we can do by finding the critical numbers of 

^ 2x2 - 3x - 1 „ 3 ± yi? 3 + x/T? ^ ^ ^ 

/ (x) = =0 <=> X ~ - - -. X =- - - corresptmds to the mimmum value of / . 


he maximum value of /' is at ^ (-0.28,0.69). 


40. (a) 


9 



From the graph, wc get estimates of / (2.61) ar 0.89 as a local and 
absolute minimum, /(0.53) ^ 2.26 as a local maximum, and 
/ (lit ) as 8.28 as an absolute maximum. / (x) = x + 2 cos x 
( 0 <x< 2 x) => /'(x) = 1 — 2 sinx./'(x) = 0 <=> 

sinx = j o ^ = (f) = f + is the exact value of 

the local maximum, / (x) ~ X ~ exact value of the 

local and absolute minimum, and / (2n) = 2 ff + 2 is the exact value 
of the absolute maximum. 


(b) From the graph in part (a), / increases most rapidly somewhere between x = 4.5 and x = 5. Now / increases 
most rapidly when /' (x) = I — 2 sinx has its maximum value, f (x) = —2cosx =0 = y, 

/' ( 0 ) = f ( 2 a) = 1 , /' (y) = — 1 , and /' (x) ~ maximum value of /' occurs at x) ■ 


41. (a) From the graphs of 

/ (x) = 3x’ - 40x2 ^ 30 jt 2 ^ it seems that / 
is concave upward on (—2,0.25) and 
( 2 . oo), and concave downward on 
(- 00 , -2) and (0.25, 2), with inflection 
points at about (—2, 350), (0.25, 1), and 
( 2 ,- 100 ). 


6S0 10 




(b) 



From the graph of /" (x) = 60x2 _ 240 jt -p 60, it seems that / is CU 
on (—2.1,0.25) and (1.9, oo), and CD on (—oo, -2.1) and (0.25,2), 
with inflection points at about (—2.1,386). (0.25, 1.3) and 
(1.9, —87). (We have to check back on tbe graph of / to find the 
y-coordinates of the inflection points.) 


-200 
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42. (a) 


.1 



- .1 


From ihc graphs of f (x) =2 cosn + sin lx, it 
seems lhal f is CU on (1.5,3.5) and (4.5.6.0), 
and CD on (0, 1.5). (3.5.4.5) and (6.0, 2/t). with 
inflection points at about (1.5,0.3). (3,5, — 1.3), 
(4.5,0.0) and (6.0, 15). 


(b) 


6 



-t. 


From the graph of /" (x) = —2cos,x — 4 sin lx, 
it seems that / is CU on (1.57,3.39) and 
(4.71,6.03) and CD on (0. 1.57), (3.39,4.71) 
and (6.03, 2 t), with inflection points at about 
(1.57,0.00). (3.39,-1.45). (4.71,0.00) and 
(6.03, 1.45). 


43. In Maple, we define / and then use the command 

plot (diff(diff(f,x) ,x) , x=-3. . 3) ; . In Mathcmatica. we 
define / and then u.se Plot (Dt (Dt [f, x), x], (x, -3, 3) ] .We 
see that f" > 0 for x > 0.1 and f" < 0 for .x <0.1. So / is concave 
up on (0.1, oo) and eoneave down on (—oo, 0.1). 



44. It appears that f" is positive (and thus 
/ is concave up) on (-1.8,0.3) and 
(1.5. oo) and negative (so / is concave 
down) on (—oo, —1.8) and (0.3. 1.5). 



45. Most .students learn more in Ihc third hour of .studying than in the eighth hour, so K (3) — K (2) is larger than 
K (8) — K (7). In other words, as you begin studying for a lest, the rate of knowledge gain is large and then starts 
to taper olT. so A ' (/) decreases and the graph of K is concave downward. 


46. At first the depth increases slowly because the base of the mug 
is wide. But as the mug narrows, the cotTec rises more quickly. 
Thus, the depth d increases at an increasing rate and its graph is 
concave upward. T he rale of increase of d has a maximum 
when the mug is narrowed, that is. when the mug is half full. It 
is there lhal Ihc inflection point occurs. Then the rate of 
increase ofr/ .starts to decrca.se as the mug widens and Ihc graph 
becomes concave dow n. 



47. /(.x) = lan.x — .x =s f (x) = sec^x — I > 0 for 0 < x < j since sec’ x > I for 0 < x < ^. So / is 
increasing on (0, J). Thus,/(.x) > / (0) = 0 forO < x < y => tanx—x>0 tanx > x for 
0 < x < ^. 
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4S. l.el/(jt) = - 3 + l/.t. Then/'(v) = l^/x - l/.t^ > 0 for j[ > lsinceforA> l,.x^ > .t > y/x. lloncc./ 

is increasing, so for.r > \. f (x) > /(I) = 0 orl^ - 3 + l/.t > 0 for at > I. Hence. 2^7 > 3 - l/.t for 
.V > I. 


^9. f (x) = ax^ + hx- +CX +d =» / (1) = a + A + e + </= 0 and 

/(-2) = - 8 o (•4A-2c + </ = 3. Also /' (1) = 3a + 2* + c = 0 and 
/' (—2) = 12a — 4f) + c = 0 by Fermat’s Theorem. Solving these four 
eijuations. we gel o = |. A = |, c = — j, rf = 5 , so the function is 
/(.T)= i (2 .t’ + 3.v 2- l2.» + 7). 



50. /(or) = .v^ + a.v- + 6.1 + 2 => f {x) = ix^ + lax + b. If j: = -3 is an extremum, then 

/' (—3) = 27 - 6 u f A = 0 <=> b = 6a — 21. If .v = — I is an extremum, then /' (— I) = 3 — 2a + 6 = 0 

<=> A = 2a — 3. So 6 = 2a — 3 and b = 6a — 21 =» 6 = 9, a = 6. Then 

f (.r) = 3.v^ + lit + 9 = 3 (.X + 1) (jt + 3) and the First Derivative Test shows that / has a local maximum when 

.t = -3 and a local minimum when .r = -1. 


51. We will make use of the eonverse of the Concavity Test: that is. if / is concave upward on /, then f" > 0 on /. 

If / and g are CU on /, then /" > 0 and g" > 0 on I. so (/ + g)" = /" + g" > 0 on / => 7' + g is CU on /. 

52. Since / is positive and CU on/./> 0 and/"> 0 on/. Sog(.t) = |/(at)]^ => = l.ff' => 

g" = 2 /'/'+ 2 //" = 2 (/')- + 2 //" > 0 => gisCUon/. 


53, Since / and g are positive, increasing, and CU on /, we have / > 0. f > 0, /" > 0 . g > 0 . g' ■> 0 . g" > 0 on /. 
Then (/g)' = J'g + fg' =» (/g)" = f'g + 27'g' + /g" > 0 => fg is CU on /. 


54. Since / and g are CU on (— 00 , 00 ). f" > 0 and g" > 0 on (— 00 , <x). 

A(t) = 7 (g(Jt)) A'(At) =/'(g(.t))g'(.t) =s 

6 "(.v) = 7 "(g(.t))g'(.t)g'(x) + 7 ''(g(.t))g"(.t) = /"(g(.t))[g'(.t)]’ + /'(g(jc))g"(.t) > OifT’ > 0 . 
So 6 isCU if / is increasing. 


55. l.et the cubic function be /(.t) = a.t’ + bx~ I cx + J => f (a) = 3oa- f 26.t + c => 

/" (a) = 6ax 4- 26. So / is CU when 6a.t + 26 > 0 <=> a > -6/ (3o), and CD when 
A < —6/ (3a). and so the only point of inticetion occurs when a = —6/ (3a). If the graph 
has three A-intercepts A|, av and aj, then the cqtiation of /(.t) must factor as 

7 (v) = a (a - A|) (a - t2)(.t — .At) = a [ t^ - (A| + tl + At) A- + (A|,tt + A|.t3 + AtAj) A - AlAtA.tJ. 
So 6 = —a (a] + At + A3). Hence, the A-coordinate of the point of inflection is 

__ -g (aI + -t2 4 -.t3) _ A| + A2 + .t3 

3a 3a 


3 
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56. PU) = x* + cx^+x- => P' (.It) = 4.it’ + icx^ + lx =» P" (jt) = llr^ + 6cx + 2. I hc graph of P" (.r) 
is a parabola. It P" (.t) has two roots, then it changes sign twice and so has two inflection points. This happens 

when the discriminant of/’"(jt) is positive, that is, (6c)^ - 4 • 12 • 2 > 0 <=> 36c^ - 96 > 0 <=> 

kl > . It 36r** — 96 = 0 <=^ c = P'* (Jf) is 0 at one point, but there is still no inflection point since 

P" (X) never changes sign, and if 36c2 - 96 < 0 o |c| < then P" (x) never changes sign, and so there is 
no inflection point. 



c=^ c = 0 c = -2 

For large positive c, the graph of / has two inflection points and a large dip to the lefl of the >'-axis. As c 
dccrca.ses, the graph ol / becomes flatter for .t < 0, and eventually the dip rises above the .t-axis, and then 
disappears entirely, along with the inflection points. As c continues to decrease, the dip and the inflection points 
reappear, to the right of the origin. 

57. By hypothesis g = /' is differentiable on an open interval containing c. Since (c, / (c)) is a point of inflection, the 
concavity changes at jt = c. so /' (jc) changes signs at jc = c. Hence, by the First Derivative Test, /' has a local 
extremum at x = c. Thus, by Fermat’s Theorem /" (c) = 0. 

58. / (.V) = .x-' => /' (x) = 4x’ => /" (x) = IZx7 => /" (0) = 0. For x < 0. /" (x) > 0, so / is CU on 

(~oo, 0); for.x > 0, /" (.x) > 0, so / is also CU on (0, oo). Since / does not change concavity at 0, (0,0) is not 
an inflection point. 

59. Using the fact that |xI = >/x2, we have that g(x) = x-v/^ => g'(x) = s/x^ + ,^ = 2\/x^ = 2 |x| => 

g" (x) = 2.x (x-) ^ < 0 for X < 0 and g" (x) > 0 for x > 0. so (0,0) is an inflection point. But g" (0) 

docs not exist. 

60. I here must exist some interval containing c on which /"' is positive, since /"' (c) is positive and /"' is continuous. 
On this interval. /" is increasing (since /"' is positive), so /" = {f)' changes from negative to positive at c. So 
by the First Derivative lest, f has a local minimum at x = c and thus cannot change sign there, so f has no 
maximum or minimum at c. But since f" changes from negative to positive at c, / has a point of inflection at c (it 
changes from concave down to concave up). 
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Limits at Infinity; Horizontal Asymptotes 

1. (a) As X becomes large, the values of / (.x) approach 5. 

(h) As .X becomes large negative, the value.s of / (x) approach 3. 

2. la) The graph of a function can intersect a T he graph of a function can intersect a horizontal asymptote. 

vertical asymptote in the sense that it It can even intersect its horizontal asymptote an infinite 

can meet but not cross it. number of times. 



(b) The graph of a function can have 0. I, or 2 horizontal asy mptotes. Representative examples arc shown. 



No horizontal a.syinptote One horizontal asymptote Two horizontal asymptotes 


3. (a) lim /(x) = oo (d) lim /(x) = I 

X“»2 x-*oo 

(b) lim y(x) = oo (e) lim f(x) = 2 

x-*-|- x-»-oo 

(c) lim /(t) = —00 (0 Vertical: X =—I. X = 2; Horizxmtal: y = l.yi = 2 

4. (a) limg(x) = 2 (d) lim g(x) =-oo 

x-too x-tO 

(b) lim g(x) = -2 (c) lim g(x) =-oo 

x~* 00 j(_4_2+ 

(c) (') = 0° (f) Vertical: x = -2. x = 0, x = 3; Horizontal: y = -2. y = 2 

5. If,/ (x) = X-/2'. then a calculator gives / (0) = 0, /(I) = 0.5, /(2) = 1, /(3) = 1.125, /(4) = 1, 

/ (5) = 0.78125. ./• (6) = 0,5625, / (7) = 0.3828125, / (8) = 0.25. / (9) = 0.158203125, / (10) = 0.09765625, 
/(20) % 0.00038147./(50) =« 2.2204 X 10-'-./(lOO) « 7.8886 x lO'”. It appears that lim (x2/2') = 0. 

JT—' ' 
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6. (a) From a graph of /(jc) = (1 — 2/xY in a window of (0, 10,000] by [0, 0.2], wc estimate that^lir^ /(.x) = 0.14 


(to two decimal places.) 


(b) 


X 

/(7t) 

10.000 

100,000 

1,000.000 

0.135308 

0.135333 

0.135335 


From the table, we estimate that lim / (x) = 0.1353 (to four 

X—>00 

decimal places.) 


I 4 

~ + “j 

- = lin, ^-ii 

x->oo Jt-i — 2x + 5 x-*<x> 


7. lim 


x + 4 


lim 




B.(,-i + 4) 

x-*00 \ X x^ / 


. 2 5 

1-+ ”2 

X X^ 

lim — + 4 lim 

X—>00 X x->oo X^ 

liml-2liml + 5 1iml"'-2W + 5(0) 


0 + 4(0) 


8. lim 


7/’ + 4/ 


7+ ■ 


X-*OOX X 

4 


1 


i-»oo 2(5 — (5 + 3 ' 


= lim 


lim 7 + 4 lim -r 

->co_f-»oo /■( 


= 0 


7 + 4 (0) 


13 I , 

2-+ -r lim 2 - lim - + 3 lim -T 

/ (3 (->00 r-*oo ( (-»oo 


2 - 0 + 3 (0) 2 


9. lim 


(l-x)(2 + x) 


i-*-oo (1 + 2x) (2 — 3x) x->-oo 


r 1 1 


[2 .1 

- -1 


- + 1 

_x 


X 

'1 


[2 

-+2 


- -3 

X 


_x 


lim-1 


2 

lim - + 1 

x->-oo;c 


x-*-oox 

1 


2 

lim - + 2 


lim-3 

x->-oox 


I-»-OOX 


(5.4.J^,7) (0- l)(0+ I) _ 

(0 + 2) (0 - 3) “ 6 


10. lim 


im 

-♦OO I 


[■2x2- r 

1/2 

(11) 

[x + 8x2 



lim -r—^ 

i+8 

X 


(5,U) 


I -l'/2 

lim 2 — lim -r 

x->oo jc-»oo 

lim - + lim 8 

. x->oo X X— >oo J 


r2-oi'/^ 


Theorem 4. 


.■ C'-r^ + l 

11 . Iim -5- 5 -= lim 


111 I 1 • 

- — —r + “T lim — lim -T + lim —r o —0 4-0 

r r\ _ r->Qo r r~*oo r->oo ^ u v -r v „ 

I ” 1+0-0 “ 


r->oo + r-'— r r-*oo .1 1 . 1 . 

~ 1 + “T —7 lim 1 + lim ^ — lim -T 

r~*oo r-*oo >■* r->oo »•'* 


<%•» I- 6/^ + 5/ 6/^ + 5^ 

12. lim —-—-— = lim ^ . - 7 = lim 


r->oo r^oo r* r->oo r 

6 + 5// 


(I - /) (2/ - 3) “ /4"-^‘oo -2/2 + 5/ - 3 " -2 + 5// - 3//2 


lim 6 + 5 lim (I//) 

r—>—00 r—>-oo 


6 + 5 (0) 


lim (-2)+ 5 lim (l//)-3 lim (1/(2) -2+ 5(0)-3(0) 


= -3 


13. 


14. 


•J\ + 4x^ •J ) + 4 yo + 4 

lim —:-= hm = ——— = 2 

x-*oo 4 + X x-»oo (4/x) +1 0+1 

Vx 2 + 4x -VI + 4/X -yr+o _ 1 

x->-oo 4x + 1 X -+-00 4+ 1/jc 4 + 0 4 

Note: In dividing numerator and denominator by x, we used the fact that for x <0,x = — Vx2. 
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,5. = ^ = 

*-»oo|+V5^ '->«= (1/v/x) + 1 O+I 

16. lim + 3 a + I - a) = lim (^/x- + 3x + 1 - ;c) 
»->oo V / x-*oo V / 


jr2 + 3^+l-.»2 
= lim - -= lim 


+ 3jt + I + .x 
+ 3.t + 1 + X 
3x + I 


v/PT3xTT + jr jr-.oo y/xi +3x + l+jr 

3+l/.t 3 + 0 3 


= lim 

J-»00 


’ yi + {3/.x) + (l/.x^) + I VI +3 0 + 0+ I 2 

17. lim (Vjt^ + I — y/x^ ~ l) = I™ (y/x^ + I - Vx^ — l) ^ ^ ^ 

x-*<» \ ) x-*cc \ ) 


•Jx^ + I + y/x^ — I 


= lim 


[x^ + I) - - I) 


= lim 


-*<» Vx^TT + y/x^- I V^^TT + y/x- - 1 


— i;~ 2/x 

0 

n 

yi + (i/x2)+yi-(i/xZ) 

yr+o + vrro“ 

lim (x + ’^x^ + 2j:^ 

X — Vx2 + 2x 

x2 - (x2 + Zx) 
= lim ^- i- 

x-»~ooV / 

X - Vx2 + 2x 

x-y-oo x- Vx2 + 2x 

K„ -2" 

-2 

-2 

“>x-v;^2x 

X -.-00 1 + ^1 + 2/x l+Vl+20 


-I 


Note: In dividing numerator and denominator by x, we used tlie fact tliat for x < 0, .r = — -Jx^. 


19. lim 

Jf^OO 


/ (V9x^T 7 - 3x) (■V5PTT + 3x) (v’9x2 +x)' - (3x)^ 

(V9x2+x - 3x) = lim ^ - L = lim - ’ - 

V9x2 + X + 3x »-*« V9x2 + X + 3x 


(9x2 + x) - 9x2 

= lim — ,.... -= lim 


xjx 


=: lim 


*-*« V9x2 + X + 3x (V9.i^+x+3x)/x V9+ l/x + 3 


^/9 + 3 3 + 3 6 

20. ^lii^cosx does not exist because, as x increases, cosx does not approach any one value, but oscillates between I 
and —I. 


21. y/x is large when x is large, so lim Vx = oo. 

x-*oo 

22. 4^ is large negative when x is large negative, so lim 4^ = -oo. 

jr-»-oo 

23. lim (x — y/F\ = lim y/x (y/x — I) = oo since y/x -» oo and y/x — I -» oo as x -» oo. 

24. lim (x + y/x) = 00 since x -» oo and Jx —y oo. 

x-yoo ' ’ ^ 

25. lim (x’ — 5x2) _ since x^ —y -oo and -5x2 -oo asx -) -oo. 

jr-»-oo ' ' 

Or: lim (x* — 5x2) = |j|^ x2 (x — 5) = —oo since x2-» oo and x — 5-» —oo. 

x-»-oo ' ' x-y-oo 

26. lim {x2-x'')= lim x2 (1-x2) =-00 sincex2-» 00 and I-x2 ^ —oo. 

X->400 ' ' JT—' • 
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27. liiii , -- = lull —^-^ 7 ^—=r = 00 since I —? I 

.t-.oo,jA-El '-•<» (l/.v) + (l/.v^) x' 

Or Divide nuiiieniliir and denuminator by .t*’ instead of . 

I I I .sin/ 

28. If / = -.then lim .t sin - = lim -sin / = lim -= 1. 

X j-»oo .T /_>o* / /->o+ / 


= 00 since I —^ » 1 while - + -7-»0+asx-yoo. 



.V 

/(X) 

-10,000 

-100,000 

-1,000,000 

-0.4999625 

-0.4999962 

-0.4999996 


I Vom the graph of f (.t) = -Jx^ + .t + I + .v, we 
estimate the value of lim / (x) to be -0.5. 

.v--> -cc 


From the table, we estimate the limit to be —0.5. 


. / rx -r \ -r \ Var’ + jt + I - it 

(e) lim (vaM-v+ 1 + .v) = lim ( -Jx- + .v + I + .i) —===- = lim 

' r-i-ooV J + .V + 1 - K J Jr-*-oo + 


(jt^+jr+ I 

hm , ...... - 

jr-.-00 + 1 _ , 

1+0 _ \_ 

-VI + 0 + 0- I “ 2 


(.t + l)(IA) ,. l+dA) 1+0 

= lim -T -— -r-= hm — , -- - -= — , -= 

(v/ion^.v + I-Jt) (l/.v) -^1 + (1/x) + ( 1 /^ 2 ) _ 1 -VI + 0 + 0-1 

Note that for .v < 0. we have -JT- = |.v| = —jt, so when we divide the radical by jr, with x < 0, we get 

-V.r2+.r + I =_-^V.r-+x + I =-7l + (l/.x)+(l/.v2). 

V.x- 



l•■rom the graph of 

/ (x) = V3.r’ + 8.V -I 6 — V3.v^ + 3x + I. we 
estimate {to one decimal place) the value of 
lim y(v)tobel.4 


.X 

f(x) 

10,000 

100,000 

1,000,000 

1.44339 

1.44338 

1.44338 


From the table, we estimate (to four decimal 
places) the limit to be 1.4434. 


(c) lim /(.!:)= lim 

.T-VOC X-t'X) 


(V3.v2 + «.v+6- V3.v2 + 3.x + i) (V3x2 + 8.r + 6 + V3.v2 + 3.r + l) 


V3x2 + g, 6 _y ^3 j.2 + 3,x + I 

_ i r, + 3x + I) 

' *» V3.v2 + 8.r + 6 + V3x- + 3x + 1 
^ _ (5x + 5)(l/x) _ 

( V.3a- + 8.r + 6 + V3x2 + 3x + l) (1/x) 


V3 + 8/.V + f>/x^ + V3 + 3/x + l./.r2 V3 + V3 2V3 


1.443.376 
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31. lim — = lim - ! - = . * „ = 1. so v = I is a horizontal 

A-*±t>o.x + 4 .t-*±oo 1 + 4/Ar 1+0 

asvmptolc. lim —-— = oo and lim - = —oo, so x = —4 is a 

.v-.-4-.<r + 4 ,,.,-44.r + 4 

vertical asymptote. The graph confirms these calculations. 


32. Since .x- — I -> 0 and y < 0 for - I < .x < 1 and v > 0 for x < — 1 and 

, . ,• v^ + A .x^ + 4 

x > I. we have lim -- =-oo. lim —=-- = oo, 

,_,l-,x2-l .t-.|V.V^-l 

. v + 4 j r ■*"“*■ '* II I 

lim —r-= oo, and hm -z; -= —oo. so;r = I and-x = — I 

,-^-1x2- I x_-M.x2-1 

are vertical asymptotes. Also 

,. .v’ + 4 I + 4/.x^ 1+0 . 

lim —z -= Inn -x =-= I, so v = 1 ts a horizontal 

.v-.±(x>x2-I x-*±oo I - l/x2 1-0 

asymptote. I he graph confinns these calculations. 

x^ -X 

33. lim -- = lim -;-xr = ioo- so there is 

x-.i=o .xT h-3,x - 10 x-.±3o I + (3/,x) - (IO/.x2) 

no horizontal asymptote. 

a' a’ 

lim -X—::-= lim -—-— = oo, since 

x-*2+ A- + 3 a - 10 t-*2+ (a + 5) (a - 2) 

a’ a^ 

-— > 0 for A > 2. Similarly, lim —i- = —oo 

(a+ 5) (a- 2) x-,2 a^ + .3a-I0 


and lim -x— -— = -oc, lim ^5 — -— = 00 , so a = 2 

x_-5- a2 +.3.X - 10 a2 + 3.x- 10 

and A = — 5 are vertical asymptotes. I he graph confirms these 

calculations. 




A^ + I 1 + I/a’ 

34. lim —;-= lim -x = I, so y = 1 is a horizontal 

x-.tt>o.x’ +.X .t->±oo 1 + 1/a’ 

x’ + I a’ + I 

asymptote. Since y = — -= , -r > 0 for a > 0 and y < 0 for 

A + A A t .X * + 11 

a’ + I a’ + I 

— l<.x<0. liin —;-= 00 and lim —r-= —oc, so a = 0 is a 

a’ + A x->fl“ A-' + A 

vertical asymptote. 
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x -9 I - 9/x 

36. lim , = lim ,- = 

V4.t2 + 3.r + 2 J 4 + ( 3 /;,) + ( 2 /:,l) 


= ' — = -. Using the fact that = |.x | = 

74 + 0 + 0 2 


for X < 0, >ve divide the numerator by —.r and the denominator by \/J^. Thus, 

.v-9 ,, -1+9/jc -1+0 1 

lim , = lim -r-' ' . — = = , = = — 

V4x2+3v+ 2 ^-*-“>y4 + (3/^) + (2/x2) V4 + 0 + 0 2 

The hori/.ontal asymptotes are y = ± j. The __ 

polynomial 4.r^ + 3.^+2 is positive for all x. ^ . _ 

so the denominator never approaches zero. .— ..•/•. 

and thus there is no vertical asymptote. \ ( 




37. l.cfs look for a rational function. 

(1) lim f (x) = 0 =» degree of numerator < degree of denominator 

r-*±oo 

(2) lim/(x) = —00 => there is a factor of in the denominator (not ju.stjr, since that would produce a 

. T -»0 

sign change at x = 0). and the function is negative near jc = 0. 

(3) lim /(.v) = ooand lim /(.t) = —oo =* vertical a.symptotc at x = 3; there is a factor of (jt — 3) in 

.t-»3 x->3* 

the denominator. 

(4) / (2) = 0 => 2 Is an x-intercept; there is at least one factor of (x — 2) in the numerator. 

Combining all of this information, and putting in a negative sign to give us the desired left- and right-hand limits. 

2 — -X 

gives us /(x) = —z -— as one possibility. 

X- (x - 3) 

38. The denominator of the rational function we arc looking for must have factors (x — 1) and (x — 3). The degree of 
the numerator must equal the degree of the denominator, and the ratio of the leading coefficients must be 1. One 


possibility is /(x) = 


(x- l){x-3)' 


I — X 

39. y =-has domain (—oo, — I) U (— 1, oo), 

I +x 

lim * = lim — -^ = ?-J-= —1, soy = —1 is a HA. The 

.x-*±oo I + x x-*±oo 1/x + I 0+1 

.. , (l+x)(-l)-(l-x)(l) -2 

line X = — I IS a VA. v = —--=-=-x < 0 

(I+x)^ (l+x)2 

forx / 1. Thus, (—oo, - I) and (—I. oo) are intervals of decrease. 


_7 (I -I- x) 4 

v" = —2 --=-T < 0 forx < -I and v" > 0 for x > —I. so the curve is CD on (-oo, -1) and 

[(l+x)2f 

CU on (-1, oo). Since x = -1 is not in the domain, there is no IP. 
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I -p 2jc^ 

40. y = — -^ has domain R. j * 

l+Ji- y = 2 

lA^ + 2 0 + 2 — 

Inn -r= I"" m-T = —- = 2. so v = 2 isa IIA. 

x-*±co I+.X- *-*±00 l/.x2+I O+I 

ru ■ w. , (l + 'r2)(4,r)-(I+2;x^)(2.r) lx „ S ~ 

I here IS no VA. v = - ^—: - - -=- - > 0 

(l+.v2)' (l+.t2)' 

O .T > 0. 

and y' <0 <=> .x < 0. Thus, y is increasing on (0, oo) and y is decreasing on (—oo, 0). There is a local (and 


absolutcl minimum at (0, 1). y‘ 


_ (l+.r-n2)-(2x) .2(l+x^) (2.x) ^ 2-bx'- ^ 


[(l+x2)'] 


(1+-T 


0 <=> X = ±-W. 


y" > 0 <=> --In <x < ^, .so the curve isCU on and CDon ^-oo,and oc.y There 

arelPat(±^,|). 


«« .• .. 0 

41. Iiin -- 5 - —•• = lim --r = -—-= 0, so V = 0 is a horizontal 

x-.loox2+I i-*±oo I + |/x2 1+0 

asymptote. 

, x^ + I — .X (2x) I — x^ 

y =-s— =-X = 0 when x = ± I and y' > 0 o 

(.x^+l)^ (x2+l)^ 

x^ < I «=> -I <x < I. soy is Increasing on (—1. I) and decreasing 
on (- 00 . — I) and (1, 00 ). 

^ (I +.x-)^(-2x)- (I -.x^)2(.x-+ l)2x _ 2x (x^ - 3) ^ 



(I+.xY{-2a)-(I-.x2)2(x2+|)2x 2x(.x2-.T) /x /- 

— -- ——4 -=- ^ >0 <x> X > -s/S or —>/3 < X < 0. so y is CU 

(1+.vT (l+-»T 

^•s/5, oc^ and v/3,0^ and CD on ^— 00 , -v/sj and ^0, 


42. y = 


v/x^ +1 yr+T/x 


has domain R. As x -» ± 00 . y —> ± I. so 


y = ±I are HA. I'hcre is no VA. y = x (x^ + l)~'^^ => 

y' = .x(-|) (x^+ 1 ) ^'‘(2.x) + (x^ + 1 ) ''^(1) 

= (.x=+|)-p + (x^ + ,)] 

= ^x' + lj >01brall.x 

Thus, y is increasing for all x. y" = (— 5 ) (x- + 1)"^'^ (2x) =- .,, 

' ■' (x2 + l)’'^ 

(— 00 ,0) and CD on (0, 00 ). There is an inflection point at (0,0). 


y 

v= 1 

0 


_^ 

! :t 


y = -l 


xj > 0 for x < 0. So the curve is CU on 
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43. >• = / (jt) = x‘ (x — 2) (I - x). The >'-intercept is /(0) = 0, and the x-intercepts 
occur when >• = 0 => x = 0, 1, 2. Notice that, since x^ is always positive, the 
graph does not cross the x-axis at 0, but does cross the x-axis at I and 2. 
lim x^ (x — 2) (1 — x) = - 00 . since the first two factors are large positive and the 

x-»oo 

third large negative when x is large positive, lim x’ (x — 2) (1 — x) = —oo because 

x-*-oo 

the first and third factors are large positive and the second large negative as x -oo. 



44. y = (2 + x)* (1 — x) (3 — .x). As x —> oo, the first factor is large positive, and 
the second and third factors are large negative. Therefore, lim / (x) = oo. As 

X—>00 

X -» —oo. the first factor is large negative, and the second and third factors arc 
large positive. Therefore, lim /(x) = —oo. Now the v-intercept is 

X—» -OO 

/(O) = (2)^ (1) (3) = 24 and the x-intercepts are the solutions to / (x) = 0 
=> X = —2, I and 3, and the graph crosses the x-axis at all of these points. 



45. y = / (x) = (x -I- 4)5 (x - 3)''. The y-intcrcept is /(0) = 4* (-3)'' = 82,944. 

Thcx-interceptsoccurwhcny = 0 => x =-4, 3. Notice that the graph does 

not cross the x-axis at 3 because (x — 3)^ is always positive, but does cross the 

x-axis at —4. lim (x -E 4)* (x — 3)'' = oo since both factors arc large positive 
x-»oo 

when X is large positive, lim (x + 4)5 (x — 3)'* =-oo since the first factor is 

X-¥ -oo 

large negative and the second factor is large positive when x is large negative. 



46. y = (1 — x) (x — 3)^ (x — 5)^. As x -» oo, the first factor approaches -oo while 
the second and third factors approach 00 . Therefore, lim (x) = —oo. As 

j:-*oo 

X-»—oo. the factors all approach oo. Therefore, lim (x) = oo. Now the 

X-I-OO 

y-intcrccpt is / (0) = (I) (-3)^ (—5)’ = 225 and the x-intercepts arc the solutions 
to /(x) = 0 ^ X = I, 3, and 5. Notice that /(x) docs not change sign at 
X = 3 orx = 5 because the factors (x — 3)^ and (x — 5)^ arc always positive, so 
the graph docs not cro.ss the x-axis at x = 3 or x = 5, but does cross the x-axis at 
X = 1. 



47. First we plot the points which are known to be on the graph; (2,-1) and (0,0). We can also draw a short line 
segment of slope 0 at x = 2. since we arc given that /' (2) = 0. Now we know that /' (x) <0 (that is, the 
function is decreasing) on (0,2), and that /" (x) < 0 on (0,1) and /" (x) > 0 on (1,2). So wc must join the 
points (0,0) and (2, —I ) in such a way that the curve is concave down on (0, I) and concave up on (1,2). 

The curve must be concave up and increasing on (2,4). and 
concave down and increasing on (4, oo). Now we just need 
to reflect the curve in the y-axis, since we are given that / is 
an even function. The diagram shows one possible function 
satisfying all of the given conditions. 





48. The diagram shows one possible function 
satisfying all of the given conditions. 
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2 10,000 



Q have the same end behavior. 


53. Divide numerator and denominator by the highest power of j in 0 (.r). 

(a) If deg P < deg Q, then numerator -> 0 but denominator doesn't. So lim \P (x) jQ (;t)] = 0. 

x--»oo 

(b) If deg P > deg Q. then numerator ±oo but denominator doesn't, so lim \P (x)/Q (a:)] = ±oo (depending 

X —>00 

on the ratio of the leading cocfTicients of P and Q). 
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V 





V 




\ 

J. 


(i)n = 0 (ii) H > 0 {n odd) (iii) h > 0 (n even) (iv) n < 0 (n odd) (v) h < 0 (n even) 

Trom these sketches we see th;it 


1 if « = 0 

(a) liin x" = 0 if« > 0 

.t-»o+ 

tx if« < 0 


1 if/! = 0 
(c) lim x" = 00 ifn > 0 

jr--*oo 

0 if/I < 0 


I ifn = 0 
0 ifn>0 

(b) lim .t" = 

v-»o —00 if n < 0, n odd 

oo if n < 0. n even 

I ifn = 0 
—oo if n > 0, n odd 

(d) lim x" = 

go ifn>0. neven 
0 ifn < 0 


4jf - I / I'V 4x^ + 3x ( 3\ 

55. lim -= lim I 4-1 = 4, and lim -z-= lim 14 + - I =4. Therefore, by the Squeezi 

t->oc X x-too \ X / x-tca X- x-*oo \ x / 


Theorem, lim /(.r) = 4. 


56. (a) After t minutes, 25/ liters of brine with 30 g of salt per liter has been pumped into the tank, so it contains 

(5000 + 25/) liters of water and 25/ • 30 = 750/ grams of salt. Therefore, the salt concentration at time / will 
750/ _ 30/ g 


be r (/) = 


5000 + 25/ 200 + / L' 


(b) lim ('(!)= lim ' —= lim — =—^^ = 30. So the salt concentration approaches that of 

(-.00 (-.00 200 + / '-.oo 200//+/// 0+1 

the brine being pumped into the tank. 


6x- + 5.x - 3 , ,,,, „ „ 6x^ + 5.x - 3 , , „ 

---5 < 0.2 « 2.8 < —- < 3.2. So we 

graph the three pans of this inequality on the same screen, and find 
, 6.v^ + 5.x — 3 

that the curve v = —-j— seems to lie between the lines 

y = 2.8 and y = 3.2 whenever x > 12 8. So we can choose A' = 13 
(or any larger ntimbcr), so that the inequality holds whenever x > 





SECTION 4.4 LIMIISAT INFINITY: HORIZONTAL ASYMPTOUS □ 229 


58. For i: = O..S, we must find N such that whenever.* > N, we have 

I \/4.tT -F I V4.v~ + 1 

P!- - -2 <0.5 1.5 < --—< 2.5. We graph the 

I .r + I .V + I 

three parts of this inequality on the same screen, and find that it holds 

whenever .t > 3. So we choose W = 3 (or any larger number). For 

\/4*T q. I 

i: = 0.1, we must have 1.9 <- <2.1, and the graphs show 

*+ I 

that this holds whenever * > 19. So we choose iV = 19 (or any larger 
number). 




V4x- + I 

59. F'orr; = 0.5. we need to find N such that-(—2) < 0.5 

x + I 


<=> —2.5 < 


<—1.5 whenever x < N. We graph the 


X + I 

three parts of this inequality on the same screen, and sec that the 
inequality holds for .v < —6. So we choo.se N = —6 (or any smaller 
number). 

v/4.x^ + 1 

For c =0.1, we need -2.1 <- <-1.9 whenever 

or + 1 

X < N. From the graph, it seems that this inequality holds for 
X < —22. So we choose any N = —22 (or any smaller number). 




2x + 1 

60. We need N such that — > 100 whenever x > N. From the 

J7+1 

graph, we .sec that this inequality holds for.x > 2500. So we choose 
N = 2500 (or any larger number). 


61. (a) I/.v2 < 0.0001 <=> > I/O.OOOl = 10,000 <=> .v > 100 (.v > 0) 

(b) 11> > 0 is given, then \/x' < i: <=> > \/t: <=> x > \/^:. I-ct N = l/v^. 

1'hen jc > ^ x > -Ir — 0 = -^ < r, so lim -!r = 0. 

y/e X' x^ Jr-*oo x^ 

62. (a) l//x < 0.0001 <=> V* > 1/0.0001 = 10' <=> .v > 10*. 

(b) Ifr; > 0 is given, then \l^ < i: <=> ,/x > l/c «=> x > Let N = \/ir. 



Then.I > ,V 


.V>^ =» \-F= 


- 0 = < c. so lim = 0. 

./x X-tOO 
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63. I-or.r < 0. | l/.r — 0| = — I/at. IFk > 0 is given, then — \/x<k fc> x < — 

Take A'= —I/e. Then .V < A" => x<—\/v ^ |(l/.v) - 0| = — l/jt < e, so lim (l/x) = 0. 

Jf-A-OO 

64. (iiven M > 0, we need N > 0 such that x > N x^ > M. Now x^ > M <=> jt > i/Ji, so take N = i/Ji. 
Then x > A' = VXl => x^ > M, so lim x^ = oo. 

X -too 

65. Suppose that ^lir^ f (x) = I.. T hen for every e > 0 there is a corresponding positive number N such that 

|/(jt) — /,| < E whenever-t > N Af t = \/x, then x > N ^ 0 < / < 1/A^. Thus, for every e > 0 there is a 

corresponding <!> > 0 (namely \/N) such that \f (l/r) - L| < e whenever t < <5. This proves that 

lim /(!//) = /,= lim f (x). 

,_, 0 + .r->oo 

Now suppose that lim f (x) = L, Then for every e > 0 there is a corresponding negative number N such 

AT—» —OO 

that |/(At) — A| < E whenever jc < A'. If / = l/.t, then x < N » 1/A < 1/a: < 0. Thus, for every e > 0 

there is a corresponding <5 > 0 (namely — I /A) such that |/ (I//) — /,| < e whenever —S < t <0. This proves 
that lim f{\/t) = l.= lim f (x). 

;-*0' A-»-oo 

66. Definition l.et / be a function defined on some interval (—oo, a). T hen lim / (at) = —oo means that for 

x-»-oo 

every negative number A/ there is a corresponding negative number A' such that f (x) < M whenever At < A. 

Now we use the definition to prove that lim (1 + ac^) = —oo. Given a negative number A/, we need a negative 

number A such that x < N => I + a:^ < Af. Now 1 + < Af <=> ac^ < A/ — I o .v < i/M — I. Thus, 

we take N — i/M — \ and find that x < N 1 + At^ < A/. This proves that lim (l+Ar^) = —oo. 

A-»-00' ' 



Summary of Curve Sketching 


'At. 


1. y = j (x) = + At = .r (at^ + I) A. / is a polynomial, so O = R. 

B, Af-intcrccpt = 0, y-intercept = y (0) = 0 C. / (—at) = -/ (At), so / 
is odd; the curve is symmetric about the origin. D. / is a polynomial, so 
there is no asymptote. K. /' (At) = 3At^ + I > 0, so / is increasing on 
(—oo, oo). K. There is no critical number and hence, no local maximum 
or minimum value. G. /" (x) = 6x > 0 on (0, oo) and /" (.t) < 0 on 
(—oo, 0), so / is CU on (0, oo) and CD on (-oo, 0). Since the concavity 
changes at x 0. there is an inflection point at (0, 0). 

2. y = / (.v) = .t ’ + 6.t- + 9x = .X (x + 3)- A. D = R B. x-intercepts 
arc -3 and 0. i -intcrcept = 0 C. No symmetry D. No asymptote 

E. /' (x) = 3x- + 12x + 9 = 3 (x + I) (x + 3) < 0 » 

—3 < X < — I, so / is decreasing on (—3, — 1) and increasing on 
(—oo, —3) and (— I, oo). F. Local maximum / (—3) = 0, local 
minimum / (— I) = -4 G. f" (x) = 6x + 12 = 6 (x + 2) > 0 <=> 

X > —2, so f is CU on (—2, oo) and CD on (—oo, —2). IP at (—2, —2) 
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3->' = /U) = 2-I5.t+9jt2-jr5 = -(jc-2)(.r^-7jt+I) A. D = R 
Jt-interccpts: /(jt) = 0 =» x = 2 or (by the quadratic formula) 

X = (=0.15,6.85) C. No symmetry D. No asymptote 

E. /' (at) = -15 + I8.r - 3^2 = -3 (,x2 _ 6.r + 5) 

= -3 (.t - I) (.t - 5) > 0 <=> I < .r < 5 
so / is increasing on (1,5) and decreasing on (-oo, 1) and (5, oo). 

F. Local maximum /(5) = 27, local minimum / (I) = —5 

G. /" (x ) = 18 — 6 .!c = —6 (at — 3) > 0 » x < 3, so / is CIJ on 
(- 0 O, 3) and CD on (3, oo). IP at (3, 11) 



3' — /(x) — 8x^ — x^ — x^ (8 — x^) A. D = R B. y-intercept: / (0) = 0; x-intcrcepts: / (x) = 0 =* 


■* = 0. ±2V2 (= ±2.83) C. / (-x) = / (x), so / is even and symmetric about the y-axis. D. No asymptote 
E. /'(x) = I6x -4x2 = 4x (4-x2) =4x (2±x)(2-x) > 0 ^ 


X < —2 or 0 < X < 2, so / is increasing on (— oo, -2) and (0, 2) and 
decreasing on (-2,0) and (2, oo). F. I.ocal maxima / (±2) = 16. local 
minimum/(O) = 0 G. /" (x) = 16 - IZx^ = 4 (4 - 3x2) = 0 ^ 

^ = ±j-y r {■'O > 0 <x < ^,so/isCUon(-^.^) 

and CD on (-oo, and oo). IP at (±^, 



5. y = / (x) = x'* ± 4x2 = x2 (x ± 4) A. D = R B. >-intcrcept: 

/(O) =0; x-intercepls:/(x) = 0 <=s x = -4.0 C. No symmetry 
D. No asymptote E. /' (x) = 4x2 ± 12x2 = 4^2 (x + 3) > 0 <=> 

X > —3. so / is increasing on (—3, 00 ) and decreasing on (— 00 , —3). 

F. Local minimum /(—3) = —27, no local maximum 

G. /" (x) = 12x2 ± 24-v = I2x (x ± 2) < 0 <=> —2 < x < 0, so / is 
CD on (—2,0) and CU on (- 00 , -2) and (0, 00 ). IP at (0,0) and 
(-2.-16) 



6- y = /(x) = 2 - X - x’ 

= -(x- I)(x*±x2±x*±x’±x‘'±.x2±x2+x±2) 

A. D = R B. y-intercept: /(O) = 2; x-intcrccpt: /(x) = 0 <=> 

X = 1 (I3y part F, below, / is decreasing on its domain, so it has only one 
x-intercept.) C. No symmetry D. No asymptote 
E. /' (x) = — I — 9x* = — 1 (9x* ± I) < 0 for all X, so / is decreasing 
on R. F. There is no extremum. G. /" (x) = —72x2 >0 <=> 

X < 0, so / is CU on (- 00 , 0) and CD on (0, 00 ). IP at (0,2) 
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7. V = /(.x) =.x/(x - I) A. D = {x I .X 5 ^ 1) = (- 00 , l)U(l,oo) B. x-intcrccpt= 0,>'-inlcrcept= /(O) = 0 

X X 

C. No symmetry D. lim -- = 1. soy = I is a IIA. lim -- = —oo, 

.t->±oo.x-l i->|-.X-l 


.X 

lim -= oo. so .X = 1 is a VA. 

t->l+ X - 1 

F.. /' (.x) = ^ < 0 forx ^ I, so / is decreasing 

(x-l)- (.x-l)‘ 


on (- 00 . I) and (1. oo). F. No extremum 


<=s X > 1. so / is CU on (1, oo) and CD on (—oo, 1). No IP 



8. y = x/(x- 1)2 
C. No symmetry 


A. D = |x I X ^ I) = (- 00 , I) U (I, oo) B. x-intcrcept= 0, y-interccpt= /(0) = 0 

X X 

D. lim -X = 0. so V = 0 is a EIA. lim-x = oo, sox = I is a VA. 

x-.ioo(x_|)2 • x-.l(x-l)2 


E. /'(x) = 


(X- I)2(I)-x(2)(x-I) -x-l 


j. This is negative on (-oo, -1) and (I, oo) and positive on 


(-1. I). so / (x) is decreasing on (—oo, — I) and (I. oo) and increasing on (— I, I). 


F Local minimum / (-I) = — no local maximum. 

„ , (X- 1 )’(- 1 ) + (a: +l)( 3 )(x- 1)2 2 (.x+ 2 ) 

/ (^)=-T-TTs-= 7—TTT- 


negative on (— 00 ,—2), and positive on (—2, I) and (1, 00 ). So/isCD 
on (- 00 , -2) and CU on (-2. I) and (I, oo). / has an inflection point at 


(- 2 ,- 1 ), 



9. y = /(.X) = l/(.x2-9) A. D = {.X lx ±3| = (- 00 ,-3)U(-3,3)U(3,oo) 

B. y-intercept = /(()) =-g, no X-intercept C. /(-.x) =/(.x) => / is even; the curve is symmetric about 

they-axis. D. lim -x-^—- = 0. so y = 0 is a HA. lim , * = -oo. lim -g —^ 

^ x - i ± cx >. x --9 x->3-x2-9 x-,3+.x2-9 

lim — = 00 . lim , * , = -oo. so x = 3 and x = -3 are H. 

.,-,-3 .x2-9 ,-,_3+x2-9 

VA. E. /' (x) =-——X > ^ ^ x < 0 (x ^ —3) so / is 

{.x2 - 9)- 

incrcasing on (—oo, -3) and (—3,0) and decreasing on (0, 3) and (3, oo). 

F Local maximum y (0) = — g. 

G „ -2 (x^-9)^+ (2.’^) 2 (^^-9) (lx) 6(x2 + 3) . ^ ^ 

{.x^-9r (•x^-9)’ 

.x2 > 9 o x > 3 or x < —3. so / is CU on (—oo, -3) and (3, oo) 
and CU on (—3. 3). Noll’ 
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10. y = f{x) = xl (.x^ - 9) A. D = {x I X 5 ^ ±3) = (-oo. -3) U (-3, 3) U (3, oo) B. x-inicrccpt = 0. 
,v-inlcrcepl = /(O) = 0, C. /(—x) = —/(x). so f is odd; the curve is symmetric about the origin. 

x -*± cox ~-9 •' x-.3-x2-9 x-.3-x2-9 

I'U' — —r = oo. lim —r —- = -oo. so x = 3 and x = -3 are VA. 

.»->-3+x--9 x->-3 x^-9 

„ . (x^-9)-x(Zt) x^ + 9 

K. / (x) =-—- - -= --— < 0 (X # ±3) so / is decreasing on (-oo, -3). (-3. 3). 

(x2 - 9) (x2 - 9)- 

and(3.oo). F. No extremum H. ''t 

G 2x (x^ - 9)^ - (x^ + 9) . 2 (x^ - 9) (lx) I 

(T^-9r iV iv_ 

2x (x^ + 27) \| 9 —y! : 

=-> 0 when —3 < x < 0 orx > 3. V \i 

I i 

so / is CU on (-3.0) and (3. 00 ); CD on (- 00 .-3) and (0. 3). Il> is [ |,v ^3 

(0.0). 


y = J'U) = x/(x^+9) A. D = R B. V-intercept;/(O) = 0;x-interccpt;/(x) = 0 <=» x = 0 

f {—x) = —/(x). so / is odd and the curve is symmetric about the origin. I). lim [x /(x’ + 9) J = 0. so 

y = OisatlA;noVA E. /' (x) = ~ ^ 9 - x- ^ £ + x) (3 - x) ^ ^ ^ 

(x2-h9)- {xi + 9)- (x^ + 9)- 

-3 < X < 3. so / is increasing on (-3,3) and decreasing on (-oo, -3) and (3, oo). F. l.ocal minimum 
/(—3) = — j. liKal maximum /(3) = j 

C ^ (Jt- -I- 9)^ (-lx) - (9-X^) ■ 2 (x^ -)- 9) (lx) ^ (1 x)(.x^-f9)[-(x^-|-9)-2(9-.x^)| 


[(x2+9)^] 


(.x2-F9)^ 


2x (x^ - 27) ^ ^ 

= —-5^ = 0 X = 0, ±x/ri = ±3^/3 

(.x2.F9) 


/"(x)>0 <=s —3\/3 < X < Oorx > 3^3, so / isCU on (—3-v/3, o) H, ■' ( 

' '(3-1) 

and ^3\/3, oo^. and CD on oo, —3\/3^ and ^0, 3\/3^. There are three 

inflection points; (0,0) and ^±3>/3. ±y,v/3^. - J - 


(3.4) 
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\2. y = f (x) = x^/(x^ + 9) A. O = R B. ^-intercept: / (0) = 0; jt-interccpt: f (x) = 0 <=> .x = 0 
C. / (—Jt) = / (x), so / is even and symmetric about they-axis. D. Jim^ /{x^ + 9) ] = 1, soy = I is 


(x2 + 9)(2x)-x2(2x) 

II'^-nn>'*i F f'(Y\ ' /' ' ' ' _ 

18-x 

ii/\« ni) v/\ Ca. j \x) — » - 

(x2 + 9)^ 

■ (x2 + 9)^ 

and decreasing on (— 00 ,0). F. I.ocal minimum / (0) = 0; no local maximum 

^ . (x2 + 9)'(18)-18x.2(x2 + 9).2x 

18(x2 + 9)[(x2 + 9)-. 

y (•’f) — j. ^2 

[(x2 + 9)^] 

(x2+9)" 

-54 (x + >/3) (x - x/3) 

=-i^> 0 <=> 

(x2 + 9)^ 

-Vi < X < x/J 

so / is CU on (-V3, x/d) and CD on (- 00 , -x/3^ 

and ^^3, oo^ There H. 


arc two inflection points: ^±V3, 


(x^+9f 



13. y = /(x) = 


(jt — I) (jf + 2) —2 


— A. D = {x |x ^-2, I) = (-oo.-2)U(-2, l)U(I,oo) 


B. y-intcrcept: /(O) =- 5 ; no x-intercept C. No symmetry 
I l/x^ 0 

D. Urn — -r = lim -—-= -=0, soy = 0isa HA. x = -2 and x = 1 are 

.t-*±oo x^ + Zx - 2 x->±oo I + 1/x - 2/x^ I 

_ -rt . n _ 1 r-jv _i_ n 


, x^+x-2) 0-l(2x+l) 2x+l „ I , , 

VA. E. / (x) = - '-z: - - =- 5 - X >0 <=> X < -5 (x / -2); 

(x-1)2(x+2)^ (x-1)2(x + 2)2 2 

/' (x) < 0 <=> X > — j (x ^ 1). So / is increasing on (— 00 , -2) and ^—2, ~i). and / is decreasing on 

5 , ij and ( 1 , 00 ). F. / ^— 5 ^ =—5 is a local maximum. 

„ (.x2 + x-2)^-2)-[-(2x + I)](2)(x2+x-2)(2x + I) 

J C-^) “ r ■> *> i2 

[(x-I)^x + 2)Y 

2 (x^ + X - 2) [-1 (x^ + X - 2) + (2x + 1)^] 2 (-x^ _ ;c + 2 + 4x2 + 4x + l) 

~ A ^ ^ A “““ ““ ~ 1 ^ 


(X - 1)^ (X + 2)^ 

_ 2 ( 3 x 2 + 3;t + 3) _ 6 (x2+x + 1) 
“ (x - 1)2 (x + 2)2 “ (x - 1)2 (x + 2)2 


(x-1)2(x + 2)2 


The numerator is always positive, so the sign of /" is determined by the 
denominator, which is negative only for —2 < x < 1. Thus, / is CD on 
(—2, 1) and CU on (—exj, —2) and (1, 00 ). No IP 

"Jl 

L 


0 

i ^ 





Ifl 
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14. y = / (.k) = ^ A. D = {i I .X 5 ^ 0, - 3) = (-c», -3) U (-3,0) U (0, oo) B. No intercept C. No 

symmetry D. lim - 5 --^ = 0, soy = 0 is a HA. lim^—— = oc and lim —!-= 00 , 

x-r±<» (jt + 3) x-,0jr2(x+3) x-.-3*-Jt2(x + 3) 

lim , * , = - 00 . so jf = 0 and jc = -3 are VA. E. /'(x) = — ^ (•* + ^) ^ q ^ -2 < x < 0; 

x-,-3-jr2 (jt + 3) jt3(x + 3)^ 

f (x) <0 <=> AT < -2 orx > 0. So / is increasing on 

(-2,0) and decreasing on (- 00 ,-3), (-3,-2). and H. Yj 

(0, 00 ). F. / (—2) = j is a local minimum. | It 

G ru - ) ^ J (AT + 3)^ - (X + 2) [3x'- (X + 3)- + x^2 (X + 3)] V 

^ (x + 3)'' Ai-2 '« ' 

^ 6(2x- + 8 x + 9) I 

X* (x + 3)’ I 

Since 2x^ + 8 x + 9 > 0 for all x, /” (jt) > 0 <=> x > -3 (.t ^ 0), so 
/ is CL) on (—3,0) and (0, 00 ), and CD on (— 00 , —3). No IP 


I d" x^ 2 

15. y = / (at) = -j—jj = — 1 + ^- - A. D = {a I AT 5 A ±1) B. No Ac-intcrccpt, 

y-intcrccpl = / (0) = I C. /(—At) = /(x), so / is even and the curve is symmetric about the y-a.\is. 

_ .. 1+Ar^ (l/At^)+l 1+x^ I 

D. hm --j= lim . . -- =-1, soy =-I is a IIA. lim --v = 00 , lim -x =- 00 , 

x-.±ool-ArJ x-.±(» (l/jt2) - I x-.l-l-.t2 x-.irl-t2 

I +At2 I + ,t2 

hm - j = —00, hm -x = 00 . Soa: = 1 andxr =-1 arc VA. 

X-.-I- 1 -ac2 1 -.- 1 + I -x^ 


E. /' (a:) =-j >0 <=> At>0(t^l), so / increases on 

(I -ac2) 

(0, I) and (1, 00 ), and decreases on (-exs, -1 ) and (—1,0). 

F. / (0) = I is a local minimum. 

G v" = ^ ■*(! +3At2) ^ 

(l-x^y (l-x2)2 > 

At2<l <=> -I<a:< 1, so / isCU on (—1, I) and CD on (- 00 , -I) 
and (1, 00 ). No IP 
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v’- I 

16 . y =/U) =-y-^ A. D = (.t I X 5A- 1 ) = (-00,-l)U (-1.00) B. ;t-intercepl = 1 , 

- 1 1-1 /.r* 

i-intercept = / (O) = -1 C. No symmetry D. lim -r-- = lim --= 1, soy = 1 is 

t-noox-’ -I- 1 i->±oo 1 -t- l/x-’ 

— 1 — 1 

allA. lim —;- = oc. and lim -=-- =-oc, so x =-1 is a VA. 

x’-I-1 ,__l^x3 + l 

E. /' (x) = ^ ^^ —- > 0 (x ^ -I) so / is increasing on (- 00 , — 1) and 

{-1, 00 ). F. No extremum 

O .» = l^3(.x^+l)^-6x^.2(x^-H).3x^ ^ ^ 

' J\ 

i2x(i-2x^) , . 

=-i> 0 <=> X < — 1 or 0 < X <_ ; ✓— 


(3’+'r 

so / is CU on (- 00 , - 
■■>( 0 .- 1 ). 


H. y 

y-l 



1 0, 

^y/i.o) X 

/■ 1 \ \ ( 

^-1) 




17->’ = /C3) = — = —, - , ■■ A. ZJ = {x |x #0, ±1) B. No intercept C. /(-x) =-/(x), 

x ' - X X (x - 1) (x -f 1) 

■ ..■..■ 

svmmciric about (0. 0) D. lim -= 0. soy = 0 is a IIA. lim —;-= 00 , lim —5 -= — 00 , 

»-♦±XJ x3 — X i-»o- X- — X x-tO+ X ’ — X 

lim T-!— = - 00 . lim -^r-!—= 00 , lim - 5 -!—=- 00 , lim —= 00 . So x = 0, x = 1. and 
.r-+l x3-x .,_,|1.V‘-X .,_,_l-x3-x I_,_|fX’-X 

X = -1 arc VA. E. /' (x) = -!—=i /' (x) > 0 x^ < j o —4. < x < -4. (x yF 0), 
(x’-x)^ 

so / is increasing on ^-^,0^. ^0, and decreasing on (- 00 ,-1). H. ^ 1 

^-1, —1^, and (1, 00 ). F. l,<Kal minimum i il 

/(;^) = -¥ -IT^O ^ 

2(f>x^ - 3.V--F 1 ) , , V i ' 

G. Z'"(x)=-;;-. Since 6 x''— 3x-f I has negative 1; 

I Ai 

discriminant as a quadratic in x^, it is positive, so /" (x) >0 <=> 

x^ — .X > 0 <=> X > I or — I < X < 0, / is CU on (- 1,0) and (1 , 00 ). 

and Cl) on (— 00 . — I) and (0. I). No IP 
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y/ , I — I I 

= /U) = —^— ~ ~ X ^ = I* I ^ ^-intercepts ±1, no ^'-intercept 

I -x^ 

C. /(-A^) = -/(.r). so the curve is s>'mmctric about (0,0). D. lim -;—= 0, so v = 0 is a HA 

Jt-»±00 X^ 

. I — ] —x^ 3 I x^ — 3 

lim -:— = oo, lull - 5 — = - 00 , so A = 0 is a VA. E. f'(x) = -r + — =-;— >0 <=> 

x‘ x-»o- x^ x* x^ x^ 

|.r| > n/ 3. so/is increasing on (-oo,-V3^, (s/3, oo) and decreasing H. .'’t i 

on (—s/3, o) and (o, s/j) . F. / (s/j) =is a local minimum, | 

/ (—-/S) = is a local maximum. ' \ - V ► 


G. /"(,) = 


0 < X < s/6, so / is CU on (-oo, - Vo), (o, s/o) and CD on (-s/6, o) 
and (s/6,oo). IP (A -g^)and (-A, g^). 


19- .V = / (.x) = .xV5 - .V A. The domain is {x | 5 - x > 0) = (-oo, 5) B. y-intercept: / (0) = 0: 
x-intercepts:/(x) = 0 <=> x = 0. 5 C. No symmetry D. No asymptote 

E. /' (x) = ,t . ^ (5 - x)-'/2 (-1) + (5 - x)'^^ • I = i (5 - x)-'/^ l-x -I- 2 (5 - X)) = 

2V5 — X 

X < -J, so / is increasing on (-oo, and decreasing on (y . s)- 

F. Local maximum / (y) = y v/Ts ss 4.3; no local minimum H. ^lo 

2 (5 - x)'/2 (- 3 ) - (10 - 3x). 2 (j) (5 - x)-'/^ (-1) 

G. /" (X) --- -7 — 

{2V5^ / 

^ (S - x)-'^^ 1-6(5-x) +(10-3x)l _ 3x - 20 / 

4(5-x) ~4(5 -x)’^2 / 

/" (x) < 0 forx < 5. so / is CD on (—oo, 5). No IP 




20. y = f(x) = s/x - s/x - I A. D = (x |x > Oandx > 1} = {x |x > I) = ( 1 , 00 ) B. No intercepts C. No 
symmetry D. lim (,Jx - s/x - I) = lim (,/x - s/x - I) ~ ! . = lim - - = 0, so 

y = 0 is a llA. E. /' (x) = —p — * < Ofor all x > 1, since x — 1 < x => 

'2.*JX — 1 

s/x - I < s/x, so / is decreasing on (l,oo). F No local extremum II. > 

I r I I 1 <'• '* 

=-4 [jV 2 - => /"(x)>0 forx > l,so _ 

/ is CU on (1, 00 ). —y-- 
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21. y = f {x) — -Jx- + I — .t A. /) = R B. No .r-intercepl. 

>-inlcrcopt = 1 C. No symmetry D. lim + I — = oo and 

lim (s/.v- + 1 — r) = lim (s/.t- + I — .r) ^ ^ = lim .— -= 0, 

soy = 0 is a HA. E. f (;[) - Jl. . — I = -— =» II. \ 

v/P+l v'x-+ I \ 

/' (x) < 0, so / is decreasing on R. E". No extremum \ 

I ' 

G. f" (.v) =-^ > 0. so / is CU on R. No IP 

4 1 )^'- 



s decreasing on 


22. f = /(.v) = v/.t / (r — 5) A. D = {.v | x /(.t — 5) > 0) = (—oo, 0| U (5, oo), B. Intercepts are 

0. C. Nosvmmetry D. lim / - = lim * = I. soy = I is a HA. lim == < 

i-.±«>Vx-5 ».±«.VI-5 /.t x-t5+yx-5 

.X = 5 is a VA. E. /' (x) = ^ ~ 5)^ = ~f 1 * ~ 5)’]"'^ < 0, so / is decrea.sing on 

(— cx), 0) and (5, oo). E'. No local extremum II. * !\ 

G. /" (x) = I [x (x - 5)’]"^^^ (x - 5)- (4x - 5) > 0 for x > 5, and >•=.i.. 

y" (x) < 0 for X < 0. so / is CU on (5, oo) and CD on (—oo, 0). No IP ^ -j- 

I jr * 5 

23. y = y (x) = -^x- — 25 A. D = {x | x^ > 25) = (-oo,-5] U [5, oo) B. x-intercepts are ±5, no y-ini 

^ . X .• . -.•..I. _r- ■v If_ ... 


23. y = y (x) = -^x- — 25 A. D = {x | x^ > 25) = (-oo, -5] U [5, oo) B. x-intercepts are ±5, no y-inlcrcept 

C. / (—x) = /'(x), so the curve is symmetrie about the v-axis. I). lim v^x^ — 25 = oo, no a,symptote 

.r->±oo 

E. f (x) = 7 (x’ — 25)*^^'* (lx) =- - -j-T > 0 if X > 5. so / is increasing on (5, oo) and decreasing on 

" 2 (x2 - 25)’^^ 

(—oo, —5). E'. No local extremum 

„ „ 2(x2-25)’''^-3.x^(.x^-25)-''" 

■' = 4(x^-25)^^^ ^ ^ ^ 

x2 + 50 „ - C- - 

=-777 < —5 0 5 -t 

4(.vi-2.5)’/' ^ 

so y is CD on (—oo, —5) and (5, oo). No IP 

24. f = / (x) = X -/x- - 9 \. D — (x I x^ > 9) = (-oo, -3) U [3, oo) B. x-intercepts are ±3, no y-intercept. 
C. /"(—x) = —y (x). so the curve is symmetric about the origin. D. lim s/x- — 9 = oo. 

jr—*00 

^2 

lim y/x^ — 9 = — 00 . no asymptote K. f (.x) = y/x^ — 9 + . > 0 for x € /^. so / is increasing on 

x-~¥-oo .yy2_9 

(— 00 , —3) and (3. oo). F. No extremum 
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. 2x\/x^ - 9 - - 9 ) 

G. /" (r) = +--_1- L 

.V (Iv^ - 27) R R 

= '[7 2 ' 1 9)3/7 ^ ** ^ -v > 3y|or-.y| <,T <0, 

so / is CU on ^3y^, 00 ^ and —3^ and CD on^—oc. -3^/^^ 

and ^ 3 , 3 / 1 ^. \p{±^J\.±^'^ 


0 3 A 


y — f (■'^) — ^ A. D — (.V I |.r| < I, .V ^ 0} = [— 1,0) U (0, I] B. jr-intcrccpts ±1. no v-intcrccpt 


VI - .T- 
lim - 

X 


VI - .If- 

, lim- 

.r-»0- .V 




/\ • 1 r> ... w r . V—/V I — JK I — VI .* 

so T = 0 IS a VA. b. f (x)= - - - 5 --=- 

X- 

and (0, I). K No extremum 

^ ^ -l<x<-/[or 

0 < .v < y^. so / is CU on 

(-yio)and(,/f.l). II>(±yf.±^). 


x-’vT^ 


< 0 , so f is decreasing on (- 1 . 0 ) 




0 1 JT 


v + 1 

26. JY = / (v) = A. C> = R B. .fintercept -1, v-inicreept 1 C. No symmetrv 

■Jx- +1 

_ + I , , ,. X + I 

L». urn , . = 1 . and lim - __ = — I, so horizontal asymptotes are y = ± I. 

A-.00 Vx^+T X-.-00 vx^TjTf •’ ^ ^ 


E. /' (x) = 


- —^4= (2x) (X + I) 

_2>Ax^ + I I - X 


j — --7-—-- -- ^ ^ 

on (—oo. I). and decreasing on (1, oo). F. /'(!) = y/2 is a local maximum. 

G /" (;) ~' + 1)'^^ (2.x) (I - X) _ 2x-^ - 3x - 1 

(.x^ + l)’ (x 2 +!)’'-■ 

J"{x) = 0 Zr2-3x-l=0 <=> I 

3 ± V9-4(2)(-I) 3 ± yn / , /r?\ 

•'^ = --- 2 ( 2 ) -^ = — 1 ~ /(,v)isCUon(-cx,i^) 

and and CD on 2- V^ ). IPatx = 


jn >0 <=> X < I, SO / is increasing 


y 

V- 1 

__ 


.V 


'i 
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n.y^f{x) = x + 'ix-l'^ A. O = R B. >■ = X + 3x^/^ = x^/’ (x'/’ + 3) = 0 if x = 0 or -27 (x-intercepts), 
v-intcrcept = / (0) = 0 C. No symmetry D. lim (x + 3x^''^) = oo, 

x-*oo ' ' 

lim (x + 3x^/^)= lim x^/^ (x'^^ + 3) = —oo, no asymptote H. 

X-*“00' ’ x-»-oo ' ’ 

E. /'(x)= I+2x-'/’= (x'/’+2)/x'/^ > 0 <=> x>0or 
X < —8, so f increases on (—oo, —8), (0, oo) and decreases on 
(— 8 , 0). F. Local maximum / (— 8 ) = 4, local minimum / (0) = 0 
G. f" (x) = — < 0 (x ^ 0) so / is CD on (—oo, 0) and (0, oo). 

No IP 



28. y = / (x) = x^!^ — 5x^/^ = x^^^ (x — 5) A. D = R B. x-intercepts 0, 5, y-intercept 0 C. No symmetry 


D. lim x^^^ (x — 5) = ±oo, so there is no asymptote 
x-»±oo 

E. /'(x) = fx^/’- = |x-'^3(x-2) > 0 » x<0or 

X > 2, so / is increasing on (—oo, 0), (2, oo) and decreasing on (0,2). 

F. / (0) = 0 is a local maximum. / (2) = —3^ is a local minimum 

G. /" (x) = ^x-'/5 -I- -l^x-^/^ = (x -t- I) > 0 « X > -I, 

so / is CU on (— 1,0) and (0, oo), CD on (-oo, — 1). IP (— 1, — 6 ) 



29. y = /(x) = X -I- yjxT A. D = R B. x-intercepts =0,-1, y-intcrcept 0 C. No symmetry 

D. lim (x -P /Ixi) = 00 , lim (x -f -v/ixf) = —oo. No asymptote E. Forx > 0,/(x) = x-I-V* =* 

X->00 ' ' X-»-00 


/' (x) = I -P — 7 = > 0, so / increases on (0, 00 ). 
l^x 

For X < 0, / (x) = X -P -» /' (x) = 1- 1= > 0 » 

lyJ-X 

lyf^ >1 <=> “•* > i ** X < - j, so / increases on ^— 00 , - 

and decreases on 0^ . F. / j is a local maximum, 

/(0) = 0 is a local minimum. G. Forx > 0, /" (x) = — ^ 

/" (x) < 0, so / is CD on (0. 00 ). For x < 0, /" (x) = -i (-x)"’/^ 



=> /" (x) < 0, so / is CD on (- 00 ,0). No IP 
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30. y = f (x) = (at’ — A. D = R B. x-intercepts ±1, >’-intercept I C. /(—x) = /(x), so the curve is 
symmetric about the >'-axis. D. lim (x^ — 1)'^* = oo, no asymptote E. /'(x) = jx (x^ — 1)”'^^ =» 

/' (x) > 0 <=> X > I or — I < X < 0, /' (x) < 0 e=> x < — I or 0 < x < I. So / is increasing on 
(— 1, 0 ), (I, oo) and decreasing on (—oo, — 1), ( 0 , 1). 

F. /(-I) =/(I) = 0 are local minima,/(O) = I is a local maximum. H. 

G. /"(X) = Hx2 - 1)-'/^ + |x (-^) (x2 - 1)-“''^ (2x) 

= ^(x2-3)(x 2-I)''*'^>0 » |x|>s/3 
so /isCEJ on ^-oo, — >73^, ^> 73 , 00 ^ and CD on v/3, — 1^, 

(- 1 . i),(i,x73), IP (±,75, .yj) 

31. y = /(x) = cosx — sinx A. D = R B. >> = 0 » cosx = sin x x = nir ± n an integer 
(x-intercepts), y-intercept = / (0) = I. C. Periodic with period D. No asymptote 

E. /'(x) = -sinx - cos X = 0 <=> cosx = —sinx <=> x = 2n)t ± ^ or2nT ± /'(x)>0 <=> 

cosx < — sinx Intt ± ^ < x < 2 nx ± so / is increasing on ( 2 n!r + ^,2nn + and decreasing 
on (2nx — f, 2na- ± . F. Local maxima / (2n!r — f) = -75, local H. 

minima / (2njr -|- ^^ = —>/^. G. f (x) = - cosx ± sinx > 0 <=> 
sinx > cosx <=> X 6 (2nx + J, 2n>t + so / is CU on these 
intervals and CD on (2nx — 2nx ± f )■ IP (ntr ± J, 0) 

32. y =/(x) = sinx — tanx A. D = |x | x ^ (2n ± I) y | B. y = 0 <=> sinx = tanx =<=> 

cosx 

sinx = 0 or cosx =1 <=» x = rnt (x-intercepts), y-intercept = /(0) = 0 C. / (—x) = —/(x), so 

the curve is symmetric about (0,0). Also periodic with period 2)t II. 

D. lim (sinx - tanx) =-00 and lim (sinx - tanx) = oo, so 
x-»jt/2“ x-*x/2'* 

X = nx + j arc VA. E. /' (x) = cosx — sec^ x < 0, so / decreases on 

each interval in its domain, that is, on (( 2/1 — 1) f, (2/i + I) f) ■ 

F. No extremum G. f" (x) = — sinx — 2 sec^x tanx = 

-sinx (I ± 2sec^x). Note that I ± 2scc^x ^ 0 since sec^x # - j. 

/" (x) > 0 for — Y < X < 0 and ^ < x < 2ir, so / is CU 
on((/i — It, nir^ and CD on (nir, (n-(- 5 ^ ir^ IP(nir,0). Note also 
that /' ( 0 ) = 0 but f'(x) = -2. 










242 n CHAPTER 4 APPLICATIONS OF DIfFERENTIATION 

33. V = /(v) = .1 tan.x, -4 < .x < y A. D = (-f, y) B. Inlcrcepls II. 

are 0 C. / (-.t) = / (.v), so the cur\c is symmetric about the >’-a.xis. 

D. lim X Can.x = oo ami lim .x tan.x = oo. so .x = t and 

.X = are VA. E. /' (x) = tan.x + .x sec’ x > 0 0 < .x < y, so 

y increases on (0. and decreases on (—y,0). E'. Absolute minimum 
/(0) = 0. G. >'" = 2 sec^.x + 2x tan.xscc-.x > 0 for -y < .x < y, so 
/ isCUon (-f, J). Noll’ 


34. y = y (x) = lx + cotx. 0 < X < a- A. D = (0, a). B. Noy-intcrcept C. No symmetry D. lim^ 

(lx+cot.x) = 00, lim (lx+ cot.x) =- 00 , SO.X = Oandx = a are VA. E. /'(.x) = 2 - csc^a > 0 when 
esevx < 2 «=> sin.x > ^ <=> | < a < ^, so / is increasing on H. 

.and decreasing on (0. y) and /(f) = I + f 'sa 

local minimum. / = ^ - I is a local maximum. 

G. y " (a) = —2CSC.X (— csca cola) = 2csc^ a cola > 0 <=> cola > 0 <=> 

0 < a < a. so y isClJ on (0, y). CD on (y,a). IP (y, a) 


35. y = y(a) = a/2-sin x, 0 < a < 3a A. O = (0,3a) B. Noy-intercept. Thea-intercept. approximately 
1 .9. can be found using Newton’s Method. C. No symmetry D. No asymptote E. /'(a) = j - cos a > 0 
«=> COS.X < T y < a < ^ or ^ < a < 3a, so / is increasing on ^y, and (^, 3a) and decreasing 

on (0. y) and x) ■ •^^ / (f ) = f “ minimum, H, 

/ ^ ^ is a local maximum, / (^) = ^ - ^ is a local 

minimum. G. y"(.x) -= sina >0 <=> 0 < a < a or2a < a < 3a. 
so / is CD on (0, a) and (2a. 3a) and CD on (a, 2a). IP (a. y) and 
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36. y = /(.t) = cos^jt — 2sinAr A. D = R B. _v-intercept: /(0) = 1 C. No symmetry, but /has period 2ar. 
D. No asymptote E. y'= 2cosjr (—sinx) — 2cos.x = —2cosjt (sini + 1). y'= 0 <=> cos.»=0or 

sinx = —I <=» X = (2n + 1) y' > 0 when cos.t < 0 since sinx + I > 0 for all x. Soy' > 0 and / is 

increasing on ((4m + I) y, (4n + 3) f); y' < 0 and / is decreasing on ((4m — 1) f, (4m + 1) 

F. I.ocal maxima are / ((4m + 3) y) = 2; local minima are / ((4m + I) y) = -2. 

G. y' = —2cosx (sinx + I) = —sinlx - 2cosx => 

y" = -2cos2x + 2sinx = -2 (I - 2sin^x) + 2sinx H. 

= 4sin‘x + 2sinx — 2 = 2 (2sinx — 1) (sinx + I) 
y" = 0 sinx = jOr—I => x = f + 2mt, ^ + 2ms, or 

^ + 2ms. y" > Oand / isCU on +2ms, ^ +2Ms^;y" < Oand / 
is CD on + 2ms, | + 2 (m + I) s^. There arc inflection points at 
(f + 2ms, and + 2ms, 



37. y = /(x) = 2 cosx + sin^ x A. D = R B. y-intcrccpt = /(0) = 2 C. /(—x) = / (x), so the 
curve is symmetric about the y-axis. Periodic with period 2s D. No asymptote 

E. /'(x) =-2sinx + 2sinxcosx = 2sinx (cosx — 1) > 0 <=> sinx < 0 <=> (2m — l)s < x < 2ms, so 
/ is increasing on ((2m — I) s, 2ms) and decreasing on (2ms, (2m + I) s) . F. / (2ms) = 2 is a local 


maximum. /((2m + I) s) = —2 is a local minimum. 

G. /" (x) = —2cosx + 2cos2x = 2 (2cos^x — cosx - I) 

= 2(2cosx + l)(cosx - I) > 0 

<=> cosx <-j «=> X e ^2ms + ^, 2ms + so / isCU on these 
intervals and CD on ^2ms — 2ms + IP when x = 2«s ± 



38./(x) = sinx — X A. D = R B. x-intcrcept = 0 = y-intcrccpt 

C. /(—x) = sin(—x) - (-x) = — (sinx - x) = -/ (—x), so / is odd. 

D. No asymptote E. /' (x) = cosx — I < 0 for all x, so / is decreasing 

on (—oo. oo). F'. No local extremum G. /"(x) = — sinx =» 

/" (x) > 0 « sinx < 0 <=> (2m — l)s < X < 2ms, so / is CU on 
((2m— I)s, 2ns) and CD on (2ms, (2m -I-I)s), m an integer. Points of 
inflection occur when x = ns. 
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39. >> = / (.v) = sin lx-1 sin x D = R B. ,\'-intcrcepl = / ( 0 ) = 0. >■ = 0 <=> 

2 sin I = sinlv = 2 sin .t cos .v <=> sinjc = 0 or cosjt = 1 <=> x = nic (x-intercepts) 

C. /{-X) =-/(x). so the curve is symmetric about (0,0). Note: / is periodic 
with period 24’, so we determine D-G for —< x < tr. D. No asymptotes 

E. /' (x) = 2 cos 2 x — 2 cosx = 2 ( 2 cos’x — I — cosx) = 2 (2cosx + I) (cosx — 1) > 0 <s> cosx < — j 

< X < -^ or ^ < X < .T, so / is increasing on (“tt- ~t) (^’ ”) decreasing on 

E is a local ma.\imum./(^) =-^ is a local minimum. 

G. /" (x) =- 4 sin 2 x + 2 sinx = 2sinx (I - 4cosx) = 0 whenx = 0. H. T 

orcosx = |. ir« =cos*'|,lhen/isCUon(-«,0)and(«,x) /\ /\ 

andCDon(-a,-«)and(0.«). II’(0.0).(;r, 0),(n ,zlL ->A. ° , i-► 

' j -a \ 2ft jir f 

I \J 

40. ^ _ y (v) = COS T/(2 + sinx) A. O = R Note: / is periodic with period 2)r, so we determine B-G on 

I0,2;rl. B. x-interccpts§,2f.y-intercept=/(0)= ^ C. No symmetry other than periodicity D. No 

(2 + sinx)(-sinx)-cosx(cosx) 2sinx + I — 

asymptote E. /' (x) =-p-- / (’^) > 0 « 

2 sinx+l <0 <=> sinx <-5 <=> ^ < x < so / is increasing on and decreasing on 

( 0 , ^), 2 )r) . K / (^) = -;^ is a local minimum. / maximum. 

(2 l-sinxT-( 2 cosx)-( 2 sinx + l)2(2 + sinx)cosx 2cosx (I - sinx) ^ ^ 


(2 +sinx)'' (2 +sinx)’ 

cosx<0 « f <x < 2f.so/isCUon(f.2f)andCDon(0.f)and(if-.2x). IP (t.O), (t-O) 


X 

/ 

1 

i V 


2jr 


^ ^_Lv ^ 


(ft 


IP j II'/- V IP/' 2 'P 2/2 ■>; j_/2\ 

24/^/ ^ ME! 24EI 24E/ ^ 

= (-V - /.)^ = CX^ (.v - /.)’ 

24 L! 

where c =-is a negative constant and 0 < a < /.. We sketch 

24 L / 

/ (;,) 2 = c.v- {X - for c = -1 - / (0) = f {L) = 0. 
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/' (jf) = cx^ (2 (.V - T.)l + (x - L)~ {2cx) = 2cx(x- L) I;t + U - /,)) = 2cx {x - L) (2x - L). So for 
()<.»< /„ /' (jt) > 0 <=> AT (x — 1.) (Zr — L) <0 (since c < 0 ) « 1/2 < x < L and /' (.i) < 0 «=> 
0 < At < /,/2. So / is increasing on (/./2, /.) and decreasing on (0, L/2). and there is a local and absolute 
minimum at (/./ 2 , f (L12)) = (/./ 2 , cL''/16). 


/'(a) = 2cl.r(.v-i)(2;t-i)] => 

/" (x) = 2c 11 (.T - i) (Zt - i) + jr (I) (2x - /,) + .t (.1 - L) (2)J = 2c (6.x^ - 6/,.t + i-) = 0 <=> 


.r = —^—— -= j Z, ± i, and these arc the jr-coordinates of the two inflection points. 

k k Ik Ik 

42. F (.r) 5= —r-r, where > 0 and 0 < < 2. F' (a ) = —r +-?. F' (;r) = 0 

x^ (x - 2)2 -x’ (X - 2)’ 

2k 

.x’ = — (.X — 2)’ <=> .X = - (jr — 2) » Zx = 2 <=> x = I. l or 0 < x < I. -r > 2* and 

X-’ 


- 7 > —2/t => /■'' (x) > 0, and for I < x < 2, —x < 2* and 

(x - 2 )’ x 2 

2k 

-r < -2* =» F' (x) < 0. 

(x - 2)2 

So F (x) is increasing on (0, 1) and decreasing on (1, 2), with an absolute 
and local maximum at (I, r(l)) = (I, —2k). 

The force is always negative, and is maximized (weakest) when the 
particle is equidistant from the other two particles. 



43. y =/(x) =.x2/(.x2 - I) A. D = {.x ( x ^ ±1) = (-oo,-I)U(-1, I)U (I,oo) B. x-inlercept = 0. 
>-interccpt = 0 C. /(—x) = —/(.x) => / is odd. so the curve is symmetric about the origin. 

.X^ .X^ X X 

R. lim —i: -= oo but long division gives -tt -= x + —r—- so / (x) — x = —z -- -^0 as x -» ±oc 

I -.00 x- - I X- - I x^ — I x' — I 

:2 x 2 

- = OO, lim -r—- = —0< 

- 1 - I 

3jf- (a2 - 1) - (2a) a- (a^ - 3) 


A^ 

V = x is a slant asymptote lim —- = —oo, lim —;—- = oo, lim -r—- = —oo, 

x-,|-x 2 -l Jt-.l+x^-l x-.-l-.x 2 -l 


lim 


= 00 , so X = 1 and x = — 1 are VA. E. f (x) = ■ 


/'(.x) >0 <=> x^ > 3 » X > Vi or x < -■^3, so / is increasing on oo, —•s/3j and oo) 
and decreasing on >/3, ~l), (~l, 0, and ^1, Vs) . 

K, / yj) = —is a local maximum and J 's local 


2.if (a“ + 3) 

minimum. G. v" = —^^ >0 <=> a > I or — I < a < 0, so / 

(--->) 

is CU on (— I. 0) and (I. oo) and CD on (—oo. — I) and (0, 1). IP (0,0) 


-1 






y = .V 
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44 ^ _y(^) - l/:t A. D = {x 1 x # 0) = (-oo, 0) U (0. oo) B. x-intercepls ±1, noy-intercept 

C. / (—x) = —/ (x), so the curve is symmetric about the origin. D. ^ (x — 1/x) = ±oo, so no HA. But 

(x - I /x) - X = - 1 /x -> 0 as X -> ±00, so y = x is a slant asymptote. H. 

Also lim (x - I/x) =-oo and lim (x - l/x) = oo, sox = 0 is a VA. 
x-*o- 

E. /' (x) = I ± l/x^ > 0, so / is increasing on (-oo, 0) and (0, oo). 

F. No extremum G. /" (x) =-2/x^ => /"(x)>0 o x < 0. 

so / is CD on (-oo, 0) and CD on (0, oo). No IP 


45. ^ = y (;f) = + 4) /X = X ± 4/x A. D = {x | x ,4 0) = (-oo. 0) U (0, oo) B. No intercept 

C. y (-x) = -/ (x) =» symmetry about the origin D. ^lir^ (x ± 4/x) = oo but / (x) - x = 4/x -> 0 as 

X -» ±00, so y = X is a slant asymptote. lim (x ± 4/x) = oo and 

lim (x ± 4/x) = - 00 , so X = 0 is a VA. E. /' (x) = I - 4/x^ > 0 
x->0- 

<=> x^ > 4 » X > 2 or X < -2, so / is increasing on (-oo, -2) 
and (2, oo) and decreasing on (—2,0) and (0,2). F. / (—2) = -4 is a 
local maximum and / (2) = 4 is a local minimum. 

G. /" (x) = 8/x^ >0 <=> X > 0 so / is CU on (0, oo) and CD on 
(—00,0). No IP 

46 = + | + i A. D = {x |xyt0} = (-oo,0)u(0,oo) B. No intercept 

(x-intercepts would occur when x^ ± x ± I = 0 but this equation has no real roots since - 4ac = -3 < 0.) 
C. No symmetry D. lim (x ± I ± l/x) = ±oo, so no HA. But (x ± I ± l/x) - (x ± I) = l/x 0 as 

x-*oo 

X ± 00 , so V = X ± I is a slant asymptote. Also lim (x ± I ± l/x) = oo, lim (x ± 1 ± l/x) = -oo, so 

x-,o^ x-*o- 

x=0isaVA. E. r(x) = 1 - 1/x^ > Owhenx^ > I <=> x > 1 or H. 

<-I;/'(x) < 0 » -I < X < 1. So/is increasing on (-0O, -1), 

(I, oo) and decreasing on (—1,0), (0, I). F. /(I) = 3 is a local 
minimum. / (-I) = — I is a local maximum. G. /" (x) = 2/x^ > 0 
<=> X > 0, so / is CU on (0, oo) and CD on (-oo, 0). No IP 
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47. y = —!—• ~x A.D = |jt|j(^l) B. _y = 0 <=> x = —!— <=> jit--.t-l=0 x = 
j; — I jc — I 

(jt-intercepts), >'-intcrcept = /(O) = — I C. No symmetry D. y - (—x) = —!-» 0 as 

X — I 


lim (—^-X I = —00, so Jt = 1 i 

jt-<t- \Jt - 1 / 


is a VA. 


E. /' (x) = — 1 — 1/ (x — 1)^ < 0 for all X ^ I, so / is decreasing on 
(- 0 O, 1) and (I, oo). F, No local extremum 


G. /"(x) = 


(X - I)' 


>0 <=> X > 1, so / is CU on (l,oo) and CD 



on (-0O, 1). Noll’ 


n.y = f(x)=Y-^ A, D = jx I X yF — I j = ^— 00 , U j, 00 ^ B. Intercepts are 

x^ x^ x2 

0. C. No symmetry D. lim --- = ±oo, so no HA. lim --r = oo, lim --- =-oo, so 


x->±oo 2x -I- 5 


x-*-5/2+2x-I-5 n-5/2-2x-I-5 

25/4 


2r -1-5 


0 as 


5 , , .... X- X 5 25/4 x^ /x 5\ 

X = -| IS a VA. By long division, --- = - - -- -p ---, so -- - - I t - 7 I = 

^ 2x-l-5 242x-|-5 2x-|-5\2 4/ 

. I 5 ■ I w ~ , lx (x 4- 5) — 2x (x -I- 5) , 

X -> ± 00 , so y = 4x — 2 IS a slant asymptote. E. / (x) =-;;-=-^ => / (x) > 0 

^ * (2x + 5 f (2x -H 5)- 


on (— 00 , —5) and (0, 00 ), decreasing on ^—5, — and j,0^ . 

F. / (0) = 0 is a local minimum, / (—5) = —5 is a local maximum. 

(4x-H0)(2x-|-5)2-(2x2-(-10x)-2(2x-|-5)(2) 

G. /" (j:) =-i-T- - -= 

(2x4-5)^ 


50 


(2x 4- 5)’ 

(- 00 ,-f). No IP. 


>0 » X > —|, so / is CU on ^-j, 00 ^ and CD on 



49. ^ ^ = I => y = ±-Vx^ — a^. Now 

a 


lim F-Vx^ - - -xl = - • lim (s/xT ~ - x^ = - . lim ^ - = 0, which 

x-»<»La a J a x-xxj V /^x^ — a^+x ° Vx-— a-4-x 


b . 


shows that y = -x is a slant asymptote. Similarly 
a 


lim --Vx^ -= - 

x-*ooL a V. n /J 


b —a^ 

- ■ lim , - 

a x-*oc ^j2 -a^+x 


= 0, soy = —X is a slant asymptote. 
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^ I *4- 1 — I I 

5®- J U) — — -and lim - = 0. Therefore, lim [/C't) — Jt^l = 0 and so 

X XX x-f±(X X x->±oo‘ > 

Ihe graph of J is a,symptotic to that of y = For purposes of difl'crcnliation. we will use / (x) = x^ + 1 /x. 

A. D = |x I X 5 A 0| B. No y-inlercepl; to find the x-intcrccpt. we set >• = 0 <=> x = -1. C. No symmetry 
n I- x’ + 1 

D. hm - =00 and lim -=- 00 , so x = 0 is a vertical H. r T 4 , ,, 

X .t-40- X V 1 /■' 


asymptote. Also, the graph is asymptotic to the parabola y = x^, as 
shown above. E. /' (x) = 2x - l/x^ > 0 <=> x > - 5 L, so / is 

w2 



increasing on ^-^. 00 ) and decreasing on (- 00 . 0 ) and ^ 0 , . -r \ if-; 

K. l.ocal minimum / no local maximum \ 

f*- (.x) = 2 + 2/x^ > 0 » X < — I orx > 0, so / is CU on 1 

(— 00 . — I) and (0. 00 ), and CD on (—1,0). IP (-1.0). ' 

V “ ,ij±'oo —X- ~x ~ x-!*?=o X ~ graph of / is asymptotic to that ofy = x^. 

A. D = (x I X 5 A 0) B. No intercept C. / is symmetric about the origin. D. lim (x^ + - | = —00 and 

x-*o \ X/ 

!i'o+ ^ X ) = 00 . so X = 0 is a vertical asymptote, and as shown above, the graph of 

/ is asymptotic to that of y = x^ E. /'(x) = 3x^ - l/x- > 0 <=> H. 

•*■*>5 <=» |x| > ■^. so/is increasing on ^- 00 ,and '*1 / 

(^. a.) and decreasing on o) and (o, F. Local 

maximum / ^= -4 • .T-’'/ liKal minimum / = 4 • 3 ’/^ f ^ \ 

./ ” (Y) = 6.V + 2/-v^ >0 <=> X > 0. so y is CU on (0, oo) and CD 
on (—cx), 0). No IP 
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Graphing with Calculus and Calculators 



/'(.v) = I6.t’- I4i+4 =» /"(Jt) = 48j[2-14 

9 10 



-2 -4 


After finding suitable viewing reetangics (by ensuring that we have 
located all of the x-valucs where either /' = 0 or /" = 0) we estimate 
from the graph of f that / is increasing on (-1.1,0.3) and (0.7, oo) 
and decreasing on (-oo, — 1.1) and (0.3,0.7), with a local maximum of 
/ (0.3) » 6.6 and minima of / (-1.1) =# -1.0 and / (0.7) as 6.3. We 
estimate from the graph of /" that / is CU on (-oo, —0.5) and 
(0.5, oo) and CD on (-0.5,0.5), and that / has inflection points at 
about (-0.5,2.1) and (0.5,6.5). 


2./(x) = 8.v’ + 45x^ + 80.»^ + 90.r^ + 200.v => /'(x) = 40.v^ + 180.r’+ 240x2 + I80.v + 200 ^ 
f" (x) = I60x’ + 540x2 + 480x + 180 




After finding suitable viewing rectangles, we estimate from the graph of 
/' that / is increasing on (-oo, -2.5) and (—2.0, oo) and decreasing 
on (-2.5,-2.0). Maximum: /(-2.5) «=-211. Minimum: 

/(—2) —216. We estimate from the graph of f" that / is CU on 
(-2.3, oo) and CD on (—oo, —2.3), and has an IP at (—2.3, —213). 


-250 
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3. f(x) = - 3;c - 5 


/'(.v) = 


I 2x -3 
3 (,x2 - 3x - 5)^'’ 


/"(•’') =-5 


■T- - 3x + 24 
(.t 2 - 3x - 



3 




A 

[ 


3 


/Vo/e. With some CAS’s, including Maple, il is necessary to define / (.x) = 


* - 3x - 5 


|x2-3x-5| 


1/3 


|x2-3x-5| 

the CAS docs not compute real cube roots of negative numbers. We estimate from the graph of /' that / is 
increasing on (1.5,4.2) and (4.2, 00 ), and decreasing on (- 00 , -1,2) and (-1.2, 1.5). / has no maximum. 
Minimum: /(1,5) =»-1.9. From the graph of we estimate that / is CU on (-1.2,4.2) and CD on 
(-OC, -1.2) and (4.2, oc). IP (-1.2,0) and (4,2,0). 


4. /(x) = 


/"(x) = 2 


.x‘'+x^-lx-+2 
x^ + X - 2 

x*^ + 3x’ - .3x‘' 


, so f (x) = 2- 


* + 2.x'' - 3x’ - 4x^ + 2.t - 1 


(x2+x-2)^ 


and 


llx’+ 12x^+ iax-2 


(.x2+x-2)’ 




We estimate from the graph of f that / is increasing on (-2.4, -2), (-2, -1.5) and (1.5, 00 ) and decreasing on 
(— 00 , —2.4). (—1.5. 1) and (1, 1.5). Local maximum: /(—1,5) =» 0.7. Local minima: f (—2.4) v 7.2, 

/ (1.5) 3 4. From the graph of /”, we estimate that / is CU on (— 00 , —2), (—1.1,01) and (I, 00 ) and CD on 


(-2,-LI) and (0.1, 1). / has IP at (-LI,0.2) and (0,1,-LI). 


5. /(X) = 


X 

x3 _ X- - 4x + I 


/'(*) = 


-2x^+x-+ 1 
(x3_x2-4x + 1)^ 


/" (.V) = 


2 (3x^ - 3x'' + 5x-' - 6x^ + 3x 4- 4) 
(x3-x2-4x + l)’ 



-3 


-3 


-3 
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We estimate from the graph of f that >> = 0 is a horizontal asymptote, and that there are vertical asymptotes at 
.4 = -1.7. J( = 0.24. and x = 2.46. From the graph of /', we estimate that / is increasing on (-oo, -1.7), 

(-1.7,0.24), and (0.24, I), and that / is decreasing on (1,2.46) and (2.46. oo). There is a local maximum at 
/(I) = -J- From the graph of /", we estimate that / is CU on (-c», -1.7), (-0.506,0.24), and (2.46, oo), and 
that / is CD on (—1.7, -0.506) and (0.24,2.46), ITiere is an inflection point at (-0.506, —0.192). 


6 . /(.r) = tan.x+ 5COS.X => /'(jt) = scc^.v - 5sinjt => /"(.t) = 2scc-xtanjc - 5cos.r. Since/is 
periodic with period 2ff, and defined for all x c.xccpt odd multiples of y. we graph / and its derivatives on 






We estimate from the graph of /' that / is increasing on (-|, 0.21), (1.07, j), (|, 2.07), and ^2.93, ^ j, and 
decreatving on (0.21, 1.07) and (2.07. 2.93). I.ocal minima: /(1.07) 4.23. /(2.93) = -5.10 Local maxima; 

/(0.2I) as 5.10. /(2.07) as -4.23. From the graph of /", we estimate that / is CU on (0.76, j) and ^2.38, 
and CD on (-§,0.76) and (§,2.38). / has IP at (0.76, 4.57) and (2.38, -4.57). 


7. /(.v) = sin.v => /'(x) = 2x sin.x Tx^cosx => /''(x) = 2 sinx + 4x cosx - x^ sinx 


25 





We estimate from the graph of /' that / is increasing on (-7, -5.1). (-2.3,2.3). and (5.1,7) and decreasing on 
(—51. —2.3), and (2.3,5.1). Local maxima: /(—5.1) a; 24.1, /(2.3) as 3.9, Local minima: / (—2.3) as —3.9, 
/ (5.1) as -24.1 From the graph of /". we estimate that / is CU on (-7, -6.8), (-4.0, -1.5), (0, 1.5). and 
(4 0,6.8), and CD on (-6.8, -4.0), (-1.5,0), (1.5,4 0). and (6.8.7). / has IP at (-6.8,-24.4). (-4.0, 12.0). 
(-1.5, -2.3). (0,0). (1.5,2.3), (4.0, -12.0) and (6.8, 24.4). 
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8./(x) = sini + j sin3At =» /'(x) = cosjc + cos3.r => /" (x) = - sinx - 3sin3x 



Note that / is periodic with period 2)1, so we consider it on the interval [—x]. From the graph of /', we 
estimate that / is increasing on (—2.4, — 1.6), (—0.8,0.8), and (1.6,2.4) and decreasing on (—x, —2.4), 
(_I,6, -0.8), (0.8, 1.6) and (2.4, x). Maxima; /(-1.6) =» -0.7, /(0.8) « 0.9, /(2.4) ss 0.9. Minima: 
/(_2.4) as -0.9, /(-0.8) » -0.9, /(1.6) =» 0.7. We estimate from the graph of f" that / is CD on 
(-2.0,-1.2), (0, 1.2) and (2.0, x) and CU on (-x,-2.0), (-1.2,0) and (1.2,2). / has lPal(-x,0), 
(-2.0, -0.8), (-1.2, -0.8), (0,0), (1.2,0.8), (2.0,0,8), and (x, 0). 


9./(x) = 8x^ - 3x^ — 10 => /'(x) = 24x^ - 6x => /"(x) = 48x-6 



From the graphs, it appears that / (x) = 8x’ - 3x^ - 10 increases on (-oo, 0) and (0.25, oo) and decreases on 
(0,0.25); that / has a local maximum of /(O) = —10.0 and a local minimum of/ (0.25) =» —10.1; that / is CU 
on (0.1,00) and CD on (-oo, 0.1); and that / has an IP at (0.1,— 10). / (x) = 8x^ - 3x^ - 10 =» 

/' (x) = 24x^ - 6x = 6x (4x - 1), which is positive (/ is increasing) for (-oo, 0) and (j. °o). and negative (/ 

is decreasing) on ^0, 5 ^ By the FDT, / has a local maximum at x = 0: / (0) = 8 (0)^ — 3 (0)^ — 10 = — 10; and 
/ has a local minimum at j: / = j - - 10 = /' (x) = 24x^ — 6 x => 

/" (x) = 48x - 6 = 6 (8x - I), which is positive (/ is CU) on (j, 00 ), and negative (/ is CD) on (- 00 , |). / 
has an IP at (^,/(^)) = 
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10 . 




From the graphs, it appears that / increases on (0,3.6) and decreases on (-oo, 0) and (3.6, oo); that / has a local 

maximum of / (3.6) ss 2.5 and no local minima; that / is CU on (5.5, oo) and CD on (-oo, 0) and (0, 5.5); and 

•k . u in . /< c -I I-. + I lx — 20 11 20 

that / has an IP at (5.5,2.3). / (x) =-,- = I H-r => 

x^ X x‘ 

f (x) = -Mx“^ + 40x'^ = (I lx - 40), which is positive (/ is increasing) on (o, and negative (/ is 

decreasing) on (- 00 ,0) and on oo^ By the FDT, / has a local maximum atx = 


/(S)- 



[tt)-20 

I 

(S) 



1600 


201 

= and / has no local minimum. 
oO 


/'(x) = — I lx~^ + 40x"^ => /" (x) = 22x~^ — I20x ^ = 2x ^ (I lx — 60), which is positive (/is CU) on 
(fj.oo^, and negative (/is CD) on (-oo, 0) and ^0, /has an IP at (“./(f?)) = (ff. 


11 . 



From the graph, it appears that / increases on (-2.1,2.1) and decreases on (-3, -2.1) and (2,1,3); that / has a 
local maximum of/(2.1) a: 4.5 and a local minimum of / (-2.1) ai -4.5; that / isCU on (-3.0,0) and CD on 

(0, 3.0), and that / has an IP at (0,0). /(x) = xx/9 - x^ => /' (x) - + VO - x- - 

s/9-x2 

which is positive (/ is increasing) on and negative (/ is decreasing) on ^- 3 , and 3 ^ 

By the FDT, / has a local maximum of / (^) = xi / has a local minimum of 

/(^^^) =-5 (since/is an odd function.) /' (r) = ^ x 

' v9 — x^ 

n/ 9 -x^ (-2x) + x^ ( 4 ) (9-x^)''^^(-2x) 

" LrV __ \ ' _1_ 


/"(x) = 


9-x2 


21 - 1/2 _ -2x -x^ (9-x-)~' -X 


;(9-x-’)-‘'^ = 




_ -3x _ x^ _ X (2x^ - 27) 

~ V 9 - x 2 ( 9 _.» 2 ) 3/2 ■* ( 9 _^ 2)’/2 

which is positive (/ is CU) on (-3,0), and negative (/ is CD) on (0,3). / has an IP at (0,0). 
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I-'roni the graph, it appears that / increases on (—5.2, — 1.0) and (1.0, 5.2) and decreases on (-2a-, —5.2), 

(—1.0. 1.0). and (5.2.2a); that / has local maxima of/ (—1.0) as 0.7 and / (5.2) as 7.0 and minima of 
/ (-5.2) a: -7 0 and / (1.0) ar -0.7; that / is CU on (-2a, -3.1) and (0, 3.1) and CD on (-3,1,0) and 
(3.1,2a). and that/has IP at (0, 0), (-3.1,-3.1) and (3.1,3.1). /(.t) = jt - 2sin.t =» /'(a) = I - 2cos.r, 

which is positive (/ is increasing) when cosa < 5 , that is. on (-"T’ “t) (t’ t)> negative (/ is 

decreasing) on ^- 2 a, “t)- (“ 7 ’ f)’ 'heFOT, / has local maxima of /(-^) = y + -/S 

and / (x) ~ X minima of / (—^) = —^ ~ / (t) ~ ~7 ~ 


/'(.v)= 1—2cosa =» /''(a) = 2sina, which is positive(/is CU) on (—2a, —a) and (0. a) and negativc(/ 

is CD) on (-a. 0) and (a, 2a). / has IP at (0,0), (-a, -a) and (a, a). 



(a + 4Ua — 3)- 

/ (a) =- 3 -has VA at a = 0 and at a = 1 since 

a’ (a — I) 

lim / (a) = — 00 . lim / (a) = -00 and lim / (a) = 00 . 
a-rO a-»r a-»t + 


/(a) = 


(l+4/a)(l-3/a)2 


O'*' as a -» ± 00 , so / is asymptotic to 


a (a - 1 ) 

the a-axis. Since / is undefined at a = 0, it has no y-intercept. 


/(a) = 0 =» (a + 4) (v — 3)^ = 0 =» a = —4 ora = 3, so / hasa-intercepts -4 and 3. Note, however, 
that the graph of / is only tangent to the a-axis and docs not cross it at a = 3, since / is positive as a -» 3“ and as 
a -> 3+. 



From these graphs, it appears that / has three maxima and one minimum. The maxima are approximately 
/(-5.6) = 0.0182. /(0,82) = —281.5 and /(5.2) = 0.0145 and we know (since the graph is tangent to the 
a-axis at a = 3) that the minimum is / (3) = 0. 








14 . 
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^ IO.t(j-l)-' 

/(■*) = --T--—y has VA al jt = - I and al.v = 2 since 

(.t - 2)-’(.t + ir 

lim /(.v) = oo, lim /(.x) = -ooand liin /(.x) = oo. 

'-*-1 i-» 2 - 


./(■*)— (I _ 2/x)’ (I + l/x)^ 10 as j; ^ ±oo. so / is asymplotic to 

the line > = 10. / (0) = 0. so / has a y-inlcrccpl at 0. / (.x) = 0 => 


10.x (.X — I )■' = 0 => X = 0 or .X = 1. So / has x-intercepts 0 and 1. 
Note, however, that / does not change sign at x = I. .so the graph is 
tangent to the x-axis and does not cross it. 

We know (since the graph is tangent to 
the x-axis at x = I) that the maximum 
is / (I) = 0. From the graphs it 
appears that the minimum is about 
/ ( 0 . 2 ) = - 0 . 1 . 


1 



15. /(x) = 


.x^(x-l- 1)-^ 

(x - 2)2 (X - 4)^ 


, X (x 4-1)2 ^ |g^2 _ 44^ _ 

J'M = --1--^-- -5 - L (from CAS). 

(x - 2) (x - 4)’ 





From the graplis of /', it seems that the critical points which indicate extrema occur at x = -20, -0.3, and 2.5, as 

estimated in Fxampic 3. (T here is another critical point at x = -1, but the sign of f does not change there.) We 

, .... , ,(x-F I)(.x*4-36x’4-6.x^-628.x24-684.x24-672x 4-64) 

diflerentiate again, obtaining /' (x) = 2.^^-L- - ----- 




From the graphs of /", it appears that / is CU on (-oo, -5.0), (-1.0, -0.5). (-0.1,2.0), (2.0,4.0) and (4.0, oc) 
and CD on (—5,0. -1,0) and (-0.5, -0.1). We check back on the graphs of / to find the ^-coordinates of the 
inflection points, and find that these points arc approximately (-5, -0.005). (-1,0), (-0.5,0.00001), and 
(-0.1.0.0000066). 
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16. f(x) = 


10 ;c {x - 1 )'* 
(jr-2)’(x+ 1)2 


/'(at) = -20 


(or-1)2 (5ac-l) 
(x- 2 )<(ar+ 1)2 


(from CAS). 



From the graph.'! of /', we estimate that / is inereasing on (—oo, — 1) and (0.2,1) and decreasing on (— 1,0.2), 

(x- 1)2 (5 .x2-8x2+ 17x-6) 


(1,2) and (2, oo). Differentiating /' (x), we get /" (x) = 60- 


(x - 2)2 (X + 1)^ 




From the graphs of /", it seems that / is CU on (—oo, — 1.0), (— 1.0,0.4) and (2.0, oo), and CD on (0.4,2). 


17.>' = /(x) = 




with 0 < X < 3x. From a CAS, / = 


sinx [2 (x 2 + 1 ) cosx — x sinx] 


(4x^ + 6 x 2 _|. 5 )(;qs 2 j( _ + 1 ) sinx cosx — 2 x^ - 2 x 2 _ 3 


(x 2 +l) 


3/2 


and 


(X2+1) 


5/2 



From the graph of /' and the formula for/, we determine that>t' = 0 whenx = x, 2x, 3x, orx « 1.3,4.6, or 
7.8. So / is increasing on (0, 1.3), (x, 4.6), and (2x, 7.8). / is decreasing on (1,3, x), (4.6, 2x), and (7.8, 3x). 
Local maxima:/(1.3) ^ 0.6,/(4.6) =» 0.21, and /(7.8) =» 0.13. Local minima:/(x) = /(2x) = /(3x) = 0. 
From the graph of /", we see that y" = 0 <=> x ^ 0.6, 2.1, 3,8. 5.4, 7.0, or 8 . 6 . So / is CU on (0,0.6), 

(2.1, 3.8), (5.4,7.0), and ( 8 . 6 ,3x), / is CD on (0.6, 2.1), (3.8, 5.4), and (7.0, 8 . 6 ). There arc IP at (0.6,0.25), 

(2.1,0.31), (3. 8 ,0.10), (5.4, 0.11), (7.0,0.061), and (8.6,0.065). 










SECTION 4.6 GRAPHING WITH CALCULUS AND CAICULATORS □ 


18. fix) = -f 


f'(x) = 


4x^ + 6.t + 9 


/"W = - 


+ ^ + I 4 (.x‘* + .T + 1)’^'' 

32x^ + 96.r^ + 152x^ - 48x- + 6.t + 21 
16 (x''+x+l)''/' 



From the graph of /', / appears to be decreasing on (-oo, -0.94) and 
increasing on (—0.94, oo). There is a local minimum of 
/(-0.94) «! -3.01. From the graph of/", / appears to be CU on 
(-1.25, -0.44) and CD on (-oo, -1.25) and (-0.44, oo). There are 
inflection points at (-1.25, -2.87) and (-0.44, -2.14). 
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From the graph of/(.») = sin(jr +sin3jc) in the viewing rectangle (0, a] by [-1.2, 1.2], it looks like /has two 
maxima and two minima. If we calculate and graph /' (x) = [cos (.» + sin 3x)| (1 + 3 cos3x) on [0,2a], we see 
that the graph of /' appears to be almost tangent to the .t-axis at about x = 0.7. The graph of 

/ = -(sin(x + sin3x)|(l +3cos3x)^ +cos(x +sin3x)(-9sin3x) is even more interesting near this x-valuc: 
it seems to Just touch the x-axis. 



If we zoom in on this place on the graph of /", wc see that /" actually docs cross the axis twice nearx = 0.65. 
indicating a change in concavity for a very short interval. If we look at the graph of /' on the same interval, we see 
that it changes sign three times near x = 0.65, indicating that what we had thought was a broad extremum at about 
X = 0.7 actually consists of three extrema (two maxima and a minimum). These maxima arc roughly / (0.59) = I 
and /(0.68) = 1, and the minimum is roughly /(0.64) = 0.99996. There are also a maximum of about 
/ (1.96) = 1 and minima of about / (1.46) = 0.49 and /(2.73) = -0.51. The points of inflection on (0, x) are 
about (0.61,0.99998), (0.66,0.99998), (1.17,0.72), (1.75,0.77), and (2.28,0.34). On (x.2x), they are about 
(4.01, -0,34), (4.54. -0.77), (5.11, -0.72), (5.62. -0.99998), and (5.67, -0.99998). There are also IF at (0.0) 
and (x, 0). Note that the function is odd and periodic with period 2x, and it is also rotationally symmetric about all 
points of the form {{2n + I) ^, 0), n an integer. 
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20 ./(.i) = .v-’+c.« =.v(.t-+r) => /'(.t) = 3jt^ + c =» f'‘(x) = 6x 




.<-inlcrccpls: When c > 0, 0 is the only .x-intercept. When c < 0, the .x-intercepts are 0 and 

I'-intercept = J (0) = 0. / is odd, so the graph is symmetric with respect to the origin. /" (.x) < 0 for x <0 and 

/" (x) > 0 for .X > 0, so / is CD on (-oo, 0) and CU on (0, oo). The origin is the only inflection point. 

If c > 0. Ihen /' (x) > 0 for all x, so / is increasing and has no local maximum or minimum. 

If c = 0, then / ’ ( x) > 0 with equality at .x = 0. so again / is increasing and has no local maximum or 
minimum. 

If c < 0, then 

/' (.X) = 3 [x- - (-C/3)] = 3 (.X + V=?73) (x - so /' (x) > 0 

on (—oc, —y-c/3) and oo); f (x) < 0 on 

(-V-c/3, y—c/3). It follows that / (-V-c/5) = - \cy/-c/'i is a 
local maximum and / {V-c/3) = JcV-c/3 is a local minimum. As c 
decreases (toward more negative values), the local maximum and 
minimum move further apart. 

There is no absolute maximum or minimum. The only transitional 
value of c corresponding to a change in character of the graph is c = 0. 



21. _/ (x) = x"' + ex’ = x^ (x^ + c). Note that / is an even function. For c > 0. the only x-intercept is the point 
(0,0). We calculate /' (x) = 4x^ + lex = 4x (x^ + ^c) => /" (x) = 12x2 + 2c. Ifc > 0. x = 0 is the 

only critical point and there are no inflection points. As we can see from the examples, there is no change in the 
basic shape of the graph 

for c > 0; it mcrcl> Ikcoitics sleeper as c increases. For c = 0, the 
graph is the simple curve For c < 0, there are jr-intercepts at 

0 and at Also, there is a maximum at (0.0). and there arc 

minima at - jc, ~ As c -» -oo, the x-coordinales of 

these minima get larger in absolute value, and the minimum points 
move downward. There arc inflection points at 
which also move away from the origin as c -> -oo. 
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22. Wc need only con.sider Ihe function f (x) = -x- for c > 0. because if c is replaced by 

tunclion is unchanged, I'or c = 0 , the graph consists of the single point ( 0 , 0 ) 

The domain ol f is |—c, c|, and the graph of / is symmetric about the e-axis. 


•c.the 


/'(.v) = 2.vV?^-|-.t2 




= 2rx/?^ - 


2 x(c^-.x^)-x^ -Tx - jc-) 


So wc see that all members of the family of curves have hori/onlal tangents at x = 0, since 
f (0) = 0 lor all c > 0. Also, the tangents to all the curves become very steep as 
.x->±c. since lim /'(.v) = 00 and lim /'Cx) = -oo. We set/'(jr) = 0 

<=> .V = 0 or zs 0, so the absolute maxima arc / = 3 ^^^' 

J-., ^ (-9.v-^ -t- 2c^) VcT - .xT - (-3.t^ + Ic^-x) [-x/y/ci - xi) ^ 6x--9elxU2c^ 

c2-x2 (c2 

quadratic formula, we find that /" (x) = 0 » x- = —- Since -c < x < c. we i 




12 


x^ = so the inflection points are 

Krom the,se calculations we can see that the maxima and the points of 
inflection get both horizontally and vertically further from the origin as c 
increases. .Since all of the functions have two maxima and two inflection 
points, W'c see that the basic shape of the curve does not change as c 
changes. 


Using the 

like 

.T.5 



23. Note that c = 0 is a transitional value at which the graph consists of the .v-axis. Alsti, we can sec that if we 
substitute —c Lore, tbe function /(x) = -j—■ . ^ will be reflected in the.\-axis, so we investigate only positive 
values of c (except c = -1, as a demonstration of this reflective property). Also. / is an odd 
function, lim / (.v) = 0, .so y = 0 is a horizontal asymptote for all c. We calculate 


^ e(l -bclv^)-c.r( 2 A) 

(l+cV)^ 


c (c^x^ - I) 
(1-l-cV)'' 


/'(.t) = 0 




I = X = ± I /(., So there 


is an absolute maximum of /(l/c) = 5 and an absolute minimum of J'[-\/c) = - V These extrema have the 
same value regardless of c, but the maximum points move closer to the ^'-axis as c increases. 

^ (-2c^.x) (I -I--Pc) [2(1 -b c^x-) (2c^ )| 

^2^2^'* 

_ (-2c^x) (I + C^x^) + (c^<^ - c) (4clx) _ 2c^x (c^x- - 3) 

(l+cV)' (l+cV)' 

/" (x) = 0 <=> X = 0 or ±y/3 jc. so there are inflection points at 

( 0 , 0 ) and at ^±y/l jc. ±y/i J 

Again, the y-coordinate of the inflection points docs not depend on c. but as c increases, both inflection points 
approach the y-axis. 


06 
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24. Note lha( / (.v) = 




is an even function, and also that lim /(x) = 0 for any value of c, soy = 0 


is a horizontal asymptote. We calculate the derivatives: / | | | | p"* ' 

-4(1+ ‘♦at [at^ + (^c - l)] I A\ /a I 

[{I -.v^)^+ cx^] [(1 - x^f+ ^ 
IO.»‘ + (9c-18)j'' + (3c2-12c + 6)Ar2 + 2-c JJ/y// 

/"(•») = 2-—A-5^-.We 

[.v''+ (e-2)Ar2 + l] c-4 " r-S 

fir.st consider ihe ease c > 0, Then the denominator of /' is positive, 
that is, (1 - .v-)^ + cx^ > 0 for all x. so / has domain 

R and also / > 0. If sc - 1 > 0, that is, c > 2. then the only critical point is / (0) = 1, a maximum. Graphing a 
few examples for c > 2 shows that there are two IP which approach the y-axis as c -) oo. 

c = 2 and c = 0 are transitional values of c at which the shape of the curve changes. For 0 < c < 2, there are 

three critical points: / (0) = 1, a minimum, and / ^±^1 - - c/4) ’ faxima. As c decreases 

from 2 to 0, the maximum values get larger and larger, and the x-values at which they occur go from 0 to ± I. 
Graphs show that there are four inflection points for 0 < c < 2, and that they get farther away from the origin, both 
vertically and horizontally, as c O"''. For c = 0, the function is simply asymptotic to the x-axis and to the lines 
X = ±1, approaching +oo from both sides of each. The y-intercept is 1, and (0, 1) is 
a local minimum. There are no inflection points. Now if c < 0, we can write 

fix') =-!-=--T = —:-:=-r-T-;- 7 = -r- So / has vertical 

asymptotes where ± — I = 0 ^ x = ±-y4 — c)/2orx = ± V4 — c)/ 2. As c 

decreases, the two exterior asymptotes move away from the origin, while the two interior ones move toward it. We 
graph a few examples to .sec the behavior of the graph near the asymptotes, and the nature of the critical points 

X = 0 and x = ±J\ — 4c: 



We sec that there is one local minimum, / (0) = 1, and there are two local maxima, 

/ (±J\ — sc ) =---as before. As c decreases, the x-values at which these maxima occur get larger. 

\ V - J £.(1 - c/4) 

and Ihe maximum values themselves approach 0. though they arc always negative. 
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K. f (x) = cx+imx => f (x) = c + co%x => f" {x) = -i\nx 

f i—x) = —/(Jt), so / is an odd function and its graph is symmetric with respect to the origin. 

/ (v) = 0 <=> sin jt = -c,t, so 0 is always an jt-intercept. 

/'(.t) = 0 cos =-c, so there is no critical number when |c| > I. If|e| < I. then there are infinitely 
many critical numbers. If.xi is the unique solution of cosj = -c in the interval [0, a|, then the critical numbers 
are Inn ± .xi. where h ranges over the integers. (Special cases: Whenc = l.xi =0; whene = 0, .x = and 
whcnc = —l.xi = a.) 

/" (v) <0 <=> sin JT > 0. so / is CD on intervals of the form (2na, (2n + I) a-). / is CU on intervals of the 
form ((2n — I) a, 2na) The inflection points of / are the points (2na, 2«ae). where n is an integer. 

If c > I, then f (.x) > 0 for all .x, so / is increasing and has no extremum, ife < - I, then /' (.x) <0 for all x, 
so / is decreasing and has no extremum. If |c| < I, then/'(x) > 0 <=> cosx >-c <=> x is in an interval of 
the form (2«a —Xi,2na +.xi) for.srtme integer/t.'fhesc are the intervals on which/is increasing. Similarly, we 
find that / is decreasing on the intervals of the form (2na + xi, 2 (n + I) a - xi). Thus, / has local maxima at 
the points 2»a +x]. where y has the values c(2na +xi) + sinxi =c(2nn +xi) + and / has local 

minima at the points 2«a -X|. where we have J (Inn -xi) = c(2na -xi) - sinx| = c(2na -xi) - Vl - c-. 

'Ilic transitional values of c arc — I and I. The 
inflection points move vertically, but not horizontally, 
when c changes. When |c| > I, there is no extremum. For 
|c| < 1. the maxima arc spaced 2a apart horizontally, as -15 

are the minima. The horizontal spacing between maxima 
and adjacent minima is regular (and equals a) when c = 0, 
but the horizontal space between a local maximum and the 

-to r--i < =-i 

nearest local minimum shrinks as |c| approaches I. 



26. For c = 0, tlicrc is no inflection point; the curve is CL) everywhere. If c increases, the curve simply becomes 
steeper, and there are still no inflection points. If c starts at 0 and decrea.ses. a slight upward bulge appears near 
x = 0, so that there are two inflection points for any c < 0. T his can be seen algebraically by calculating the second 
derivative: /(.x) = .x‘' +C.X- +x => /'(x) = 4.x’+ 2cx + I => /" (x) = 12.x’+ 2c. Thus./" (x) > 0 
when c > 0. For c < 0, there are inflection points when x = i^-^c. For c = 0. the graph has one critical 
number, at the absolute minimum somewhere around x = —0.6. As c increases, the number of critical points does 
itot change. If c instead decreases from 0, we see that the graph eventually sprouts another local minimum, to the 
right of the origin, somewhere between x = I and x = 2. Consequently, there is also a maximum near x = 0. After 
a bit of experimentation, we find that at c = — 1.5, there appear to be two critical numbers: the 


absolute minimum at about x = — I, and a horizontal tangent with no 
extremum at about x = 0 5. For any c smaller than this there will be 3 
critical points, as shown in the graphs with c = —3 and with c = —5. 
fo prove this algebraically, we calculate /' (x) = 4x’ + 2cx + I. 
Now if we substitute our value of c = -1.5, the formula for /' (x) 
becomes 4x’ — 3.x + I = (x + I) (2x — 1)’. This has a double root at 
X = J, indicating that the function has two critical points: x = -1 
and X = j. just as we had guessed from the graph. 
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27. (a) f(x) = ex'* -2;c^ + 1. Fore = 0,/(x) = -2x^ + 1, a parabola whose vertex, (0, 1), is the absolute 
maximum. For c > 0, /(x) = ex* -2x^ + 1 opens upward with two minimum points. As c -> 0, the 
minimum points spread apart and move downward; they are below the x-axis for 0 < c < 1 and above for 
c > I. For c < 0, the graph opens downward, and has an absolute maximum at x = 0 and no local minimum. 


(b) /' (x) = 4cx’ - 4x = 4cx (x^ - 1 /c) (c ^ 0). If c < 0, 0 is the only 
critical number, f" (x) = 12cx^ - 4, so f" (0) = —4 and there is a 
local maximum at (0, / (0)) = (0,1), which lies on y = 1 — x^. If 
c > 0, the critical numbers are 0 and ±l/v/c. As before, there is a 
local maximum at (0. / (0)) = (0,1), which lies on y = 1 - x^. 

/" (±l/.y/c) = 12 — 4 = 8 > 0, so there is a local minimum at 
X = ±I/Vc. Here / (±l/^/c) = c (l/c^) - 2/c + 1 = -1/c + I. 
But (±I/Vc, -1/c + l) lies on y = 1 - x^ since 
I - (±1/V^)^ = 1 - 1/c. 



28. (a) fix) = 2x^ + cx^ -^-Zx => f (x) = 6x^ + 2cx + 2 = 2 (3x^ + cx + I). /' (x) = 0 <=> 

X = —So / has critical points <=> — 12 > 0 o |c| > 2^/3. For c = ±2>/3, 

6 

/' (x) > 0 on (— 00 , oo), so /' does not change signs at -c/6 , and there is no extremum. If c^ — 12 > 0, then 

“C “ — 12 

/' changes from positive to negative at x =s---and from negative to positive at 

6 


c + Vc^ 12 ^ maximum at x = ——and a local minimum at 

6 6 



(b) Let xo be a critical number for / (x). Then f (xo) = 0 ^ 

— I — 3x^ 

3x^ + exo + 1 = 0 « c- -Now 

” xo 

/ (xo) = 2x^ + CX^ + 2X0 = 2x^ + x| + 2X0 

= 2xo - xo - 3xJ + 2 x 0 = xo - Xo 
So the point is (xo, yo) = (xo, xo - x^); that is, the point lies on the 
curve y = x — x^. 
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SECTION 4.7 OPTIMIZATION PROBLEMS □ 263 


K7 


(b) Call the two numbers x and y. Then x + y = 23. 
soy = 23 — X. Call the product P. Then 
P = xy = X (23 — x) = 23x — x^, so we wish to 
maximize the function P (x) = 23x - x-. Since 
P' (x) = 23 - 2x, we see that P' (x) = 0 <=> 

X = y = 11.5. Thus, the maximum value of P is 

P (11.5) = (11.5)^ = 132.25 and it occurs when 
x=y= 11.5. 

Or: Note that P" (x) = —2 < 0 for all x, so P is 
everywhere concave downward and the local 
maximum at x = 11.5 must be an absolute 
maximum. 


We needn’t consider pairs where the first number 
is larger than the second, since we can just 
interchange the numbers in such cases. The 
answer appears to be 11 and 12, but we have 
considered only integers in the table. 

2. The two numbers are x + 100 and x. Minimize / (x) = (x + I00)x = + lOOx. /' (x) = 2x + 100 = 0 => 

X = —50. Since /" (x) = 2 > 0, there is an absolute minimum at x = -50. The two numbers are 50 and -50. 

3. The two numbers are X andwhere X > 0. Minimize/(x) = x + —. / (x) = I - — = 

^ X x^ 

The critical number is jf = 10. Since/'(:«) < 0 forO cr < I0and/'(jc) > 0 forjr > 10, there is an absolute 
minimum at x = 10. The numbers are 10 and 10. 

4. Let X > 0 and let /(x) = x + l/x. We wish to minimize / (x). Now 

/’ (•*) = I - J 2 — ~ 0 = (x + I) (x - I), so the only critical number in (0, oo) is 1. /' (x) < 0 for 

0 < X < I and /' (x) > 0 forx > I, so / has an absolute minimum at x = I, and / (I) = 2. 

Or: f" (x) = 2/x^ > 0 for all x > 0, so / is concave upward everywhere and the critical point (1,2) must 
correspond to a local minimum for /. 

5. If the rectangle has dimensions x and y, then its perimeter is 2x + 2y = 100 m, so y = 50 - x. Thus, the area is 
A=xy=x (50 - x). We wish to maximize the function A{x) = x (50 - x) = 50x - x^, where 0 < x < 50. 
Since .4' (x) = 50 - 2x = -2 (x - 25), A' (x) > 0 for 0 < x < 25 and A' (x) < 0 for 25 < x < 50. T hus, A has 
an absolute maximum at x = 25, and A (25) = 25^ = 625 m^ The dimensions of the rectangle that maximize its 
area arc x z= y = 25 m. (The rectangle is a square.) 


First Number 

Second Number 

Product 

1 

22 

22 

2 

21 

42 

3 

20 

60 

4 

19 

76 

5 

18 

90 

6 

17 

102 

7 

16 

112 

8 

15 

120 

9 

14 

126 

10 

13 

130 

11 

12 

132 
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6. I f the rectangle has dimensions x and >■, then its area is xy = 1000 m’, so y = 1000/ x. The perimeter 
p = 2x + 2y = 2x + 2000/x. We wish to minimize the function P (x) = It + 2000/x for .t > 0. 

P' (t) = 2 - 2000/x- = (2/-t^) (x^ - 1000). so the only critical number in the domain of P is x = VlOOO. 

P" (x) = 4000/x^ > 0. so P is concave upward throughout its domain and P ^VlOOO^ = 4v^l000 is an absolute 

minimum value. The dimensions of the rectangle with minimal perimeter are x = y = VlOOO = lOvTo m. (The 
rectangle is a square.) 


7. (a) 



I he areas of the three figures arc 12.500. 12.500. and 9000 There appears to be a maximum area of at least 
l2.5lH)fr. 


(b) 1 ct X denote the length of each of two sides and three dividers, l.et y 
denote the length of the other two sides. 



> 


(c) Area .1 = length x width = >• • x 

(d) l.ength of fencing = 750 5x + 2y = 750 

(e) 5x + 2v = 750 :=> y = 375 - §x => A(x) = (375 - fx) x = 375x - fx- 

(0 .'I' (x) = 375 - 5x = 0 => X = 75. Since A" (x) = -5 < 0 there is an absolute maximum when x = 75. 
Then )■ — 2^ =•. 187.5. The largest area is 75 = 14.062.5 ft’. Thc,sc values of x and y arc between the 

values in the first and second figures in part (a). Our original estimate was low. 

(b) Let X denote the length of the side 
of the square being cut out. Let y 
denote the length of the base. 


The volumes of the resulting boxes arc 1, 1.6875. and 2 ft’. There 
appears to be a maximum volume of at lea.st 2 ft’. 

(c) Volume T = length x width x height => I' = y • y. x = xy’ 

(d) Length ol cardboard = 3 => x + y + x = 3 =» y + 2x = 3 

(e) y + 2x = 3 =s y = 3-2x => I’(x) = x (3 - 2x)’ 

(f) I’ (x) = X (3 - 2x)’ = X (4x’ - I2x + 9) = 4x’ - llx’ + 9x => 

I" (x) = I2x’ - 24x + 9 = 3 (4x’ - 8x + 3) = 3 (2v - I) (2v - 3), so the critical numbers arex = j and 

V = j. Now 0 < X < V and I’ (0) = I' (j^ = 0. so the maximum is T (j) = (j) (2)’ = 2 ft’, which is the 
value found from our third figure in part (a). 
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9- r .rv = 1.5 X 10*’.so>'= 1.5 X loV-x. Minimize ihc amount of fencing. 

^, which is 3.V + 2>' = 3.t + 2 (1.5 X lO^.x) = 3.x + 3 x loVx = /'(.x). 

I r (.x) = 3 - 3 X l0V.x’ = 3 (.x^ - 10*^) /.x^ T he critical number is 

y x = 10^ and (a) < 0 for 0 < a < 10^ and /■' (a) > 0 if.x > 10^. so the 

ab.solute minimum occurs when a = 10^ and y = 1.5 x lO'. 

The field should be 1000 feet by 1500 feet with the middle fence parallel to the short side of the field 

10. Let h be the area of the base of the box and h be its height, so 32.000 = lih- or // = 32.000/6-. T he surface area 
of the open box is + 4hh = 6- + 4 (32.000/A-) 6 = 6- + 4 (32.000) /h. So 

r (h) = 26-4 (32.000) /6- = 2 (6’ - 64.000) /6^ = 0 <=> 6 = i/Mjm = 40. This gives an ab.solute 
minimum since )" (6) < 0 if 6 < 40 and I" (6) > 0 if 6 > 40. The box should be 40 x 40 x 20. 

11. Let 6 be the base of the box and 6 the height. The surface area is 121X1 = 6- + 466 =5 6 = (1200 — 6-) / (46). 
The volume is T = 6-6 = 6^ (1200 - 6^) /46 = 3006 - 6^4 => T' (6) = 300 - |6^ I ' (6) = 0 => 

6 = s/400 = 20. Since I" (6) > 0 for 0 < 6 < 20 and f" (6) < 0 for 6 > 20. there is an absolute maximum when 
6 = 20 by the First Derivative Test for Absolute Maximum or Minimum Values. If 6 = 20. then 
6 = (1200 — 20^) / (4 ■ 20) = 10, so the largest possible volume is 6-6 = (20)- (10) = 4000 cm^. 

12. 10 = (2k)) (ii))6 = 2«r6, so 6 = 5/io^. The cost is 

10 (2ai-) + 6 [2 (2iu6) + 26uj] = 20u>- + 36«)6, .so 
C (ui) = 20u)- + 36(0 (5/to-) = 20to^ + 180/to. 

C (to) = 40to — 180/io^ = 40 ^to^ ”1)/ ^ ~ ^ 

critical number. T here is an absolute minimum for to = ^ since (to) < 0 for 0 < to < ^ and C (to) .-> 0 for 

•« > # (yf) = 20 (/f)' + ^ - S'03.54. 

13. 10 = (2w) («))/i = 2Hr//. so//= 5/iw‘. i ho cost is 

h C' (lo) = 10 -t- 6|2 (2 h)/() -f 2hu>\ f 6 



32<o* + 36i/>/? = 32ui“ + !X0/jo 


(u;) = 64io — 180/w^ = 4 (I6«r^ — A5)l wr 


'= v''^ 'S"ie 


critical number. (ut) < 0 for 0 < to < and C (to) > 0 for to > The minimum cost is 
= 32(2.8125)-/’4-180/v/'OTB =sSI9l.28. 


14. (a) Let the rectangle have sides a and y and area A. .so = xy or v = A/.x. T he problem is to minimize the 
perimeter = Zx 4- 2y = Zx 4- 2.(/x = P (a). Now P' (a) = 2 - 2/l/.v4 = 2 (a- - .4) /.x’. So the critical 
number is a = y/A. Since P' (a) < 0 for 0 < a < -/a and P' (a) > 0 for .x > y/7i. there is an absolute 
minimum at .x = -/a. T he sides of the rectangle arc •/! and A j yfTi = •J7\, so the rectangle is a squime. 
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(b) Let p be the perimeter and x and y the lengths of the sides, so/? = 2.v + 2^ => y = — x. The area is 

/I (a:) = .x = \px —X-. Now 0 = /I' (i) = jp — it => .v = Since A" (.v) = —2 < 0. there 

is tin absolute maximum where .t = jp by the Second Derivative Test. The sides of the rectangle are \p and 
s P ~ T P = J rectangle is a square. 


15. The distance from a point (x,y) on the line to the origin is - 0)^ + O' - 0)^ = yjx^ +y^- 
FTowever, it is easier to work with the square of the distance, that is, 

D{x) = = at- + (4.V + 7)- = 17x- + 56,t + 49. Because the distance is positive, its 

minimum value will occur at the same point as the minimum value of D. 

D' (x) = 34x + 56, so D'(x) = 0 e=> x = - ^. D" (x) = 34 > 0, .so D is concave upward for all x. Thus, D 
has an absolute minimum atx = — . The point closest to the origin is ff ■ n)- 


16. T he square of the distance from a point (x, y) on the line y = -6x + 9 to the point (-3, 1) is 

D (x) = (x + 3)2 + O' - I)’ = U + 3)2 + (-6x + 8)2 = 37x2 - 90x + 73. D' (x) = 74x - 90, so D' (x) = 0 
<=> X = ^. D" (x) = 74 > 0, so D is concave upward for all x. Thus, D has an absolute minimum at x = jf. 

The point on the line closest to (—3,1) is 


17. By symmetry, the points are (x, y) and (x, —y), where y > 0. The square of the distance is 

D(x) = (x - 2)2 +y2 = (x -2)2 + (4 +x2) = Zx2 _ 4,c + g. So £)'(x) = 4x - 4 = 0 =s x = I and 

y = ±V4 + 1 = ±\/5. The points are (i.±y5). 


18. The square of the distance from a point (x,y) on the paraFxtIax = —y2 is 

j2 + 0' + 3)2 ^y-* +y2 + 6y+ 9= DO')- Now D'O') = 4y2 + 2y + 6 = 2O’+ 1) (2y2 - 2y + 3). Since 
2v2 — 2y + 3 = 0 has no real roots, y = — I is the only critical number. Then x = — (— 1 )2 = — I, so the point is 


(- 1 .- 1 ). 


19. 



Area of rectangle is (2x) (2y) = 4.xy. Also r2 = x2 + y2 so 

y = Vr2 — x^, -SO the area is /F (x) = 4x Vr^ — x^. Now 

( \ 2.x ” 

x/r2 -x2- ■ ) = 4 -TZT. . TTic critical number 

•Jr--x^/ y/r^—x^ 

is X = ^r. Clearly this gives a maximum. 

y = — (^'■) = y/jr2 = = x, which tells US that the rectangle 

is a square. T he dimensions are 2.x = -J2r and 2y = \/2r. 
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Area is 4xy. Now the cqualion of the ellipse gives y = ~ %/a’ - so 



'* v 

0 



we maximize A (x) = 4-xva’ 
a 


.1' (X)= \- 

I « " L 2Va- - .v2, 

ava- — 1“ -I 

So the critical niintbcr is = ^a- “nd 'his clearly gives a maximum. I'hen y = -^h, so the maximum area is 


4t--y 4 l ^ r- rx 

= v3 (similar triangles) V3x = - y => 

y = ^ (L ~ 2jt). The area of the inscribed rectangle is 
A (x) = (2x)y' = x/lx (1. - 2x) where 0 < x < /./2. Now 
0 = A' (x) = x/iL - 4^/3x => X = V3/, / = L/4. Since 
A{0) = A (l,/2) = 0, the maximum occurs when x = /./4, and 
V = so the dimensions are L/2 and 


The rectangle has area A (x) = 2xy = Zr (8 — x’) = I6x — 2x^, where 
0 < X < 2\/2. Now /(' (x) = 16 - 6x^ =0 =» x = 2j\. Since 
(x..v) A (0) = A (2>/2^ = 0. there is a maximum when x = 2^. Then 
.V = y, so the rectangle has dimensions 4^^ and y . 



P 

HI 



mm 



T The area of the triangle is 

A {x) = i (2/) (r + jc) = / (r + .t) = >/r^ -x^ {/• + .x). Then 
+ x 

j 0 = /<'(x) = r--^== + v/r2-x2 + .x-^== 

1 2VH -x^ 2Vr2 - x2 

x^ + rx rr: -r 

=- , ■ . 4- x/r^ - X- =» 


~ ^ x'+rx=r--x^ => 0 = 2x^ + rx - r’= (2x - r) (x + r) => x 

= “f - Now ,4 (r) = 0 = /I (—r) =» the maximum occurs where x = jr, so the triangle has height 
r + |r = |r and base - (jr)^ = 2jlr^ = x/ir. 
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The rectangle has area xy. By similar triangles 


i-y 3 


-4y+ 12 = 3jt ory = -|jt + 3. So the area is 

A(x) = x + 3 ) = + 3x where 0 < Jt < 4. Now 

0 =/T'(x) =-jjt + 3 => X = 2 andy = 5 . Since/< (0) =/t (4) = 0. 

the maximum area is A (2) = 2 = 3 cm^. 



The cylinder has volume P = rry^ (2jt). Also + y^ = => 

y^ = - x^, so y (x) = IT (r^ - x^) (2x) = 2z {r^x - x’), where 

0 < X < r. T" (x) = 2x (r^ — 3x^) =0 x = r/^/3. Now 

V (0) = y (r) = 0, so there is a maximum when x = r j-Ji and 

V {r j— It {r^ -r^/i) (2r = ^ttr^ j. 



By similar triangles, y/x = h/r, soy — hx/r. The volume of the 
cylinder is xx^ (A - y) = tthx^ - (xh/r)x^ = P (x). Now 
y'{x) = 27thx-{ixh/r)x^ = 7thx{2-3x/r). So0=r(x) => 

X = 0 or X = jr. The maximum clearly occurs when x = jr and then the 

volume is it ^ A ^1 - = ^xr^h. 



The cylinder has surface area 2x'y^ + 2ffy (2x). Now x^ + y^ = 

y = - x^, so the surface area is 

S(x) = 2s (r^ - x^) + 4xxv/r2 - x^, 0 < x <r. 

5' (x) = -4sx + 4sx/r^ -x^ - 4sx^/\/r2 -x^ 

4s - 2x^ -xVr^ - x^^ 


xVi^^^ = r^-2x^ (★) => x2(r2-x2)=r<-4rV + 4x^ => Sx'* - 5r V + r" = 0. By the 
quadratic formula, x^ = but we reject the root with the + sign since it doesn’t satisfy (★). So 

X = Since S (0) = S (r) = 0, the maximum occurs at the critical number and x^ = => 

y^ — => the surface area is 2s + 4s= s/-^ (1 + s/s). 
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28. 



Wc arc given + jt + = 30. so y = ^ ^30 - jt - nie area 

» SO 

/I (.r) = .T (l5 - J = 15jr • 

: 0 =» X = ■ 


2 4 

/4'W = l5-(H-i)x: 


jJC TgX . 


15 


60 


Clearly this gives a maximum, so ihc dimensions are x = ■ . ^ ft and y = 15 - 


I + ff/4 4 + IT 

15)1 30 


29. 


the height of the rectangle is half the ba.se. 

xy = 384 


4 + )r 


4 + ]r A + K 4 + X 


ft. so 



30. 


31. 



2 


• 1* 

x -2 

y-3 

y 

■ I • 


r 

_1_d_ 


10 


X ' 10 

— X 


□ i 


y = 384/x. Total area is 
/I (x) = (8 + X) (12 + 384/x) = 12 (40 + X + 256/x), so 


y + 12 '^' (^) = 12 (1 - 256/x^) =0 ^ X = 16. There is an absolute 


minimum when x = 16 since /(' (x) < 0 for 0 < x < 16 and A' (x) > 0 
for X > 16. When x = 16, y = 384/16 = 24, so the dimensions are 
24 cm and 36 cm. 

xy = 180, soy = 180/x. The printed area is 
(x - 2) O' - 3) = (x - 2) (180/x - 3) = 186 - 3x - 360/x = A (x). 
rl'(x) =-3+ 360/x^ = 0 whenx^ = 120 =» x = 2^30. This gives 
an absolute maximum since A' (x) > 0 for 0 < x < 2-^30 and A' (x) < 0 
forx > 2s/30. Whenx = 2s/30,y = I80/(2V30), so the dimensions are 
in. and OO/v'SO in. 

Let X be the length of the w ire used for the square. The total area is 


lO-j 

3 




/('(x)=ix-^(10-x) = 0 o ’;c + 3^x-3^ = 0 « = 

(0) = (^) 100 » 4.81, A (10) = = 6.25 and A ( 5 ^) =» 2.72, so 

(a) The maximum area occurs when x = 10 m, and all the w ire is used for the square. 

(b) The minimum area occurs when x = 4.35 m. 


Now 


32. 


I'otal area is 


lO-x 


□1 o 


=(in) 


X-= 0 

JT 


0 <x< 10. /('(x) = I - 

8 2t 

X = 40/(4 + a). A (0) = 25 /t =» 7.96, A (10) = 6.25, and 
A (40/ (4 + )r)) S! 3.5, so the maximum occurs when x = 0 m and the 
minimum occurs when x = 40/ (4 + )r) m. 
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33. 


The volume is T = and the surface area is 


(r) = 7rr“ h 2jcrh = Jrr‘ + Inr 




+ • 


2r 


y (r) = 2ffr - ^ = 0 


2nr^ = 2V 




This gives 

r 


is iin absolute miiiimuin since S' (r) < 0 for 0 < r < and S' (r) > 0 for r > When r — 


r 


h = —^ =-7-T = ■/ — cm. 

ar/-2 ,T(iyir)-^’ Vff 


34. 




L = 8csc« + 4seetf, 0 < < ^. 

— = - S CSC cot 0 + 4 sec tan W = 0 when see 0 tan 0 = 2 esc 0 cot I) 
dO 

a tan^W = 2 <=> tanfl = 4/2 o H = \s,n~^ \/2, dL/dO < d 
when 0 < < tan-' v^. dLldO > 0 when tan*' ^^2 < « < §. so L has 

an ab-solutc minimum when 0 = tan”' i/2, so the shortest ladder has 

length L = + 4s/l 4- 22/3 16.65 ft. 

X 8 

Another Method: Minimize + (4 + >’)^. where —— = -. 

4 + 4' >' 



h- + r^ = R~ =s r = f = 7 ~ l‘~) * = T {R^h — /i’). 

y (h) = ^ (4?^ - 3 / 1 -) = 0 when h = -^R. This gives an absolute 
maximum, since I " (/i) > 0 for 0 < /i < -W /f and f" (/i) < 0 for 
/i > Maximum volume is 


u/.n’ 

36. (a) t' ( 0 ) =- 


K' (») = al. 


(w - It) 3t>^ — I)' 
(i> -1<)^ 


= 0 when 


2«’ = ^lll>- =» 2i) = 3ii =» II = ju. fhe First Derivative 

lest shows that this valtie of n gives the minimum value of R. 
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37. S — 6sli — colO + cscT7 


(a) csc~ 0 — cscT7cotT7 or ^^*cscT7 ^cscT7 — %^col77y 


dS ^ 

(b) — = 0 when esc 77 - y/3cotf/ = 0 
dO 


I yjCos77 
sin 77 sin 77 


cos77 = T he f'irsl Derivative lest 


shows that the minimum surface area occurs when 77 = cos"* ^ ^ 55°. 


(c) 



38. 


15 ktn/h 


20 IcmTh 


le 


lfcos77 = then cot 77 = ^ and esc 77 = .so the surface area 
is5 = 6.sA - ^.v’^=6.v/i - ^.s-+ = 6^ (* I 


Let / be the lime, in hours, after 2;00 I’.M. I'hc position of the boat heading 
.south at lime 7 is (0, -20/). The position of the boat heading east at lime 7 
is (—15 + 157,0). If 77(7) is the distance between the boats at time 7. we 
minimi/.c f (!) = (0(7)]’ = 20-7- + 15- (7 - 1)-. 

/' (7) = 800/ + 450(7 - I) = 12507 - 450 = 0 when 7 = ^ = 0 36 h. 


= 21 6 min = 21 min 36 .s. Since / " (7) > 0. this gives a 
minimum, so the boats are closes! together at 2:21:36 P.M. 


Jx~ + 25 5 - v 

39. Here r(.r) = ■ ' / + 0 < t < 5 

6 8 


r {.’() = 


.T I - 

■= — - = 0 <=> 8t = + 25 «=» 


b-v/.v- -f 25 H 

I6.x^ = 9 (.V- + 25) <=> a: = ^. But ^ > 5. so T has no critical number. Since T |0) as 1.46 and 

r (5) as 1.18. he should row directly to H. 

40. In isosceles triangle ^0/7. 2(7 = 180'— 77 - 77, so 2 77 (77' 277 Ihe 

distance rowed is 4 cos77 while the distance walked is the length of tire 
BC = 2 (277) = 477. The time taken is given by 
,, 4 eos 77 477 

r (77) = —-— + -- =2cos77 + 77, 0 < 77 < 4. 

2 4 ^ 

r(77) = -2sin77+I =0 sin77=i => »=z 

Check the value of T at 77 = J and at the endpoints of the domain of 7’, that is. 77 = 0 and 77 = f. 7 (0) = 2. 

^ (f) ~ + 5 ^ 2.26. and 7 (y) = y at 1 .57. Therefore, the minimunt value of 7 is 4 when I) — that is. 

the woman should walk all the way. Note that 7" (77) = -2 cos77 < 0 for 0 < 77 < ^, so 77 = i gives a ma.\imum 

time. 



41. 


3it k 

T he total illumination is / (.v) = -^ +-0 < a < 10. I hen 




10 -,.)${■ 
H 


2k 


/'(Jt) = —^ + 

■v^ (10-A) 


•y3(10-.v)=A => A = 

I + ^ 

since /" (a ) > 0 for 0 < a < 10. 


-r- (10-A)- 

-={) ^ 6*(I0-a)’= 2i.v’ =» 

10^3 


5.9 ft. Phis gives a minimum 
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42. 



The line with slope m (where in < 0) through (3, 5) has equation y — 5 = m (jt — 3) 
or y = m.x + (5 — 3m), The y-intercept is 5 - 3m and the jr-intercept is -5/m + 3. 

So the triangle has area A (m) = j (5 — 3m) (—5/m + 3) = 15 — 25/ (2m) — jm. 

Now /)'(m) = - - = 0 <=> m = -l (since m < 0). A" (m) = >0, so 

2m-' 2 m- 

therc is an absolute minimum when m = — rhercforc, the equation ofthe line is 


y - 5 = - j (.t - 3) ory = - 5 .it + 10. 


A Here s~ = + b^/A, so — b~/A. The area is /I = ^byfs^ — b^/A. Let the 

perimeter be p, so 2s + A = or s = (p — 6) /2 => 

_ 

A (b) = {by[(p - 6)V4 - bVA = - 2pA/4. Now 

A' (b) = ^ - ■— = Therefore, A' (b) = 0 

"-v-' 4 yp2 - 2pb 4yp2 - 2pA 

o 

-3[,b + p^ = 0=> b = p/3. Since /(' (A) > 0 for A < p/3 and 4' (A) < 0 for A > p/3, there is an absolute 

maximum wben A = p/3. But then 2s + p/3 = p so s = p/3 => s = A => the triangle is equilateral. 


Therefore, A' (A) = 0 
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Now wc must check the value of A at this point as well as at the endpoints of the domain to see which gives the 
ina.\imum value. A (0) = - a?, A^a) = 0 and 



+ ftT Va^ + feT VaT + *2 J a- A- 


Since b > >/A^ , A (a^/Va- + b^) > A (0). So there is an absolute maximum when x = ° In (his 

' yo2 + 7.2 ■ 

case the horizontal piece should be , and the vertical piece should be . 


>/o^ + 


>/a^ + A- 


45. L (.V) = |.f PI + |«P| + |CP| = X + v/(5-.t)^ + 22 + v^(5 - x)2 + 3^ 


= X + x/xT - lOx + 29 + Vx-’ - lOx + 34 
■» - 5 X - 5 


/.'(x)= 1 + 


v'x- - lOx + 29 ^ Vx-! - lOx + 34 



From the graphs of /, and L'. it .seems that the minimum value of /, is about L (3.59) = 9.35 m. 


46. We note that since c is the consumption in gallons per hour, and v is the velocity in miles per hour, then 
c gallons/hour gallons 

» “ miles/hour ^ “ildir consumption in gallons per mile, that is, the quantity G. To find the 


II 

minimum, we calculate — 
dv 


dc do 

— do _ 

do \i>/ />2 




Ihis is 0 when 0 —- c = 0 <=> — = ^. This implies that the tangent 

line of c (a) pa,s,ses through the origin, and this occurs when o ^ 53 mi/h. 
Note that the slope of the secant line through the origin and a point 
(h, c («)) on the graph is equal to G (o), and it is intuitively clear that G is 
minimized in the case where the secant is in fact a tangent. 
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The total time is 

T (jt) = (time from AtoC) + (time from C to B) 

= :^!^ + :^+EziZ,o<;r<c/ 

l>l IJ2 


, X d — x sin^i s\n 02 

P (x) =- ^ -, - =- 

viy/a^ + jc^ n2y/b^ + {d — jc)^ **2 

, sin^^i sin^^2 

The minimum occurs when T (;c) = 0 ^ -=-. 

I >1 1)2 

If rf = l^ri, we minimize f {0\) = + 1^51 = acsc^?i + bcsc02. 

df 

Diflcrcntialing with respect to^i, and setting —- equal toO, we gel 

dU\ 

df d02 

= 0 = -flcsc^i col^/| — 6 esc ^^2 cot^?2-r;r- 
d0\ d0\ 


So we need to find an expression for ——. We can do this by observing that I^TI = constant = acoxO\ + /)cot^? 2 - 

d0\ 



.2nd0l 


Differentiating this equation implicitly with respect to fy|, we get -acsc^f/i — bcsc-Oi-^ = 0 

dOi acsc’Oi . ... . edf 

^ —i =--—. We substitute this into the expression for to get 

d0\ bcsc‘02 d0\ 

( OCSC^OlX „ CSC^0|COt<l2 

~ bcsc’O / ~ ^ ^ -acsc0\cotO\ +a —-~ 


-acscOi cotOi —bcsc 02 cot 02 


CSC^Ol COt02 

0 » —OCSC0I cot0i + o- - -=0 <=> 

CSC O 2 


cot01 CSC02 = CSC0i cot O 2 <=> cos0| = COS02. Since 01 and 02 are both acute, we 

CSC01 CSC02 

have0| = 02 . 


X B A 


+ 2 ^, but triangles CD £ and BCA are similar, so 

4^x- 4 z/8 = X /(4-/x - 4) => z — lx /y/x - 4. Thus, we minimize 

C f(x) =>•- + 4.t^/(x - 4) =x^/{x - 4), 4 < X < 8. 

„, 3x^ (x - 4) — x^ 2x^ (x - 6) r r'! \ 

/' (x) =-;- -2 -= —-- 2 “ = ® ^ = 6. / (x) < 0 

(x - 4)^ (x - 4)'' 

when X < 6, /' (x) > 0 when x > 6, so the minimum occurs when 
X = 6 in. 


6 

9 

yB 

y 

c 

. yLx 





problem. Let L be the length of the line AC B going from wall to wall 
touching the inner comer C. As 0 —» 0 or 0 —> y, we have L -* <x> and 
there will be an angle that makes L a minimum. A pipe of this length will 
just fit around the comer. 
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dL/dO = —9csc77cotfl + 6scc<7tanL7 = 0 when 

\2/T 


Krom the diagram. 1. = L\ + Li = Oesetf + 6sec</ 

6sec<7lanL7 = 9cscT7cottf <=> tan^0 = | = 1.5 » lanO =-yO. Then scc^O = 1 + and 

csc^(7=l + ^|^ ^ .so the longest pipe has length/,= 9^1 + + =s 21.07 ft. 

Or, use 0 = Ian"' ( yTs) sj 0.852 


51 . 



* /. = 9cscE7 + 6sccT7 21.07 ft. 

It sutTices to maximize tanL/. Now 

3t ^ tan V/ +tan/7 r + tan<7 „ 

— = tan (w + 77) =-=-, So 

I I — tan ^ tan /7 1 — / tan /7 

3/(I - / tan/7) = / + tan/7 => 2/= (1 + 3/-) tan/7 

A 




(1 + 3/7) 


('+3'T 


/ 


— _L 


^ since t > 0. Now f (/) > 0 


for 0 < / < ^ and f (/) < 0 for / > so / has an absolute maximum when / = ^ and 
2(i/v'3) , 

tan/7 = —^ ^ ^ ~ f ■ Substituting for / and 0 in 3/ = tan(v/ +/7) gives us ^3 = tan ((i/ + |) 



52. 


We maximize the eross-seetional area 

A{0)= \0h + 2{^\dh^ = IO/i + d7i= 10(l0sin/7) + (IOcos/7) (IOsin/7) 

= 100(sin/7 + sin/7cos/7),0 < 0 < ^ 

A’(0)= 100(cos/7 + eos7/7-sin7/7) = 100 (eos/7 + 2 eos^/7 - l) = IOO(2eos/7- l)(cos/7+ 1) 

= 0when cos/7 = ^ <=> /7 = 5 ^. (cos/7 5 A-I since 0 </7 < |.) 

Now A (0) = 0. A (t) = 100 and A (y) = 75>/3 =» 129.9, so the maximum occurs when f) = j. 

53. a — IV sin/7, c = IV cos/7, b = L cos/7, d = L sin/7, so the area of the 

circumscribed rectangle is 

A (/7) = (a + i) (c + d) = (IV sin/7 + L cos/7) (1+ cos/7 + L sin/7) 
= LIV sin^/7 + LIVcos-O + ^/,7 + iv^'^ sin/7cos/7 

= HV + \ (/.7 + (+7^ sin2/7,0 < /7 < | 

This expression shows, without calculus, that the maximum value of A (0) occurs when sin 2/7 = 1 <=> 2/7 = ■ 

=> -x = f. So the maximum area is + (y) = LW + \ + IV^j = j (i + lf')7. 
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54. (a) l.ct I) he the point such that a = \AD\. I'roni Ihc figure, sinE7 = —— => IBf'l = bexO and 


cosO = 


|BD| 


l.-FBI 


iBC| |Bf| 

Ui - |.(«|)secF; = beset) 


R (0) = ( • 


, ,.i»n 


iflri 

1BC| = (o - |/f/?|)secE7. Eliminating IBf'l gives 

fccot« = n-|/lfl| => I/(fl| = (I-A col«. The total resistance is 

I — beeitO hexli 
+ ■ 


SCI (a — beo\.0 hexO\ 


(b) 


( bex'O ftcscScolS\ ../escS cots\ 

-7i —It't; 


esc (f cot 0 

R'(tn = o « = ^ 

'^1 '^2 
cscS coif) 


«=> -T = 


i = £^:i^=eosS. 

■' esc f) 


R'(0) > 0 

'■| ”^2 
minimum when cosS = 

(c) When n = I''!, 've have cost) = (j) , so S = cos"' ( 5 ) =» 79°. 
55. (a) 


cost) < and R' (0) < 0 when cost) > - 7 , st) there is an absolute 



B X C 13-A O 

If* = cnergv ,/km over land, then energy/km over water = 1.4A. So the total energy is 

,__ dE l.4i.x . .. dE 

E= 1 . 4 * V25 + .v2 + i ( 13 - .t). 0 < .X < 13, and so — = 




(25+Jf2)' 

l.4*.» = * (25 +.T-)’'‘ =» I.96.t2 =jr^ + 25 => 0.96x^ = 25 =» jt =-^ as 5.1. Testing against 

the value of E at the endpoints; E (0) = I Ate (5) + I3A = 20/:. f. (5.1) ^ 17.9^. (13) ^ I9.5A. 1 hus. to 

minimize energy, the bird should fly to a point about 5.1 km Irom B. 

(b) If If'//- is large, the bird would fly to a point C that is closer to B than to D to minimize the energy used flying 
over water. If IT//, is small, the bird would fly to a point C that is closer to 1) than to S to minimize the 


dE 


ll'.v 


- /, = 0 when 


distance of the flight. E = H''/25~A^ + L {\i — x) =» ~ ^ 25 + 

!L ^ , »y the same sort of argument as in part (a), this ratio will give Ihc minimal expenditure of 

/. .V 

energy if the bird heads for the point x km from B. 


(c) for flight direct to /). x= 13, so from part (b), H'/l. = 


1.07. There is no value of H'/l. for which 


Ihc bird should flv directly to «. Hut note that lim (H'/t) = t». so if the point at which E is a minimum is 

' i-» 0 + 

close to B. then 11//. is large. 

(d) Assuming that the birds instinctively choose the path that minimizes the energy expenditure, we can use the 


e(|uation for dE/dx = 0 from pari (a) with 1.4* = c, .x = 4, and /: = I: c (4) = 1 • (25 + 4 


2i'/7 
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56. (a) ! (x) oi. 


strength of source 


(distance from source) 
k k 

' ('<) = ■. . o + 


■ 7 . Adding the intensities from the lct\ and right lightbulbs. 


.vT + r/2 (10 _ ^ ^2 4 ,/2 + _ 20.v + 100 + (/^ ' 

(b) The magnitude of the constant k won’t alTeet the location of the point of tnaximum intensity, so for convenience 

2{x- 10 ) 


we take k = \. I' (.v) = —- 


Zx 


{x^ + (/-)- {x- - 20.V + 100 + </-)■ 

Substituting d — 5 into the equations for / (x) and /' (x). we get 


/s (-X) = 


I 


1 


x^ + 25 


X- -20.r + 125 


and /j (x) = — 


2 (x - 10 ) 




(x2 + 25)‘ (x--20x + 125)’ 

Krotn the graphs, it appears that 1$ (x) 
has a minimum at .t = 5 m. 


(c) Substituting d — \0 into the equations for / (x) and /' (x) gives /|o (x) = 


I 


I 


x2 + IOO .x2-20x + 200 


and 


I'loU) — 


lx 


y- + lOO)" 


2 (x - 10 ) 

(x- - 20 x + 200 )- 
00006 


f . ""N 







in 



I'rom the graphs, it seems that for 
d = 10 . the intensity is minimized at the 
endpoints, that is. x = 0 and x = 10. I he 
midpoint is now the most brightly lit 
point! 


0.014 -00006 

(d) From the first figures in parts (b) and (c). we see that the minimal illumination changes from the midpoint 
(x = 5 with d = 5) to the endpoints (x = 0 and x = 10 with d = 10). 


U.U36S 

K 


‘ 

/ 

1 

/ 

\ 





\ A0)~ASI 

\J 

in n 

..... ■■ . . . . .j 

to 



00.125 X 00215 .< -0.01 i/ 

So we try d = 6 (sec the first figure) and we see that the minimum value still occurs at x = 5. Next, we let 
d = 8 (sec the second figure) and we sec that the minimum value occurs at the endpoints. It appears that for 
some value of d between 6 and 8. we must have minima at both the midpoint and the endpoints, that is. / (5) 
must equal / (0). To find this value ofd. we solve / (0) = / (5) (with i = 1): 

II I I 2 

d2 100 + d2 “ 25 + d225 + d2 - 25+^ ^ 

(25 + d-) (100 + d^) + d- (25 + d-) = Id- (100 + d’) =5 

2500 -f 125d2 + d* + 25d- + d’’ = 200d- + 2d-' =» 2500 = 50d= =o d- = 50 

d = 5\/2 7.071 (for 0 < d < 10). The third figure, a graph of / (0) — / (5) with d independent, eonlirnis 

that / (0) — / (5) = 0. that is. / (0) = / (5), when d = 5>/2. T hits the point of minimal illumination ehiuiges 

abruptly from the midpoint to the endpoints when d = ix/l. 
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Applied Project □ The Shape of a Can 

1. In this case, the amount of metal used in the making of each top or bottom is (2r)^ = 4r^. So the quantity we want 

to minimize is /I = Inrh + 2 (Ar^). But T' = nr-h « /i = V/xr'^. Substituting this expression for h and 
dilTcrcntiating zl with respect tor, we gel rf/t/r/r =—2f’/r* + I6r = 0 ^ l6r^ = 2F =2nr^h <=> 

h 8 41 ' 

— = —. This gives a minimum because —= 16+ —r- > 0. 
rn dr- r^ 

2 . We need to find the area of metal used up by each end, that is, the area of each 

hexagon. We subdivide the hexagon into six congruent triangles, each sharing 
one side (s in the diagram) with the hexagon. We calculate the length of 
J = 2r tan I = ^r, so the area of each triangle is ^sr = -^r^, and the total 

area of the hexagon is 6 • -^r^ = 2v^r^. So the quantity we want to minimize 
is A = 2xr/i + 2 • 2V3r^. 

Substituting for h as in Problem 1 and differentiating, we gd ^ + *v/3r. Setting this to 0, we get 



— = Again this minimizes A because —7 = 8>/3 + —7 > 0. 
r jr dr^ r^ 


dr A 


41' 


8>/3r^ = 21' = 2nr^h => 

3. Let C = 4^/3r^ + 2ffr/i + k (4)rr + h) = A-Jlr^ + 2nr 

dr 21 ' 241'' ^ ^ 

— = 8v/3r- 7 + 4*ff- 7 . Setting this equal to 0, dividing by 2 and substituting — = 7 A and —j = - 

dr r^ Kr^ r- xr r 

kh 

in the second and fourth terms respectively, we get 0 = 4V3r - xh + 2kx -<=> 


k ^27 — = t/i — 4>/3i 


k 2it - h/r 


r ^-—= = I . We now multiply by , noting that 

r xh/r - 4v^ 


* ’ 


.yF 4 _ ,/T _ jfxl) W 2x - h/r 

k r V r’ V r ’ 4 


r xh/r — A^ 

We see from the graph that when the ratio i/V/k is large, that is, either the 
volume of the can is large or the cost of joining (proportional to 4) is small, 
the optimum value of h/r is about 2.21, but when ^/V /4 is small, 
indicating small volume or expensive joining, the optimum value of h/r is 
larger. (The part of the graph for Vv/k < 0 has no physical meaning, but 
confirms the location of the asymptote.) 

5. Our conclusion is usually true in practice. But there arc exceptions, such as cans of tuna, which may have to do 
with the shape of a reasonable slice of tuna. And for a comfortable grip on a soda or beer can, the geometry of the 
human hand is a restriction on the radius. Other possible considerations are packaging, transportation and stocking 
constraints, aesthetic appeal and other marketing concerns. Also, there may be better models than ours which 
prescribe a differently-shaped can in special circumstances. 
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Applications to Economics 


1. (a) C (0) represents the fixed costs of production, such as 
rent, utilities, machinery etc., which are incurred even 
when nothing is produced. 

(b) The inflection point is the point at which C" (.r) changes 
from negative to positive, that is, the marginal cost C (x) 
changes from decreasing to increasing. So the marginal 
cost is minimized. 


(c) T he marginal cost function is C" (x). 
We graph it as in [ixampic I in 
Section 3.2. 



2. (a) We graph C as in Example I in Section 3.2. 



n[ 2 


4 6 


(c) Since the graph in part (b) is decreasing, we estimate that 
the minimum value of c (x) occurs at x = 7, I'he average 
cost and the marginal cost are equal at that value. 


(b) By reading values of C (x) from its 
graph, we can plot c (x) = C (x) /x. 



3. c(x) = 21.4-0.002x and c (x) = C (x)/x => C (x) = 2l.4x - 0.002x^. C'(x) = 21.4-0.004x and 
C' (1000) = 17.4. This is an estimate of the cost of producing the lOOIst unit. 


4. (a) Profit is maximized when the 
marginal revenue is equal to the 
marginal cost, that is, when R and 
C have equal slopes. 



(b) />(x)= «(x)-C(x)is 
sketched. 



(c) The marginal profit function is 
defined as P‘ (x). 
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5. (a) The cost function is C (x) = 40,000 + 300a: + a:*, so the cost at a production level of 1000 is 
C (1000) = $ 1.340,000. The average cost function is c (a) = = 40,000 ^ ^ ^ 


c(lOOO) = S1340/imit. The marginal cost function is C" (x) = 300 + 2jt and C (1000) = $2300/umt. 

= 40,000 


(b) Wc must have r'(.v) = e(.v) <=> 300 + 2x = + 300 + a: «=> ^ 


X X 

^ X = v'40,000 = 200. fhis gives a minimum value of the average cost function c (j) since 

„, 80,000 
c" (.t) =-T— > 0. 


(e) The minimum average cost is c (200) = $700/unit. 


^ 2C AAA 

6. (a) C (.v) = 25,000 + I20.v + 0. C (1000) = $245,000. c(a) = —^ = —:-+ 120 + 0.Ia. 

X X 

c (1000) = $245/uni!. C (x) = 120 + 0.2^, C (1000) = $320/unit. 

(b) We must have (■'(.v) = c(.t) <=> 120 + 0.2ac = ^^^^^ + 120 +O.l.t <=» 0.1.* = ^^^^^ ^ 

X X 

0. I.a’ = 25,000 =» .V = V250,000 = 500. This gives a minimum since c" (.t) = > 0. 

A-* 

(c) T he minimum average cost is c (500) = $220.00/unit. 

7. (a)C(A) = 45 + ^ + ^. C (1000) = $2330.71. c (a) = — + i + ^, c (1000) = $2.33/unit. 

2 560 jir 2 560 

C'{x) = ^ + 2^. C'(IOOO) = $4.07/unit. 

(b) We must haver (A) = c (.A) i + ^ = ^ + l + ^ | = ^ ^ .a^ = (45) (560) 

=» A = ■v/25.200 « 159. This is a minimum since c" (a) = 90/a^ > 0. 

(c) The minimum average cost isc(159) = $1.07/unit. 


2000 

8 . (a)r(.A) = 2000+ I0.A + 0.00|A^C (1000) = $1,012,000. c(a) = -+ IO + O.OOIa^ 

X 

c(IOOO) = SIOI2/unil. C (x) = 10 + 0.003.a2, C'(1000) = $30l0/unit. 

(b) We must have r (a) = c (a) <=» 10 + 0.003a- = ^^ + 10 + O.OOIa^ <=> = 0.002a- <=> 

X X 

A^ = 2000/0.002 = 1,000,000 <=> a = lOO. This is a minimum since c" (a) = 0.002 > 0 for 

A-* 

A > 0. 

(c) fhe minimum average cost is c (100) = $40/unit, 

2 ^ 

9. (a)r(,A) = 2yf+^, r (1000) = $188.25. c (a) = ^ + ~. c (1000) = $0.19/unit. 


r (a) = -p + f' (1000) = $0.28/unil. 

y/x 4000 

I 


.X _ 2 X 


(b) We must have C (a) = c (a) 

A = (8000)- ^ = 400. This is a minimum since e" (.a) = > 0. 

(c) The minimum average cost is c (400) = $0.15/unit. 
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10 . (a) C{x) = 1000 + 96.T + 2jr’^,C (1000) = $160,245.55. cCr)= —^ + % + 2^^. c(lOOO) = $160.25/unit. 
C (a:) = 96 + 3v^. C' (1000) = $l90.87/unit. 

(b) Wc musl have C' (a) = c (.x) <=> 96 + 3Vx = lOOO/x + % + 2^? «=» \/x = 1000/x » 
x’/^ =1000 <=> X = (1000)-^’ = 100. Since c' (x) = (x^T _ |000) /x^ < 0 for 0 < x < 100 and 
c'(x) > Oforx > 100. there is an absolute minimum at X = 100. 

(c) The minimum average cost isc(lOO) = SI 26/unit. 


11. (a) C (x) = 3700 + 5x - O.OAx^ + O.OOOOx^ => C (x) = 5 - O.OSx + O.OOOOx^ (marginal cost). 


c (x) = ^ ^ + 5 — 0.04x + 0.0003x^ (average cost). 


(b) 



The graphs intersect at (208.51,27.45). so the 
production level that minimizes average cost 
is about 209 uniLs. 


(c) c’ (x) = -5- - 0.04 + 0.0006X = 0 => 

x' 

XI = 208.51. c(xi) W $27.45/unit. 

(d) C"(x) = -0.08 + 0.0018x =0 =» 

xi = ^ = 44.44. C (xi) = $3.22/unit. 

C" (jic) = 0.0018 > 0 for all x, so this is the 
minimum marginal cost. 


12. (a) C (x) = 339+ 25x-0.09x^ + 0.0004x5 =» C'(x) = 25 - O.I8x + O.OOllx^ (marginal cost). 

, , C(x) 339 , 

c (x) = —-— = -j- + 25 — 0.09x + 0.0004x' (average cost). 

339 

c' (x) =-- 0.09 + 0.0008X =0 => 

xi w 135.56. c(xi) S22.65/unit. 

C"(x) = -0.l8 + 0.0024x = 0 => 

X = = 75. C' (75) = $ 18.25/unit. 

C" (x) = 0.0024 > 0 for all x. so this is the 
minimum marginal cost. 

The graphs intersect at (135.56, 22.65), so the 
production level that minimizes average cost 
is about 136 units. 


(b) 



(c) 

(d) 


13. C (x) = 680 + 4x + O.OIx^, p(x) = 12 => R{x) = xp(,x) = \2x. If the profit is maximum, then 

/?'(x) = C'(x) =* l2 = 4 + 0.02t => O.OZx = 8 x = 400. The profit is maximized if(x) < 0, 

but since P" (x) = R" (x) — C" (x), we can just check the condition R" (x) < C" (x). Now 
R" (x) = 0 < 0.02 = C" (x), so X = 400 gives a maximum. 
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14. C(jt) = 680 + 4.v + 0.0l.t^p(;c)= l2-.t/500. Then «(jt) = = 12jt-jtV500. inhcprofitis 

maximum, then K'(a:) = C" (.t) <=> 12 — x/250 = 4 + 0.02x <=> 8 = 0.024.x <=> .x = 8/0.024 = 
The profit is maximized if P" (x) < 0, but since P" (.x) = R" (x) - C" (x), we can just check the condition 
R" (x) < C" (x). Now R" (x) = - < 0.02 = C" (x), so x = ^ gives a maximum. 


15 . C (x) = 1450 + 36x - x^ + O.OOIx’, p (x) = 60 - O.OIx. Then R(x)-xp (x) = 60x - O.Olx^. If the profit is 
maximum, then/{'(x) = C'(x) 60 — 0.02.x = 36 — 2x + 0.003.x^ ^ 0.003.x^ — 1.98x — 24 = 0. By 


the quadratic fonnula, x = 

x (1.98 +2.05)/0.006S 
=> R" (672) < C" (672) 


1.98 ± s/(- 1.98)2 ^ 4 (0.003) (24) 1.98 ± V4.2084 

2(0.003) ~ 0.006 

I 672. Now R" (x) = -0.02 and C" (x) = -2 + 0.006x 
=> there is a maximum at x = 672. 


Since x > 0. 

=> C" (672) = 2.032 


16. C (x) = 10,000 + 28.x - O.OIx^ + 0.002x^ p (x) = 90 - O.Olx. Then /? (x) = xp (x) = 90x - 0.02.x^. If the 
profit is maximum, then/{'(x) = C'(x) <=> 90 — 0.04x = 28 — 0.02x + 0.006x^ <=> 

0.006x2 + 0.02.x - 62 = 0 <=> 3x2 + lOx - 31.000 = 0 (.x - 100) (3x + 310) = 0 x = 100 

(since x > 0). The profit is maximized if P" (x) < 0, but since P" (x) = R" (x) — C" (x), we can just check (he 
condition R" (x) < C" (x). Now R" (x) = -0.04 < -0.02 + 0.0t2x = C" (x) forx > 0, so there is a maximum 
at jc = 100. 


17. C (x) = 0.001x2 - 0.3x2 ^ 6x + 900. The marginal cost is C (x) = 0.003x2 - 0.6.x + 6. C' (x) is increasing 
when C" (x) > 0 «=> 0.006.x - 0.6 > 0 o x > 0.6/0.006 = 100. So C' (x) starts to increase when 

X = 100. 


18. C (x) = 0.0002x2 - 0.25x2 ^ 4^ 4. 1500. The marginal cost is C' (x) = 0.0006x2 - 0.50x + 4. C (x) is 

increasing when C" (x) > 0 <=> 0.0012x - 0.5 > 0 <=> x > 0.5/0.0012 =« 417. So C' (x) starts to increase 
whenx =417. 


19. (a) C (x) = 1200 + 12x - 0.1x2 0,0005x2. R (x) = xp (x) = 29.x - 0.00021x2. 

Since the profit is maximized when R' (x) = C' (x), we examine the 
curves R and C in the figure, looking forx-values at which the slopes of 
the tangent lines arc equal. It appears that x = 200 is a good estimate. 

4(10 

(b)/?'(.x) = C'(.x) => 29 - 0.00042X = I2-0.2x + 0.00I5.x2 => 0.0015x2 - 0.19958.x - 17 = 0 => 

x =» 192.06 (for x > 0). As in Uxercise 13, R" (x) < C" (x) => -0.00042 < —0.2 + 0.003.x o 
0.003x > 0.19958 <=> x > 66.5. Our value of 192 is in this range, so we have a maximum profit when we 
produce 192 yards of fabric. 


10,000 



20. (a) Cost = setup cost + manufacturing cost =3 C (x) = 500 + m (x) = 500 + 20x — 5x2/'* 4.0 o)j(2 

solve x (p) = 320 - Up for p in tcmis of x to find the demand (or price) function, x = 320 - Up ^ 

320 - X 320x - x2 

7.7p = 320-.x => p{x) = -^^. /f(x) = .xp(x) =- — -. 

(b) C'(x) = R'(x) => 20 - ^x"'/^ + 0.02.x = =» x 81,53 planes, and 

p (x) = $30.97 million. The maximum profit associated with these values is about $463.59 million. 
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21. (a) Wc are given that the demand funetion p is linear and p (27,000) = 10. p (33.000) = 8. so the slope is 

equation of the line is>' - 10 = (-j^) (x - 27,000) => 
y = p(.x) = -3^jr + 19= 19-.r/3000. 

(b) The revenue is/f(x) =x/>(x) = 19.x-.rV^OOO =» «'(x) = 19-.x/1500 = 0 when x = 28.500. Since 
fi" (x) = —1/1500 < 0, the maximum revenue occurs when x = 28,500 => the price is 
p (28,500) = $9.50. 

22. (a) Let p (x) be the demand function. T hen p (x) is linear and y = p(x) pa,sses through (20, 10) and (18, 11), so 

the slope is — j and an equation of the line is - 10 = — j (x - 20) « v = —jx + 20. Thus, the demand 
is p (x) = — jx + 20 and the revenue is R (x) = xp (x) = -^x^ + 20x. 

(b) The cost is('(x) = 6x, so the profit is P (x) = R(x) - C (x) = -jx- + I4x. Then 0 = P' (x) = -x + 14 
=> X = 14. Since(x) = -1 < 0, the selling price for maximum profit is p (14) = 20 — 14 = $13. 

23. (a) As in nxample 3, wc see that the demand function p is linear, Wc arc given that p (1000) = 450 and deduce 

that p(l 100) = 440. since a $10 reduction in price increases sales by 100 per week. The slope for p is 
= -TTS. so an equation is p - 450 = - Jj (x - 1000) or p (x) = -^^x + 550. 

(b) /e(x)=xp(x) = 500x-xVl0. «'(x) = 550-x/5 = 0 whenx = 5 (550) = 2750. p (2750) = 275, so the 
rebate should be 450 — 275 = $175. 

(c) C (x) = 68,000 + 150x => 

P(x) - R (x) - C (x) = 550x -xVlO-68,000- I50x = 400x - .x^/IO - 68,000, />'(x) = 400 - x/5 = 0 
when X = 2000. p (2000) = 350. Therefore, the rebate to maximize profits should be 450 — 350 = $100. 

24. Let X denote the number of $5 increases in rent. Then the price is p (x) = 400 + 5x, and the number of units 
occupied is 100 — jf. Now the revenue is 

/? (.v) ss (rental price per unit) x (number of units rented) 

= (400 4-5x)(100-x) = -5.x^+ 1 OOx + 40,000 for 0 < x <100 => 

/?'(x) = —lOx + 100 = 0 <=> X = 10. This is a maximum since/?" (x) =—10 < 0 for all X. Now we must 
check the value of R (.x) = (400 + 5x)(l00 — x)alx = 10 and at the endpoints of the domain to sec which gives 
the maximum value. R (0) = 40,000, (10) = (450) (90) = 40,500, and «(100) = (900) (0) = 0. Thus, the 

maximum revenue of $40,500/week occurs when 90 units are occupied at a rent of$450/wcck. 
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Newton's Method 



The tangent line at x = 9 intersects the x-axis at 
X =s 6.0. so X2 ** 6.0. TTie tangent line at x =6.0 
Intersects the x-axis at x » 8.0. .so xy => 8.0. 


T he tangent line at x = I intersects the x-axis at 
X ^ 2.3, SOX 2 =» 2.3. The tangent line atx = 2.3 
intersects the x-axis at x » 3, so X 3 ss 3.0. 


3. Since xi = 3 and .v = 5x - 4 is tangent to>> = /(x) at x 
intersects the x-axis. > = 0 =* 5 x 2 - 4 = 0 X 2 

4. (a) 



= 3, we simply need to find where the tangent line 


(b) 



Ifxi = 0, then .X 2 is negative, and X 3 is even more Ifxi = I, the tangent line is horizontal and 

negative. The sequence of approximations does Newton's method fails, 

not converge, that is, Newton’s method fails. 



IfX| =3, then X 2 = 1 and we have the same Ifxi = 4, the tangent line is horizontal and 

situation as in part (b). Newton’s method fails Newton’s method fails. 

again. 


(e) 



If X| = 5, then X 2 is greater than 6 , X 3 gets closer to 6 , and 
the sequence of approximations converges to 6 . Newton’s 
method succeeds! 
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5. /(.r) = .»3+.t + I 


/ (x) = + 1, so .t„+| =x„ - - , ■ . Jti = -I 

3x}, + I 


-I - 1 + I 


X3 = -0.75 - 


(-0.75)^ - 0.75 + 1 
3 (-0.75)^ + 1 


■ —0.6860. 1 lore is a quick and 


easy method for finding the iterations on a programmable calculator. (The screens shown are from the IT-82, but 
the method is similar on other calculators.) Assign a:^ -t- x -I- I to Yi and 3x^ + I to Yj. Now store — 1 in X and 
then enter X - Y|/Y2 -» X to gel -0.75. By successively pressing the ENTER key, you get the appro.ximations 
Ari,.V2,J:3. 


ViBXJ+X+1 


-i^x 

V2B3X2+1 


-1 

V3=i 


X-V1/V24X 

Vh = 


-.75 

Vf = 


-.6860465116 

V6 = 


-.6823395826 

V7 = 


-.6823278039 

Va = 




6. /(x) = x^ -x- - 1 


f (x) = 3x^ - lx, so x„+| = x„ - " — 

3x^ - 2x„ 


. X| = 1 


I - I - I 2 ’ - 2^ - 1 

, =2 => X3 = 2- . . . = 1.6250. 


3-2 


3 • 22 - 2 • 2 


1. f(x)=x*-10 => /' (x) = 4x\ so .x„+, = x„ 


X3 = 2.125- 


(1125)*' -20 
4(1125)2 


11148. 


4x2 


• X\ 


= 2 


X2 = 2 — 


2‘*-20 

4(2)2 


2.1250 => 


8. / (x) = x^ — 100 => /' (x) = 7x*, so .x„3.| = x„ 


X3 = 1.9375- 


(1.9375)’ - 100 
7(1.9375)*’ 


1.9308. 



X2 = 2 - 


128- 100 
7-64 


1.9375 


9. To approximate x = (.so that x2 = 30), we can lake / (x) = x2 — 30. So /' (x) = .Tx’. and thus. 
x2 - 30 ,r- 

x„+i = x„- -—5 —. Since v27 = 3 and 27 is close to 30, we’ll use xi = 3. We need to find approximations 

J.V“ 

until they agree to eight decimal places. X| = 3 =» X 2 =* 3.11111111, X 3 =s 3.10723734, 

.X4 3.10723251 ss.xs. So =» 3.10723251, to eight decimal places. 


10 . /(x) = x’ - 1000 


_ )000 

/' (x) = 7x*, so x„+i — x„ - " ■ , —. We need to find approximations until they 


7,6 

agree to eight decimal places. X| = 3 => X2 =» 2.76739173, X3 »! 2.69008741, .V4 = 2.68275645, 
X5 =5 2.68269580 » xs. Thus, » 2.68269580, to eight decimal places. 


11./(x) = 1x2 - 6x2 + 3x + 1 ^ /'(x) = 6x2 - I2x + 3 ^ Xn+i = x„ — ^ . We need 

6xf, - I2x„ -I- 3 

10 find approximations until they agree to six decimal places. xi = 2.5 =* .X2 ^ 2.285714, X3 ^ 2.228824. 

.X4 as 2.224765, .X5 as 2.224745 as xs. So the root is 2.224745. to six decimal places. 





288 □ CHAPTER 4 APftlCATIONS OF DIfFERENTIAHON 









SECTION 4.9 NEWTON SWnHOD □ 287 







288 n CHAPTERS APPLICATIONS OF DIFFERENTIATION 



/(x) = .r*-x'* - -;c^+4.it+3 => 

3 /'<x) = 5.t''-4x^-l5.t2-lr + 4 => 

- 5x^ - x^ + 4x„ + 3 .. 

X„., = x„ - Prom the graph of/, .here 

appear to be roots near -1.4, 1.1, and 2.7. 


xi = -1.4 

.X2 ss -1.39210970 

X3 -1.39194698 


X| = 1.1 

X2 = 1.07780402 
X3 1.07739442 


XI =2.7 
X2 2.72046250 
X3 as 2.71987870 


X4 =»-1.39194691 :«X5 .X4 as 1.07739428 xs .14 =» 2.71987822 as 

To eight decimal places, the roots are -1.39194691, 1.07739428, and 2.71987822. 



Solving x^ (4 — x^) = ^ ^ ^ is the same as solving 
/ (x) = 4x- - x'' - = 0. /' (x) = 8x - 4x3 ^ 


Jfrt+l “ — • 


JC2 + 1 ^ ' 

4x 3 — — 4 / (;(2 I ^ 


(x3+l)3 

y. From the graph of / (x). 


-.iTi -/i . , 

8.x„ - 4x3 + 8x„ / (x3 + 1)3 

there appear to be roots near x = ±1.9 and x = ±0.8. Since / is even, we 
only need to find the positive roots. 


xi=0.8 XI = 1.9 

X2 = 0.84287645 X2 =» 1.94689103 

X3 as 0.84310820 X3 as 1.94383891 

X4 as 0.84310821 asjcs X4 as 1.94382538 as xs 

To eight decimal places, the roots are ±0.84310821 and ±1.94382538. 



1\ 

V = 

~ 

* \jr 

A 


—4 

u 


/ V 


y = 2sin TT.r 
4 


iTom the graph, we see that there are roots of this equation 
near 0.2 and 0.8, /(x) = — jc + I — 2 sin ^ 

2x - 1 


/' (x) = — 7 .... . = - 2jr cossrx, so 

2>/x3 - X + 1 


V/ V V/1 y/x^ — x„ + 1 - 2 sin srx„ 

IB " ^"+l--»» 2x„- 1 • 

- , ■ = — 2;r cos TtXn 

2y/xl - X„ + 1 

Taking X| = 0.2. we get X2 as 0.15212015. X3 as 0.15438067, ,V4 as 0.15438500 =» X5. Taking x] = 0.8, we get 
X2 as 0.84787985, .X3 as 0.84561933. .X4 as 0.84561500 as.xs. So, to eight decimal places, the roots of the equation 
are 0.15438500 and 0.84561500. 
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24. 



From the graph, wc see that the only root of this equation is near 0.6. 
/(jr) = cos (jt^ + I) -=> /' (jt) =-it sin (jt- + I) — 


so .<r„+i = + : 


cos (.t^ + I) - 


;. I'aking jt| =0.6, we get 


Z\„ sin (x; + I) + Sx^' 

X 2 s* 0.59699955, X 3 0.59698777 as X 3 . To eight decimal places, 
the root of the equation is 0.59698777. 


25. (a) /(x) = — a => /' (x) = 2x, so Newton’s method gives 



(b) Using (a) with a = 1000 and xi = ^900 = 30, wc get X 2 as 31.666667, X 3 as 31.622807, and 
X 4 =« 31.622777 as X 5 . So 71^ as 31,622777. 

26. (a) / (x) = - - o =» /' (x) = - so x „41 = x„ - = x„ + x„ - ax^ = 2x„ - ax^. 

X x2 -I/.X,- 


(b) Using (a) with a = 1.6894 and xi = j = 0.5, we get X 2 = 0.5754, X 3 as 0.588485, and .X 4 =» 0.588789 as X 5 . 
So 1/1.6984 as 0.588789. 


27. /(x) = x^ — 3x + 6 ^ /'(x) = 3x^ — 3. Ifxi = I, then /' (xi) = 0 and the tangent line used for 

approximating X 2 is horizontal. Attempting to find X 2 results in trying to divide by zero. 

28. x^—x = l <=> x^ — X — I = 0./(x) =x’—X — I => /' (x) = 3x^ — I. so Xn+i = x„ — —!■. 

3x2-1 

(a) XI = l,.T 2 = 1.5.X 3 as 1,347826,X 4 as 1.325200,xs as 1.324718 as.t^ 

(b) xi =0.6,.V2 = 17.9, .X 3 as 11.946802. X 4 as 7.985520, X 5 as 5.356909, xs as 3.624996. X 7 =» 2.505589, 

X 8 as 1.820129,X9 as 1.461044,xio as 1.339323,xii =» 1.324913.X|2 as 1.324718 as. t,, 

(c) xi =0.57,X2 as -54.165455, X 3 as -36.114293, X 4 as -24.082094, xs as -16.063387, xo as -10.721483, 
X 7 as -7.165534, .xg as -4.801704, X 9 -3.233425, xio as -2.193674, xii as -1.4%867, 

xi 2 as -0.997546,xi3 as -0.4%305,xi4 as -2.894162,X 15 as -1.967%2,X|6 as -1.341355, 

xi 7 as -0.870187 ,xi 8 as -0.249949,x 19 as -1.192219,X 20 as -0.731952,X 21 as 0.355213, 

.X 22 -1.753322, X23 as - 1 ,189420, X24 « -0.729123, X 25 as 0.377844, X 26 =» -1.937872, 

X27 =» -1.320350, X28 «= -0.851919, X29 as -0.200959, X 30 as -1.119386, X 31 as -0.654291, 

X 32 as 1.547009,.X33 as 1.360050,.X 34 as 1.325828,X 35 as 1.324719,X36 as 1.324718 asX 37 . 

From the figure, wc .see that the tangent line corresponding to X| = 1 
results in a sequence of approximations that converges quite quickly 
(xs as Xs). T he tangent line corresponding to X| = 0.6 is close to 
being horizontal, sox 2 is quite far from the root. But the sequence 
still converges — just a little more slowly (xi 2 as .X 13 ). Lastly, the 
tangent line corresponding to xi = 0.57 is very nearly horizontal, X 2 
is farther away from the root, and the sequence takes more iterations 
to converge (xss as ,X 37 ). 
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29, For /(.t) = .v'/’, /' (a:) = and 

/(»«) r 

Jt,i 11 = •»« - ,,, ' = ■*/. - —273 =x„- 3.t„ = -2x„. Therefore. 

J l-*") ^x„ 

each successive approximation becomes twice as large as the previous one 
in absolute value, so the sequence of approximations fails to converge to 
the root, which isO. In the figure, wchavexi = 0.5,X2 = ~2(0.5) = —I, 
and.X3 = -2(-l) = 2. 



-3 


30. According to Newton’s Methtxl, for.x„ > 0, 






l/(2v^) 


= x„ — 2x„ = —x„ and for x„ < 0, 

= x„ — [—2 (—X(i)l = —x„. .So we can see that 


\/(2^-x„) 

after choosing any value .xi the subsequent values will alternate between 
—xi and x\ and never approach the root. 



31. (a)/(x) = 3.v'-28,x^+6.t- + 24x => /'(x) = 12x’- 84.t2 + lit + 24 => 

/" (x) = 36.r^ — 168.x + 12. Now to solve /' (x) = 0. try xi = i => X2 = xi — = - => 

^ / Ui) 3 

X 3 =« 0.6455 =* .X 4 0,6452 ^ xj as 0.6452. Nowtryxi=6 ^ .X 2 = 7 ,I 2 =i X 3 =» 6.8353 

=> X4=a6.8l02 => X 5 as 6.8100, Finally try xi =-0.5 => X2=»-0.4571 => X 3 as-0.4552 => 
X 4 as —0.4552. Therefore, x = —0.455, 6.810 and 0.645 arc all critical numbers correct to three decimal 
places. 

(b) /(-I) = 13, /(7) = -1939, /(6.810) as -1949.07,/(-0.455) as -6.912, /(0.645) as 10.982. 

Therefore, / (6.810) =s -1949.07 is the absolute minimum correct to two decimal places. 


32./(x) = x^+sinx =» /'(x) = 2x+cosx./'(x) exists for all x, so to 

find the minimum of /, we can examine the zeros of /'. From the graph of 
/', we see that a good choice for xi is xi = —0.5. Use g (x) = 2x + cosx 
and g' (x) = 2 — sinx to obtain X 2 ^ -0.4506, .X 3 as -0.4502 as X 4 , 

Since /" (x) = 2 - sinx > 0 for all x, /(-0.4502) as -0.2325 is the 
absolute minimum. 



33. y=x* + cosx =» y' = 3.x^ —sinx ^ y' = 6.x —cosx => y'" = 6 + sinx. Now to solve y" = 0. try 

X| = 0. and then X2 = .X| — as 0.1677 ^ X3 as 0.1643 ^ X 4 as 0.1644 sa xs. For x < 0.1644. 

y"'(xi) 

y" < 0, and for x > 0.1644, y" > 0. Therefore, the point of inflection, correct to three decimal places, is 
(0.164,/(0.I64)) = (0.164,0.991), 
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34. 



/(x) = —sinx ^ /'(x) = — cosx. At X = a, the slope of the 
tangent line is /' (a) = - cosa. T he line through the origin and (a. / (o)) 
— sino — 0 


2ir isy = 


a — 0 


-X. If this line is to be tangent to / at x = a. then it.s 


slope must equal/'(a). TTiu-S,—^^^=-cosa => tana = o. To 


solve this equation using Newton’s method, letg (x) = tanx - x, 

g' (x) = sec-x - I, and x„+i = .x„ - ^ withxi =4.5 (e.stimated from the figure). X 2 =» 4.493614. 

sec' Xn — I 

xj 4.493410. .x.( =» 4.493409 as .X 5 . Thus, the slope of the line that has the largest slope is /' (. 15 ) at 0.217234. 


35. 


.SA.oon 



The volume of the silo, in terms of its radius, is 
T' (r) = irr^ (30) + j = 30xr’ + 

From a graph of F, we see that F (r) = 15,000 at r at 11 ft. Now we ii.sc 
Newton’s method to solve the equation F (/■) — 15.000 = 0. 

20 t/F 2 .. 30xr^ + — 15,000 


—— = 60>rr + 2irr-, so r„^i = r„ — • 
dr 


. Taking 


60)r/-„ + 2nrl 

ri = 11, we gel r 2 = II .2853, r 3 = 11.2807 as rr. So in order for the silo 
to hold 15,000 ft^ of grain, its radius must be about 11.2807 ft. 

36. Let the radius of the circle be r. Using s = rO, we have 5 =r0 and so r = 5/0. From the Law of Cosines we gel 
4 -= r-+ r-— 2 ■ r ■ r ■ cosO <=> 16 = 2r^ (I — cosfl) = 2 (5/fl)'(I — cost?). 

Multiplying by 0^ gives 1 60^ = 50 (I — cosO), so wc take 
/(«) = I6fl2 + 50cos0 - 50 and /' (0) = 320 - 50sin<?. The formula 


r X. . X . ■ „ I6t?2 + 50cos0„-50 ^ 

for Newton s method is 0„+\ = 0„ -^-. From the 

320„ - 50sin0„ 

graph of /. we can use 0 | = 2 . 2 , giving us <>2 ** 2.2662, 

(?3 as 2.2622 as Oi. So correct to four decimal places, the angle is 
2.2622 radians as 130°. 



-15 


37. In this case, A = 18.000, R = 375, and n = 5 (12) = 60. So the formula becomes 18.000 =-[ 1 — (I + x) 

«=> 48x = I - (I+x)-“ » 48x(l+x)“-(I+x)“+I =0. 

Let the I.IIS be called / (x), so that 


/'(x) = 48.x(60)(l +x)” + 48(l +x)“-60(l +x)” 

= 12(1 +x)’’|4x(60) + 4(1 +x)-51= 12(1 +x)”(244x - I) 


x,+i = .T„ 


48.x„(l+.t„)‘°-(l+x„)“’+l 
(2(I+x„)»(244.x„- I) 


An interest rale of 1%/month seems like a reasonable ciilimate 


for.r = /. So let .r, = )% = O.D), and wc gel.ry = 0.0082202. .ry as 0.0076802, .rj as 0.007629), 

X 5 sss 0.0076286 as xj. Thus, the dealer is charging a monthly interest rate of 0.76286% (or 9.55%/year, 
compounded monthly). 
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Wc substitute in the value 


3«. (a) = .v’ - (2 + /-)x'’ + (I +2r)x’ - (I -r)^^ + 2(1 - r)x + r-\ => 

p’(x) = 5.t ' - 4(2 +/-).x’ + 3(1 +2r).x2 _ 2(1 -/•)X + 2(1 - r). So we use 
_ x,;-(2 + >-).x,^ + (l+2r).t^-(l -r).v,^ + 2(l -r)x„ + r-\ 

T»+l - ^ (2 + r).x3 + 3(1+ 2r)x}, - 2 (1 - r)x„ + 2 (I - r) 

r as 3.04042 x I0“* in order to evaluate the approximations numerically. T he libration point L\ Is slightly less 
than I Al) from the sun. so we take x\ = 0.95 as our first approximation, and get as 0.96682. X 3 as 0.97770, 
.X 4 as 0.98451. xj as 0.98830. X(, as 0.98976. x^ as 0.98998. xg ^ 0.98999 as X 9 . So, to five decimal places, L\ 
is located 0.98999 AIJ from the sun (or O.OIOOl AIJ from Earth). 


(b) In this case we use Newton’s method with the function 

/r(x)-2r x’ = x* - (2 + r).x‘' + (l +2r)x’ - (I + r)x^ + 2 (I - r)x + r - I => 
[/r(x)- 2 rx-J' = 5.r'' - 4 (2 + r).x^ +3(1 + 2r-)x2 - 2 (I + r)x + 2 (I - r). So 


x„+\ = x„ - 


.x^-(2+r)x;i + (l +2r)x,^-(l +r).x^ + 2(l -r).x„ + r-- I 


. Again, we substitute 


5x,’| - 4(2 + r).T,^ + 3(1 + 2r)x; - 2(1 +r)x„ + 2(1 -/■) 

)• sas 3.04042 x lO'**. /.i is slightly more than 1 AU from the sun and, judging from the result of part (a), 
probably less than 0.02 AU from Earth. So we take x 1 = 1.02 and get .X 2 as 1.01422, X 3 as 1.01118, 

.X 4 as 1,01018, xs ^ 1.01008 as.xj. So, to five decimal places, Lj is located 1.01008 AU from the sun (or 
0.01008 AU from E.arth). 



Antiderivatives 


I ^ ■ 


1. 6 is the antiderivative of /. For small x, / is negative, so the graph of its antiderivative must be decreasing. But 
both a and c arc increasing tor small x, so only b can be f's antiderivative. Also, / is positive where b is 
increasing, which supports our conclusion. 

2. We know right away that c cannot be f's antiderivative, since the slope of c is not zero at the x-valuc where / — 0. 
Now / is positive when a is increasing and negative when a is decreasing, so a is the antiderivative of /. 

_2+l j(l + l 

3. /(x) = 6x--8x+ 3 =» +(x) = 6^^-8-j-^+3x + C = 2.x’-4.x^ + 3x+C 

Check: /•' (x) = 2 ■ 3x2 - 4 ■ 2x + 3 + 0 = bx^ - Rx + 3 = / (jjj 


4. /(x) = 4 + x2-5.x2 => E(x) = 4,x + |.x2-|x‘' + C 

.3+1 5+1 7+1 

5. /(x)= I-.x2 + 5.x*-3x 2 => f (-x)=.x- —+ 5—-3— +C = x-ix‘' + |x‘-|x« + C 

6. /(x) = .x20 + 4x'“ + 8 => /••(x) = ^x2'+ ^x" +8.X + C 


7. /(x) = 5,x''-' - 7 .x2/-‘ => F(x) = 5- 


. 1/4 + 1 


.5/4 


.7/4 


+ r = 5 — - 7— + C = 4xV4 _ 4 x’'"' + c 


, + 1 I + 1 5/4 7/4 

8 . /(x) = 2x + 3x'’ => /•'(.x)=x2 + ^x2''+C = x2 + ^,x27 + c 

9. /(x) = .^/x + 4/x = .x'F2+x'FT =S /. (jf) = j^ t3/2 ^j(4/3 .J. _ 2jj3/2 3jj4/3 

10 ./(x) =- >/^ = .x2/2-.x2/7 =» = + c = + C 
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11. / (x) = -^ = lO.v * has domain (—oo, 0) U (0, oo), so F (.v) = 


See B.xample 1(c) for a similar exercise. 

12 . f (x) = 3x~^ — has domain (—oo, 0 ) U ( 0 ,oo). so 
3x~' 

-I 


f'(x) = 


-r—l-C|=-E r—r + C I lfx<0 

-3 .V 3.r^ 


3 5 


if.t > 0 


^ 5 

—^+C, =-;j^+C.| ifx <0 
+€.2 ifx > 0 


<3 4-2/2 <1/2 2/3/2 

13. ^(/) = ^-^=/3/2 +2/3/2 =, G(/) = ^ + ^+C=^/3/2+^/3/2+C 

Note that g has domain (0, oo). 

14. f (x) = .*2/3 2jt“'/3 has domain (—oo, 0) U (0, oo), so 

,5/3 7,2/3 

/.(x)= ^ + = + + 

|,x3/3 + 3x2/3 ^ C2 if X < 0 

15. /) (x) = x3 + 5sinx => W (x) = jx^ + 5(-cosx) + C = Jx^ — Scosx + C 

16. /(/) = 3cos/— 4sin/ =» f (/) = 3 (sin/) — 4(—cos/) + C = 3sin/+ 4cos/+ (’ 

17. y (/) = 4V/ — sec/tan/ => F (I) = 3^/3/^ — see / + C = j/3/2 — sec / + C„ on the interval 
(n/r - y.«)r + 4). 

18. /(//) = (it)- — Isec^O =5 F (0) = 20^ — 7tan// + C„ on the interval {nx — j,nx + ^). 

19. /"(x) = 6x + 12x2 ^ /'(x) = 3x2-I-4x3 + O ^ /(x) = x3 + x''+ Cx + O 

20. /"(x) = 2 + x3+x* => /'(x) = 2x + |x‘* + jx’+ C => /(x) = x2 + ^x5-|-^x* + Cx + ZJ 

21. /"(x) = 1+.X''/* =9 /'(x)=x + |.v’/3 + C => 

/(X) = |x2 + ^ . A^i 4/5 + cx + 0=^x2 + ^x'''/3 + Cx + D 

22. /" (x) = cosx ^ /'(x) = sinx+C’ => /(x) = — cosx + Cx + D 

23. /"'(/) = 60/2 /"(/) = 20/3+ r ^ /'(/) = 5/3 +t7 + D =9 f (l) = + ^Cl-+ Dt + E 

U. f" (!) = t - yfl /"(/)= 5/3-§/3/2+C =9 /'(/) = ^/3-.^/5/2 + 0 + D =9 

/(') = n'"' - 155'’'^ + + »' + /•: 


25. /' (x) = 1 — 6x =9 / (x) = X — 3x3 y (Qj _ y ( 0 ) = ({ C = 8. so (x) = x — 3x2 ^ g 

26. /'(x) = 8x3+ lZx + 3 =9 /(x) = 2x3+6x2+ 3x + r. /(I) = lH-rand/(l) = 6 ^ 1I+C = 6 
=> C = -5, so/(x) = Zx3 + 6.x3 + 3x-5. 


27. /'(x) = 3v^-l/Vx =3 x'/2-x-'/2 =9 /(x) = 3(jj5)x3/2_ .^x'/2 + r =9 

2 = /(I) = 2-2 + C = C =9 /(x) = 2x3/2-2x'/2 + 2 

28. /'(x) = I+x-2,x > 0 =9 /(x) = x-l/x+C. Now/(l)= I - I+r = 1 =9 C = 1, so 

/(x)= I +x - l/x. 

29. /'(x) = 3cosx + 5sinx =9 /(x) = 3sinx - 5cosx+C' =9 4 = /(0) =-5 + C ^ C’ = 9 =9 
/(x) = 3sinx — 5cosx +9 
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30. f'(x) = 3.r-2 


/(.0 = 


-3/jt+Ci ifx>0 
-3/jc + C: if jt < 0 


/(l) = -3 + C’, =0 


/(-I) = 3 + C2 = 0 


Cl = -3. So f (x) = 


-3/.V + 3 ir:t> O 
—i/x — 3 if jt < 0 


C| =3. 


31. /"(;t) = .x => f'(x)=\x^+C => 2 = /'(0) = C => f'(x) = {x^ + 2 => 

/(,t)= + D => -2 = f((i) = n =» /(x)= ^x5 + 2x-3 

32. /" (.x) = 20 x 3 - 10 => /'(x) = S.x''- lOx + C => -5 =/'(I) = 5 - 10 + C => C = 0 => 

/'(x) = 5x'* - lOx => /(x) =x3-5x3 +D ^ ]=y(l )=|_5 + 0 => ^ 5 =» 

/(.x) = x3-5.x3 + 5 

33. /" (x) = x3 + 3cos.x =» /'(x) = jx3+ 3sinx+C => 3 =/'(0) = C ^ /'(x) = jx^ + 3!!inx + 3 

=> /(x) = ■Jjx-'- 3cosx+ 3.X + O =» 2 = /(0) = -3 + O =» D = 5 => 

/ (x) = px'* — 3 cosx + 3x + 5 

34. /"(x)=x+.x'/3 ^ /'(x) = ^x3 + §.x3/3 + c => 2 = /'(l) = i + ^+C => C = | => 

/'(x) = |x3 + 2.x3/3 + I =, f (x) = \x^ + + lxD => I =/(!) = ^ + -i^ + | + D => 

ZT = -T^ =» /(.X) = gx3 +■^x3/3+ |jt - ^ 

35. /" (x) = 6.x + 6 =» /'(.x) = 3 .x 3 + 6x + C =i /(x) = x’+ 3x3 + Cx +/>. 4 =/(O) = D and 

3 =/(!)= I+3 + C +D = 4 + C + 4 => C =-5, so/(x) = x’+ 3x3 - 5x + 4. 

36. /"(x) = IZx3- 6 .x+2 => /’(x) = 4x3 - 3 .x 3 + 2x + C ^ f (x) = x* - x^ + x^+ Cx + 1). 

I =/(O) = Dand 11 =/(2) = I 6-8 + 4 + 2C +D = 13 + 2C => C = -I,so 

y (.x) = X** - x3 + .x3 — X + I. 

37. /"(x) = x-3 => /'(x) = -U-3 + C => /(x)= |x-'+Cx + D => 0 =/(I) = ^ + C + D and 

0 = / (2) = j + 2C + O. Solving these equations, we get C = O = - J, so /(x) = 1/ (2x) + jx - j. 

38. /'"(x) = sinx => /"(.x) =-eosx + C =» 1 =/" (0) =-1 + C = I =» C = 2. so 

/" (x) = — cosx + 2 => /'(x) =—.sinx + 2.x + O => 1=/'(0) = D ^ /'(x) = — sinx + Zx + 1 

=> /(x) = cosx+.x3+ x + 6' 1 = /(0) = 1 + £ => £ = 0, so/(x) = cosx+.x3+x. 

39. Given /' (x) = Zx + 1. we have /(x) = x3 + x + C. Since / pa.sscs through (1,6), 6=/(l)=l3 + l+ C =s 

r = 4. Therefore, / (x) = x3.+ x + 4 and / (2) = 23 + 2 + 4 = 10. 

40. /'(x)=x3 => /(x) = |x‘* + C. x+.v = 0 => ^ = —x => m = —1. Nowm = /'(.x) =» 

x3 = —1 =9 X =-I += 1 (from the equation of the tangent line), so (-1, 1) is a point on the graph of 

/. ^■rom /, I = (-1)^4 + C =» C = j. Therefore, the function is /(x) = jx** + |. 
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41. The graph of F will have a minimum at 0 and a 
maximum at 2. since f = F' goes from 
negative to positive al x = 0, and from positive 
to negative at x = 2. 


42. The position function is the antiderivative of 
the velocity function, so its graph will have be 
horizontal where the velocity function is equal 
to 0. 




43. 



/' U) = 


'2 if0<x < I r2x + C if0<x < I 

I ifl<x<2 => /(x)= X + /J ifl<x<2 

, -I if2 <x < 3 -X + £ if2 <x < 3 

/(0) = —I =9 2(0) + C = -l =9 C = —1. Starting at the point 
(0,-1) and moving to the right on a line with slope 2 gets us to the point 
(1,1). The slope for I < x < 2 is 1, so we get to the point (2,2). The line 
connecting (I, 1) to (2, 2) isy = x, so O = 0. The slope for 2 < x < 3 is -I, 
sowegetto (3, I)./(3) = 1 =9 -3 + £=l => £ = 4. 


2x - I if 0 < X < 1 
Thus, / (x) = X if 1 < X < 2 

-X + 4 if 2 < X < 3 

Note that / is continuous, but /' (x) docs not exist at x = I or at x = 2. 
] 


44. (a) 



(b) Since F (0) = I, we can start our graph at (0, 1). / has a minimum at about 
X = 0.5, so its derivative is zero there. / is decreasing on (0,0.5). so its 
derivative is negative and hence. F is CD on (0,0.5) and has an IP at x ^ 0.5. 
On (0.5,2.2), / is negative and increasing (/' is positive), so F is decreasing 
and CU. On (2.2, oo). / is positive and increasing, so F is increasing and CU. 



(c)/(x) = 2x - 3^/x =9 (d) 

£(x) = x--3- £(0) = Cand 

£(0)=l =9 C=l,so 

F{x) = x--Zx^^ + \. 
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50 . 


X 

/(.V) 

0 

0 

±0.2 

0.041 

±0.4 

0.169 

±0.6 

0.410 

±0.8 

0.824 

±1.0 

1.557 

±1.2 

3.087 

±1.4 

8.117 

±1.5 

21.152 


We compute slopes (values of /) as in the table and draw a direction field as in 
Example 6. Then we use the direction field to graph F starting at (0,0) and 
extending in both directions. Note that if / is an even function, then the 
antidcrirative F that pa.sses through the origin is an odd function. 


ft 



51 . 



Remember that the values of / arc the slopes of F at any x. For 
example, at .x = 1.4, the slope of f is / (1.4) = 0. 



F(x) = 


since / (x) is not defined at 


(b) The general antiderivative of /(x) = x" 

— 1/x + C| ifx < 0 

— 1/x + C2 if X > 0 

X = 0. The graph of the general antiderivatives of / (x) looks like 
the graph in part (a), as expected. 


53. I) (/) = s'(/) = sint — cos/ => s (/) = — cos/— sin/+ C. s (0) = — I + C and s (0) = 0 =» C = 1. so 
s (/) = — cos / — sin / + I. 

54. ()(/)=s'(/) = 1.577 => s(/) = /’''2 + C. s(4) = 8 + Cands(4)= 10 => C = 2, sos (/) =/’^^ + 2. 

55. a (/) = I)' (/) = / — 2 => I) (/) = j/^ — 2/ + C. n (0) = C and « (0) = 3 =» C = 3, so v (/) = ^/^ — 2/ + 3 

and s (/) = j/^ —/-+ 3/+ 0. s (0) = D and s (0) = I => D = 1, ands (/) = g/^ —/^ + 3/+ 1. 

56. a (/) = 1/(/) = cos/+ sin/ =» ii (/) = sin/— cos/+ C => 5 = i)(0) = —l+C =» C = 6, so 

I) (/) =-sin/— cos/+ 6 =» s (/) = — cos/— sin/+ 6/+ D =» 0 = s(0) = —l + D =» D=l,so 
s (/) = — cos / — sin / + 6/ + I. 

57. a (/) = 1/(/) = lOsin/+ 3cos/ =» » (/) = — lOcos/+ 3sin/+ C => 

s (/) = — lOsin/ — 3 cos / + C/ + D. s (0) = -3 + O = 0 and s (2x) = —3 + 2)rC+D=l2 D = 3 and 

C = j. Thus, s (/) = - lOsin / — 3cos/ + ^/ + 3. 

58. «(/) = «'(/)= 10+ 3/-3/^ =» «(/) = 10/+ |/2-/’ + C => s(/) = 5/- + ^/5-i/'' + C/ + D => 

0 = s(0) = Dand IO = s(2) = 20 + 4-4 + 2C => C =-5, sos (/) =-5/+ 5/^ + ^/^ - |/‘'. 
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59. (a) Wc first observe that since the stone is dropped 450 m above the ground, » (0) = 0 and s (0) = 450. 

n' (/) = «(/) = —9.8 =» I) (r) = —9.8/ + C. but C = ii (0) = 0, so « (/) = —9.8/ =» 
j (/) =-4.9/2 + D ^ O = s(0) = 450 => j (/) = 450 - 4.9/2. 

(b) It reaches the ground when 0 = s (/) = 450 — 4.9/2 /2 = 450/4.9 => /i = ^450/4.9 =« 9.58 s. 

(c) I, (/,) = -9.8V4-50/4.9 *= -93.9 m/s 

(d) This is just reworking parts (a) and (b) with » (0) = —5. v (/) = —9.8/ + C ^ —5 = 04'C ^ 

,i(/) = -9.8/-5. .t(/) = -4.9/2-5/ + 0 => 450 = i(0) = D => s (/) =-4.9/2 - 5/+ 450. 
i (/)=0 =» / = (5 ± y8845)y^ (-9.8) =» /!« 9.09 s. 

60. 0 '(/) = <j (/) = <j => I) (/) = a/+C and DO = II (0) = C => o (/) = a/+ uo =» s (/) = ja/2 + oq/+ D 
=* so=s(0) = D => s (/) = 50/2 + 00 /+ So 

61. By Exercise 60, s (/) = -4.9/2 ^ ^ _ j/ _ _9 gj go 

[o (/)]2 = (-9.8/ + i>o)^ = (9.8)2 ,2 _ 19 6„(|, +1)2 = oo - 19.6 ( 00 / - 4.9/2). But -4.9/2 js just s (/) 

without the so term, that is, s (/) — so. Thus, [n (/)j2 = 0 ^ — 19.6 [s (/) — sol- 

62. For the first ball. si (/) = —16/2 + 48/ + 432 from Example 8. For the second ball, a (/) = —32 => 
o(/) = -32/+C, buto(l) = -32(l) + C = 24 =» C = 56, so o (/) =-32/+ 56 =9 

s(/) =-16/2 + 56/+ D.buts(l) =-16(1)2+ 56(1) +D = 432 ^ D = 392, and 
S 2 (/) =-16/2 + 56/+ 392. The balls pass each other when si (/) = S 2 (/) =* 

-16/2 + 48/+ 432 = -16/2 + 56/+ 392 cs 8/= 40 » / = 5 s. 

Another Solution: From Exercise 60, we have si (/) = —16/2 + 48/ + 432 ands 2 (/) = —16/2 + 24/ + 432. Wc 
now want to solves I (/) = S 2 (/ —1) —16/2 + 48/+ 432 = —16(/— 1)2 + 24 (/— 1) + 432 ^ 

48/=32/- 16 + 24/-24 =» 40 = 8/ => / = 5 s. 

63. Marginal cost = 1.92 - 0.002x = C'(x) => C(x) = l.92i -0.001x2 + K. But 

C(l) = 1.92 - 0.001 + AC = 562 =* AC = 560.081. Therefore. C (x) = 1.92x - 0.001x2 + 560.081 => 

C (100) = 742.081, so the co.st of producing 100 items is $742.08. 

dm 

64. Let the mass, measured from one end, be m (x). Then m (0) = 0 and p = —— = x”’/2 ^ m (x) = 2x’^ + C 

ax 

and m (0) = C = 0. so m (x) = 2v'x. Thus, the mass of the rod is m (100) = 2V100 = 20 g. 

65. faking the upward direction to be positive we have that for 0 < / < 10 (using the subscript 1 to refer to 

0 </< 10), oi (/) =-(9-0.9/) = t>; (/) =9 i)i(/) = -9/+0.45/2+«o,but«i(0) = uo = -10 =9 
i)i (/) =-9/+ 0.45/2 - 10 = s', (/) ^ SI (/) = — j/2+0.15/2 - 10/+so. But s, (0) = 500 = so ^ 
si (/) = —?/2 + 0.15/2 — 10/ + 500. si (10) = 100. so it takes more than 10 seconds for the raindrop to fall. Now 
for / > 10 .0 (/) = 0 = I)'(/) 11 (/) = constant = oi (10) =—9(10) + 0.45(10)2 — 10 =—55 =9 

I) (/) = -55. At 55 ft/s, it will take 100/55 =s 1.8 s to fall the last 100 ft. Hence, the total time is 11.8 s. 

66. o' (/) = a(t) = -40. The initial velocity is 50 mi/h = 2 **^^*° = 222 so o (/) = —40/ + 2^. The car stops 

when I) (/) = 0 e=9 / = Since s (/) = —20/2 ^ 220 ^^ , 1 ^ 1 , jjsunjg covered is 

*(^) = -20(^)' + ¥ V = ^=»67.2ft. 

67. a (/) = JL. the initial velocity is 30 mi/h = 30 ■ = 44 ft/s, and the final velocity is 

50 mi/h= 50 • ft/s. So it (/) = k/ + C and u (0) = 44 =9 C = 44. Thus, i> (/) = k/ + 44 =9 

2^ = „ (5) = 5k + 44 =9 k = ff ai 5.87 ft/s2. 
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68 . a (/) = -40 =» f) (/) = -40( + do where no is the car’s speed (in ft/s) when the brakes were applied. The car 

stops when -40( + do = 0 <=> / = ^do. Now s (() = ^ (-40) + not = -20l^ + t)o/. The car travels 160 ft 

in the time that it takes to stop, SOS do) = 160 => 160 =-20 (^do)% do (^do) = => 

Dq = 12.800 ^ DO = 80s^ =» 113 ft/s (about 77 mi/h). 

69. Using Exercise 60 with a — -32, do = 0, and so = A (the height of the clifT), we know that the height at time / is 
s(r) =-16/2+ /i. d(() =s'(r) =-32/ => -32/ = -I20 => / = 3.75,so 

0 = s (3.75) =-16(3.75)2+ /i => 6 = 16(3,75)2 = 225 ft. 


70. (a) I-or 0 < / < 3 we have o (/) = 60/ => d(/) = 30/2+C d(0) = 0 = C => d(/) = 30/2, so 

s(/) = 10/2+C => s(0) = 0 = C => s(/)= 10/2. Note that D (3) = 270 and s (3) = 270. 

For3 < / < 17: a(/) =-g =-32 ft/s => d (/) =-32 (/- 3) + C =» d(3) = 270 = C =» 


D (/) = -32 (/ - 3) + 270 


s(/) = -I6(/- 3)2 + 270(/-3) + C 


s (3) = 270 = r 


s (/) = -16 (/ - 3)2 + 270 (/ - 3) + 270. Note that d (17) = -178 and s (17) = 914. 

E'or 17 < / <22: The velocity increases linearly from — 178 ft/s to -18 ft/s during this period, so 
-18-(-178) 160 

A/ “ 


= — = 32. Thus, D (/) = 32(1- 17) - 178 


22- 17 

s(/) = 16(/ - 17)2- , 7 g(, _ 17) + 914 and s (22) = 424 ft. 

For/> 22: d(/) =-18 =» s (/) = -18(/- 22) + C. Buts (22) = 424 = C 
s(/) = -18(/-22) + 424. 

T herefore, until the rocket lands, we have 


and 


d(/) = 


30/2 

-32(/ -3) + 270 
32(/- 17)- 178 
-18 


ifO < / < 3 
if3 < / < 17 
if 17 < / < 22 
if/ > 22 


s(/) = 


10/2 

-16(/- 3)2 + 270(/-3) + 270 
I6(/- 17)2- 178|7)_|.9|4 
-I8(/ -22) + 424 


ifO < / < 3 
if3 < / < 17 
if 17 < / < 22 
if/ > 22 




(b) To find the m.-iximum height, set d (/) on 3 < / < 17 equal to 0. -32 (/ - 3) + 270 = 0 => /i = 11.4375 s 
and the maximum height is s (/|) = -16 (/i - 3)2 + 270 (/| - 3) + 270 = 1409.0625 ft. 

(c) To find the time to land, set s (/) = -18 (/ - 22) + 424 = 0. Then / - 22 = ^ = 23.5, so / ^ 45.6 s. 
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71. (a) Hirst note that 90 mi/h = 90 x 5 ^ ft/s = 132 ft/s. Then a(l) = 4 ft/s^ =» 11 (t) = 4i + C, but 0 (0) = 0 
=> C = 0. Now 4r = 132 when / = -^^ = 33 s, so it takes 33 s to reach 132 ft/s. T herefore, taking 
s (0) = 0, we haves (/) = 2/^, 0 < r < 33. Sos (33) = 2178 ft. 15 minutes = 15 (60) = 900 s, so for 
33 < f < 933 we have u (/) = 132 ft/s => s (933) = 132 (900) + 2178 = 120,978 ft = 22.9125 mi. 

(b) As in part (a), the train accelerates for 33 s and travels 2178 ft while doing so. Similarly, it decelerates for 33 s 
and travels 2178 ft at the end of its trip. During the remaining 900 — 66 = 834 s it travels at 132 ft/s, so 

the distance traveled is 132 - 834 = 110,088 ft. Thus, the total distance is 
2178+ 110,088 + 2178 = 114,444 ft = 21,675 mi. 

(c) 45 mi = 45 (5280) = 237,600 ft. Subtract 2 (2178) to take care of the speeding up and slowing down, and wc 
have 233.244 ft at 132 ft/s for a trip of 233,244/132 = 1767 s at 90 mi/h. The total time is 

1767 + 2 (33) = 1833 s or 30.55 min. 

(d) 37.5 (60) = 2250 s. 2250 - 2 (33) = 2184 s at maximum speed. 2184 (132) + 2 (2178) = 292,644 total feet or 
292,644/5280 = 55.425 mi. 

Review 

— CONCEPT CHECK 

1. A function / has an absolute maximum at x = c if / (c) is the largest function value on the entire domain of /. 
whereas / has a local maximum at c if / (c) is the largest function value when x is near c. Sec Figure 4 in 
Section 4.1. 

2. (a) See Theorem 4.1.3. 

(b) See the Closed Interval Method before Example 8 in Section 4.1. 

3. (a) See Theorem 4.1.4. 

(b) Sec Definition 4.1.6. 

4. (a) See Rolle's Theorem at the beginning of Section 4.2, 

(b) See the Mean Value Theorem in Section 4.2. (ieomctrical interpretation — there is some point /’ on the graph 
of a function / [on the interval (a, 6)] where the tangent line is parallel to the secant line that connects 
(<7,/(a))and (6./(6)). 

5. (a) See the 1/D Test before Example I in Section 4.3. 

(b) Sec the Concavity Te.st just before Example 4 in Section 4.3. 

6 . (a) See the First Derivative Test after Example 1 in Section 4.3. 

(b) Sec the Second Derivative Test before F'xampic 6 in Section 4.3. 

(c) See the note before l-ixamplc 7 in Fiection 4.3. 

7. (a) Sec Definitions 4.4.1 and 4.4.5. 

(b) Sec Definitions 4.4.2 and 4.4.6. 

(c) See Definition 4.4.7. 

(d) Sec Definition 4.4.3. 

8 . Without calculus you could get misleading graphs that fail to show the most interesting features of a function. Sec 
the discussions on pages 264 and 271. 
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9. (a) See Figure 3 in Section 4.9. 
/(■Tl) 


(b) jt2 = Jt| - 


f(x„) 


(c) Jt„+| =jr„ - 

/ (x„) 

(d) Newton’s method is likely to fail or to work very slowly when /’(x]) is close to 0. 

10. (a) See the definition at the beginning of Section 4.10. 

(b) If Ft and Ai are both antiderivatives of / on an interval /, then they dift'er by a constant. 


TRUE-FALSE QUIZ 


1. False. For example, take J (x) = x^, then /' (jt) = 3x^ and /' (0) = 0, but / (0) = 0 is not a maximum or 

minimum; (0,0) is an inflection point. 

2. False. For example, f (x) = lx] has an absolute minimum at 0, but /' (0) does not exist. 

3. False. For example. / (at) = x is continuous on (0, I) but attains neither a maximum nor a minimum value on 

(0, I). Don’t confuse this with / being continuous on the dosed interval (o, b], which would make the 
statement true. 

4. True. By the Mean Value Theorem. /' (c) - 1 ^ = 2 ^ 0. Note that |c| < I «=> c6(-l,l). 

5. True by the ID Test. 

6. False. For example, the curve y = / (x) = I has no inflection points but /" (c) = 0 for all c. 

7. False. /'(x)=g'(x) /(x) =g(x)-F C. For example,/(x) =x-F 2, g(x) = x-F 1 

f'(x)=g’{x) = 1.but/(x) 54g(x). 

8. False. Assume there is a function / such that / (I) = -2 and /(3) = 0. fhen by the Mean Value Theorem there 

/(3)-/(l) 0-(-2) 


exists a number c e (1,3) such that /' (c) = 
contradiction. 

9. True. T he graph of one such function is sketched. 


3-1 


= 1. But /' (x) > I for all x, a 



10. False. At any point (o, / (a)), we know that /' (a) < 0. So since the tangent line at (a, / (a)) is not horizontal, it 

must cross the x-axis — at x = 6, say. But since /" (x) > 0 for all x, the graph of / must lie above all of 
its tangents; in particular, / (6) > 0. But this is a contradiction, since we are given that / (x) < 0 for all x. 

11. True, l.ctxi < X 2 whcrcxi,.t 2 e/. Ihen/(xi) </(x 2 ) and g (xi) < g(x 2 )(since / andg arc increasing on 

/). so (/-Fg)(xi) = /(xi)-Fg(xi) < /(.X2) -Fg(.X 2 ) = (/-Fg) (X 2 ). 

12. False, /(x) = .x and g(x) = 2x are both increasing on (0, 1), but/(x)—g(x) =—x is not increasing on (0,1). 
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13. False. Take/(x) = andg(x) = x - I. Then both / and g are increasing on (0, 1). But 

/(x)g(x) = X (x — I) is not increasing on (0, I). 

14. True. Lclxi < .xj whereX|,X 2 e/. Then0 </(xi) </(xi) and0 < g(xi) < g(X 2 ) (since /andg are both 

positive and increasing). Hence,/(xi)g(xi) </(x 2 )g(xi) </(.X 2 )g(x 2 ). So/g is increasing on/. 

15. True. I,et xi,X 2 6 / and X| < .X 2 . Then /(xi) < /(X 2 ) (/ is increasing) => (f pos'F've) 

=» g(xi)>g(x 2 ) => g(x)= l//(x)isdecreasingon/. 

16. False. The most general antiderivative is/^(x) =—l/x + C| for x < 0 and F (x) = —l/x + C 2 forx > 0(see 

Example I in Section 4.10). 

17. True. If /' (x) exists and is nonzero for all x, then /' (x) is either positive everywhere or negative everywhere. 

Hence, / is either strictly increasing everywhere or strictly decreasing everywhere, so / (0) cannot equal 

/(I). 


EXERCISES 


1 . /(x) = 10 + 27x - x\ 0 < X < 4. /' (x) = 11- 3x^ = -3 (x^ - 9) = -3 (x + 3) (x - 3) = 0 only when 

X = 3 (since -3 is not in the domain). /' (x) > 0 forx <3 and /' (x) < 0 forx > 3, so / (3) = 64 is a local and 
absolute maximum value. Checking the endpoints, we find / (0) = 10 and / (4) = 54. Thus, / (0) = 10 is the 
absolute minimum value. 

2. /(x) =x-^/x, 0 < X < 4./'(x) = 1 - I/(2Vx) = 0 <=> 2v^ = 1 =» x = ^./'(x) does not exist 

<=> X = 0. /' (x) > 0 for 0 < X < j and /' (x) < 0 for | < x < 4, so / (j) = - j is a local and absolute 
minimum value. / (0) = 0 and / (4) = 2, so / (4) = 2 is the absolute maximum value. 


3. /(X) = 


'+X + I 


.(x2 + x+l)(l)-x(2x +1) l-x^ 

, -2 < X < 0. /' (x) = T--—-i- 5 -=- = 

“ (x2+x + l)^ (x2+x+lf 


= 0 


X =-l 


(since I is not in the domain). /' (x) < 0 for -2 < x < -1 and /' (x) > 0 for -1 < x < 0, so / (-1) = -1 is a 
local and absolute minimum value. / (-2) = - | and / (0) = 0, /(O) = 0 is an absolute maximum value. 


4. / (x) = Vx^ + 4.x + 8, -3 < X < 0. / (x) = (x + 2) /n/x^ + 4x + 8 = 0 when x = -2, and /' (x) < 0 for 
X < -2, /' (x) > 0 forx > -2. So /(-2) = 2 is a local and absolute minimum. Also /(-3) = -v/S, 

/ (0) = I'Jl. so /(O) = 2v/2 is an absolute maximum. 

5. /(x) = X — -v/lsinx, 0 < X < IT. /' (x) = I — V^cosx = 0 =* cosx = ^ ^ ^ “ 7- 

/" (!) = V 2 sin I = 1 > 0, so /( 5 -) = 7 — 1 is a local minimum. Also /(O) = 0 and /(rr) = a, so the 
absolute minimum is / (f) = f - 1, the ab.solutc maximum is f (it) = it. 


6. /(x) = 2x + 2 cosx — 4sinX — cos2x, 0 < x < ir. 

/' (x) = 2 - 2 sin X — 4cosx + 2sin2x = 2(1 - sinx - 2cosx + 2sinx cosx) 

= 2(sinx - l)(2 cosx — I) = Owhen sinx = 1 or cosx = j.sox = ^ or j. 

/' (x) < 0 for 0 < X < y. (x) > 0 for I < X < a, so / (f) = ^ + j - 2s/3 is a local minimum. Also 
/(5) ft! 0.13, /(0) = I, / (a) = 2a - 3 ss 3.28, so / (y) = ^ + j -2s/3 is an absolute minimum and 
/(a) = 2a - 3 is an absolute maximum. 
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, 3x^ + x-5 ^ + 3“;^ 3 + 0 + 0 I 

7. lim —;-r- = lim -^^ = - = - 

jr-+oo 6.V** - 2^2 + I t-»oo 2 1 5 — 0 + 0 2 

6“ -7 + -T 


^ I . .. 1 .. lant sin/ 1 

8. If / = then lim x tan - = hm -= lim-= I . I = I. 

X jt->oo X (-»o+ / /-»o+ t cost 


9. 


lim 

X-400 


It -6 


lim 

;r-»oo 


yi -9/x^ 

2 - 6/x 


_ 1 

2-0 “2 


10. 0 < cos^ Ji < I => 0 < — < 4r and lim 0 = 0, lim -ir = 0, so by the Squeeze Theorem. 

AT* x^ X-*-O 0 X-t-OO x^ 


.. cos^.t 
lim -r— = 0. 

X-*-<» X- 


11. (y* ~ ~ ^ °° ' ~ \x^/^ —> — 00 . 


12. lim f y.t- + Jt + I — y/x- — .t) - lim f\/j(^ + .r + 1 — y/x^ - Jt) 

X-* 0 O \ / T-»00 \ / 

lx + I 


y/x^ + X + 1 + V.X- - X 
Vx^ + JT + 1 + yx^ - X 


(x2+x+l)-(x^-x) 

= lim = hm 


Vjx2 + .X + 1 + Vx^-x y^'+TTT + y/x^-x 

2+\/x 2 + 0 


= lim 


y/i + ( 1 /x) + (i/x2) + yi - i/x VI +o + o + yi -0 


= I 



14. For 0 < X < 1, /' (.x) = lx, so / (x) = .x’ + C. Since / (0) = 0. 
f (x) = x^ on (0, l|. For 1 < x < 3, /' (x) = — 1, so 
/(x) = -X + D. 1 =/(l) =-I + D =» D = lso 
/ (x) = 2 - x. For X > 3, /' (x) = I, so /(x) = x + £. 

— 1 = / (3) = 3 + £ =s £ = —4, so / (x) = X — 4, Since / 
is even, its graph is symmetric about the y-axis. 



15. 


y 
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16. (a) Using the Te.st for Monotonic Functions wc know that / is increasing on (-2,0) and (4, oo) bccau.sc /' > 0 on 
(—2,0) and (4, oo), and that / is decreasing on (—oo. —2) and (0,4) because f < 0 on (—oo, —2) and 
(0.4). 

(b) Using the First Derivative Test, we know that f has a local ma.\imuni at .x = 0 because f changes from 
positive to negative at x = 0, and that / has a local minimum at x = 4 because /' changes from negative to 
positive at x = 4. 



17. >- = / (x) = 2 - 2x - x’ A. D = R B. v-intcrccpt; / (0) = 2. The H. 
x-intcrccpt (approximately 0.770917) can be found using Newton’s 
Method. C. No symmetry D. No asymptote 

E. /' (x) = -2 - -Tx^ = -1 (3x^ + 2) < 0. so / is decreasing on R. 

F. No local c.xircmum G. /" (x) = —6x < 0 on (0, oo) and /" (x) > 0 
on (- 00 ,0). so / is CD on (0, oo) and CU on (-oo, 0). There is an IP at 
(0,2). 



18. y = / (x) = 3x'' - 4x’ - I2x- + 2 A. D = R B. v-intcrccpt = /(0) = 2 C. No symmetry 

D. lim (3x'’ - 4x^ — I2x^ + 2) = oo, no asymptote 

jr-»±oo' 

E. /'(x) = 12x^ - I2x’ -24x = 12.x(x -2)(x+ I) = 0whcnx = -1.0.2 


Interval 

I2x 

X -2 

x + 1 

/'(X) 

f 

.T < — 1 

- 

- 

- 

- 

decreasing on (-oo, — 1) 

— 1 < X < 0 

- 

- 

+ 

+ 

increasing on ( — 1,0) 

0 < X < 2 

+ 

- 

+ 

- 

decreasing on (0,2) 

X > 2 

+ 

+ 

+ 

+ 

increasing on (2. oo) 


F. /(—I) = -3 is a local minimum, /(O) = 2 is a local maximum, 

/ (2) = —30 is a local minimum. G. /" (x) = 12 {3x^ - 2x - 2) = 0 
=> X = /" (x) > 0 X > idyi^ or X < ' so / is CU 

on ^-oo, ' and ^•(-^T^.oo^andCDon ^IP at 
x = i^ 
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19- y = / (Jt) = a:'’ - 3.x^ + Sx-- - Jt = .t (x - 1)^ A. O = R B. ,v-intercept: /(0) = 0; x-intercepls: /(x) = 0 
<=> X = 0 or X = I C. No symmetry D. / is a polynomial function and hence, it has no asymptote. 

E- /' (x) = 4x ’ — 9x" + 6x — I. Since the sum of the coefficients is 0. I is a root of /', so 
/’(•*) = (x — 1) (4x- — 5x + I) = (x — I (4x — I). /' (x) < 0 =» X < j, so / is decreasing on 
(- 00 , and / is increasing on (j. oo) f U) docs not change H. 

sign at X = I, so there is not a local c.xtremum there. / (i) = — ^ is a 

local minimum. G. /"(x) = I2x^ — I8x + 6 = 6(2x - l)(x - I). 

/" (x) = 0 <=> X = ^ or I. /" (x) < 0 » ^ < X < I =» /is 

CD on 1^ and CU on oo, and (I. oo). fhere arc inflection 

points at (1,0). 



20- y = fix) = ^ A. D = (x I X jt ±l| B. >>-intercept: /(O) = 1; no x-intercept 

C. / (—x) = / (x), so / is even and the graph of / is symmetric about the y-axis. D. Vertical asymptotes: 

X = ±1. Horizontal asymptote: y = 0 E. y'= ——j=0 <=> x = 0, so / is decreasing on (- 00 ,-I) 

(l-x2) 


and (—1,0), and increasing on (0, I) and (1, 00 ). F. Local minimum 
/ (0) = I; no local maximum 


G, /"(x) = 


(I-x^)^ -2(1-x^) (-It) 

(l-x^r 

2(1 -x^) +8x- _ 6x- + 2 

(1_,3)’ ■(l-x^)’^” ' 


< 0 <=> > I, 


so / is CD on (-00, —I) and (1, 00). and CU on (-1,1). No IP 








306 □ CHAPTER 4 APHICATIONS OF DIFFERENTIATION 


22. v = /(j[)=- + —!— = ^ * A. D = (x I X sF 0, — I) B. No v-inlerccpt, x-intcrcept= — 4 C. No 

X X + 1 X (x + I) '■ 

symmetry D. lim /(x) = 0, soy = 0 is a IIA. lim ^ * = oo. lim = —oo, 

i-* 0 +x(x + l) jr-»o-x(x + l) 

lim ^ ^ * = 00 , lim -= —oo, so x = 0. x = — I are VA. 

j-,-l+x(x + l) .1-.-!- X (x + 1) 


E. /’ (x) = —^ ^< 0, so / is decreasing on (—oo, — I), 

(—1,0) and (0, oo). F. No extremum 
X. 2 . 2(2x + l)(x^ + x + l) 


2 , 2 2(2x + l)(x^ + ; 

2 Ft, - X, + (X ^ ,).t - 


. /" (x) > 0 


<=> X > 0 or — 1 < X < - j, so / is CU on (0, oo) and (-1, — j) and 
CDon(-oo,-l)and (-io). lp(-^,o) 



23. y = / (x) = — ^ = X — 8 + ^ ^ A. D = {x | x ^ —8) B. Intercepts are 0 C. No symmetry 


D. lim = 00 . but / (x) - (x - 8) = 

x-*!»x + 8 x + 8 


0asx->oo, soy = x — 8isa slant 


x^ x^ 

asymptote, lim -- = oo and lim -- =-oo, sox = -8isaVA. 

;,-,-8<-X + 8 X-.-8-X + 8 


E. /'(x) = I -j 

(x + 8)2 (x+8)^ 

» X > 0 orx < —16, so / is increasing on (-oc, -16) and (0, oo) and 

decreasing on (-16, -8) and (-8,0). F. / (-16) = -32 is a local 

maximum, / (0) = 0 is a local 

minimum. G. /" (x) = 128/ (x + 8)^ > 0 <=> x > —8, so / is CU 
on (-8, 00 ) and CD on (-oo, —8). No IP 


x(x+ 16) 



24. y = /(x) = X + VI — X A. D = (x | x < 1) = (— 00 ,1] B. y-intercept = 1; x-intercepts occur when 

X + VI -X —0 => Vl -Jt = —X => 1—x=x^ => x^ + x- l= 0 => x = —- j but the larger 

root is extraneous, so the only x-intercept is C. No symmetry D. No asymptote 

E. /'(x) = 1 - l/(2^/^^x) = 0 «=> 2Vn27=l oo l-x = ^ H. 

<=> X = I and /' (x) > 0 oo x < |, so / is inereasing on ^-oo, 

decreasing on Iy F. | is a local maximum. 

G. /" (x) =-!—^ <0 <=» X < I, so / is CU on (—oo, I). 

4(1— x) ' 



No IP 
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25. >> = /(j:) = X V2 + .T A. D = (-2,00) B. y-intercept: /(0) = 0; x-inlcrccpt.s:-2 and 0 C. No 

symmetry D. No asymptote E. /' (x) = — / + vT+7 = — , * [x + 2 (2 + x)| = = 0 

2v'2 + x ly/l + x 2V2 +x 

whenx = -j,so / is decreasing on ^-2,and increasing on ^-j.ooV F. Local minimum 


/ ^-= -\y[\ = -1.09, no local maximum 

I 


G. /"(x) = 


2,^+7 • 3 - (3x + 4) - 

4(2 + x) 

6(2 + x)-(3x + 4) 


3x + 8 


4(2 + x )’'2 4(2 + x )^/2 

/" (x) > 0 for X > -2, so / is CU everywhere. No IP 



K. y = f (x) = y/x - i/x A. D = [0, oo) B. y-intercept 0, x-interccpls 0. I 

C. No symmetry D. (x’^^ — x'^^) = lim [x'^^ (x'Z* — I)] = oo, no asymptote 


E. /' (x) = ^x-‘= -— ^^3 >0 «=> 3x'/* > 2 

((j) , oo^ and decreasing on ^0, ^ ^ . F. /((«•) = - 

fl _ QrI/6 

G. f" (X) = -2x-3/2 + |x-V3 = >0 «=» x'/‘ < I 


<=> X > 0 j , so / is increasing on 
is a local minimum. 

<=> H. > t 


(l) , so / is CU on ^0, ^ and CD on . oo^ 


IP 




27. y = /(x) = sin^x - 2cosx A. D = R B. y-intercept: /(0) = -2 C. /(-x) = /(x). so / 
is symmetric with respect to the y-axis. / has period In. D. No asymptote 

E. y'= 2sinxcosx-I-2sinx = 2sinx (cosx-I-I). y'= 0 <=> sinx = Oorcosx =-I <=> x = ntr or 
X = (2n -P I) ff. y' > 0 when sinx > 0, since cosx -I- I > 0 for all x. Therefore, y' > 0 (and so / is increasing) on 
(2rt>r, (In -f I) ff); y' < 0 (and so / is decreasing) on ((2n - I) rr, Inn). F. Local maxima are 
/((2n-I-I) x) = 2; local minimaare/(2n)r) = —2. G. y'= sin2x-p2sinx ^ 

y" = 2cos2x + 2 cosx = 2 ^2cos^x — 1^ -t- 2cosx = 4cos^x -f 2cosx — 2 
= 2 ^2cos^x cosx - 1^ = 2 (2cosx — I) (cosx -I- I) 


y" = 0 cosx = jor—I <=> X = 2n)r ± ^ orx = (2n-I-I) jT. y" > 0 (and so / is CU) on 
(2nar — j,2nn -(- j); y" < 0 (and so / is CD) on ^2nx -(- y, 2nn + T here are inflection points at 
(2nn ± f, -i). 
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28. y = /(.X) = 4x - tanx, -f < x < f A. D = (-f, |) . B. ^-intercept = /(O) = 0 
C. /(-x) =-/(x), so the curve is symmetric about (0,0). D. lim (4x - tanx) =-oo. 

x-fx/2' 


lim (4x - tanx) = oo. so x = 5 and x = -? are VA. E. f (x) 

x-.-ir/2+ ^ 2 ^ ^ ' 

cosx >5 <=> -y < X < y, so / is increasing on (-y, y) and 

decreasing on (-f ,-f) and (f, f). F. /(^) = - V3 is a local 

maximum. / (-y) = >/3 - ^ is a local 

minimum. G. /" (x) =-2scc^x tanx > 0 <=> tanx < 0 <=> 

-y < X <0, so / isCU on (-f .0) and CD on (0, ?). IP (0.0) 



29. /(x) = 


x"- I 


^ .x^2x)-(x^-l)3x^ ^ ^ 

_r6 y4 


/"(X) = 


x‘'(-2x)-(3- .x^) 4x’ 2t2 - 12 


I 


/ 

A 



L 

\ —^ 

-- ; 


- 0.2 

1.5 




- 0.2 


-0.25 



Estimates: From the graphs of f and /". it appears that / is increasing on (-1.73,0) and (0. 1.73) and decreasing 
on (- 00 ,- 1 . 73 ) and (l.73,oo); / has a local maximum of about / (1.73) = 0.38 and a local minimum of about 
/ (“ * -7) = —0.38; / is CU on (—2.45,0) and (2.45, oo), and CD on (—oo, —2.45) and (0, 2.45); and f has 
inflection points at about (-2.45. -0.34) and (2.45,0.34). 

3 — 

Exact: Now /' (x) = is positive for 0 < x^ < 3, that is, / is increasing on (-V3, o) and (o, v/j); and 

/' (x) is negative (and so / is decreasing) on (- 00 , -^/3) and (Vi. 00 ). /' (x) = 0 when x = ±75. /' goes 

from positive to negative at x = ^/3, so / has a local ma.\imum of fiVi) = ; and since / is odd. 

we know that maxima on the interval ( 0 , 00 ) correspond to minima on (- 00 , 0 ). so / has a local minimum of 
/(-\/3) = “¥• /" (•’') = ^ ^5 is positive (so / is CU) on (-V 6 , o) and (\/ 6 , 00 ), and negative 

(so / is CD) on (- 00 , -s/b) and (o, Vb). There are IP at (^/ 6 , and (—%/ 6 , 
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3/7 

30. /(x) = => 

I — X 


' ' 3 (x - 1)'“ 




Frons the graphs, it appears that / is increasing on (—0.50, I) and (1, cxj). with a vertical asymptote at x = 1, and 
decreasing on (—oo, —0.50); / has no local maximum, but a local minimum of about / (—0.50) = —0.53; / is 
CU on (—1.17,0) and (0,17,1) and CD on (—oo, —1.17), (0,0.17) and (1, oo); and / has inflection points at 
about (—1.17, —0.49), (0,0) and (0.17,0.67), Note also that lim /(x) = 0, soy = 0 is a horizontal 

x~*±oo 

asymptote. 


31. / (x) = Sx* - 5x’ + x'' - Sx’ - 2x- + 2, /' (x) = 18x* - 25x'' + 4x’ - I5x^ - 4x. 
/" (x) = 90x^ - lOOx^ 4- 12x^ - 30x - 4 

I 75 



___ 


f 




7 




From the graphs of /' and /'', it 
appears that / is increasing on 
(-0.23,0) and (1.62, oo) and 
decreasing on (-oo. -0.23) and 
(0, 1.62); f has a local maximum of 
about / (0) = 2 and local minima 
of about /(—0.23) = 1.96 and / (1.62) = —19.2; / isClJ on (—oo, -0.12) and (1.24, oo) and CD on 
(-0.12, 1.24); and / has inflection points at about (-0.12, 1.98) and (1.2, -12.1). 



_ 


__ 1 
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32./(jt) = sinjt COS"j: =» /'U) = cos^x — 2sin* jcos.x => /"(.x) =-7sin.x cos^x + 2sin^x 

2.5 0.4_ 





I'rom the graphs of /' and /", it appears that / is increasing on (0,0.62), (1.57,2.53), (3.76, 4.71) and (5,67, In) 

and decreasing on (0,62, 1,57), (2.53, 3.76) and (4.71, 5.67); / has liKal maxima of about 

/ (0.62) = / (2.53) = 0.38 and /(4.7I) = 0 and local minima of about / (1.57) = 0 and 

/(3.76) = /(5.67) = -0.38; / is CU on (1.08, 2.06), (3.14,4.22) and (5.20,2a-) and CD on (0, 1.08), 

(2.06, 3.14) and (4.22,5.20); and / has inflection points at about (0,0), (1.08,0.20), (2.06,0.20), (3.14,0), 

(4.22, -0.20), (5.20, -0.20) and (2ff, 0). 

33. /(x) = x'®' +x*' + .X - I =0. Since / is continuous and /(O) = -1 and / (I) = 2. the equation has at least 
one root in (0, 1), by the Intermediate Value Theorem. Suppose the equation has two roots, a and b. with a < b. 

Then / (a) = 0 = / (6), so by the Mean Value T heorem, /' (.x) = ^ — - -= 0, so /' (.x) has a 

b — a b — a 

root in (a,6). But this is impossible since /'(x)= lOIx'®® + 51x*® + I > I forallx. 

34. By the Mean Value Theorem, /' (c) = |^ 4/' (c) = / (4) — I for some c with 0 < c < 4. Since 

2 </'(c) < 5, we have 4(2) < 4/'(c) < 4(5) <=> 4 (2) </(4) - 1 < 4(5) <=> 8</(4)-l<20 <=> 

9 < /(4) < 21. 

35. Since / is continuous on [32, 33] and differentiable on (32,33), then by the Mean Value T heorem there exists a 

5/55 - i/w 

number c in (32, 33) such that /' (c) = = ———— = -^33 — 2, but >0 => — 2 > 0 

v''33 > 2. Also /' is decreasing, so that /' (c) < /' (32) = | (32)"^''* = 0.0125 => 

0.0125 >/'(c) = 4^33-2 => 4^<2.0I25. TTtereforc, 2 <-^33 <2.0125. 

36. For (1,6) to be on the curve y = + ax’ + 6.x + I, we have that 6 = a + 6 + 2 =* 6 = 4 — o. Now 

y' = 3.x^ + 2a.x + 6 and y" = 6x + 2a. Also, for (1,6) to be an inflection point it must be true that 
y'(l) = 6(l) + 2a = 0 => o = —3 =» 6 = 4 — (—3) = 7. 

37. (a) g(x) = f (jt") g' (*) = 2x/' (x^) by the Chain Rule. Since /' (x) > 0 for all x y 0. we must have 

/' (x^) > 0 for x y 0, so g' (x) = 0 <=> x = 0. Now g' (x) changes sign (from negative to positive) at 
X = 0, since one of its factors, /' (x^). is positive for all x, and its other factor. 2.x, changes from negative to 
positive at this point, so by the First Derivative Test, f has a local and absolute minimum at x = 0. 

(b) g' (x) = 2x/' (x^) =» g" (x) = 2 \xf" (x^) (2x) 4- /' (x^)] = 4x-/" (x-) + 2/' (x^) by the Product Rule 

and the Chain Rule. But x^ > 0 for all x y 0, /" (x^) > 0 (since / is CU for x > 0), and /' (x^) > 0 for all 
X ^ 0, so since all of its factors arc positive, g" (x) > 0 for x y 0. Whether g" (0) is positive or 0 doesn’t 
matter (since the sign of g" does not change there); g is concave upward on R. 
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38, Call the two integers a: and y. Then jT + 4 V = 1000, sox = IOOO-4>'. Their product is/> = xy = (1000 - 4>')>’, 
so our problem is to maximize the function H (>’) = lOOOy - 4y-, where 0 < y < 250 and y is an integer. 

P' (y) = 1000 - 8y, so f” (y) = 0 » y = 125. P" Cv) = -8 < 0. so (125) = 62.500 is an absolute 
maximum. Since the optimal y turned out to be an integer, we have found the desired pair of numbers, namely 
.e = I000 - 4(l25) = 500andy= 125. 


39. If B = 0. the line is vertical and the distance from x =-to (x|, vi) is 

.4 


h(i + • 


Mxi + fiyi + C | 

VAi + flJ 


SO 


assume # 0. Ilic square of the distance from (x i. y i) to the I ine is / (x) = (x - x i )^ + (y - y I)- where 

( A C* \ ^ 

/' (X) = 2 (X - X,) + 2 (-ix - £ - y,) (-i). /' (,) = 


n _ B^xi-AByt-AC ... . 

U ^ x = - 7 :;——-and this gives a 


+ 52 


minimum since 


since /" (x) = 2 ^1 + ^ S“l’'itituling this value of x into / (x) and simplifying gives 

/ (-4x1 + Byi 4- o’ .L . , . . |/1xi + Bvi+C| 

J (x) = ——-p;--, .SO the minimum distance is ^/(x) =- 

A- + «- 04^+^ 

40. If </ (x) is the distance from the point (x, 8/x) on the hyperbola to (3,0), then 

Id (x)]^ = (x - 3)- + 64 /x^ = / (x). /' (x) = 2 (x - 3) - 128 /x’ =0 =» x^ - 3x^ - 64 = 0 = 


(x - 4) (x’ + x^ + 4x + 16) = 0 
is (4,2). 


X = 4 since the solution must have x > 0. Then y = | = 2. so the point 


41. 



42 . 



By similar triangles. 


y 

X 


r 

, . =, so the area of the triangle 

Vx^ - 2rx 


is 4 (x) = 2 (2y)x = XV = , =s 

Vx^ - 2rx 

Irxy/x- — 2rx - rx^ (x — r) /Vx^ — Irx 
A' (X) -- i - 


x^ - 2rx 


= 0 when jr = 3r. 


(.Y — 3r) 
(x2 - 2rxf^ 


A' (x) < 0 when 2r < x < ir. A' (x) > 0 when x > 3r. So 
X = 3r gives a minimum and 

A (3r) = r (Or^) /(v/3/-) = 3^/3r^. 


The volume of the cone is 

I' = Jtry^ (r +x) = jx (r^ -x^) (r + x), -r < x < r. 
t"{x) = ^f(r=-.x 2 ) (!) + (/■ +x)(-lx)] 

= 7 [(r +x)(r - X -2x)l = f (r +x)(r -3x) 

= 0 when .x = —r or .x = r/3. 

Now I’ (r) = 0 = r (—/•), so the maximum occurs at x = r/3 and 
the volume is f ( 1 ) = | 
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Wc minimize 

/, (X) = |/’B| + |/'C| = 27x2 + 16 + (5 - X). 

0 < X < 5. Z,' (x) = 2x /7x2 + 16 -1=0 «=> 

2x = 7x 2 + I6 e=> 4 x2=x2+I6 O x = 
i (0) = 13, A ^ A (5) =» 12.8. so the minimum 
occurs when ^ 2.3. 


44. 



If |C01 = 2, A (x) changes from (5 — x) to (2 — x) with 
0 < X < 2. But we still get A'(x) = 0 x = ^, which isn’t 
in the interval [0,2]. Now A (0) = 10 and 
A (2) = 2y/^ = 4v/5 as 8.9. The minimum occurs when P = C. 




dt) 

7l 




I c 

C~ 


27(A/C) + (C/A) 

A = C. This gives the minimum velocity since i/ < 0 for 0 < A < C and o' > 0 for A > C. 


A2=C2 


46. 



Wc minimize the surface area S = + 27crh + 2icr^ = -f 2itrh. Solving 

y 

r = nr^h + for h, we get /i = —r — ir, so 
^ ■* 

(r) = ^j + —- 


. 2y in -^nr- — in a 

5' (r) =-^ -=-= 0 = 2V 

r- • ^ 




-2r 


W 


<=> = — <=> r = . This gives an absolute minimum since 5* (r) < 0 for 0 < r < J — and 


w 


5n 


Stt 




S' (r) > 0 forr > J —. llius, r = J — = h. 

5n 


47. Let X = selling price of ticket. Then 12 — x is the amount the ticket price has been lowered, so the number 
of tickets sold is 11.000+ 1000 (12-x) = 23,000 - IOOOj. The revenue is 

R (x) = .V (23,000 - lOOOv) = 23.000;r - 1000jr% so R' (x) - 23,000 - 2000.t = 0 when ;r = 11.5. Since 
R" (x) = -2000 < 0, the maximum revenue occurs when the ticket prices arc $11.50. 
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48. (a) C (x) = 1800 + 25.x - O.lx^ + 0.00I.x^ and 
(.x) = xp (.x) = 48.lx — 0.03.x^. The profit 
is maximized when C* (x) = R' (or). 


I2.U00 



(b) C (x) = 25 - 0.4x + 0.003.x^ and 

«'(x) = 48.2-0.06.x. r'(x) =/e'(.x) => 
0.003.x-- 0.34.x - 23.2 = 0 => xi 161.3 
(.X > 0). R"(x) = -0.06 and 
C" (.x) = -0.4 + 0.006.x. so 
R" (x,) =-0.06 <C"(.X|) = 0.57 => profit is 
maximized by producing 161 units. 


From the figure, we estimate that the tangents 
arc parallel whenx =» 160. 

(c) c (x) = ^ ^ = —— + 25 — O.lx + O.OOl.x^ is the average cost. 

Since the average cost is minimized when the marginal cost equals 
the average cost, we graph c (x) and C (x) and estimate the point of 
intersection. From the figure. C'(x) = c(x) o jt as 144. 



49./(x) =.x''+x - I =i /'(x) = 4x^+l => Xn+I = x„ - ' . Ifxi = 0.5 then xv 0.791667. 

4x3 + I 

X 3 0.729862. .X 4 « 0.724528, xs « 0.724492 and X 6 0.724492, so. to six decimal places, the root is 
0.724492. 


5®. /(x) = x - 6 COS.X =» /' (x) = I + 6sinx =a x„fi = .x„ - 


1 + 6 sinx„ 

From the graph of /, it appears that there are roots near I, -2 and -4. If 



XI = l,thcn.X 2 1.370620, X 3 =s 1.344811x4 % 1.344751 »>.X 5 . If 
.X| = -lthcnx 2 =» -1.888486. .X3 » -1.891518. .X4 Ss -1.891.520 .X5. 

If xi = -4, then .X2 « -3.985898. X3 a* -3.985826 as .34. So. to six 
decimal place.s, the roots arc 1.344751, -1.891520 and -3.985826. 


51. /(x) = x‘ + 2x- — 8 .x + 3 => /' (x) = 6 x® + 4.x — 8 . We want to find the minimum of /, so we examine the 

graph of /' looking for values at which /' changes from negative to positive. 



From the graph, we sec that this occurs at x a: I. So we will u.se Newton’s 
method with g (x) = /' (x) = 6 .x’ + 4.x - 8 , g' (x) = .30.x'' f 4, and 
6 x’ + 4x„ — 8 

XI = I. .x„+i = x„- 7 " ■ ■ , ^ — gives us .X 2 as 0.941176. 

30x,1 + 4 

X3 as 0.934068, X 4 =« 0.933975 as X 5 . fhus./(.xs) »=-1063421 is the 
absolute minimum value of /. 
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52. V =/(.v) = + sinx A. 0 = R B. _)’-interccpt =/(O) = 0,x-intercepts occur when .x’+ sinx = 0. x = 0 

is a solution, and using Newton’s Method try xj = - I to getxi -0.8914, xj =s -0.8770, X 4 =s -0.8767, 

X5 as-0.8767. So the x-intercepts arex «-0.88, and x = 0. C. No .symmetry D. No asymptote 
f = 2.X + cosx and to find intervals of increase or decrease solve 2x 4- cosx = 0. 

Use Newton’s Method with xj = -0.5 to get X 2 as -0.4506, 
xj as -0.4502, .X 4 as -0.4502. So the root is a as -0.45. For x > a, 

/' (x) > 0. and for x < «, /' (x) <0. So / is increasing on (a, oo), and 
decreasing on (—oo, a). F, /(«) ar —0,23 is a local minimum. 

G. /" (x) = 2 - sin X >0 for all x, so / is CU on (-oo, oo). No IP 



53. /' (x) = s/x^ - 4 /^x = x’/^ - 4x-U5 =» / (x) = ^x^^^ - 4 + C = ^x’/^ - 5.x'’''* + C 

54. /'(x) = 8x-Ssec^x => /(x) = 8 (jx^) - 3lan.x + C = 4x^ - 3 tanx + C 

55. /'(x) = (I+x)/Vx=x-'''^+x'''^ =» /(x) = 2x'/^ + |x*''2 + C => 0 = /(l) = 2+§+C => 

C = -f => /(.x) = 2x'/2 + fxV2-* 


56. /'(x) = I + 2sinx - cosx => /(x) = x - 2cosx -sinx + C =» 3 = /(0) =-2 + C => C = 5.so 
/(x) = X - 2cosx - sinx + 5. 


57./"(x) =x*+x => /'(x) = lx" + ^x2 + C => |=/'(0) = C => /'(x) = |.x" + |x2+I => 

/(X)=3|5.X’ + |X*+,X + D =* -|=/(0)=Z; => /(;4)=^;,5+ 


58. /"(x) = x"-4x2 + 3x-2 =» /'(x)=ix*-|x' + §x2-2x+C =» 

/(x) = 355X*-|x" + |.x*-x2 + Cx + D,0 = /(0) = D => /(x) = j^x^ - |x" + |x* - x^ + Cx. 
I =/(I) = ^ - 5 + 5 - I +C => C = 2 ,so/(x) = ^x*- j.x" + |x*-x^ + jx. 



59. y 
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60-/(•*)=■»'*+ ’t^ + =* /*(x) = 4.r^ + 3.t^ + 2cx, This is0 when jt (4;it^ + 3jr + 2c) = 0 «=> x=Oor 

4.v^ + 3x + 2c = 0. Using the quadratic formula, we find that the roots of this last equation arc 

X =- ^ Now if 9 — 32c <0 <=> then x = 0 is the only critical point, a minimum. If 

c = ^, then there arc two critical points (a minimum at x = 0, and a horizontal tangent with no maximum or 

minimum at x = — j) and if c < then there arc three critical points except when c = 0, in which ca.se the root 

with the + sign coincides with the critical point at x = 0, For 0 <c<^ , there is a minimum at 

3 n/ 9 - 32c 3 V9-32C ^ 

X = ----, a maximum at x = -- +---, and a minimum at x = 0. For c = 0, there is a 

o o 8 8 

minimum at x = — | and a horizontal tangent with no extremum at x = 0, and for c < 0, there is a maximum at 


X = 0. and there are minima at x = -| ± ■ Now we calculate /"(x) = I2x^ + 6x + 2c. The roots of 

8 8 


-6± V36-4 - l2 -2c „ . 

this equation are .x =- — -. So if 36 — 96c <0 <=> c > j, then there is no inflection point. If 



-J- J t^_ 

-3 -O.Ot 


61. Choosing the positive direction to be upward, we have a (i) = -9.8 =* » (t) = -9.8/ + no. but n (0) = 0 = no 
=> i>(/) =-9.8/=s'(/) => j(/) = -4.9/^+ro.buts(0)=so = 500 r (/) =-4.9/^ + 500. When 
X = 0, -4.9/2 + 500 = 0 => /, = 10.1 => !)(/,) = =» -98.995 m/s. Therefore, the 

canister will not burst. 


62. I.etx.r (/) and s/j (/) be the position functions for cars A and B and let / (/) = s ,4 (/) - sn (/). Since A passed B 
twice, there must be three values of / such that / (/) = 0. Then by three applications of Rollc’s Theorem (see 
Exercise 4.2.22), there is a number c such that /" (c) = 0. So s'^ (c) = s"g (c), that is, A ani B had equal 
accelerations all = c. 
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The cross-sectional area is /( = 2.v • 2.v = 4.r v = 4,rVlOO — .r^, 
0 < X < 10, so 

^ = 4x (i) (100 - (-2.t) + (100 - :t2)l/2.4 


-4x- 


(100- 


1/2 


■f 4(100 


= 0 when+ (100 - .t^) = 0 =» 

.x 2 = 50 => jr = v/50 as 7.07 => .v = ^100 - (n/SO)' = ^/50. Since A (0) = A (10) = 0, 
rectangle of maximum area is a square. 


the 


(b) 



The cross-sectional area of each rectangular plank (shaded in the figure) is 
A = 2x(y- >/50) = 2.r [VlOO-x^ - v'so], 0 < x < VSO, so 


c/A 


= 2(100-x^)'^^-2V^- 


2x^ 


(100-.x2 


,1/2 


Set ^ =0: (I00-.X-) - >/50(l00-x^)'^^-.x^ =0 => 100 - 2^^ = s/SO(100 -.x^)'^^ => 

10.000 - 400.x-+ 4.x''= 50 (100-x^) =» 2500 - 175x’+ lx''= 0 =* 


.X“ 


l75±^/To:6B 

4 


69.52 or 17.98 


X a!8.34 or 4.24. 


But 8.,T4 > v^, so .xi as 4.24 y — v^SO = ^100 — xf — V50 as 1.99. liach plank should have 
dimensions about 8^ inches by 2 inches. 

(c) Trom the figure in part (a), the width is 2-x and the depth is 2y, so the strength is 

S = k (Zx) (2>’)^ = 8k.x,v^ = 8ix (100 - x^) = SOOitx - 8*x^. 0 < x < 10. dS/dx = 800* - 24kx^ - 0 

when 24*x= = 800* => x2 = if5 => = => y = ^ 

S (0) = .9 (10) = 0, so the maximum strength occurs when x = ^. TTic dimensions should be 
^ a: 11.55 inches by a; 16.33 inches. 



2«^cos// 2i)-cos// 

= (sin // cos « — sin « cos 0 ) -=— = sin (// — «)-=— 

g COS''« g COS'' n 
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(b) R' (0) — (cos(7 - cos((7 - «) + sin (77 -«)(-sin77)| = , cos (77 + (77 - «)] 

g cos -a g cos^ « 

2^2 

= —^^- 5 — cos {2i) - «) = 0 when cos {20 - «) = 0 20 - a ^ i 

g cos^ a ^ 

, T /2 + a n a „ 

0 -- 7 -- — + The First Derivative Test shows that this gives a maximum value for R {0). [This 

2 4 2 

could be done without calculus by applying the formula for sinx cosy to R 


(c) >• 



• . . . .w.,v 2trcos<^sin(^ + «) 

Replacing a by —« in part (a), we gel R {0) =-s-. 

g cos* a 

Proceeding as in part (b), or simply by replacing a by —a in the result of 

part (b), we see that R {0) is maximized when 0 ^ — 

4 2 


65. (a) / = —TT- = — yi — =f^-7x -? 7 > => 

[VWTP) (1600-E/,2)’-'^ 

^ ^ (1600 -E - /|^ (1600 -E /r) ■ 2h _ k (1600 -E (1600 + 6^ _ 3/,2) 

df’ (1600-E/i 2)’ ^ (1600+ /i2)’ 

_ A (1600 - 26^) 

(1600-eA2)’^^ 

Scidl/dh = 0: 16(K) - 2/i^ =0 Ir = 800 => h = V800 = 20\/2. By the E'irst Derivative Test, / 
has a local tnaximum at h = 20y/2 «! 28 IT. 

(b) « 






k COS77 k 1(7; - 4) /rf] k (/; - 4) k (7; - 4) 


^ =*(/<- 4) [(A - 4)^ -E 

d^ l(/,-4)2+x2f' ' 

, . 21 - 5/2 


I,4,= 

^1 _ 480A (A - 4) 

= m [(A-4)^+1600]^'^ 



BLANK PAGE 


Problems Plus 


1. Lei/( a) = sin.v — cosjt on |0,2;r] since/'has period 27r./'(.r) = cosjr+sin.v = 0 <=> cosa= —sin.r <=> 
Ian A = — I <=> A = ^ or ^. Evaluating / at its critical numbers and endpoints, wc gel / (0) = — I. 

/ = Vi. /(^) = —Vi, and /(2a^) = -1. So / has absolute maximum value Vi and absolute minimum 

value —Vi. Thus. —Vi < sinx — cosa < Vi =» Isinx — cosa| < Vi. 

2. A^ (4 — A^) (4 — .v^) = A^ (4 — A^) (4 — y^) = f (x) f ^v). where /(r) = /^ (4 — We will show that 

0 < /(() < 4 for |f| < 2, which gives 0 < /(a) /(y) < 16 for |a| < 2 and < 2. 

/(/) = 4r2-c' => /'(r) = 8(-4r^ = 4r(2-r2) = 0 => / = 0 or ±V2./(O) = 0. 

/ V2^ = 2 (4 - 2) = 4, and /(2) = 0. So 0 is the absolute minimum value of/ (() on |—2, 2| and 4 is the 

absolute maximum value of / (/) on [—2,2). We conclude that 0 </(/)< 4 for |/| < 2 and hcncc. 

0 < f(x)f{y) < 42or0 < a-(4 -a2)jv2(4_ 

3. First we show that A (I -a) < j forallA. Let /(a) = a(I — a) = a—a*. Then f'(x)— I —2 a. ThisisO 

when A = 5 and /' (a) > 0 for a < j, /' (a) < 0 for a > j, so the absolute maximum of / is / Thus, 

a: (I - 2 t) < j for all a. 

Now suppose that the given assertion is false, that is. a (I — h) > \ and6(l — o) > Multiply these 
inequalities: a (1 — 6)6(1 — a) > ^ => |a(l — a)l[6(l — 6)] > Hut we know that a (1 — a) < | and 
6 (1 — 6) < j =» [a (1 — a)] |6 (I - 6)1 < -j^. Thus, we have a contradiction, so the given assertion is proved. 


4. Let E (a, I — a^) be the point of contact. The equation of the tangent line at E is y — (I — a’) = (—2a) (a — a) 
y — I + a^ = —2aA + 2a- => _v = — 2aA + a^ + I. To find the A-inlercept, pul y = 0: 2oa = a* + I 

a" + I ^ 

=» A = —-—. To find the y-interccpi. pul A = 0: y = a'' + l. Therefore, the area of the triangle is 


1 /a= + I \ . 

5l— 


, , (a^ -h I) (a- + I) 

'' + !) = A-Therefore, wc minimi/e the function A (a) = 2-i-. 0 < a < 1. 

4a 4a ~ 


^ (4a)2(a- + l)(2a)-(a2+l)^4) (a^ + I) Ha^ - (a-+ l)] (a^ + I) (3a-’- I) 

“ I6a2 “ 4a2 ” 4a2 ~ 

when 3a^ —1=0 => a = ■^. /(' (a) < 0 for a < ^. /(' (a) > 0 for a > ■^. So by the First Derivative 

Test, there is an absolute minimum when a = The required point is 


5. DilTcrcntiating a- + av + y^ = 12 implicitly with respect to a gives 2a + v -F a^ + 2v^ = 0. so 

ax ' ax 

At a highest or lowest point,— = 0 <=> y = — 2 a. Substituting this into the original 
ax X + 2y dx 

equation gives a- + a (—2 a) + (—2a)^ = 12. so .3 a^ = 12 and a = ±2. If a = 2, then y = - 2 a = —4. and if 
A = —2 then y = 4. Thus, the highest and lowest points arc (—2.4) and (2, —4). 
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6. (a) I " (I) is the rate of change of the volume of the water with respect to time. //' (1) is the rate of change of the 
height of the water with respect to time. Since the volume and the height arc increasing, f" (r) and W' (t) arc 
positive. 

(b) f" (l) is constant, so I'" (t) is zero (the slope of a constant function is 0). 

(c) At first, the height // of the water increases quickly because the tank is narrow. But as the sphere widens, the 
rate of increase of the height slows down, reaching a minimum at t = I 2 . Thus, the height is increasing at a 
decreasing rate on (0, ^ 2 ). so its graph is concave downward and H" (ti) < 0. As the sphere narrows for / > I 2 . 
the rate of increase of the height begins to increase, and the graph of H is concave upward. Thereore. 

H" (t 2 ) = 0 and //" (tj) > 0. 


7. f(x) = 


I 


I 


I+|r| l+|r-2| 

I I 

1 -r 1 - (r - 2) 

I I 

l+r I - (r - 2) 

I I 


+ 


I + .t I + (at - 2) 


if.r < 0 
if 0 < At <2 
ifr > 2 


/'(r) = 


I 


1 


0-xy (3-x)^ 


-I 


I 


(I +xy 


-I 


(3-xf 

1 


(l+At)-= (AT -I)-' 


We see that /' (At) > 0 for .x < 0 and /' (x) < 0 for x > 2. For 0 < x < 2, we have 


/'(x) = 


I 


I 


(x^ + 2x + I) - (x^ - 6x + 9) 


8(x-l) 


ifx < 0 
if 0 < X <2 
ifx > 2 

r, SO /' (x) < 0 for 


(3-x)^ (x+D- (3 -x)2(x+I) 2 (3-.r)2(x+l)2' 

0 < X < I, /' (I) = 0 and /' (x) > 0 for I < x < 2. We have shown that Z' (x) > 0 for x < 0; /' (x) < 0 for 
0 < X < 1; /' (x) > 0 for I < X < 2; and /' (x) < 0 forx > 2. Therefore, by the First Derivative Test, the local 
maxima of / arc at x = 0 and x = 2. where / takes the value j. Therefore, j is the absolute maximum value 
of/. 


8 . If /" (x) > 0 for all x, then /' is increasing on (— 00 , 00 ), so /' (0) must be greater than /' (-1). But 
/' (0) = 0 < 7 = /' (~l). so such a function cannot exist. 

9. /t = (xi, xf) and li = (xa. x^). where X| and X 2 are the solutions of the quadratic equation x- = mx + b. Let 
P = (x.x^) and set ^1 = (xi, 0), B\ = (x 2 .0), and P\ = (x, 0). Let / (x) denote the area of triangle PAB. 
Then /(x) can be cxprc.sscd in terms of the areas of three trapezoids as follows: 

/(x) = area(.d| — area(A\AP Pi) — 3xea(B\BP P\) 

= J (xf q-xf) (.Vl -Xl) - J (xf +x^) (x -X|) - I (x^ +.X 2 ) (X 2 -x) 
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After expanding and canceling terms, we gel 

/ (•*) = 5 {-*2^? “ '1*2 “ •’[.xj + xix- - X2X^ + xxl) = 5 [xf (X2 - x) + x| (x - X|) + x^ (xi - X2)] 

/' (x) = 5 [-Xf + x| + 2x (X| - X 2 )]. /" (x) = 5 [2 (X 1 - X 2 )] = xi - X 2 < 0 since X 2 > xi. 

/'(x) = 0 => 2x (xi-X 2 ) =xf-.x| =» xp = 5 (xi+X 2 ). 

/(x;>) = 5 (xf (X2 -xi)j +x| (X2 -xi)] + I (xi +X2)^ (xi -X2)) 

= 5 [5 (X2 -Xl) (xf +x|) - ^ (X 2 -X|)(X| +X2)^] 

= ^ (X 2 - X,) [2 (xf + x|) - (xf + 2 x,X2 + xl)] 

- i (X2-Xl) (xj - 2 X 1 X 2 +x|) = ^ (X 2 -X|)(X| -X 2 )^ = J (X 2 -Xl)(X 2 -Xl)- 
= g (-*2 - 

To pul this in terms of m and ft, we solve the system y = xj and y = mxi + ft, giving us xf — mxi — ft = 0 =s 
XI = j + 4 ft^. Similarly, X2 = 5 + Vm^Tlb). The area is then j (x2 — xi )^ = j + 4 fc^ , 

and is attained at the point /’ (x;>, Xp) = P 

Note: Another way to gel an expression for / (x) is to use the formula for an area of a triangle in terms of titc 
coordinates of the vertices; / (x) = j [(x 2 xf — xjXj) + (xix^ — xx\) + (xx^ — X 2 X^)]. 

10. lf/'(x) < OforalLx./"(x) > 0for|x| > l,/''(x) < 0for|x| < l.and 
lim 1 / (x) + x| = 0 . then / is decreasing everywhere, concave up on 

.T-»±00 

(- 00 , - 1 ) and ( 1 , 00 ). concave down on (- 1 , I), and approaches the line 
y = —X as X -> ±CX 3 . An example of such a graph is sketched. 



11. / (x) = (n- + a — 6) cos2x + (a — 2)x + cos 1 =» /' (x) = - (o^ + 0 - 6) sin2x (2) + (a — 2). 

The derivative exists for all x, so the only possible critical points w ill occur where /' (x) = 0 <=> 

2 (a - 2) (a + 3) sin 2x = a - 2 either a = 2 or 2 (a + 3) sin 2x = I. with the latter implying that 


sin 2v = -. Since the range of sin 2x is I — 1, 11. this equation has no solution whenever either 

2 (a+ 3) 

II 7 s 

——^ 2 ^ q- 3 ) ^ these inequalities, we get — j < a < — 5 . 




322 □ PROBLEMS PLUS 


12. To sketch the region {(.v.> ) | Ixy < |.v — y| < + y*), we consider two cases. 

Case I: x > y This is the case in which (jr, y) lies on or below the line y =x. The double inequality 
beeomes 2.vy < .t — y < +y". The right-hand inequality holds if and only if — jt -E y’ -t- y > 0 ** 

.r — -E^y-l- 7 ^ > j <=> (at, y) lies on or outside the eircle with radius ^ centered at — 5 ^. The 

left-hand inequality holds if and only if 2 xy— .t-l-y < 0 « xy — jx + \y < 0 <=> 

5 ) (y ~ <=> U..v) lies on or below the hyperbola + 5 ) “ 5 ) = ~ j. which passes through 

the origin and approaches the lines y = j and .r = — 5 asymptotically. 

Case 2: y > x litis is the case in which (a:, y) lies on or above the line y = x. The double inequality 
becomes Iry < y — .r < .r^ -I- y^. The right-hand inequality holds if and only if .r- -E .r -E y^ — y > 0 <=> 

-E 5 ^ + ^y — >5 <=> (.v,y) lies on or out.side the circle of radius ^ centered at ^— 5 , The 

left-hand inequality holds if and only if 2Ary -Ex-y<0 <=» xy-Esx — ^ySO <=> 

X — 5 ^ ^y + < — j <=> (x, y) lies on or above the left-hand branch of the hyperbola 

X - 4) (y + s) = — 4, which passes through the origin and approaches the linesy = — j andx = 4 
asymptotically. Therefore, the region of interest consists of the points on or above the left branch of the hyperbola 
^x — 5 ^^y-Ej^ = —I that arc on or outside the circle (x -E 5 ^ + (.v — 5 ) = 5 . together with the points 
on or below the right branch of the hyperbola + = that arc 

on or outside the circle ^x — 5 ^ +(>'+s) Note that the inequalities 

arc unchanged when x and y are interchanged, so the region is symmetric about 
the line y = x. So we need only have analyzed case 1 and then reflected that 
region about the line y = x, instead of considering case 2. 



13. (a) Lcty = \AL)\.x = |/l£|.and l/x = |ztC|,sothat \AB\ ■ |/1C| = I. We 
compute the area A of 2xA BC in two ways. First, 

A=\\AB\ 1.4C|.sin ^ = I • I ■ = A^. Second. 

A = (area of Cs A BD) + (area of £s AC O) 



= i|/(/i||/(D|sinf+ |MO||.4C|sinf ■' { 

= + l-t'C/’') # = #>'(^ + '/-t) 

Equating the two expressions for the area we get a^v |x -E - 1 = ^ <=> v =-:— = ^—, 

V X/ ’ x-El/x X--EI 

Another Method: Use the l.aw of Sines on the triangles ABD and ABC. In A/160, we have 

LA + lB + /.D=m° «. 60“-E«-E ZO = 180° <=> ZO = 120“Thus. 

X sin(120“—«) sin 120° cos« —cos 120“ sin« a^ cos«-E 5 sin« x a i 


X sintizO —«) sin Izu cos« — cos tzo sm« •vcoso-EsSinn x a 1 

- =-A- - = - =-i - i - => - = Ay cotrt-E i.! 

y sin« sin« sin« }' 

by a similar argument with A.-l BC. ^ cot« = x- -E 5. Eliminating cotn gives - = ^x^ + 5) + I ^ 
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(b) We diffcrcnCiatc our expression for y with respect to .x to find the maximum: 
dy (x- + I) — X (2x) 1 - x^ 

— =-j-=-r = 0 when x = I. This indicates a maximum by the First Dcriva 

Test, sincey (x) > 0 for 0 < X < I and .v'(x) < 0 forx > I, so the maximum value ofy isy(l) = j. 


14, (a) C 



From geometry, two tangents to a circle from a given point have the same 
length, so |C/'| = |CO|, \AE\ = \AI-\, and \BD\ = \BE\. Thus, 

|CZJ| = ^ (|CD| + |CM) = ^ KIBCI - \Bn\) + {\AC\ -\AE\)\ 

= i(MC| + |BC|-{M/-| + |BO|)] 

fl = i [MCI + |BC| - (Mei + |B£|)] = { (|.-(C1 + \BC\ -\AB\) 


(b) Using the result from part (a) and the fact that a = |£r|, we have tanO = 

= |CD| = i (|/IC| + |flC| - lABl) = \ (ocos2« + a-nsin2«) <=» 
tan U " 

r = jatant^ ^2cos^ft — 2sinf?cos(?^ = jasinfl (2cost/ — 2sin0) 

= jfl ^2sin//cos// — 2sin‘//^ = jo(sin2// + cos2// — I) 

(c) We differentiate r with respect to 0 and set dr/dO = 0 to find the maximum values: 

(//■/</// = jn (2cos2//— 2sin2//) = a (cos2//- sin2//). Since 0 <//< rfr/c///= 0 cos2//= sin2// 
<=> I = tan 2// <=> 2//= J ^ = This gives a maximum by the First Derivative Test, since 

dr/dO > 0 for 0 < // < |, and dr/dO > 0 for f < // < fhe maximum value is 

r (I) = jO (sin +cos| - I) = 5 (Vl - 1^ a as 0.207a. 

15. (a) A — ^bh with sin// = h/c, so A = jicsin//. But /I is a 

constant, so dilTerenliating this equation with respect to/. we I* 

dA I r, dO dc db 1 , I 

di 2 1 dl dl di ] b 

t db'\ dO ,T\dc I </61 

=> 6ccos//—= - sin// 6—+ c—- —=—tan// + T“r ■ 

dl L J z// icdibdt 

(b) We use the Law of Cosines to gel the length of side a in terms of those of 6 and c, and then 

we dilTcrcnlialc implicitly with respect to /: o’ = 6^ + — 26c cos// 

da ^,db dc .I", dO dc db 

2a— = 26— + 2c—-2 6c (- sin//)-F 6— cos// + —ccosO => 

dl dl dl I dl dl dl 

da \ ( db dc . dO dc db \ 

— = - I 6 — + c— + 6csin//—-6— cos// — c— cos// 1. Now we substitute our value ofo from the 

d! a \ dl dl dl dl dl ) 

Law of Cosines and the value of dOjdi from part (a), and simplify (primes signify differentiation by /): 
da _ 66' + cc' + 6c sin // [- tan // (c'/c + 6'/6)] — (6c' + cb') (cos //) 

V62 + c- — 26c cos// 

66 ' + cc' — |sin^ // (6c' + c6') + cos’ // (6c' + c6') J/ cos 0 66' + cc' — (6c' + cb') sec // 


'} dc I db' 
c dl ^ b dl 


/b- + c/ — 26 c cos// 


■ + c^ — 26 c cos// 
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16. Lct.v = M£|. y = \AF\ as shown. The area of Ihe triangle AEF is therefore a 

A = We need a relationship between x and y, so we can take the derivative 
dA/dx and find the maxima and minima of A. Now let A' be the point on which ^ 

A ends up after Ihe fold has been performed, and let P be the intersection of A A' 
and £/■'. Note that A A' is perpendicular xo EF since we arc reflecting A through 
Ihe line EF to get to A', and that = |/’/<'| for the same reason. But F 

\AA'\ = 1, since A A' is a radius of the circle. ^ 

So since we have AP = ^. So another way to express the area of the triangle is 

A = j\EF\\AP\ = ^ .Jx^ + y^ ^ = | .Jx- Equating Ihe two expressions for A we gel 

\xy = +y>^ =» x^y^ = i (x^ + =» y^ (4.x^ — l) = .x^ =» y = x/y/4x^ — I. (Note that we 

could also have derived this result from the similarity of AA’PE and AA'FE, that is, 

X y dA I x^ 

-— —— = —.) Now we can substitute and calculate —: A =-=^== ^ 

^V4.x2 - I X dx 2 V4.x2 - 1 



dx 


/4.x2 - 1 (2x) - x2 (4x2 - 1)''^^ ( 8 x) 
4x2 _ 1 


This is 0 when 2xV4x2 — 1 — 4x2 ^^^2 _ 1/2 _ q 


«=> (4x2 — I) — 2x2 = 0 ^ 2x2 = 1 ^ j _ X So this is one possible value for an extremum. We 

must also test the endpoints of the interval over which x ranges. The largest value that x can attain is I, and the 
smallest value of.X occurs when y = I \ —x j■J\x^ — 1 <=> x2 = 4x2 - 1 <=> 3x2 = 1 ^ 

X = ^. This will give the .same value of .4 as will x = 1, since the geometric situation is the same (reflected 

through the line v = x). Wc calculate A = 1 

V4(l/x/2)2-l ^ 

4(1) = ^ ^ ~ 2 ^ So the maximum area is 4 (I) = 4 ^ and the minimum area is 


Another Method: Use the angle 0 (see diagram above) as a variable: 

4 = ixy = 4 fs scctA (4 csco) = ——^ -- = . .* ... . 4 is minimized when sin2f? is maximal, that is. 

2 2\,2 j \2 j 8sin 0cost) 4sm20 

when sin 2fl = I 20 = ^ => f) = f. Also note that/i'£ = x = j sect) < 1 => scc0<2 ^ 

cos/) > 5 => /)< y, and similarly,/('£= y = J cscO < 1 => cscO < 2 => sin/) < j 0> 

As above, we find that 4 is maximized at these endpoints: 4 (5) = —r—r- = —^ =-—x— = 4 (t); and 

'‘2 45 , 2 ^ 4sin^ 

minimized at/) = f:4(f) = . -r- j = -. 

’ ’ 4siny 4 









Integrals 



Areas and Distances 


1. (a) Since / is increasing, we can obtain a lower estimate by using 
left endpoints. 

is = Z/fe-OA.! [Ax = i5ji0^21 
(=1 

= /(ato) ■ 2 + /(Ji) ■ 2 + f(x 2 ) ■ 2 + f(xs) ■ 2 + /(X4) ■ 2 
= 21/(0) + /(2) + /(4) + /(6) + /(8)1 
*5 2 (1 + 3 + 4.3 + 5.4 + 6,3) = 2 (20) = 40 


Since / is increasing, we can obtain an upper estimate by using 
right endpoints. 

/fs = Z /(^< ) 

1=1 

= 2lf(x,) + f{x 2 ) + f(x}) + f (X 4 ) + f (.e,)] 

= 2 1/ (2) + / (4) + / ( 6 ) + f ( 8 ) + / (I0)J 
=» 2 (3 + 4.3 + 5.4 + 6.3 + 7) = 2 (26) = 52 


to 

(b) /.|o = Z A.'f [Aat = 2^ = I] 

fsl 

= II/(^o) + /(a:|) +-l-/(jr9)) 

= /(0) + /(l) + --+/(9) 

= 43.2 


R\o 


Z/U.)AAt = /(l) + /( 2 )+-+/( 10 ) 

1=1 


/.10 + 1 /(lO) - 1 /(O) 
43.2 + 7 - I = 49,2 


add rightmost rectangle, 
subtract IcAmost 






\ 
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2. (a) (i) E.6 = Z/U'-i)(A jc = -!^=2] 

1 =] 

= 21/ (.iro) + / (.vi) + / (;c 2 ) + f (x%) + f (xa) + f (.ts)] 
= 2[/(0) + /(2) + /(4) + /(6) + /( 8 ) + /( 10)1 
2 (9 + 8.8 + 8.2 + 7.3 + 5.9 + 4.1) 

= 2 (43.3) = 86.6 

( ii ) /?6 = 66 + 2 /( 12)-2 /( 0 ) 

=» 86.6+ 2(1)-2 (9) = 70.6 



(hi) .W 6 = !;/(.»;) Ax 
/=! 

= 2[/(1) + /(3) + /(5) + /(7) + /(9) + /(I1)1 
=s 2 (8.9 + 8.5 + 7.8 + 6.6 + 5.1+ 2.8) 

= 2 (39.7) = 79.4 



(b) Since / is decreasing, wc obtain an overestimate by using left endpoints, that is. 1.6. 


(c) R6 gives us an underestimate. 


(d) Mg gives the best estimate, since the area of each rectangle appears to be closer to the true area than the 
overestimates and underestimates in 1.6 and Rg- 


3. (a) Rs = Y.Ui f (xi) Ax [Ax = ^ = I] 

= /Ul) - I + /(-V2) - I +/(«) • 1 + /(X4) - 1 
= /(2) + /(3) + /(4) + /(5) 

= J + T + T + ? = SS = '283 
Since / is decreasing on [1,5). Rs is an underestimate. 

(b) l.s = f(xi-]) Ax 

= /(I) + /(2) + /(3) + /(4) 

= ' + J + J + T= ^= 2083 

64 is an overestimate. Alternatively, we could just add the leftmost 
rectangle and subtract the rightmost; that is, 

/.4 = R4 + /(1)I-/(5)1. 
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4- (a) «5 = Z,=i /(J^/) A.t lA:t = ^ = 1J 

=/(Jtl) • 1 +/(^ 2 ) • I +/Us) • I +/(Jr4) • 1 +/(^5) • 1 
= /(I) + /(2) + /(3) + /(4) + /(5) 

= 24 + 21 + 16 + 9 + 0 = 70 
Since / is decreasing on [0, 5), Rs is an underestimate. 


(b)i5 = Z,=i/U/-l)Ajt 

= /(0) + /(l) + /(2) + /(3) + /(4) 
= 25 + 24 + 21 + 16 + 9 = 95 
Ls is an overestimate. 


5. (a) /(j:) = + 2 and Ax = -—^^ = 1 ^ 

R) = I ./(0) + 1 •/(!) + 1 ■/(2) = 1 -2 + 1 - 3+ 1 • 10= 15. 


«6 = 0.51/ (-0.5) + / (0) + / (0.5) + / (1) + / (1.5) + / (2) 1 
= 0.5(1.875 + 2 + 2.125 + 3 + 5.375 + 10) 

= 0.5(24.375)= 12.1875 

(b) Li= 1 ./(_!) + 1 ./(0)+ 1 ./(!)= 1 . 1 + 1 2 + 1 - 3 = 6. 
is = 0.5 (/(-I) + /(-0.5) + /(0) + /(0.5) + / (I) + /(1.5)] 
= 0.5(1 + 1.875 + 2 + 2.125 + 3 + 5.375) 

= 0.5(15.375) = 7.6875 


(c) ,V /3 = 1 . /(-0.5) + 1 • /(0.5) + 1 • /(1.5) 

= 1 • 1.875+1 ■2.125+ 1-5.375 = 9.375. 

A/s = 0.5 [/(-0.75) + /(-0.25) + /(0.25) 

+ /(0.75) + /(1.25) + /(1.75)] 

= 0.5(1.578125+ 1.984375 + 2.015625 

+ 2.421875 + 3.953125 + 7.359375) 
= 0.5 (19.3125) = 9.65625 





(d) A/s appears to be the best estimate. 
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6 . (a) 



(b)/U)= 1/(1+.T2)and A;( = = I => 

(0 /?4 = S /(^>) A * 

/=l 

= /(-l)l+/(0)l 
+/( 1 ). 1 +/( 2)1 
= ( + I + I + I = ” = 2.2 


(ii) A/4 = X / A-t R = 5 + •*<)] 

>=i 

= /(-1.5) - 1 + /(-0.5). 1 


+/(0.5) - l+/(1.5) - 1 

_ 4 |4_|_4| 4 ^ 144 ^ ^ 01 </l 

= T3 + 5 + T + TT-'Sr~ 2.2154 




(c) H = 8 . so A.X = = j. 

«8 = ^|/(-1.5) + /(-I) + /(-0.5) + /(0) + /(0.5) + /(I) + /(1.5) + /(2)] 

= 5 [-0 + 2 + 5 +'+ 5 + 5+ n + 5] = fl5 **2-2077 

A/g = I [/ (-1.75) + / (-1.25) + / (-0.75) + / (-0.25) + / (0.25) + / (0.75) + / (1.25) + / (1.75)] 

= H 2 (^ + ^ + n + o)]*“2,2l76 

7. Here is one possible algorithm (ordered sequence of operations) for calculating the sums: 

1 l.et SUM = 0. X MIN = 0, X_MAX = ;r, N = 10 (or 30 or 50, depending on which sum we are calculating), 
DF,LTA_X = (X_MAX - X_M1N) /N. and RIGHT F.NDPOINT = X_MIN + DELrA_X. 

2 Repeat steps 2a, 2b in sequence until R1GH'1-_ENDP01NT > X_MAX. 

2a Add sin (RIGH r_l-;NDPOINT) to SUM. 

2b Add DELI A X to RlGnT_FNDPOIN r. 


At the end of tliis procedure, (DELTA_X) • (SUM) is equal to the answer we are looking for. We find that 
«10 = Z,=, sin {%) 1.9835. 7?3o = fs Z“i sin{^) « 1.9982. and Rso = ^ E,=, sin ('^) « 1.9993. 

It appears that the exact area is 2. 





SECTIONS.! AREAS AND DISTANCES □ 329 


8 . We can use the algorithm from Exercise 7 with X_MIN = I. X_MAX = 2. and I /(RICH l ENOPOINT')- 

1 >0 1 

instead of sin (RIGHT_ENDPOIN'r) in step 2a. Wc find that R\o = — V-0 4640 

lO.tl (I+/710)’ 

1 _ . ^ I w I 


I 30 
«30 = Z 


-■'O.t'i (1+1/30) 


3 « 0.4877, and «50=^Z 


^ Z (I ^,y 50)2 0.4926. It appears that the exact area is j. 


9. In Maple, we have to perform a number of steps before getting a numerical answer. After 
loading the student package [command: with (student); | wc use the command 
Isf b_suin: =lef tsuiu (x'' (1/2), x"*! . . 4,10 [or 30, or 50|) ; which gives us the expression in 
summation notation. To get a numerical approximation to the sum. we use evalf (lef t_sam) ;. Mathcmatica 
docs not have a special command for these sums, so wc must type them in manually. For example, the first left 
sum is given by (3/10) *Suni[Sqrt (1+3 (i-1)/lO], ( i, 1,10)], and we use the N command on the 
re.sulting output to get a numerical approximation. 

In Derive, we use the LEFT_RIEMANN command to get the left sums, but must define the right sums ourselves. 
(Wc can define a new function using LEFT_RIEMANN with k ranging from I to « instead of from 0 to n - I.) 

(a) With /(.v) = ^/x, I < jt < 4. the left sums arc of the form /-» = - Z ./l + —--Specificallv 

n S V 10 

/.JO 4.5148, iso ^ 4.6165, and iso ^ 4.6366. ITie right sums arc of the form R„ = - Y J \ + — 

n n 

Specifically, «io as 4.8148. Rjo w 4.7165, and Rso ^ 4.6966. 

(b) In Maple, we use the lef tbox and rightbox commands (with the same arguments as lef tsum and 
rightsum above) to generate the graphs. 



(c) We know that since is an increasing function on (1,4), all of the left sums are smaller than the actual area, 
and all of the right sums are larger than the actual area. Since the left sum with n = 50 is about 4.637 > 4.6 
and the right sum with n = 50 is about 4.697 < 4.7, we conclude that 4.6 < iso < actual area < Rso < 4.7. so 
the actual area is between 4.6 and 4.7. 
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10. See the solution to F.xercise 9 for the CAS commands for evaluating the sums. 

(a) With / (jt) = sin (sinx), 0 < x < the left sums arc of the form L„ — ^ ^ sin (sin —^In 

2 n ,_| \ 2/7 / 

particular. i|o 0.8251, Lyo ss 0.8710, and I-so ** 0.8799. The right sums arc of the form 

It ^ / It i\ 

R„ = — V sin (sin — 1. In particular, /?io 0.9573. Kya 0.9150, and Rsq ss 0.9064. 

2/7,=, V 2/7/ 

(b) In Maple, we use the lef tbox and rightbox commands (with the same arguments as lef tsum and 
rightsum above) to generate the graphs. 

I I I 



left endpoints. // = 10 left endpoints, n = 30 left endpoints, n = 50 

I I 1 



right endpoints. // = 10 right endpoints, n = 30 right endpoints, // = 50 

(c) We know that since sin (sinx) is an increasing function on (0, (this is true because its derivative. 

— cos (sinx) (— cosx), is positive on that interval], all of the left sums arc smaller than the actual area, and all 
of the right sums arc larger than the actual area. Since the left sum with /i = 50 is about 0.8799 > 0.87 and the 
right sum with // = 50 is about 0.9064 < 0.91, we conclude that 0.87 < Lyo < actual area < Ryo < 0.91, so 
the actual area is between 0.87 and 0.91. 

11. Since a is an increasing function, Ly will give us a lower estimate and Ri will give us an upper estimate. 

L6 = (0 ft/s) (0.5 s) + (6.2) (0.5) + (10.8) (0.5) + (14.9) (0.5) + (18.1) (0.5) + (19.4) (0.5) 

= 0.5 (69.4) = 34.7 ft 

«6 = 0.5(6.2+ 10.8+ 14.9+ 18.1 + 19.4 + 20.2) = 0.5 (89.6) = 44.8 ft 

12. We can find an upper estimate by using the final velocity for each time interval. Thus, the 
distance d traveled after 62 seconds can be approximated by 

// = /)(/,) A/, = (185 ft/s) (10 s)+ 319.5+ 447-5 + 742 ■ 12+ 1325-27+ 1445 - 3 = 54,694 ft 

13. For a decreasing function, using left endpoints gives us an overestimate and using right endpoints results in an 
underestimate. We will use 34 to get an estimate. Ar = 1, so 

.Ws = I l» (0.5) + V (1.5) + 1 / (2.5) + 1 / (3.5) + n (4.5) + // (5.5)) 
as 55 + 40 + 28 + 18 + 10 + 4 = 155 ft 

For a very rough check on the above calculation, we can draw a line from (0, 70) to (6,0) and calculate the area of 
the triangle: i (70) (6) = 210. This is clearly an overestimate, so our midpoint estimate of 155 is reasonable. 
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14. For an increasing function, using left endpoints gives us an underestimate and using right endpoints results in an 

overestimate. We will use to get an estimate. A/ = = 5 s = 5^ h = ^ h. 

A/6 = ^ [« (2.5) + I) (7.5) + I. (12.5) + 0 (17.5) + i> (22.5) + o (27.5)| 

= 7^(31.25 + 66+ 88+ 103.5 + 113.75 + 119.25) = 7^ (521,75) =s 0.725 
For a very rough check on the above calculation, we can draw a line from (0,0) to (30, 120) and calculate the area 
of the triangle: 7 (30) (120) = 1800. Divide by 3600 to get 0.5, which is clearly an undere.stimatc, making our 
midpoint estimate of 0.725 seem reasonable. Of course, answers will vary due to difterent readings of the graph. 

15. / (x) = 0 < X < 8 => Ax = -—^ = -, = 0 + /■ Ajt = — =» 

n n n 

I^n — f (x\) A.v + /(12 ) Aj: H-F f (x„) Ax = ^f{x,) Ax = V' • -• Thus, 

A= lim R„ = lim -7 ,/ —. 

«-»oo H-»oo n V n 
/=! 

16. fix) = 5 + 4^, 1 < Jc < 8 =s Ax = ^—!• = -, *( = 1 +1 Ai = I + — =s 

n n n 

" " / I 7 

^11 = /(j:i) A.v + f ix 2 ) Av H-F /(v„) Av = ^ / (v*) Av = 5 + ^ I + — I • Thus, 

+ = lim R„ = lim -^15+,’/l + —Y 
ii-*oo V n t 

44y«/v A * 2 JT i 

17. /(.r) = .r + sinx, < a: < A.x =-= —»x, = ;r + / Ax = + — => 

n n n 

Rn = f ixi) Ax + f ix 2 ) Av + ■ ■ ■ + fix„) A.r = ^/(v/) Av = ^ + ^ + sin ^;r + ‘ Thus, 

+ = lim R„= lim — ^ [^ + — + sin frr + —^1. 

n-too n \ n/J 

” 3 I ^ 

18. The two most obvious ways to interpret lim 21 “ V * "*-region under the graph of y/x 

i—\ ” ” 

on the interval (1,4| (see Exercise 9(a)l, or as the area of the region lying under the graph of -fx + 1 on the interval 

(0,3J, since for y = -fx + 1 on (0, 3] with partition points v, = :/-, A.x = :^ and x' = Xi , the expression for the 

3/1 3n 

area is+= limy' f (x') Ax = lim T'./l + — f-Y 
n-»00'^ ' '' n_>ooZ_,V n \n J 


» < ft It t , 

19. 2^ ^ ^ mtcrprclcd as the area of the region lying under the graph of / — tanx on the interval 

[0, 5^], since fory = tanx on [O, |] with partition pointsx, = (Ax = ^ and x,’ = x,, the expression for 

the area is A = lim y" / (x,’) Ax = lim y tan ( — | —. Note that this answer is not unique, since the 

\4n/4n 


expression for the area is the same for the function y = tan(*a +x)on the interval [ia.ita + i] where * is any 
integer. 
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I 0 1 ^ ^ 

20. (a) Aj =-= - and x, = 0 + i Ajc = -. .4 = lim R„ =■ lim 'S' f (xt) Ax = lim 

'mm m n-*oo n-*oo^^ /I—»« 


n n 

^ 1 < -c- 3 . > 

(b) lim > ■ - = lim -T > r = lim -j 

«—*00^^ m3 m «-*oo n—>00 


i-l 


«(«+ I) 


1(0 i- 


2-0 


= - and X, = 0 + I Ax = —. 
n n 


21. (a) Ax = 

" " /2/\’ 2 64 " t 

A = lim R„ — lim T / (x,) Ax = lim X ( — ) • - = lim -r X 

H-»oo \ n / n n->oo 

n-(n+ 1)^ (2n^ + 2n- 1) 


(b) Z/' = ' 

/=l 


12 


64 (n + 1)^ (2w^ + 2w - I) 64 («^ + 2« + l) (2n2-f 2w — l) 

(c) lim —r --T-= — lim -5—5- 

n-~*<x> rr 12 12 "-*00 rr rr 

3 n-»oo\ n n-/ \ n n‘/ •’ ■" 

22. (a)>’ =/(x) =x''+5 .x2+x. 2 < X < 7 =» Ax = x, = 2 + /Ax = 2 + — =» 


5 " 

A = lim R„ = lim - y' 

rt-^00 rt-»00 fl 


n 

;\2 




(b) R„ = 


5 4723n'’ + 7845n^ + 3475n2 - 125 
n ' 6«3 


2^ 615 — 

(c) A = lim Rr, = = 3935.83. 

H-»oo 6 

6 — 06 6/ 

23. A.r --= - andxi = 0 + / Ax = —. 

n n n 


n / bi\ b 

A = lim R„ = lim y / (xi) Ax = lim S' cos ( — I ■ - = lim 
pi-»oo n-^ 00 ^^ \ n J n "-+00 

/»! 1=1 ' ' 


6 sin 1 

K 

i-)) 

2nsin 


1 


2n 


= sin 6 


If 6 = T. then .4 = sin ^ = 1. 
24. (a) O 


The diagram shows one of the n congruent triangles, AAOB, with central 
angle 2x/n. O is the center of the circle and AB is one of the sides of the 
polygon. Radius OC is drawn so as to bisect lAOB. It follows that OC 
intersects A B at right angles and bisects A B. Thus, A,4 O B is divided 
into two right triangles with legs of length r sin (ic/n) and r cos (n /«). 


exAOB has area 2 • j [»■ sin (w/«)] |r cos()r/n)) = r^sin()r/«)cos(a'/n) = sin (2)r/n), so 
A„ = n ■ area(A/lC>B) = jnr^ sin (2n/n). 

(b) lim .4„ = lim sin (2a'/«) = lim Let 0 = —. Then as n —> oo, 0 —> 0. so 

n—*aci ^ n—^ca 



n->oo n-»oo 

sin(2a/n) 
Iim 


n-»oo 2ff/M 


sinB 


2 1- 2 2 2 
= lim —— (1) nr'- = nr'. 
»-.oo 2ar/n «-*o B 
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The Definite Integral 


4 

1. /f4 = X] / (•*/) A.X (jt‘ = .X/ is a right endpoint and Ax = 0.5] 

f=l 

= 0.5 [/{0.5) + /(!) + /(I.5) + /(2)] l/(x) = 2 - x^] 

= 0.511.75 + I +(-0.25) +(-2)] 

= 0.5 (0.5) = 0.25 

The Ricmann sum represents the area of the two rectangles above the 
.x-axis minus the area of the two rectangles below the x-axis. 



6 

2- f-6 = Z! /(-X/-i) Ax (x' =.Xi_i is a left endpoint and Ax =0.5] 

1=1 

= 0.5[/(0) + /(0.5) + /(l) 

+ /(I.5) + /(2) + /(2.5)] [/(x) = 3x-7] 

= 0.51-7 + (-5.5) + (-4) + (-2.5) + (-1) + 0.5] 

= 0.5(-l9,5) = -9.75 

The Riemann sum represents the area of the rectangle above the x-axis 
minus the area of the five rectangles below the x-axis. 



3. A/s = ^ f Ax ]x,’ = X, = j (x,_| + X,) is a midpoint and Ax = 1] 

= l|/(l.5) + /(2.5) + /(3.5) 

+ /(4.5) + /(5.5)] (/(x) = v5’-2J 

=» -0.856759 

The Ricmann sum represents the area of the two rectangles above the 
x-axis minus the area of the three rectangles below the x-axis. 



6 

4. (a) Rb = 'Z, f(x,) Ax [.X* = x, is a right endpoint and Ax = 0.5] 

i=t 

= 0.5(/(0.5) + /(l) + /(1.5) + /(2) 

+ /(2.5) + /(3)] |/(x)=x-2sin2x] 

=« 5.353254 

The Ricmann sum represents the area of the four rectangles above the 
x-axis minus the area of the two rectangles below the x-axis. 
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6 _ 

(b) A/6 = ^ f {Xi) [x* = X, is a midpoint and Ax = 0.5| 

1 =) 

= 0.5 (/ (0.25) + / (0.75) + / (1.25) + / (1,75) 

+ /(2.25) + /(2.75)1 [/(X) = X - 2sin2xl 

4.458461 

The Riemann sum represents the area of the four rectangles above the 
x-axis minus the area of the two rectangles below the x-axis. 

5. (a) Using the right endpoints to approximate jjf / (x)dx, we have 

i/(X,) Ax = 21/(2) +/(4) +/(6) +/(8)] =« 2(1+2 - 2 + 1) = 4. 

1=1 

(b) Using the IcIT endpoints to approximate /* / (x) dx, we have 

2:/(.t,-l)Ax = 21/(0) + /(2) + /(4) + /(6)]*»2(2+l+2-2) = 6. 

1 =) 

(c) Using the midpoint of each subinlerval to approximate /q / (x)dx, we have 

f /(X,) Ax = 2[/(l) + /(3) + /(5) + /(7)] 2(3 + 2 + 1 - I) = 10. 

>= I 

6. (a) Using the right endpoints to approximate g (x) dx, we have 

Y.8(x<) Ax = I [g(-2) + g(-l) + g(0) + g(l) + /?(2) + g(3)] 

1=1 

=» 1 -0.5- 1.5- 1.5 -0.5+ 2,5 = -0.5 

(b) Using the left endpoints to approximate g{x) dx, we have 

'L8(x,-\)&x= 1 lg(-3) + g(-2) + g(-l) + g(0) + g(l) + g(2)] 

1=1 

ai2 + I - 0.5- 1.5- 1.5-0.5 =-I 

(c) Using the midpoint of each subinterval to approximate g(x)dx, we have 

Z g (3f,) Ax = I [g (-2.5) + g (-1.5) + g (-0.5) + g (0.5) + g (1.5) + g (2.5)] 

1=1 

1,5 + 0- I - 1.75- 1 +0.5 = -1.75 

7. Since / is increasing, is < / {x)dx < Rf. 

l.owcr estimate = /.s = £ / (xi_,) Ax = 5 [/ (0) + /(5) + /(10) + /(15) + / (20)] 
1=1 

= 5 (-42 - 37 - 25 - 6 + 15) = 5 (-95) = -475 



Upper estimate = /(j = i; / (x,) Ax = 5 [/ (5) + / (10) + / (15) + / (20) + / (25)] 


= 5(-37-25 -6 + 15 + 36) = 5(-17) = -85 
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8. (a) Using (he right endpoints to approximate / (x)rf.t, we have 
3 

X / (x ,) A.X = 21/(2) + / (4) + /(6)1 = 2 (8.3 + 2.3 - 10.5) = 0.2 

>=l 

(b) Using the left endpoints to approximate f (x)dx, we have 

,3 

X / (.3,-1) Ax = 2 (/ (0) + / (2) + / (4)1 = 2 (9.3 + 8.3 -t 2.3) = 39.8 
1=1 

(c) Using the midpoint of each interval to approximate / (x)dx. we have 

3 

X /(7,) Ax = 21/(1) + / (3) + /(5)1 = 2 (9 + 6.5 - 7.6) =15.8. 

1=1 


The estimate using the right endpoints must be less than / (x) dx, since if we take x* to be the right endpoint .x, 
of each interval, then /(.x,) < /(x) for all x on [x,_i,.x,], which implies that / (x,) Ax < Jj"' | / {x)dx. and so 

the sum l/(vr) Ax) < ^ /(-3)<fxl = f (x) dx. Similarly, ifwe take .x,' to be the left endpoint x,_i 

ofeach interval, then/(x,_|) > /(.x) for all x on [x,_i,.x,], and so S [/(x,_i) Ax] > /(.x)rf,x. We cannot 

1=1 

.say anything about the midpoint estimate. 

9. Ax = (10 — 0) /5 = 2, so the endpoints are 0, 2, 4, 6, 8, and 10, and 
the midpoints arc 1,3, 5, 7, and 9. The Midpoint Rule gives 

/J” sin y/xdx ^ 21 / (x,) Ax = 2 ^sin -/T + sin n/S + sin + sin x/? + sin \/9^ ^ 6.4643. 

10. Ax = (a- - 0) /6 = so the endpoints arc 0, and and the 

midpoints arc -j^, and The Midpoint Rule gives 

/o' sec(x/3)f/.x =S 21 /(^i) Ax = | (sec ^ + sec ^ + sec ^ + sec + sec ^ + sec^j as 3.9379. 

11. Ajt = (2 — 1)/10 = 0.1. so the endpoints arc 1.0,1.1,2.0 and Ihc 
midpoints arc 1.05, 1.15,..., 1.95. The Midpoint Rule gives 

/l^ Vl+.x2dx as 2 / (X() Ax = 0.1 [y I +(1.05)2 ^ ^/l +(1.15)2 + • • • + Vl +(1.957] =« 1.8100. 

12. Ax = (4 — 2) /4 = 0.5, so (he endpoints are 2, 2.5, 3, 3.5, and 4, and the midpoints arc 2.25, 2.75, 3.25. and 3.75. 
The Midpoint Rule gives 

/ -r^'/^*»Z/(^.)A.x l/(.x) = x/{.x2+1)1 

J2 ^ t > i_l 

= 0.51/(2.25) + /(2.75) + /(3.25) + /(3.75)las().6ll2 
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13. In Maple, we use the eommand with (student); to load the sum and box commands, then 

in:=middlesum(sqrt (l+x^2), x=l ..2,10); which gives us the sum in summation notation, then 
M:=evalE (m) ; which gives Wio =« I.8I00I4I4, confirming the result of Kxercise 11. The command 
middlebox (sqrt (l+x'2) , x-1. .2,10); generates the graph. Repeating forn = 20 and n = 30 gives 
A/20 » 1.81007263 and A/30 1.81008347. 



14. Sec the solution to Exercise 5.1.7 for a possible algorithm to calculate the sums. With Ax = 0.01 and subinterval 
endpoints 1,1.01, 1.02,.... 1.99,2, we calculate that the left Ricmann sum is 

too - too . - 

/-too = ^ V ' 1.80598, and the right Ricmann sum is R\oo = ^ v • + 1.81420. so 

/=! '=1 

since Vl +x^ is an increasing function, we must have /,|oo < Vl + dx < /?ioo> so 
1.805 < Lioo < /,Vl +xT</x < Riqo < 1.815. 

Therefore, the approximate value 1.8100 in Exercise 11 must be accurate to two decimal places. 

n 

15. OnlO.rr], lim T x, sinx, Ax = f/(x sinx)r/x. 

n-*oo trl 


16. On 11,5], lim "T —Ax = f - - dx. 

17. On [0, I], lim 21 ~ 5x’] Ax = /J (2x^ — 5x)dx. 

w—L J 

18. On|l,4], lim ./x'Ax = jf .^xdx. 

5-(-l) 6 6r 

19. Note that Ax =-= - andx, = —1 + 1 Ax = —1 H-. 

n n n 


£ (1 + ^x)dx = M Ax = lim g [1 +3 (-1 + ^ 

= lim ^yr-2 + i^l= lim ^rX(-2) + Z—1 
n-poo n L J '•^00 n 1^ J 

n-tao n I n J M-*oo n L n 2 j 

r 108 n(n+l)l r 

= lim -12+—^--r-- = lim -12 + 54- 

n-»oo 2 J n-»oo ^ ^ J 


= lim [-12 + 541 I+-) =-12 + 54-1=42 

»-»oo L \ ^/. 
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2..+ 

r 64 " 16,^ 16-,^,1 

n-*oo I „} ^ n- ^ 

L <=l <=l 1=1 J 

— lim r 64 n (n + I) (2/1 + I) I6»(n+I) 16 "I 

"-♦00 [ n3 g + „2 2 n "J 

= Jroo[-f •'(' + i) (2+^)+* '(' + ;)+'6] = -f + 8+l6=5 

21- / (2 - i/.t = limX/U/)Ajt (Ajt = 2/n and;t, = 2/7n] = lim X 

Jo ' ” 

= lim i(2«-4 !:/')= lim [4-4 "^"'^'^^^"'^'^ 

= lim ( 4-4 = lim 4- ^ ("l + -W 2 + -)] = 4 - | • 2 = f 

H-»oo y 3 n « / w-*oo[ 3\ «/\ «/J ^ ^ 

22 . J (1 + 2x^) dx — lim X. / Ui) [Ajt = 5/n and x, = Si/n] 

--io-^)a)= 

,. r 1250 ^^(n+l)^] f 

= lim 5 + —J- ^ 7 ' = lim : 

w-»oo| 4 w-^oo 

(- 01 = 


= lim 
22-^00 


5 + 312.51 


1^5 + 312.5 
= 5 + 312.5 = 317.5 


(n + l) 2 ‘ 
n2 


23. Note thatx/ = 1 + i Ax = 1 + 1 (l/n) = I + i/n. 


lim t/(x,)Ax= lim + lim Ixf^V 


=„!ij^Z ("' + '+'■’)= ii «• «^+<■ + 3« X '■' + Z 

'=1 L 1=1 1=1 1=1 


= lim 

«-^oo 


I J. + I) W (w + 1 ) ( 2 n + I) I (n + I 

2 n 3 6 ^ «'• 4 


= lim [i + 2.^LLi + i.!L±I.l:L±I + i.(^l 
”“*00 |2rt2/i n 4^1^ 


= l + i + 42 + j=3.75 
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24. (a) At = (4 - 0) /8 = 0.5 and x; =x,= 0.5;. 

fo - 3') dx^Zf ) A.t 

1 = 1 

= 0.5{[0.5= - 3 (0.5)] + [1.0^ - 3 (l.O)J + ■.. 

+ [3.5--3 (3.5)] +[4.02-3 (4.0)]} 

= i (-1-2-I-2-I+0+1+ 4) =-1.5 


(b) 



_ lim ”(» + l)(2n + I) 48 «(n+l)1 
< 1-100 [n3 6 <;- 2 J 


4r.2-24 = -5 


(d) (at^ - 2x) dx = Ai — A 2 , where 
+1 is the area marked -(■ and /12 is 
the area marked —. 



25. f xdx— lint -—-Z « + “—-< = I'l 
Ja "-> 0 ° n ,= i L ” J 


lim 

/i-»oo 


a{h-a) ^ I ^ (b - 


- A .' 


= lim 

«-»oo 


a(b-a) (b-af n(n+ I) 
- n + - -=--- 


/I 1 . 

= a (6 - a) + lim --- 

»-*oo 2 


(' + i) 

= a (ft - a) + j (ft — a)2 = (ft — a) (a + jft — ja^ = (ft — a) j (ft + a) = j (ft^ — a^) 

f'' 2 j b-af b-a^ 

I. / x^dx = hm-> a +-< = hm - > 

Ja 11-100 a x—f I n n-100 n 

-J /k1 


ft - a . ^ (ft — a)2 2 


a" + 2a-1 + 

n n 


= lim 

n -*oo 


=: lim 


= lim 
«—*00 


{b — 2 2a (/> — a)“ i a“ (/» — a) 


(ft - a)2 a (a + I) (2n + 1) 2a (ft — a)2 a (n + I) ^ a'(b — a) 


(ft-a)' 


(ft - a)2 

3 

ft2 a2 


6 n2 2 

I ■ ^1 + -^ ^2 + ^^ + a (ft - a)2 • 1 • ^1 + + a2 (ft — a) 

ft^ - 3aft^ + 3a^b - a^ 


+ a (ft — a)^ + a^ (ft - a) 


+ aft- — 2a^ft + a^ + a^ft — a^ 


-^— aft + a^ft + aft^ — a^ft = ^ 
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27. Ax = (ff - 0)/n = !r/« aiid x," = x, = Kijn. 

I sin5xrfx= lim ^ (sinSx,) ^ = ;r lim sin^—| 

Jo "-*<» ^ V n / »-.oo n ^ \ n / 

28. Ax = (10 - 2)/n = 8/n andx* = x, = 2 + 8i/n. 


= «■ lim - cot 

/I—»00 



2 

5 


/’“.x*rfx= lim i:(2+5iy(*) = 8 lim lY(2+?i') 
yj „) \nj n-,con^\ nj 

„ 1 64(58,593n*+I64,052n’+I3l,208rt''-27,776n-+ 2048) 

= 8 lim ~ -- - 

n~*oo n 2\n^ 

= 8 = 1,428.553.1 


29. (a) Think of f (x)dx as the area of a trapezoid with bases I and 3 and height 2. 
/o^/(.v)r/x = ^(l +3)2=4. 


(b) Jo = Jg f(x)dx + // f(x)dx + /{x)dx 

trapezoid rectangle triangle 
= ^(1+3)2 + 31 + ^•2-3 =10 

(c) // / (x) dx is the negative of the area of the triangle with base 2 and height 3. / (x) rfx = - j • 2 ■ 3 = —3. 

(d) As in parts (a) and (c), /’/ (x)<fx = -^ (3 + 2)2 = -5. Now 

/o’ / (X) dx = /o’ / (X) </x + // / (X) rfx + /? /(X) rfx = 10 - 3 - 5 = 2. 


30. (a) /o" g (x) </x = j ■ 4 • 2 = 4 (area of a triangle) 

(b) J 2 g {x) dx = — (2)^ ——2 it (negative of the area of a semicircle) 

(c) /o’g (x)rfx = j • 1 • I = 5 (area of a triangle) 

IogU)dx = J^g{x)dx + J^g(x)dx + fjg(x)dx = 4 - 2s + ^ = 4.5 - 27r 

31. /’ (1 + 2x) dx can be interpreted as the area under the graph of / (x) = 1 + 2x 

between x = 1 and x = 3. This is equal to the area of the rectangle plus the 
area of the triangle, so /’ (1 + 2x) rfx = /( = 2 ■ 3 + ■ 2 ■ 4 = 10. 

Or: Use the formula for the area of a trapezoid; n = j (2) (3 + 7) = 10. 

32. f ^2 V4 — x^dx can be interpreted as the area under the graph of 
/ (x) = \/4 — X- between x = -2 and x = 2. This is equal to half the area of 
the circle with radius 2. so /fj V4 - x^dx = js • 2^ = 2s. 
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33. 7 ^ 3(1 + ^9 — dx can be interpreted as the area under the graph of 

/ (.x) = I + \/9 — x^ between x = —3 and x = 0. This is equal to one-quarter 
the area of the circle with radius 3. plus the area of the recUinglc, so 

(1 -b s/9^) </x = • 3^ -1-1 • 3 = 3 -I- 

34. /^| (2 — x)dx can be interpreted as /(| — /I 2 . where A \ and A 2 are the areas of 
the triangles shown. Thus, (2 — x) </x = j • 3 • 3 — 5 ■ I • I = 4. 



35. ji, (I - |jt|) dx can be interpreted as the area of the middle triangle minus the 
areas of the outside ones, so (* “ = j.2l—2.jll=0. 


36. fg |3x — 5| dx can be interpreted as the area under the graph of the function 

J (x) = |3x — 5| between x = 0 and x = 3. This is equal to the sum of the 
areas of the two triangles, so |3x - 5| dx = 5 • | • 5 -b 5 ^3 - 4 = ^. 

37. Jg ^ dl = - -/idl (because we reversed the limits of integration) = - y 

38. cosx dx = 0 since the limits of integration arc equal. 

39. fg (5 - 6x2) i/x ^ 5dx - 6 / 0 ' x2 dx = 5 (I - 0) - 6 (^) = 5 - 2 = 3 



40. // (I -b .3x<) dx = 1 dx + fl -ixUx = I (5 - 2) -b 3 // x‘ dx = I (3) -b 3 (618.6) = 1858.8 

41. f* (Zx- - 3x -b l)dx =2 x-dx — 3 J)*x dx -b /j* 1 dx 

= 2 ■ } (42 - |2) - 3 • ^ (42 - |2) + 1(4 - I) = ^ = 22.5 

42. Jg^^ (2 cosx — 5x) dx = fg^^ 2 cosx dx - fg^^ 5x dx = 2 fg^^ cosx dx - 5 fg^^ x dx 


43. f^ f(x)dx + Sf f(x)dx -b fl^ f(x)dx = /(x)dx -b /(.v)dx = fl^ f(x)dx 

44. fl° f{x)dx- fl f (x) dx = fl / (x) dx -b /, “ / (at) dx - fl / (x) dx = f(x)dx 

45. / (x) dx -b fi f (x) dx = /,* / (x) dx => fl / (x) dx -b 2.5 = 1 .7 => fl f{x)dx = -0.8 

K. fl f(l)dl + flf{l)dl + flf(l)dl = flf(l)dt => 2-b/,V(/)d/-bl =-6 => 

/,V(/)dr = -6-2- I =-9 

47. 0 < sinx < I on [ 0 , Jj. sosin^x < sin2x on [ 0 , j|. Hence,sin^xdx < fl^^sin^xdx (Property 7). 
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48. 5 -jc > 3 > jT + I on [1,2], so -JS-x > -Jx + I mid -JS - x dx > v'tTTrf.v. 

49. If -1 < ,r < 1, then 0 < < I and 1 < I + < 2, so 1 < Vl +x^ < v/2 and 

1 jl - (-1)1 < f^i ■s/r+^t/x < -n/I]! — (-1)] [Property 8]; that is, 2 < Vl +x^Jx < 2-\/2. 

50. ^ < sin.x < 1 for f < X < |,so ^ (f - f) < J’j^smxdx < I (f - f) (Property 8); that is, 

f ^ /T/e 5 7- 

51. If I < X < 2, then j < ; < 1, so ^ (2 - I) < i rfx < 1 (2 - 1) or ^ i t/x < I. 

52. If 0 < X < 2, then 0 < x^ < 8. so I < x^ + I < 9 and I < Vx^ + 1 < 3. T hus. 

1 (2 - 0) < Jg y/x^ + I </x < 3 (2 - 0); that is, 2 < Jg Vx^ + I dx < 6. 

53. If/(x) =x^ + 2x, -3 <x < 0, then /'(x) = 2x + 2 = 0 when x = - I, and/(-I) = - I. At the endpoints. 
/ (~3) = 3, / (0) = 0. Thus, the absolute minimum is m = — I and the absolute maximum is 3/ = 3. Thus, 

-1 [0 - (-3)] < /“j (x2 + 2x) </x < 3 [0 - (-3)1 or-3 < (x^ + lx) dx < 9. 

54. If f < X < f, then ^ < cosx < ^, so i (f - f) < /;//cosx</x < ^ (i - |) or 
5T^X,7/cosx</x<=^. 

55. For-I < X < 1,0 Sx'* < 1 and 1 < vT+x^ < x/2, so 1 [I - (-l)J < VI +x‘>dx < v^[l - (-1)] or 

2 < flj Vl +x^dx < 2 V 2 . 

56. If < X < |)r, then ^ < sinx < I and ^ < .sin^x < 1, so j (fir - fx) < sinvxr/x < I (|x - fx); 
that is, |x < siri^ X dx < jX. 

57. = x2, so ff y/Pl^dx > f^x^dx = \ (33 - |3) = M 

58. 0 < sinx < 1 forO < x < |, so xsinx < x =» Jg'^xsinxdx < jg'^xdx - 4 [(f)' -0-j = 

59. Using a regular partition and right endpoints as in the proof of Property 2. we calculate 

I„cf(x)dx= lim Ax, = lim c ^/(jr/) Ax, = c lim "Z f M = c r f (x)dx. 


60. As in the proof of Properly 2. we write /* / (x)dx = lim Z / (-X/) Ax. Now /(x,) > 0 and Ax > 0. so 

n—*00^^! “■ 

n 

/ (x,) Ax >0 and therefore X / (■*>) Ax > 0. But the limit of nonnegative quantities is nonncgalive by 
,= i 

Theorem 2.3.2, so f (x)dx > 0. 

61. Sinee - |/(x)| < /(x) < |/(x)|, it follows from Property 7 that 

- /„' l/(x)|rfx < ;; /(x)^x < /; |/(x)|rfx => |/; /(x)</x| < j; |/(x)|rfx 

Note that the definite integral is a real number, and so the following property applies: -a < b < a => |/>l < o 

for all real numbers b and nonnegalive numbers a. 


|/o'/(•x)si'’2x</x| <|/(x)sin2x|£/x (by E.xercise61) = |/■(x)lisin2.^|(/.v < Jjf'j/(x)|</x by 

Property 7, since jsinZti < I => |/(x)| |sin2x| < \f (x)|. 


" r I 

63, lim y' -j = lim - 

n-^00 n 


ixrl 


= /„’xVx 


4 
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64. lim -X- 

n ^ I + (//«)- Jo 


dx 

I +Ar2 


i. Choose jt/ = I + - and x' = ^xi-\x, = ^ ^1 + Then 

f\-^dx= lim If-. --— = lim nf- --- 

=Z (-ifr] - ;riT) 

nfX—-Z—)= ('-5) = 

\“« + l “i'«+1 J i-mo \n In) n-<oo \ ‘■Z 


= lim 
n-too 


Discovery Project □ Area Functions 



Area of trapezoid = 5 (6| + *2) /i 
= 5(3 + 7)2 
= 10 square units 
Or: 

Area of reetangle + area of triangle 

= hrhr + \b,h, = (2) (3) + i (2) (4) 
= 10 square units 


(b) 


As in part (a), 

/((;c) = |l3 + (22r + I)J(x-l) 
= ^(2at+4)(.x-l) 

= (x + 2){.x- 1) 

= + Jt — 2 square units. 



(e) A’ (x) — 2x + 1. This is the y-coordinate of the point (x, lx + 1) on the given line. 
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,4 (j: + /i) — /((jt) is the area under 
the curve y = \ +from / = to 
I = x + h. 


(b) A (x) =/',(!+ 1 ^) dt = I dt + /*, 1 ^ dt (Property 2) 


= 1 (^-(-')) + 


x^ — (-1)^ /IVoperty I 


vBxercise 


:rty I and\ 
ise 5.2.26/ 


= AT + I + + I 

(c) /4' (x) = + I. This is the y-coordinate of the point 

(x. I + x^) on the given curve. 



An appro.ximating rectangle is shown in the figure. It has 
height 1 +x^, width A. and area/i (I + .x^), so 
/((x + /i) - /t (x) =» A (1 + x^) => 

/I (x +/i) - /((x) _ , , , 

-;-» I + X''. 


(0 Part (e) says that the average rate of change of y4 is approximately I + x^. As h approaches 0, the quotient 
approaches the instantaneous rate of change — namely. A' (x). So the result of part (c). A' (x) = x- + 1, is 
geometrically plausible. 


3 . (a) /(x) = cos(x^) 



-1.25 


(b) g (x) starts to decrease at that value of x where cos (/^) changes from positive to negative, that is, at about 
X = 1.25. 




JM □ CHAPTERS INTEGRALS 


(c) g (■») = Jo ■ Using an integration command, we (d) We sketch the graph of g' using the 

find that g (0) = 0, g (0.2) as 0.200, g (0.4) a; 0.399, method of Example 1 in Section 3.2. The 

g (0.6) a: 0.592. g (0.8) at 0.768, g (1.0) as 0,905, graphs of g' (x) and / (x) look alike, so 

g (1.2) at 0.974. g( 1.4) as 0.950, g( 1.6) as 0.826. we guess that g'(x) = /(x). 

g (1.8) as 0.635, and g (2.0) as 0.461. 




4. In Problems I and 2, we showed that if g (x) — f (t) dt, then g' (x) = / (x), for the functions / (<) = 2/ + 1 

and f (!) = 1 + r^. In Problem 3 we guessed that the same is true for / (/) = cos (/^), based on visual evidence. 

So we conjecture that g' (x) = fix) for any continuous function /. This turns out to be true and is proved in 

Section 5.3 (the Fundamental Theorem of Calculus). 

The Fundamental Theorem of Calculus 

1. (a) g (0) = /(/)<// = 0. g (I) = /o' /(/)rf/ = I ■ 2 = 2. 

(2) = /oV(0 A =/o' /(O* + /,V(0rft = g (I) + /,V(0rf» = 2 + I ■ 2 + V I ■ 2 = 5, 
g(3) = /o /(')<// = g(2) + Slfii)dt = 5 + i • I • 4 = 7, (d) 

g(6) = g(3) + /3‘/(r)<f» = 7 + [-(| •2-2 + I ■2)] = 7-4 = 3 

(b) g is increasing on (0, 3) because as x increases from 0 to 3, we keep 
adding more area. 

(c) g has a maximum value when we start subtracting area, that is, at x = 3. 

2. (a) g (-3) = fZl f (t) = 0, g (3) = /ij / (/) dt = /®3 / (f) dl + f (I) dl =0 by symmetry, since the area 

above the x-axis is the same as the area below the axis. 

(b) From the graph, it appears that to the nearest j, (e) 

g (-2) = //jV(0 A =« 1, g (-1) = /”j / (/) dtt»3l and 
g(0) = /^3/(/)r/f^5f 

(c) g is increasing on (—3.0) because as x increases from —3 to 0, we keep 
adding more area. 

(d) g has a maximum value when we start subtracting area, that is, at x = 0. 

(0 1 he graph ofg' (x) is the same as that of /(x), as indicated by FTCI. 
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3. 


4. 



g(x) for x> n 


(a) By ETCl with /(/) = anda = l,g(.x) = /j' dt =» 
g'(x) = f(x) = x^-. 

(b) Using FTC2, g (x) = dl = = ^x^ - | =» 

g’(x)=x-. 


(a) g(x) = /*(2 + cosf)rf/ =» g'(x) = 2 + cosx 

(b) g (x) = /* (2 + cos 0 = [2/ + sin 

= (2x + sinx) — (2x + 0) = 2x + sinx — 2x 
sog* (x) = 2 + cosx. 


5. /(0 = N/rr27andg(x) = ^/rT27rf^ so by KTCl.g'(x) = f(x) = VTT2^. 

6. /(/) = (2 + /■•)’ and g (x) = (2 +di. sog' (x) = / (x) = (2 + x-*)’. 


2. fit) = l^sinl andg(y) = l^sintdl, so by FTCl,g'(y) = / (y) = siny. 


®- TTT^ andg(«)= f -^t/x,sog'(u) = /(u) = — 

9. F (x) = // cos (/^) dt = ~ J 2 cos (/^) dl => F' (x) - - cos (x^) 

10. /'(x) = J^'®tanWrfO = —/iQtanOrfO => f'(x) = —tanx 


11 I > * XU * Ai dhdu 

11. Let u = -. Then — = —r. Also. — =-, so 

X dx x^ dx du dx 


m \ rIA ■ 4 . j. <2 fi, . 4 . </« . A du -sin^(l/x) 

A (x) = — L' sin’ Idl = — L sin’ I dl ■ — = sinT u — = - 

Cjx ^ 


du 


dx 


dx 


It I , 2 XU 1 AI *2* dhdu 

12. Let« = x’. Then — = 2x. Also, — =-, so 

dx dx du dx 


A'(x) = —y ‘2'' ■ ^ = s/' + “^ (2x) = 2xrJ I + (x^)^ = 2x\/r+ x^. 


13. Let u = ^/x. Then ^ Also, — 

dx 2 a/x dx 


dy du 


d cos I _ jI_ f“ cost du _ cosu I 
dx Jj I du Jj I dx u 2y/x 


du dy 

14. Let u = cosx. Then — = — sinx. Also, — = 
dx dx 


dy du 


COSa^ I _ COSy/x 
a/x 2y/x 2x 


, d /■««' 

y = — y (t +sint)t/t = 


d [“ 

— (t + sint) A ■ 
du Ji 


du 

dx 


= (u + sin«) ■ (—sinx) = — sinx |cosx + sin (cosx)) 



JUS o CHAPTERS INTEGRALS 


du) dv 

15. Let 10 = I — 3,t. Then — = —3. Also, — = 
dx dx 


dy dio 


d r' , d r' , dw 

dx Ji-ix I + dw y„, 1+1/2 

_d_ r 1/2 ^ _ io2 ^ 3(1 -3 j)2 

dw J\ 1+//2 ' dx I + io2 | + (|_3 j[)2 


1 du 2 dy 

16. l.cl u = Then — =-r. Also, — 


dx 


dx 


dy du 

dm'^° 


y = — / sin t dt = —■ I sm-^ / dt 
dx J\fx^ du Ju 


du _ 

in ~ 

f> 729 _ I 


d r . ^ du . 3 / 

— / sin I dl ■ — = - sin u I - 
du Jo dx \ 

364 
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18. f{x-^dx = [-x-']\ = l-\/x]\ = -^ + I = ^ 

19. /2*(4;f + 3)//.3 = [^^2 + 3;tj* = [(2.82 + 3.8) - (2 ■ 22 + 3 ■ 2)] = 152- 14= 138 

20. f^(\+3y- 3-2) dy = [y + \y^ - f>-2 = [(4 + ^ . 16 - i ■ 64) - (0)] = f 


/' 3 3 

24. J -jd! does not exist since f (t) = — has an infinite discontinuity at 0. 


25- !l Vx* + 2dx = 0 since the lower and upper limits are equal. 

26. il” cost! dO = [sin«|J* = sin 2a- - sin ^ = 0 - 0 = 0 

/■2 2 2 

27. I —rdx does not exist since f (x) = —r has an infinite discontinuity at 0. 

7-4 x^ x" 

28. j* ^ dx = j\-'^^dx = =2V4-2^/^ = 4- 2 = 2 

29. sin idl = l- cos/i;;'’ = - cos f + cos i = -^ + J- = 

30. (3 + x^)dx = /J (3 + .x2/2) dx = [3x + §xV2]^ = [^(3 + 2^ _ o] = H 

31- j:^ 2 secx tan.t dx does not exist since secx tanx has an infinite discontinuity at j. 

32- /;/4 scc^OdO does not exist since sec2 0 has an infinite discontinuity at 

33. f^/(x)dx = /o' x*dx + fix^dx = [ix2]^ + [ix*]' = (^ - 0) + (^ - ^) = 10.7 
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3^' I-, /(•’')</« =/-.•»‘/f +/o' sin.T£/;( = - [cosjtlJ = (o- - (coss -cosOl 

= -l^-(-l-l) = 2-i^ 


35. From the graph, it appears that the area is about 60. The actual area is 

So x'/^dx = = I ■ 81 - 0 = ^ = 60.75. This is | of the 

area of the viewing rectangle. 



36. From the graph, it appears that the area is about j. The actual area is 
= [^], = [^l = - 3 -^ + 5 = ^ - 0 3318 . 



37. It appears that the area under the graph is about j of the area of the 
viewing rectangle, or about ss 2.1. The actual area is 

sin.)t(/.r = f-cos.rlj = - cos,t + cosO = - (-1) + I =2. 



38. Splitting up the region as shown, we estimate that the area under the graph 
is 3 + I (3 • y) a* 1.8. The actual area is 

sg^.2 j (/j. _ [|an,v|J''3 = ^3 - 0 = -^3 a; 1.73. 
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/■3jf _ 1 /•<> u2 _ I /■** - 1 “ 1 J 

_ 2i>i^, i. ,1., + - i. .-2 ^ + 3.' 


(2x)- + 1 rf-v 


(3;()- + I dx 


4.t2 + I 


9x2+ 1 


\ [' dt di /•'“* dt , f' 

= 7TT^~~l ^2T?^L 


di 


V2 + ('* 


«'W = 


• (tanx) + 


•ya + x* dx 


A = — 


(x2) 


2x 


vT+Im^x Va + x* 


^2 + tan4 X dx 

*3. y = J^y/isintdl = J^y/isinldl + jf ^/ismtdi = - j/' y/isintdl + ^sinldl -- 

/ = -y? (sin y?) . ^ (v5) + x2/2 sin (x^) ■ ^ (x’) = sin (x’) (Sx^) 


l-Jx 


= 3x’/2sin(x2)-f^ 


'W- 3' = /<^.t ("^) = /o' (“^) 

/ = cos ( 25 x^) • — ( 5 x) - cos (cos 2 x) ■ (cosx) = cos ( 25 x 2 ) . 5 _ cos (cos 2 x) ■ (- sinx) 
' ' dx ' ' dx 


= 5 cos (25x2) _j. jjp jj cos (cos2 x) 


45. F (x) : 


/■2 


(Orff 


F(X) = /(X): 


j: 


Vi +«“* 




F" (x) = /' (X) = 


7' + (-^)' 


, jL (;,2) = 2yr^ ^ ^ ^ 

dx ' ’ X 


r ’ 

46. For the curve to be concave upward, we must have ><" > 0. >» = / , dl =+ y' = •— 

7o * + * • **' * • 

i>" =- (I + 2x) ^ 1 ^.^ expression to be positive, we must have (1 + 2x) <0, since (I + x H 

(l+X+x2)' 

all X. (1 + lx) < 0 <=> X < - V Thus, the curve is concave upward on (- 00 . 


X +X-' 


47. (a) The Fresnel Function 6’(x) = fg sin(f (2)r/r has local maximum values where 0 = y (x) = sin(f x2) and S' 
changes from positive to negative. For x > 0, this happens when yx2 = (2ft — I) x [odd multiples of x] <=> 
X = V2(2n - 1). « any positive integer. For x < 0, S' changes from positive to negative where f x2 = 2nir 
(even multiples of a ] <=> x = -2 V«, since if x < 0, then as x increases, x2 decreases. S' does not change 
sign at X = 0. 

(b) S is concave upward on those intervals where S" (x) > 0. Differentiating our expression for S' (x), we gel 
S" (x) = cos(fx2) (2»;() = ^.x cos(f x2). Forx > 0, S" (x) > 0 where cos(fx2) >0 «=» 0 < f x2 < § 

or ^2n — a < ^x2 < ^2n + a, n any integer <=> 0 < x < I or V4n — 1 < x < V4n + I, n any 

positive integer. For x < 0, as x increases, x2 decreases, so the interv als of upward concavity for x < 0 are 
(_^ 4 „ - 1 , -V4n -3), n any positive integer. To summarize; S is concave upward on the intervals (0, 1), 
(-V3, -I). (v/3, V5), (-V7, -v^), (V7,3). 
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(c) In Maple, we use plot ({int (sin(Pi*t''2/2), t=0. .x) , 0.2), x=0. . 2) Note that Maple 
reeognizes the Fresnel function, calling it FresnelS (x) . In Mathematica. we use 
Plot (I IntegratelSin lPi*t^2/2) ,(t,0,x))f0.2),(x,0,2)J. In Derive, we load the utility 
file FRESNEL and plot FRESNEL_SIN (x) . From the graphs, we see that sin(^f^)<// = 0.2 at r 0.74. 
0.7S 025 


o.» 


48. (a) In Maple, we should start by setting 

si:=int(sin(t)/t, t=0. -x)In Mathematica. the command is 
si=Integrate (Sin[tl/t, (t,0,x)). Note that both systems 
recognize this function; Maple calls it Si (x) and Mathematica calls it 
Sinintegral [x). In Maple, the command to generate the graph is 
plot (si, x=-4 * Pi. . 4*Pi)In Mathematica. it is 
Plot [si, (x, -4 *Pi, 4 *Pi)). In Derive, we load the utility file EXP_INT and plot SI (x). 

(b) Si (r) has local maximum values where Si' (jt) changes from positive to negative, passing through 0. From the 

Fundamental fheorem we know that Si' (jc) = ~ f dt = so we must have sinx =0 for a 

dx Jo I X 

maximum, and forx > 0 we must havex = (2« — I) x, n any positive integer, for Si' to be ehanging from 
positive to negative at x. For x < 0, we must have x = 2nx, n any positive integer, for a maximum, since the 
denominator of Si' (x) is negative for x < 0. T hus, the local maxima occur at 
X = X, —2x, 3x, —4x, 5x, —fix,_ 

(c) To find the first inllection point, we solve Si" (x) = = 0. Wc can see from the graph that the first 

X X' 

inflection point lies somewhere between x = 3 and x = 5. Using a root finder gives the value x 4.4934. To 
find the y-coordinate of the inflection point, we evaluate Si (4.4934) ss 1 .fiSSfi. So the coordinates of the first 
inflection point to the right of the origin are about (4.4934, 1 .fiSSfi). Alternatively, we could graph S" (x) and 
estimate the first positive x-value at which it changes sign. 

(d) It seems from the graph that the function has horizontal asymptotes at y =» 1.5, with lim Si (x) =» ± 1.5 

jr->±00 

respectively. Using the limit command, we get limSi(x) = f. Since Si (x) is an odd function, 

X—*00 ^ 

lim Si(x) = —4. So Si (x) has the horizontal asymptotesy = ±4. 

X—00 * ^ 

(c) Wc use the f solve command in Maple (or FindRoot in Mathematica) to find that the solution isx =» 1.1. 
Or, as in Exercise 47(c), we graph y = Si (x) and y = 1 on the same screen to see where they intersect. 
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«. (a) By FTCI, g' (x) = / (x). So g' (x) = / (x) = 0 at x = 1,3,5,7, and 9. g has local maxima at x = 1 and 5 
(since / = g' changes from positive to negative there) and local minima at x = 3 and 7. There is no local 
maximum or minimum at x = 9, since / is not defined for x > 9. 

(b) We can see from the graph that /rfr| < |/’ /</r| < I/ 3 * /<ft| < /<^l| < j/? f ^o 

g(l) = |/o' /‘''I- g (5) = Iofd‘=g (» - 1/' fd<\ + |// “d 

g (9) = J^fdl=g (5) - I/ 5 ’ /<//| + |/,’ Thus, g (I) < g (5) < g (9), and so the absolute maximum of 
g(x) occurs at X = 9. 

(c) g is concave downward on those intervals where g" < 0. But (d) 

g' (x) = / (x), so g" (x) = /' (x), which is negative on 

(approximately) ( 5 . 2 ), (4. 6 ) and ( 8 ,9). So g is concave downward 
on these intervals. 

50. (a) By FTCI, g' (x) = / (x). So g" (x) = / (x) = 0 at x = 2,4, 6 , 8 , and 10. g has local maxima at x = 2 and 6 
(since f = g' changes from positive to negative there) and local minima at x = 4 and 8 . There is no local 
maximum or minimum at x = 10, since / is not defined for x > 10. 

(b) We can see from the graph that jj^ /</r| > |j^ /t/r| > /</l| > |/* /<ft| > [/g So 

g ( 2 ) = |/o^ fdt\, g ( 6 ) = fdt = g ( 2 ) - l/j' fdt\ + l/f fdt\, and 

g ( 10 ) = /o'“ «(6) - l/sV*! + I/s® fd‘\ Thus.« ( 2 ) > g (6) > g ( 10 ), and so the absolute 

maximum of g (x) occurs at x = 2 . 

(c) g is concave downward on those intervals where g" < 0. But (d) 

g' (x) = / (x), so g" (x) = f (x), which is negative on (1,3), (5,7) 
and (9,10). So g is concave downward on these intervals. 
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d /■'’<*> dir /•*<^> 

TT / fiOdl = \ I f{l)dt + / f(t)dt (where a is in the domain of f) 

"•* Jg(^) l_Uj[(«) Uo J 

d r 1 r /■***' 

= / <A (•»)) A' (j;) - / (g (*)) «' (x) 

55. (a) Let/(.r) = v*? => /'(*)= l/(2Vx) > 0 for .x > 0 => / is increasing on (0, oo). Ifx>0,then 

> 0, so I + x’ > 1 and since / is increasing, this means that / (l + x^) > /(I) => > I for 

x>0. Next let g(/) = r2-/ => g'(r) = 2r-l =» g'(r) > 0 when r > 1. Thus, g is increasing on 
(1,00). And sinceg(l) = 0,g(r) > 0 when f > I. Now let I = Vl Tx’. where .x > 0. vT+x^ > 1 (from 
above) => r > 1 =j g(r) > 0 => (I H-x^) - Vl H-x’ > Oforx > 0. Therefore, 

I < Vl +xT < I +x^ forx > 0. 

(b) From part (a) and Property 7: /„' I dx < fg VI +x^dx < (I + x’) dx <=> 

IxJo < fo '/TTPdx < [x + |.x‘'j^ «=> I <fg' VI +x^dx < I + I = 1.25. 


56. (a) IfX < 0, then g (x) = Jg / (r )di = Jg Odi = 0. 

IfO < X < I, thengCx) = Jg f(t)dt = Jgtdt = ^ ^^2 

If 1 < X < 2, then 


?(x) = fo /(')di = fg f(t)dt + Jl' /(/)* =g(I) + /j* (2 - /)* = ^ (1)2 + [2r - 4 f 2 j| 
= I + (2x - jx2) _ ^2 - I) = 2x - ^x2 - 1. 

Ifx > 2. thcng(x) = /o'/(/)* =g(2) + //Orfr = I + 0= I, So 



0 ifx < 0 

jx^ ifO < X < 1 

2 x — xx2 — 1 if 1 < X < 2 

I ifx > 2 



(c) / is not differentiable at its corners at x =0, 1, and 2. / is differentiable on (-oo,0), (0, 1). (1,2) and (2, oo). 
g is differentiable on (-oo, oo). 


57. Using FTCl, we differentiate both sides of6+ / = 2Vx toget = 2—!— =» /(x)=x2/2. 

Ja F X l.t.fx 

' r fit) 

To hnd a, we substitute x = a in the original equation to obtain 6 + / dl = 2Va =» 6 + 0 = 2^ 

Ja ^ 


58. By the Fundamental Theorem of Calculus, f^ (h')' (u)rf« = A' (2) - Ft' (I) = 5 - 2 = 3. The other information is 


unnecessary. 
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59. (a) Lei f (/) = /d fis)ds. Then, by FTCl, F' (I) = /(/) = rale of depreciation, so F{l) represents the loss in 
value over the interval |0, /]. 


(b)C(/) = 


represents the average expenditure per unit of r during the interval (0, rl, assuming that 


there has been only one overhaul during that time period. The company wants to minimize average 
expenditure. 

(c)C(r) = -|- /I + j /(s)c/sj. Using FTCl, we have C'(/) =-^ 1^/1+^ /(s)ds j +-/(f). C'(() = 0 
=> lf{l) = A+j f{s)ds =9 /(t) = I /(4)(/sj =C( 


'(/). 


60. (a)C(l) = (.1/1) folf (>!)+$ {s)]ds. Using FTCl, we have 

C (I) ='-\f(l)+g (f)] - ^ /o' 1/ (T) + S . Set C' (/) = 0: 

|(/(')+«(')l-j7/o'r/(*) + «W)</* = 0 => 1/(1)+ g(f)l-I/o'(/(i)+ «(*)]* = 0 => 
(/ (') + g (f)l - C (f) = 0 or C (/) = / (/) + g (/). 

(b) For 0 < f < 30, we have D (f) = ^ ds = [Is - So D (/) = 

=> 60f-/2 = 900 => /2-60f +900 = 0 => (f - 30)^ = 0 => 7 =30. 



F 


■ F 

--^s2 + 


Iti 

“ 450^ 

12,900 / / 

.15* 

900 ^ 

38,700 J, 


I / F F , y j\ y . 

fVl5 900 38,700 / 15 900 


- 1 ^ 


y F I 

(0 = = 0 when 


I 


900 19,350 

y y 


19,350 900 


38,700 
=> f = 2l.5. 


C (21.5) = - - ^ (21.5) + 3 ^ (21.5)2 ^ 0.05472 F, C (0) = 0.06667 F, and 


C (30) = —- — (30) A - - — (30)2 sg 0.05659F, so the absolute minimum isC (21.5) 0.05472F, 

15 900 38,700 


F F F , 

(d) As in part (c), we have C (/) = — - —/ + . so 

F F F , F F 
C(f) = /(f) + g(f) « -z-ssf + rr^f- = --—f + 


15 900 38,700 


. . -/ X 

15 450 12,900 15 


(12,900 38,70o) *(450 90o) 


1/900 43 

I = — - - = — =21.5. This is the value of f that we obtained as the 

2/38.700 2 

critical number of C in part (c), so we have verified the result of (a) in this case. 


y = /«)+!7(') 


y = C(f) 


21.5 JO ' 


61- S!(Wx)dx = [Inxl5 = ln8-ln4 = ln| =ln2 

62. 8c' dx = [8e']]df = 8 (c'"‘ - c'"2) = 8 (6 - 

63. f 2'dl = \ ^2' = ^ ( 2 ’ - 2*) = ^ 

/g Jg In 2 V / In2 
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M. f _‘2 OMdx = [3 ln|;t|):'j = 3 Ine - 3 In (e^) = 3 • I - 3 • 2 = -3 

65. f —— 2 (/at =6 [tan"' or] = 6 tan'' -^3 - 6lan''1 = 6 ■ — - 6 ■ — =— 

Jt l+j;'' L Ji 3 4 2 

„ /■*” dx r ■ -I T®* -I I ! X 

66. I -=== = sin 'jt =sin '--sin''0= — 

Jo VI -;r2 L Jo 2 6 


M a 

Indefinite Integrals and the Total Change Theorem 
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17. /o' (I - 2x - 3r2)rf.x = - 2 • - 3 • = [x-x^-x^l = (I _ | - 1) - 0 = -I 

18. - 4.x + 3) dx = [5 ■ ^.x’ -4^x2 + 3.x]^ = 5f-4-2 + 6-(f-2 + 3) = f 

19. /!; {5/ - 6,1 - + 14) dy = [5 (fv’) - 6 (iy) + 14;;]“^ = [>-5 - 2y’ + I4>-]® , = 0 - (-243 + 54 - 42) 


231 


20. /o‘ (/ - 2> ' + 3v) dy = - 2 (i/) + 3 (^> 2 )]^ = (l^ - i + l) " 0 = 

/’ ■" ■ / - [0 - f ]! - [1'’" - 

= (i 4 V 2 + 2 V 2 ) - (§ + 2 ) = ^4^2 = I ( 3^/2 - 2 ) 

24. /o’ (x^ - I)' dx = // (x‘ - 2 .x5 + 1 ) dx = [ix’ - 2 (|x'') + x]^ = (^^ - 2 .4 + 2 ) - 0 = f 

25. /o' » O + yS) = /„' (»’/2 + «“'/’) du = [^ + = [§«V2 + 3„7/3j^ = i H g 


26 


I. y^^(x + i)^x=/'(.x^ + 2+x-^)<7x = [^+2x + i^]^ = [^+2x-l 

= (!+4-0-(i + 2-') = ” 

27. /,"' V5A </jc = Vs /,■' x-'/- rfx = ,/5 [2V^]J = VS (2 ■ 2 - 2 ■ 1) = 2^/5 

28. /^| |x - x^I c/a = /®, (x^ - x) dx + /o' (x - x^) <7x + /," (x^ - x) dx 

= 0 -(-|-i) + (i-j)-0+(f-2)-(i-j) = .^ 
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29- fl 2 \x^-'i\dx= (jt- - I)djt + Xl, (I -4c ^)dx + (x^ - 1 )dx 


30. 


.(_, + l)+(9-3)-( 

' 1 A — 28 
.3-') = T 

, i' 

3 -X^ 1 

■Pt-7-H-.= 

+ Y + 2x 

l)=2 



= (-l + ^+2)-{l + l-2)=2 

=’■ / V - - [S - - ‘''"i; 

= (2.8-4.2)-(§-4) = § 

”■ / i) - [9" S]! - [>'■'■ >'“’1; 

= (l'6+i-4)-(i + i) = f 

33. (x + l)’rfA- =/“, (x^ + 3x^ + 3x + = [^ + 3y+ 3y + .»j =<> - [| - I + § - l] 


=2-i=i 


/6 OdO = [— cot = — col ^ + cot § = “ 5 a/3 + \/3 = 5 -v/J 

36- (cos^? + 2 sinr;) dO = [sintf - 2cos/;]J^^ = (l-20)-(0-2I) = 3 

37 ./ 

Jo 


I + cos^ y 
cos^ FT 




= (l + f)-(0 + 0)= 1 +J 

38. cscAT cola: dx = [- cscjit ]*^3 = - esc ^ + esc j = -1 + | \/3 

[ 9/4 9/5 *1 ^ t 

yj + ^]o = [^’'^ + a-’'’L = ^ + ^-o=i 

= (j l6-3-2)-(|-3) = a 

41. jli (a: -2|jt|)rfA: =/“, 3.t (/a +/q’(-. t)(/At = 3[5 A^]''i - = (3.0 - 3 . - (2 - 0) = -^ = 

42- - l|)rfA =/o' (a^+A- |)<7a + /|-(a2-a + l)</.lt= j^y + y - Aj^+ j^y- y + A 

= (^ + I _ ,) _ 0+ (I - 2 + 2) - (j - u l) = f 


-3.5 
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43. The graph shows that >> = .v + - x'’ has x-intercepts at jt = 0 and at 

X as 1.32. So the area of the region below the curve and above the .r-axis 
is about 

/o' ” (•* + 

= [^(1.32)2+} (1.32)’-i (1.32)’]-0 
as 0.84 

44. The graph shows that = 2x + 3x'' - 2x‘ has x-intereepts at x = 0 and at 
X as 1,37. So the area of the region below the curve and above the x-axis 
is about 

/o' ” (lx + 3X'' - Ix*^) dx = [x’ + §x’ - ” 

= [(1.37)2+ 1(1.37)’-^ (1.37)’]-0 
as 118 



45. A=ll (2>'-3'2)</>'= [t^- 5 /]^ = ('*- f) -0= j 

46. >- = y? => X = /, so /( = /o' / dy = [^>’]^ = 

47. If 10 ' (0 is the rate of change of weight in pounds per year, then to (/) represents the weight in pounds of the child at 
age t. We know from the Total Change Theorem that to' (/)</r = to (10) - to (5). so the integral represents the 
increase in the child’s weight between the ages of 5 and 10. 

48. I (/) dl = /* Q' (i)dt = Q (b) - Q (a) by the Total Change Theorem, so it represents the change in the charge 
Q from time i = a lo 1 = b. 

49. Since r (t) is the rate at which oil leaks, we can write r (t) = — V (t), where V (/) is the volume of oil at time /, 
[Note that the minus sign is needed because C is decreasing, so k" if) is negative, but r (r) is positive.) Thus, by 
the Total Change fheorem, f™r(l)dl = — i" {<) dl = —[V (\20) - V (0)J = T (0) — V (120), which is 
the number of gallons of oil that leaked from the tank in the first two hours. 

50. By the Total Change Theorem, /J’ n' (l)dt = n (15) - n (0) = n (15) - 100 represents the increase in the bee 
population in 15 weeks. So 100 + /J’ n' (l)dl = n (15) represents the total bee population after 15 weeks. 

51. By the Total Change Theorem, R' (x)dx = R (5000) - «(1000), so it represents the increase in revenue 
when production is increased from 1000 units to 5000 units. 

52. The slope of the trail is the rate of change of the elevation E. so /(jc) = E' {x). By the Total Change Theorem, 

/j’ / (x) dx = /’ E' (x) dx = £ (5) - £ (3) is the change in the elevation £ between x = 3 miles and x = 5 miles 
from the start of the trail. 

53. (a) displacement = Jq (3f — 5)dt — [^r^ _ 5 /]^ _^_l 5 = _3,n 

(b) distance traveled = /^ |3r - 5|rf/ = (5 — 'it)dt + /j’j (3/ - 5)dt 

=[5’-Hr+[^^-5'r,,3=¥-§f+¥-'5-(i¥-¥)=^"’ 




SECTIONS INOEFINIIE INTEGRALS AND THE TOTAL CHANGE THEOREM □ 357 

54. (a) displacement = -21 -S.)di = - 1 ^ - 8f j* = (72 - 36 - 48) - - I - g) = -^ m 

(b) distance traveled = /^ |/^ - 2/ - »\di = | (( - 4) (/ + 2) ]dl 

= + 2, + »)d, + /; (,2 - 2/ - 8) d, = [-^<3 + ,2 + j-l ,3 _, 2 _ 

= (-f + 16 + 32) - (-1 + I + 8) + (72 - 36 - 48) - _ |6 - 32) = f m 

55. (a) 11'(/) = a (r) = / 4 4 => » (/) = ^ 4, ^ C => « (0) = C = 5 => « (/) = 4 4/4 5 m/s 

(b) distance traveled = |i) (r) fdl = + 4, + sj = fjo ^^,2 + 4, 4. 5^ 

= [5/’ 4 2/2 4 5/] J ^ 4 200 4 50 = 416| m 

56. (a) ()'(/) = 2/4 3 => u(i) = i^ + 3/ + C => »(0) = C = -4 =» «(/) =/2 4 3/- 4 

(b) distance traveled = |/2 4 3/ - 4| rf/ = |(/ 4 4) (/ - 1)| dt 

= /o' - 3' + 4) dt 4 /,’ (/2 4 3/ - 4) dt 

= [-i/ 2-§,2 + 4,];4[^/2 4i/2-4,]; 

= (-M + 4) + (9+¥-'2)-0 + §-4) = fm 

57. Since m' (x) = p (x), m = {^ p (jt) dx = (9 4 2-Jx) dx = [9.v 4 = 36 4 y - 0 = 3^ = 46| kg. 

58. n (10) - n (4) = (200 4 50/) dt = [200/ 4 25/2]^“ = 2000 4 2500 - (800 4 400) = 3300 

59. Let i be the position of the car. We know from Kquation 2 that s (100) - j (0) = /J*’® o (/) dt. We use the 
Midpoint Rule tor 0 < / < 100 with « = 5. Note that the length of each of the five time intervals is 

20 seconds = hour. So the distance traveled is 

/„"*» (/)<// =S |„ (10) + „ (30) 4 „ (50) 4 n (70) 4 /> (90)] = -^ (38 4 58 4 51 4 53 4 47) 

= jIj »< 1.4 miles 

60. The total percentage increase in the Cl’l is r{i)dl. Using the Midpoint Rule with n = 8 and A/ = 2 gives us 

fl^r(t)dt =« 2[r (1982) 4 /■ (1984) 4 • • • 4/- (1996)] 

= 2 (6.2 4 4.3 4 1.9 4 4.1 4 5.4 4 3.0 4 2.6 4 2.9) = 60.8 

®’- (3 - 0.01 Jt 4 0.000006.^2) ^ [^3^ _ o.005x2 4 O.OOOOOZr^J^J^ 

= 60.000 - 2,000 = $58,000 

62. Let to be the amount of water in the tank. We are given that the rate of water leaving the tank is r (/) = —du>/dl. 

So by the Total Change Theorem, the total loss of water from the tank after four hours is 

w (0) — 10 (4) = — fu) (4) — lii (0)1 = — «>' (.t)dt = Jq r (t)dt. We use the Midpoint Rule with n = 4 and 

. * 

A/ = I: io r(/)df/ =» Z'■('.) (!)='■ (0.5) 4/'(1.5) 4/-(2.5) 4/-(3.5) « 5.94 5.4 4 4.7 4 3.6= 19.61,. 

/si 
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63. (a) Wc can find the area between the Lorenz curve and the line )'= at by subtracting the area under y = L(x) from 
the area under y = x. Thus, 

area between Lorenz curve and straight line _ Jp [x — L 

Jo dx 


coefficient of inequality = ■ 


area under straight line 

= j° K- = fo ^ =2 f'jx-L (x)lr/.x 

W/A'o 

(b) L{x) = -^x- + 'RJt =* i(5) = A + H = || = 0-39583, so the bottom 50% of the households receive 

about 40% of the income. 

coefficient of inequality = 2 [jt - L (x)] dx = 1 fg (x — -^x^ - ^x^dx =2 fg ^ (x - x^) dx 

- 5 ^ \g-rs 

64. (a) From Exercise 4.1.68(a), o (/) = 0.00146(^ — 0.11553t^ + 24.98169r — 21.26872. 

(b) h (125) - A (0) = /o'“ i> {l)dl = [0.000365f* - 0.03851t^ + 12.490845/^ - 21.26872/]o“ 206,407 ft 

65. 


dx = J 


1 dx = ^^x^ + x + Inx 

= ( 

+ « + Ine^ 

-(5+l+lnl) = 5«^ 


= ^ + l8 + ln9-(8 + 8 + ln4)= f + In | 


+ x + tan”' X -{-C 


68. « = 3/( => J^e^dx = iJ^e^dx => [e"jg = 3[e‘]o => e* - I = 3 (e“ - 1) =s e* = 3?“ - 2 => 
6 = ln(3e‘'-2) 

^5;® The Substitution Rule 

1. Let u = 3x. Then du = idx, so J cos3x dx = Jcosu du^ = j sinu + C = y sin3x + C. 

2. Let« = 4 + x^. Thenrfu = 2xdx, so fx (4 + x^)''’ dx = /u'® (j c/w) = j ■ -n-u" + C = ^ (4 + x^) +C. 

3. Let « = x^ + I. Then du = 3x^ dx, so 

fx^>/PTTdx = J^{^du)='~+C = ^luy^ + C=l{x^+\y^ + C 

4. Let u = Then du = dx,so j ^ dx — J sinu (2du) = 2{— cosu) + C = —2 cos s/x + C. 

5. Let w = I + 2x. Then du = 2dx, so 

f -1-—rfx=4 f u-^ (^£/«) = 2^^^ + C = —+C = -—-!— 2 +C 

J (1+2x)5 j '' -2 (l+2x)2 
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6 . Let u = sini). Then du = cosOdO, so f sin^ 0 eosOdO = /u^ rfu = + C = j sin** 0 + C. 

7. Let « = + 3. Then du = 2xdx.so f2x {x^ +3)'' dx = /«“'</« = |«’ + C = j (x’ + 3)* + C. 

8 . Let« = I — x'*. Then du = —4x^ dx, so 

/x’ (I -x"*)^ dx = /«5 1 du"j = (^«‘) + C = (1 -x^)* + C 

9. Let u = x - 1. T hen du =dx, so j -Jx - \dx = ju'/^du = + C = | (x - 1)^/^ + C. 

10. Let u = 2 - X. Then du = -dx, so f (2 - xf dx = f u^ (-du) = -|«’ + C = -| (2 - x)’ + C. 

11. Let u = 1 + x + 2x^. Then du = (\ + 4x)dx, so 

12. Let u = x^ + I. Then du =2x dx, so 


/x (x2 + 1)’/^ dx = rfu) = j ^ + C = \u^l^ + C = ^ (x^ + 1)*/^ + C 


2 5/2 


13. Let u = t + 1. T'henrfu = dt, so [ —dl = 2 f u~^ du = - in"* + C =- - —^ + C 

V (/ + !)* J ’ 5(/ + I)5 


(/ + D* 

14. Let w = 1 — 3/. Then du = ~'}dt, so 


15. Let a = 1 — 2>’. Then du = —2 </><, so 


9(1 -3f)^ 


+ C 


/(I -23»)'^rfy = /«'-» =-l + C = -^1— ^^L. + C’ 

16. Let « = 3 — 5y. Then du = —5 </>>, so 

/ = /u'/5 + C = -| (3 - + C 


17. Letu = 21). Thendu = 2d0,so J cos 2/7 </0 = / cos u (j </«) = j sinu + C = ^ sin2/7 + C. 

18. Let u = 30. Then du - 3 dO, so / sec^ 30dO = / sec^ u c/a^ = j tan a + C = ^ tan 3/7 + C. 

19. Let a =/^. Thcn</a =2tdt,so f t sin (l^)dl = /sin a = - jCOsa + C = -^cos(/^) +C. 

dx _ 


20 


Let a = I + y/x. Then du = so J ^x = j u 


^2</a = 2_+C = 


(1 +7?)' 


+ c. 


5 
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21. Let H = 1 + see.*. Then du — .secji tanjt dx, so 

/sccjt lan.vVl + secx dx = Ju'^dii = + C = j (I + seex)^^ + C 

22. Let H = I — l^. T hen du = —3/^ dl. so 

//’ cos(l — i^)dl = /cosu ^-5 du'j = — j sinu + C = — | sin (I - /^) + C 

23. Let« = cos.t. Then du = — sinx rfjt, so f co.s^ j: sin x = / «'' (—du) = — 5 U®+C = —5 cos’.x 4- C. 

24. Let u — ax^ + Ibx + c. T hen du = 2 (ax +h)dx, so 

/ i </„ = „ V2 + c = VSTOiTTT + c 

J Vax^ + 2bx + c y “ 

„ 3/2 

25. Let u = cot.v. Then du = —csc^xdx, so / Vcotx csc^.t dx = J y/u(—du) = —■777 + ^ = ~5 (cotx)^^^ + C. 


26. Let H = —. Then du — —^dx, so f - dx = /cosu |— </u | = — — sinu + C = - — sin — + C. 

X x^ J x^ J \ X / tr XX 

27. Let u = secx. T hen du = secx tanx <7x, so 

f scc’x tanx rfx = J scc^x (secx tanx)t/x = /u^rfu = ju^ + C = j scc’x + C 

28. Let u = x^ + I. T hen x^ = u — 1 and du = 3x^ dx, so 

f x’ dx = / u'/^ (u - 1) I </h = ^ / (u‘^1^ - u'/3) du = \ (f u’/5 _ ^ c 

= l(xn.f-l(.x^+.f+ C 

29. Let u = b + c.r"^’. T hen du = (a + 1)cx“ dx, so 

Jx»/i;T7^> dx = Ju'/^j^^du = + C = {b + cx‘'^f^ + C 

30. l-ct u = sinx. Then du = eosx rfx, so /cosx cos(sinx)</x = f cosudu = sinu + C = sin (sinx) + C. 

31. l.ct H = X + 2. Then du = dx, so 

= |(x + 2)’'"'-|(x+2)’/'' + C 

32. Let u = I — X. T hen x = I - u and dx = —du, so 

/ vfe+.«) 

= - (2«'/^ - 2 ■ fu’/^ + |u*/^) + C = -2 vT^ + ^ (I -xf'^ - I (I - x)^>^ + C 
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In Exercises 33-36. let / (jr) denote the integrand and F (x) its antiderivative (with C = 0). 

3x - I 


33. /(.x) = 


(3.t 2 -2v + 1)’ 


r. M = 3.X^ - 2x + I 


du — 2 (3x — \)dx. 


J 


3.t - I 


(3x2-2x+ I)' 




-|«-^ + c = — 


TT + C 


6(3x2-2x+ I) 

Notice that at X = f changes from negative to positive, and F has a 


local minimum. 
34./(x) = 


u = X- + I 


du = 2x dx, so 


-0.75 


= u'/^ + C = v/x2+ I +C 

Note that at x = 0, / changes from negative to positive and F has a local 
minimum. 

35. /(x) = .sin^xcosx. u = sinx => du = cosxdx,so 

J sin^ X cosx dx = f u^ du = ju'* + C = ^ sin'' x + C 

Note that at x = ^, / changes from positive to negative and F has a local 
maximum. Also, both / and F arc periodic with period w, so at x = 0 and 
at X = a, / changes from negative to positive and F has local minima. 

36. / ((/) = tan2 0 sec^ ft. u = tan 0 =* du = sec^ 0 dO, so 

/ tan2 0 scc2 OdO — J u- du = ju* f | o + C 

Note that / is positive and F is increasing. 



1 



u 



1.5 





Jj 




37. Let u = X — 1, so du = rfx. When x = 0. u = — I; when x = 2, u = 1. 'nicrcfore, 

Jg (x — 1)2* dx = h2* du = 0 by Theorem 6 (b). since / (u) = u^* is an odd function. 

38. Let H = 4 + 3x, so du = 3 dx. When x = 0. u = 4; when x = 7, u = 25. Therefore, 

^ v/4T3ldx = Vli (I du) = i 1^^ = I ( 25*^2 _ 4 . 1 / 2 ) = 2 (,35 _ g) = 234 ^ 26 

39. Let u = 1 +2x*,sodu = 6x2dx. wi^^nx = 0, u = l;whcnx = I.n = 3. Therefore, 

/o' x2 (I + 2x*)* dx = /2 „* (i du) = i = 1^) = 3^ (729 - I) = ^ = if 
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40. l.et u = x^, SO du =2xdx. When * = 0, h = 0; when x = y/n, u = 7c. Therefore, 

X cos (x-) dx = cos u ^ j = j [sin ujj = j (sin s - sin 0) = j (0 — 0) = 0 

41. Let u = xt. so du = x dl. When / = 0, u = 0; when / = I, a = rr. Therefore, 

/o' cos XI dl = Jg cosu (j du'j = j [sin aJJ = ^ (0 - 0) = 0 

42. Let a = 4/, so du = ^dt. When l = 0, u = 0; when r = |, a = jr. Therefore, 


/o''"'.sin4/rf/ = /o' sina (irfa) = [cosaJJ = (-1 - 1) = 2 

1 dx 

43. IvCt w = 1 + -, so = —T When x = 1, w = 2; when jr = 4, m = |. I'hcreforc. 

X x^ 

f' = //^\>/2 i-du) = fl, a'/^ du 


dx , 

44. I -does not exist since • 


4 . r _ 

Jo (2x-if 


* — has an infinite discontinuity at a: = 5 . 


(2.x - 3)^ 

45. Let a = cosO, so du = - sinOdO. When (? = 0, a = I; when 0 = §, a = j. Therefore, 
sinO 

au = I -r- = , 

/ 1/2 


r'^ ^ , 0 = r = /' „-^<fa = [-1]' = -I + 2 = . 

Jo COS^O Ji a^ Jf/2 I aJ,/2 


/ ir/2 2 , 
■ 

•»/2 


X sinx . 


</x = 0 by Theorem 6 (b), since / (x) = ^"0 is an odd function. 

47. Let a = 1 + 2x, so du =2dx. When x = 0, a = I; when x = 13, a = 27. T herefore, 

48. /'^/3 sin* OdO = 0 since / (0) = sin* 0 is an odd function. 

49. Let u =x — \,sodu = dx. Whenx = 1, a = 0; whenx = 2, a = 1. Therefore, 

X Vx - 1 dx = /o' (a+ \)y/udu = Jo (u^'^ + u'^)du = [|«*^^ + §"^^^]o = 5 + 5 = tI 

50. Let a = I +2x. sox = 5 (a - I) andrfa -2dx. Whenx = 0, a = 1; whenx = 4, a = 9. Therefore, 

i‘ vra ■/ - i r - > [*”“ - 

= i§[a*/2-3a'/2]’ = ^((27-9)-(l-3)l = f = f 
■ docs not exist since -—L_ has an infinite discontinuity at x = 2 . 


51. f —^ 
Jo (x - 2 


2 )* 


(x-2)^ 


52. Let u =a^ — x^, so du = -2x dx. When x = 0, a = a^; when x = a, a = 0. Therefore, 

j^xV^r^dx = r, a'/2 (-^rfa) = ^ r »'/^<fa = { ■ [fa*/^f = 
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53. Let u = + a^,sodu = 2xdx. Whenx = 0, u = when x = a,u = "hp-. Therefore, 

= = = = ^2V2-l)^ 

54/!, x-Jx^ -ycPdx = 0 by Theorem 6(b), since / (x) = x Vx^ + <P is an odd function. 

55. From the graph, it appears that the area under the curve is about 

1 + (a little more than j • 1 • 0.7^, or about 1.4. The exact area is given 

by yf = fg v'2x + 1 dx. Let u = 2x + 1, so du = 2dx, the limits change 
to 2 • 0 + 1 = 1 and 2 1 + 1=3, and 

^ = /i^ s/" (J = [ 3 “’^]’ = 3 - 1 ) = >/3 - ^ 1.399. 

-0.5 

56. From the graph, it appears that the area under the curve is almost 2.7 

2 ' X ' 2.6, or about 4. The exact area is given by 

A = fg (2 sin X — sin 2x) dx 
= —2 [cosx]J — fg sin2x dx 

= —2(—I — I) — 0 (by symmetry of the graph ofy = sin2x) 

= 4 

57. We split the integral: /fj (x + 3) V4 — x^ dx = /fjX-v/T^lt^dx + /fj 3V'4 —x^dx. The first integral is 0 by 
Theorem 6(b), since / (x) = xV4 — x^ is an odd function and we are integrating from x = -2 to x = 2. The 
second integral we interpret as three times the area of a semicircle with radius 2, so the original integral is equal to 
0 + 3 • j (x ■ 2^) = 6x. 

58. Let u = x^. Then da = 2x dx and the limits are unchanged (0^ = 0 and 1^ = 1), so 

/ = fg xy/1 — x*dx = j fg s/1 — P du. But this integral can be interpreted as the area of a quarter-circle with 
radius 1. So / = j • J (x • 1^) = jx. 

59. The volume of inhaled air in the lungs at time 1 is 

f‘ \ /2 \ 1 y V 

('(<) = J f{u)du = J -sin^-xujdu = j -sino^^duj [substitute« = ^a,d« = ^duj 
= ^ ( 3 *') + 1 ] = ^ [* “«>s(|x/)] liters 

60. Number of calculators = x (4) -x (2) = 5000 [l - I(X)(/ + 10)“^] dr 

= 5000 [/ + 100 (r + 10)-']j = 5000 [(4 + - (2 + J^)] a* 4048 

61. Let a = 2x. Then da = 2dx, so fg f (2x)dx — fg f (u) (j= J Jo /(»)</« = 5 (10) = 5. 

62. Let a = x^. Then du = 2x dx, so fg xf (x^) dx = fg f (a) da^ = ^ / (a) da = j (4) = 2. 




0 
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63. (a) Let« =-X. Then = —rfx. When Jt = a, u =-a; when x = i, 
u = —b. So 

S^f(-x)dx = f (») (-da) = n / (a) da = f-t 

From the diagram, we see that the equality follows from the fact that 
we are reflecting the graph of /, and the limits of integration, about 
the y-axis. 

(b) Let a = X + c. Then da = dx. When x = a, a = a + c; when 
X = b,u = b + c. So 

/ (X + c) dx = /‘^^ / (a) da = / (X ) dx 

From the diagram, we see that the equality follows from the fact that 
we are translating the graph of /, and the limits of integration, by a 
distance c. 




64. The area under the graph ofy = sin v** from 0 to 4 is y4i = Jj* sin v'xdx. The area under the graph of 

y = 2xsinx from 0 to2 is ^<2 = Jo 2x sinxdx [a = x^, da = 2xdx, =x for 0 < x < 2] =J^sinV“da. 
Since the integration variable is immaterial, A\ = A 2 . 

65. Let a = 1 - X, Then da = -dx, so 

/o' x" (1 - X)* dx = - /® (I - uf a» du = /o' a* (1 - a)" da = /J (1 - x)” dx. 

66. Let a = * — X. Then da = -dx. When x = x, a = 0 and when x = 0, a = *. So 


xf (sinx) dx = - /^ (* - a) / (sin (x - a)) da = /,* (sin a) du 

= » /o* /(S'" - /o* “/(sin “)du = X JJ" /(sin x)dx - /o* x/(sin x)dx 

=> 2/o*x/(sinx)dx =x/^/(sinx)dx =» /j x/(sinx)dx = f ./,*/(sinx)dx. 


67. Let a = 5 — 3x. Then du = —3 dx, so ^ ~ ~ J ^ ^ da = — j In |u| + C = — 5 In |5 — 3x| + C. 

68. Let a = x^ + I. Then du = 2x dx, so J jy-TT — J = j In |u| + C = - In (x^ + l) + C or 
InVx^ + 1 + C. 


69. Let a = Inx. Then da = —,so j (*"*^ jj, _ j-„2 + c = j (Inx)^ + C. 

, dx /■ tan"' X , f , a^ (tan"' x)^ 

70. Let a = tan"' x. Then du = “ J — J “dw = — + C =- - - 


+ C. 


71. Let a = 1+8*. Thendu = e* dx, so / e’ -JX + e* dx = J .Judu = |aS/^ + C = j (1 + C. 

Or; Let a = VI +e^. Then u^ = 1 + e" and 2udu = dx, so 

/e* VTTFdx =/a • 2u du = ^aS + C = I (1 + + C. 

72. Let a = e*. Thendu = V dx, so /e* sin(e')dx = Jiiaudu — — cosa + C = — cos(e*) + C. 

73. Let a = Inx. Then du = —,so f - 7 — = / — = ln|u| + C = ln|lnx| + C. 

X y xlnx y a 
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74. Let u = r* + 1. Then du = e^ dx, so J ^^ ^ dx = J — = In |u| + C = In (e^ + I) + C. 

75. Let M =ar^ + 2jr. Then du = 2 (.r + so f ^ ^ * dx = f = - ln|u| + C = - In + 2jr| + C. 

J x‘ + 2x J u 2 21 I 

sinx , f -du _i ^ -I ^ V 

--z—rfjt= / --r = —tan ‘u + C = —tan ‘(cosjt) + C. 

l+cos2;( y l+«2 ^ \ /-r 


76. Let u = cosx. Then du = — sin.x dx 


.so/- 


2xdx 


= tan ' X + 


5 In 4* 


’'7*'"=/Tib? 

(In the last step, we evaluate f duju where u = 1 +.x^.) 

78. Let u = x^. Then du = 2xdx,sa J j — J ~ ^ *“”' m + C = j tan”' + C. 

79. Let a = 2x + 3, so rfu = 2dx. When .x = 0, a = 3; when x = 3, a = 9. Therefore, 

Jo 2^"J 7^ = [ 5 'n«] 72 ^'"’“'"^) = 5'"5 = l'"3 (or ln>/3) 

80. Let a = -x^, so du = -2xdx. Whenx = 0, a = 0; whenx = 1, a = -1. Therefore, 

Jo = Jo' e“ (-J du'j = [e"]y' =-{ (e”' - e®) = ^ (1 - 1/e) 

dx 

81. Let a = Inx, so ya = —, When x = e, a = 1; whenx = e^; a = 4. Therefore, 


+ C 




82. Let a = sin x, so du = 


dx 


rl/2 cin“l 


Whenx = 0, a = 0; whenx = j, a = f. Therefore, 


f'/^ sin-'x , /•»/« , fan*/* 

/ ;-- dx= udu = — = -XT 

Jo Vl —x^ Jo L 2 Jo 72 


„ xsinx smx , t 

83. T--^— = X • -—X— = x/ (smx), where /(/) = -—By Exercise 66, 


1 + cos^ X 


2 — sin^ X 


f* xsinx , f* 

Jo T+Tli?I 70 


2-t^' 

xf(sinx)dx = ^j^ /(sinx)</x = | jT 


I + COS^ X 

LetM = cosjr. Ttitndu =; ^sinxdx. WhenAr = u = —1 and when:c = 0, w = 1. So 


dx 


n /“* sinx , n ( ^ du n r du ^ V 

2Jo TTT^‘^^=-2y, TTT? = 2y_,m? = 2h "L 
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Review 


CONCEPT CHECK 


(®) SLi / (■*)*) expression for a Riemann sum of a function /. x’ is a point in the I'th subinterval 

[x,_i, X,] and Ax is the length of the subintervals. 

(b) See Figure I in Section 5.2. 

(c) In Section 5.2, see Figure 3 and the paragraph to the right of it 

2. (a) See Definition 5.2.2. 

(b) See Figure 2 in Section 5.2. 

(c) In Section 5.2, .see Figure 4 and the paragraph to the right of it. 

3. See page 343. 

4. (a) Sec the Total Change Theorem on page 350. 

(b) represents the change in the amount of water in the reservoir between time fi and time l^. 

(®) “ (0 dt represents the change in position of the particle from r = 60 to / = 120 seconds. 

/m ° I® dt represents the total distance traveled by the particle from ( = 60 to 120 seconds. 

(c) a (!) dl represents the change in the velocity of the particle from t = 60 to / = 120 seconds. 

®- W S f Mdx IS the family of functions {F | /” = /). Any two such functions differ by a constant. 

(b) The connection is given by the Evaluation Theorem: /* / (x) dx = [/ / (x) dx]* if / is continuous.. 

7. The precise version of this statement is given by the Fundamental Theorem of Calculus. See the statement of this 
theorem and the paragraph that follows it on page 343. 

8. See the Substitution Rule (5.5.4). This says that it is permissible to operate with the dx after an integral sign as if it 
were a differential. 


' TRUE-FALSE QUIZ - .. 

1. True by Property 2 of the Integral in Section 5.2. 

2. False. Try a = 0,b = 2, f (x) = g{x) = lasa counterexample. 

3. True by Property 3 of the Integral in Section 5.2. 

4. False. You can’t take a variable outside the integral sign. For example, using /(x) = 1 on fO, IJ, 

lo X /(x)dx = fg xdx = = 5 (a constant) while x I dx = x (xj^ = x • 1 = x (a variable). 

5. False. For example, let / (x) = x^. Then fg -Jj^dx = Jgxdx = j, but ^Jgx'^dx = yfl = 
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6. True by the Total Change Theorem. 

7. True by Comparison Property 7 of the Integral in Section 5.2. 

8. False. For example, let a = 0, b = 1, / (jt) = 3, g (jt) = x. /(x) > g (x) for each x in (0,1), but 

/'(x) = 0< 1 =g'(x)forx e (0, 1). 

9. True. The integrand is an odd function that is continuous on [-1,1], so the result follows from Equation 5.5.6(b). 

10. True, /’j {ax^ + bx + c) dx = /jj (ax^ + e) dx + /fj bx dx 

= 2fg{ax^ + c)dx [by 5.5.6(a)] +0 [by 5.5.6(b)l 

11. False. The function / (x) = 1/x^ is not bounded on the interval [—2,1 ]. It has an infinite discontinuity at x = 0, 

so it is not integrable on the interval. (If the integral were to exist, a positive value would be expected, by 
Comparison Property 6 of Integrals.) 

12. False. See the remarks and Figure 4 before Example I in Section 5.2, and notice that y = x — x^ < 0 for 

1 < X < 2. 

13. False. For example, the function y = |x| is continuous on R, but has no derivative at x = 0. 

14. True by FTCI. 


EXERCISES 


1 . (a) 


(b) 



i6 = |;/(^<-i)Ax [Ax = ^ = l] 

i»i 

= /(X0) l+/(Xl) l+/(x2) l 

+/(X3)- 1 +/(X4)- 1 +/(X5) - 1 
=e2 + 3.5 + 4 + 2 + (-l) + (-2.5) = 8 
The Riemann sum represents the sum of the areas of the first four 
rectangles and the negatives of the areas of the last two rectangles. 



Mi = 'Zf(x,)txx [Ax = ^ = l] 

(=1 

= /Cfl) l+/(?2) l+/(X3) l 

+/(3f4) l+/(X5) l+/(X6) l 

= / (0.5) + / (1.5) + / (2.5) + / (3.5) + f (4.5) + / (5.5) 
= 3 + 3.9 + 3.3 + 0.2 + (-2) + (-2.8) = 5.6 
The Riemarm sum represents the sum of the areas of the first four 
rectangles and the negatives of the areas of the last two rectangles. 
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2- (a) 



/(;c)=A2-;tan(IA;i = ^ = 0.5 => 

/?4 = 0.5/ (0.5) + 0.5/ (1) + 0.5/ (1.5) + 0.5/ (2) 

= 0.5 (-0.25 + 0 + 0.75 + 2) = 1.25 

The Riemann sum represents the sum of the areas of the third and 
fourth rectangles and the negative of the area of the first rectangle. 
(The second rectangle vanishes.) 


(b)- jc) </;c = Urn [Ajc = 2/n and = 2i7rt] 

' n—>oo 

— lim F— ^ n(n + 1) 1 

n-»oo|_3 n n rt J 


• 1 . 2-21 = 


(c) lo -x)dx = = (I - 2) = I 


(d) 


y 

1 



" 'j 


i 


M 



A, 



0 


1 ; 

l X 


(x^ - x) dx = A\ - A 2 where ,4i and ><2 are the areas shown in 
the diagram. 


Jo + Vl dx = /o' xdx + Jg y/l -x'^dx = l\ + h- 




I\ can be interpreted as the area of the triangle shown in the figure and h can be interpreted as the area of the 
quarter-<ircle. Area = ^ (1) (1) + j (s’) (1)^ = ^ + |. 

n 

4. On [0, ic], lim 2 sinx/ Ax = Jg sinxrfx = [-cosx]o = - (-1) - (-1) = 2. 

»-^00 ^_| 
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S. J^f{x)dx = f^f(x)dx + Jtf(.x)dx =» 10 = 7 + J^f(x)dx => = 10-7 = 3 


6 - (a) (x + 2 x^)dx = lim V/(;t() Ai [ax = ^— 5 - = l.x* = 1 + —1 

L n n n j 


= lim ^ 




,, 1305n'' + 3126n’ + 2080«2-256 4 

= lim -=-- - =s 5220 

n-»co /J-J n 

(b) /’ (x + 2x*) dx = [^x^ + |x‘]’ = (f + - (j + 5 ) = 12 + 5208 = 5220 

7. First note that either a or 6 must be the graph of f(t)dt, since f(t)dl=0, and c (0) yE 0. Now notice that 
6 > 0 when c is increasing, and that c > 0 when a is increasing. It follows that c is the graph of / (x), b is the 
graph of f (x), and a is the graph of f(l)dt. 

. , , r. u d / . X X\j r . X XV/T ' . VO 

8. (a) By FTC2, we have / — (sm - cos - I rfx = sin - cos - = —= -0 1 = —. 

Jo dx\ 2 2/ L 2 3 J 0 >/2 2 4 

d X X 

(b) — / sin - cos -dx = 0, since the definite integral is a constant. 

dx Jo 2 3 

/ ^ ( r ‘ > A d r . I I .X x,^ 

(c) — / sm - cos - ar = — I — / sm - cos - <fr I = -— / sin - cos -dt = -sm- cos by 

dxJx 2 3 dx\ J,n 2 3 y rfx y ,/2 2 2 2 3’’ 

FTCI. 


9. (8x3 ^ = (2.2“ + 23) - (2 + 1) = 37 

10. /o (x3 + 4x - 1) rfx = [|x“ + 2x3 - = ^*4 + 2*2 _ i 

11. fo' (1 -x’)<fx = [x - .^x'®]^ = I - = .^ 


12. Let u = I - X. Then du = -dx, so (1 - x)’ dx = jf {-du) = «’</« = [k'®]J = ^ 

13. /* ^(X - 1)rfx = (x“/3 - x'/3) dx = [^x3/3 _ 3 , 4 / 3 ]* = , ,28 _ J . 16 ) - (3 _ 3) = 1209 

14. dx = (x3/2 -x'/3 +X-'/3)dx = [2;cS/2 _ 2,3/2 + 2 , 1 / 2 ]* 

= (2.32-2.8 + 4)-(f-|+2) = i^ 

15. Let w = 1 + 2x3. Then du = bx^ dx, so 

/o*x3 (1 + 2x3)* dx = /,” «3 (1 </„) = [•^„4]" = ^ (174 _ 1 ) = 3480. 

16. Let« = 16 — 3 jc. Then jc = | (16 — u), dx = ~\duy so 

j (^) (-5 ''“)=I r 

= ^ [l6. |a3/2 _ 2„5/2]]‘ = 1 [■« . 64 _ 2 . ,024 - f . 8 + § . 32] = 

/'ll jy /*25 / \ r t25 

17. Let« = 2x + 3. Then</« = 24fx.sojf -^== j «-'/2 (i rf„) = [^„i/2]^ = 5 _ 3 = 2. 
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X dx 

, does not exist since the integrand has an infinite discontinuity at x = 1. 

Jo (, 2 - 1)2 

19. f — — — 7 does not exist since the integrand has an infinite discontinuity at x = — 5 . 

J-2 (Zx + S/ 

/ I X +,2 + x^ 

-!- 7 dx = I X dx = 0 by Theorem 5.5.6(b), since the integrand is odd. 

•ll+x^ + x" y_i 

21. Let u = 2 + X*. Then du = 5x^ dx, so 

22 . Let u = 2x — ,2. Then da = 2 (1 —x)dx, so 

/(l-x)V2x-x5dx = /a'/ 2 (jdB) = ^§a 2/2 + C = ^( 2 x-x 2 ) 2/2 + C. 

, f , T sin a du - cos a _ cos xx 

23. Let a = xx. Then du = n dx, so I sinxxdx = / -=- 1 - C =-+ C. 

J y X X X 

24. Let a = 3r. Thendu = 3 d/, so /csc^3/d/ = /csc^ a ^5 du^ = — j cotu + C = — j cot3/ + C. 

25. Let a = i. Then da = — ^ d/, so J ~ J ‘-®5“ = — sinu + C = — sin +C. 

26. Let a = cosx. Then du = — sinx dx, so 

/ sinx cos (cosx) dx = — /cosudu = — sinu + C = — sin (cosx) + C. 

27. Let u = 20. Then du = 2d0, so 

sec 2 ^ tan 20 dS = sec a tan a da^ = j [sec u]J^^ = j (sec f — sec 0 ) 

= ^(V 2 -l) = iV 2 -^ 

28. Let a = 1 + tan /. Then du = sec^ / dl, so (1 + tan/)^ sec^ tdt = u^du = j [a^], = j (2^ - 1^) = ^. 

29. |sinx|dx = Jg sinxdx - /2* sinxdx = 2fg sinxdx = -2[cosx]J = -2[(-l) - 1] = 4 

30. /* |x2 - 6x + 8| dx = /o* |(x - 2) (X - 4)|dx 

= (,2 - 6 x + 8 ) dx - f* (x^ - fix + 8 ) dx + /* (x^ - fix + 8 ) dx 

= [^x’ - 3x2 + 8 ^j 2 _ _ 3^2 + ^ _ 3j(2 ^ g^j* 

= (f-12+16)-0-{f-48 + 32)+ (§-12+16)+ (^-192 + 64)-(f-48 + 32) = 

In Exercises 31 and 32, let / (x) denote the integrand and F (x) its antiderivative (with C = 0). 
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= + 1 _ 2 ) + C 



-4 


33. From the graph, it appears that the area under the curve y = 
between jc = 0 and ;t = 4 is somewhat less than half the area of an 
8x4 rectangle, so perhaps about 13 or 14, To find the exact value, we 
evaluate 

S'^x^-xdx = = [fxV2]^ = I (4)V2 = m ^ jj g. 



34. From the graph, it seems as though /q * cos^ x sin^ x rfx = 0. To 
evaluate the integral, we write the integral as 
/ = cos^ ■* (1 ~ x) sinx dx and let u = cosx => 
du = — sinx dx. Thus, / = (1 — (—du) = 0. 



- 0.2 


35. By FTCl, F (x) = VT+7dt => F' (x) = vTTl^^. 

36. F (x) = tan [s^) ds => F' (x) = tan (x^) 


37. 


g(x) 


tdl 


= i ^^.Lety=g(«)andu = x3 

3x2 = 


.T, . dy dydu 

Theng'(x)=- = -- = -^ 


•v/TT^ 


3x2 ^ 


3x^ 

Vl +x^' 


3B. g(x) = yr^n^dt. Lety = g(x) and u = cosx. Then 


g'(x) = ^ = ^1 — u2(—sinx) = y 1 — cos2x (—sinx) 

ax du dx 


= — sin ;f \/sin^ JC = — (sinjc)^^^ 


39 .;,= r r^do+ /' ^-^de= r^do- 

6 jy 0 e Jx e j\ 0 


de 


cosx cos.^ 1 _ 2 cosx — cos^/x 

X yx lyx 2x 
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«■ >■ = si" {>') <“ = /o"" sin (7^) dt - sin (/^) dt =» y' = 3 sin [(3;c + l/] - 2 sin [(lx)"] 

41. If 1 < X < 3, then 2 < Vx2 + 3 < 2 m/ 3, so 2 (3 - 1) < Vx^ + 3 i/x < 2V3(3- 1); that is, 

4 < Vrn3</x < 4V3. 


42. If 3 < X < 5, then 4<x + l<6and7< —j— < 7, so ^ (5 - 3) < f ^-r dx <\ (5- 3); that is, 

DJf+l 4 X -t I 

^ Jl x + \ 2 

43. 0 < X < 1 =» 0 < cosx < 1 x^cosx<x^ =» /o'-*^cosx</x </jX^rfx = j [x^jJ = 5 [Property 
7 ]. 


44. On the interval ^ j, x is increasing and sinx is decreasing, so is decreasing. Therefore, the largest value 


„ sinx 

of-on I 

X 


[— —1 is sin _ y/2/2 _ 2^ Property 8 with M = we get 
[4’ 2J x/4 71/4 It 7 X ^ 


2V2 


sinx ^ 2V2 ff, _ 
y»/4 Jt ^”xV2 4/ 2 


2^ (K 


■J2 


45. Let /(x) = Vl +x^ on [0,1]. The Midpoint Rule with « = 5 gives 


/o' yrr^t/x«^ (o.i)+/ (0.3)+/ (o.s)+/ (o.?)+/ (0.9)] 

= ? j^V^l + (0.1)^ + v/l + (0.3)^ + • ■ • + v/n- (0.9)’j » 1.110 

46. (a) displacement = /q’ (/^ -t)dt = = i|5 - ^ = = 29.16 

(b) distance traveled = - l\dl = \l {I — 1 )|dt = /,'(< — t^)dt + /* (/^ — l)dl 


47 . Total percentage increase = /,'^ r (/) dl Mj = j [r (1992) + r (1994) + r (1996)] 

= 2 (7.4+ 4.8+ 3.0) = 30.4 

48 . Distance covered = /q* " d {i) dt Ms = ^ [o (0.5) + u (1.5) + o (2.5) + v (3.5) + o (4.5)] 

= 1 (4.67 + 8.86 + 10.22 + 10.67 + 10.81) = 45.23 m 

49 . We use the Midpoint Rule with n = 6 and At = = 4. 

Increase in bee population = (t)dt as A/s = 4[/(2) + /(6) + /(lO) + /(14) + /(I8) + f (22)] 
w4[60.15 + 976.8I +7023.11 +8550.88+ 1374.96+ 152.74] 

= 4 (18,138.65) = 72,554.6 

For the answer in the back of the text, we used the estimates 50, 1000, 7000, 8550, 1350, and 150 to get 72,400. 
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50. ,4] — _ j (2) (2) = 2, .42 = jiA = j (I) (1) = and since 

y = —VI —x^ for 0 < jr < 1 represents a quarter<ircle with radius 1, 
■43 = (I)^ = So 

= /Il - ■42 -.43 = 2 - = i(6-a^). 



51. By the Fundamental Theorem of Calculus, we know that F (x) = /' sin (r^) dt is an antiderivative of 

/ (x) = sin (x^). This integral cannot be expressed in any simpler form. Since /<// = 0 for any a, we can 
take a = 1, and then F (I) = 0, as required. So F (x) = /j* sin (r^) dt is the desired function. 


52. (a) C is increasing on those intervals where C is positive. By the Fundamental Theorem of Calculus, 

^ [/o (f “/O = (f •*^)- is positive when is in the interval 
((^" ~ j) (2" + i) *).« any integer. This implies that (2n - x < f x^ < (2n + x <=> 

0 < |x I < I or V4/I - I < lx I < V4n + I, n any positive integer. So C is increasing on the intervals [-1,1], 

[V3, Vs], [-V5, - Vs], [V7, 3 ], [-3, -Vt], .... 


(b) C is concave upward on those intervals where C" > 0. We differentiate C' to find C": C' (x) = cos (f x^) => 
= “ ain (fx^) (I ■ 2x) = -XX sin (fx^). Forx > 0, this is positive where (2n - I) x < ^x^ < 2/ix, 
n any positive integer <=> ^i{2n — 1) < x < 2Vn ,» any positive integer. Since there is a factor of —x in 
C , the intervals of upw'ard concavity forx <0 are (—V2 (2/i + I), —2Vn), n any nonnegative integer. That 
is, C is concave upward on (-V2, o], 2 ], (-V5, - 2 ], (vS, 2v^]. 



Fromthegraphs,wccandeterminethat J^‘cos(ft2)(/, = o.7atx as0.76andx as 1 . 22 . 


(d) 



The graphs of S (x) and C (x) have similar shapes, except that S’s 
flattens out near the origin, while C’s does not. Note that for 
X > 0, C is increasing where 5 is concave up, and C is decreasing 
where S is concave down. Similarly, S is increasing where C is 
concave down, and S is decreasing where C is concave up. For 
X < 0, these relationships are reversed; that is, C is increasing 
where S is concave down, and S is increasing where C is concave 
up. See Example 5.3.2 and Exercise 5.3.47 for a discussion of 
S(x). 
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53.^V(0<^/=.sin. + ^'^ 


dt ^ f (x) = x cosx + sinjc + --j (by differentiation) 


i'-Th)- 


X cosi + sinjT ^ / (x) 


(il.) = 


;tcosx + sinx 


I + 

/ (at) = —j— (x cosx + sinx) 


54 . From the given equation, / lt)dl = sinx - Differentiating both sides using FTCl gives / (x) = cosx. We 
put X = a into the first equation to get 0 = sin a — j, so a = ^ satisfies the given equation. 

55 . Letu = /(x)andrfu = f{x)dx. So 2/* f (x) f ix)dx =2 = [“^]/(*) = (/(*))^ - [/(o)]^- 

56 . Let F(x)= f \/l + /^ dt. Then F' (2) = lim ^ ^ _ lim i / Vi +l^ dt, and 

Ji *-*o h h-to h Ji 

F' (x) = Vi + so lim 7 / =r F' (2) = Vi + 2^ =: V9 = 3. 

A-^o h J2 

57 . Let u = 1 — X. Then du = -dx, so fj / (I -x)dx = jf /(u)(-du) = fg f(u)du = fg f (x)dx. 


The limit is based on Riemann sums using right endpoints and subintervals of equal length. 



Problems Plus 


1. Differentiating both sides of the equation jr sin tcx = if f (r) dl (using FTCl and the Chain Rule for the right 
side) gives sin xx + xx cos xx = Ixf (x^). Letting x = 2 so that / (*2) = / (4), we obtain 

sin2ar + lx cos2)t = 4/ (4), so /(4) = J (0 + 2)r ■ 1) = |. 

2. (a) Lct/(x) = ax2+ 6x+c./(O) = /(ff) = 0, soweknowthat/(0) = 0 =» c = 0, and/(jt) = 0 <=> 

ax^ + bx =0 «:> b — —ax. So /(x) = ox^ - axx. Now we want the maximum value of / (x) on [0, x] 
to be the same as that ofsinx, that is, 1. So we find the value of x at which / has a maximum by differentiating 
and setting/'(x) = 0 » 2ax-ax=0 <=> x = f. Now/(f) = a (f -ox (f) =Weset 
this equal to I, in order to find a:-^x^o = 1 <=> a ==> h =-ax = Thus, the desired 
function is /(x) = --^x^ + |x. 

Alternate Solution (without calculus): Use /(x) = ax (x — x). 

(b) Once again, g(0) =g(x) = 0 ^ g(x) = ax^ - axx. We wantg'(O) = (sinx)]^ = cos0= 1. We 
calculated g'(x) in pan (a), so we set s'(0) = 1 <=> 2a(0)-ax = l <=> a = - . We also want 

(sinx)]^ = cosx = - I, so we check that g'(x) = -1 with a = — 
g'(x)=2^-y^x — ^-j^x = -l. Thus, the desired function isg(x) = — jx^ +x. 

(c) Again, h (x) = ax^ - axx. Now we want the area under the curves of h (x) and sinx to be the same; that is, 
fo h(x)dx = Jq sinxdx = [—cosxJJ = (1) — (—1) = 2. We integrate A between 0 and x and set the result 
equal to 2; (ax^-axx)dx = [^ax’- ^axx^j" = ^ax’- ^ax’ =-^ax’ = 2 <=> a = -12/x’. 

12 12 

Thus, the desired function is h (x) = —+ —rx. 



4. By FTC2, /'(x)dx = /(I) - /(O) = 1 - 0 = I. 
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5. Such a function cannot exist. / (x) > 3 for all x means that / is differentiable (and hence continuous) for all x. 
So by FTC2, j;* /' (x) </x = / (4) - / (1) = 7 - (-1) = 8. However, if /' (x) > 3 for all x, then 

f{x)dx > 3 • (4 - I) = 9 by Comparison Property 8 in Section 5.2. 

Another Solution: By the Mean Value Theorem, there exists a number c e (1,4) such that 
/(4)-/(l) ^ 7-(-l) 8 

3 3 


/'(c) = 


4-1 

function cannot exist. 


8 = 3/ (c). But fix) >3 


3 /' (c) > 9, so such a 


6. (a) 



, 2cx — x^ . 

From the graph of / (x) = —-, it appears 

that the areas are equal; that is, the area enclosed 
is independent of c. 


(b) We first find the x-intercepts of the curve, to determine the limits of integration: y = 0 <=> 2cx - x^ = 0 
<=> X = 0 or X = 2c. Now we integrate the function between these limits to find the enclosed area: 


A = '‘^ dx = ^ [cx^ - Ix^]^' = i [c (2c)^ - \ (2c)5] = ^ [4c’ - fc’] = V » 


(c) 



The vertices of the family of parabolas seem to 
determine a branch of a hyperbola. 


(d) For a particular c, the vertex is the point where the maximum occurs. We have seen that the x-intercepts arc 0 

. 2c(c)-c2 I 

and 2c, so by symmetry, the maximum occurs at x = c, and its value is-; 


= -. So wc arc interested 
c 


in the curve consisting of all points of the form c > 0. This is the part of the hyperbola y — \/x lying 


in the first quadrant. 

7 / (x) = ' dt, where g (x) = [l + sin (r^)] rfr. Using FTC I and the Chain Rule (twice) wc 

Jo V\+f 

have f (x) = , * - s' (x) = * [1 -I- sin (cos^ x)] (- sinx). Now 

g{\) = jS[i + si^(tW=0.sof{^) = ^^i\+smO)i-\) = \\ i-l) = -i. 

8. If / (X) = /o x2 sin (t^) dt = x^ /o sin (f) dt, then /' (x) = 2x sin {f) dt + x^ sin (x^), by the Product Rule 
andFTCl. 

9. /(x) = 2 -l-x - x^ = (-X + 2) (x -t- I) = 0 <=> X = 2 orx = -1. /(x) > 0 forx 6 [-1,2] and /(x) < 0 
everywhere else. The integral /* (2 + x - x^) dx has a maximum on the interval where the integrand is positive, 
which is [-1,2]. So a = -1,6 = 2. (Any larger interval gives a smaller integral since /(x) < 0 outside [-1,2]. 
Any smaller interval also gives a smaller integral since /(x) > 0 in [-1,2].) 
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10. This sum can be interpreted as a Riemann sum, with the right endpoints of the subintervals as 
sample points and with a = 0, b = 10,000, and / {x) = So we approximate 

Vi =» ^Hm^ i; ^dx = = f (1,000,000) « 666,667. 

Alternate Method: We can use graphical methods as follows: 

From the figure we see that //_, ^/xdx < Vi < X*"*"' Vx dx, so 
10 000 

/q°’®®® V^dx < '^ Vi < /i'"’*'*" Va dtt. Since f Vxdx = jx^/^ + C, 

we get Xj'*’’*'” Vxdx = 666,666.6 and 

//“•®®‘ Vxdx = f [(10,001)’/^ - 1] =» 666,766. 

10.000 

Hence, 666,666.6 < '^ Vi < 666,766. We can estimate the sum by averaging these bounds: 

<=l 

10.000 

Z =« 666,716. The actual value is about 666,716.46. 

1=1 



11. (a) We can split the integral [x]</x into the sum Z [X'-i llx|(/xj. But on each of the intervals [i — 1, i) of 

integration, Ix]) is a constant fiinction, namely i — 1. So the ith integral in the sum is equal to 

n »-I 

(i — 1) [i — (/ — 1)] = (i — 1). So the original integral is equal to (i — 1) = S * =- 15 -• 


(b) We can write // |x]| dx = lx] dx - |[x]| dx. 

Now Xf IxJ dx = X)*** lx] cfx + X|jj lx] dx. The first of these integrals is equal to ^ {{ij — 1) [bj, by 
part (a), and since IxJ = [bl on ([b], b], the second integral is just fbl (b — |b]|). So 
Jo I^I </* = 5 (1*1 - 1) 1*1 + 1*1 (* - 1*1) = J 1*1 (2b - lb] - I) and similarly 
IS 1^1 dx = i In] {2a - H - 1). Therefore Xf H dx = ^ [b] (2b - lb] - 1) - J la] {2a - Ja] - 1). 


12. By FTCl, — JS (Xi*”' V 1 + du^ dl = Vl + «^ du. Again using FTCl, 


Jo ( JS”' V\ + u* du^ dt = Xi*^* V\+l? du = \/l + sin^ x cosx. 


13. Differentiating the equation / (r) dt = [/ (x)]^ using FTCl gives / (x) = 2/ (x) /' (x) ^ 

/ (x) [2/' (x) — 1] = 0, so / (x) = 0 or /' (x) = j. /" (x) = j ^ / (x) = jx + C. To find C we substitute 
into the original equation to get JS (jt + c) dr = (^x + <=> |x^ + Cx = \x^ + Cx+ C^. It follows 

that C = 0. so / (x) = jx. Therefore, / (x) = 0 or / (x) = jx. 
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Let jc be the distance between the center of the disk and the surface of the liquid. 

The wetted circular region has area irr^ — while the unexposed wetted region 

(shaded in the diagram) has area 2 J' dt, so the exposed wetted region 

has area A (x) = ^ Jx ^ t^dt, 0 < x < r. By FTCI, we have 

A' (x) = -2ax + 2Vr2 - x^, so A' (x) = 0 when ax = -x^ =» 

a^x^ = — x^ and hence (I + a^)x^ = sox = , ■ ■ 

Vl + a^ 


Now A (0) = jax^ and A (r) = 0, while 

/I ( '' ^ = Ijcr^ + sin“' (after some simplification) > iar^, so there is an absolute 

Vyrr^/ vi+a^ 

r 

maximum when x = . — 


15. Note that ^ {/o [/o“ /(')</'] </'') = /o" / (O'/' by FTCI, while 

f. [/o / (") (:'-«)'/«] = ^ [^ /o' /(“)'/“]- S [/o / (") “ </“] = /o /(-')</» + V (^) - / (^) ^ 

= /^ /(«)</« 

Hence, / («) (x - «) rfu = [/„" / (r) *] <f« + C. Setting x = 0 gives C = 0. 


y ‘ 

1 

1_ 






-'1 0 

) 2 A ' ' 


Ig ^ ^ We restrict our attention to the triangle shown. A point in this 

triangle is closer to the side shown than to any other side, so if 
we find the area of the region R consisting of all points in the 
triangle that are closer to the center than to that side, we can 
multiply this area by 4 to find the total area. We find the 
equation of the set of points which are equidistant from the 
center and the side; the distance of the point (x, y) from the 
side is 1 - y, and its distance from the center is x/x^ +>'^. 

So the distances are equal if -Jx^ + y^ = \ - y <=s x^+ y^ = I - 2y+>'^ <=> y = j (1 - x^). Note that 
the area we are interested in is equal to the area of a triangle plus a creseent-shaped area. To find these areas, we 
have to find the y-coordinate h of the horizontal line separating them. From the diagram, 1 - A = VIA «=> 
h = ^ ^ — I. We calculate the areas in terms of A, and substitute afterward. 

The area of the triangle is j (2A) (A) = A^, and the area of the ereseent-shaped section is 

(1 _ ,2) - a] <fx = 2 - a) X - ^x’]* = A - 2A2 - ^A/ So the area of the whole region is 

4 [(a - 2A2 - \h^) + A^] = 4A (l - A - ^A^) = 4 (^2 - l) [l - (^/2 - l) - } - l)'] 

= 4 (x/2 - l) (l - ^>/2) = I ( 4 ^ - 5 ) . 
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( ' 1 - ‘ II ' 1 

= lim - 
/i-»oo n 

/ 

nf~ 

/ n 


\VnVn+l -Jn-fn + i -friy/n + n > 

n+ 1 '''V 

n + 2^-+\l 

n + n) 


- i (tTO 7f^ + i ^ (0 ^ = Tffe) 

18. Note that the graphs of (x - cf and [(jc - c) - 2]^ intersect when \x - c\ = \x - c-2\ <=> c-x =x -c-2 
<=> X = c + I. The integration will proceed differently depending on the value of c. 

Case J: -2<c <-l In this case, fdx) = {x-c-2f forx e [0,1], so 

g (C) = fo'(x-c- 29dx = ^ [(.X - c - 2)3]J = \ [(-e - 1)3 - (-c - 2)3] 

= ] (3c 3 + 9e + 7 ) = + 3c + ^ = (c + 1)^ + ^ 


y = U-c)j 


y = U-c-2)’ 


T5 

litis is a parabola: its maximum for 
—2 < c < -1 is g (—2) = j, and its minimum is 

«(-i) = T*f 


Case 2: -\ < c < 0 In this case, fc(x) = 


(x —c9 if 0 < X < c + I 

(x - c — 2)3 if c + 1 < X < I 

g = fo fc ( 3 :) ‘^3' = Jo (3t - c)3 dx + (x - c - 2)3 dx 


fherefore, 


) = fo fc ( 3 :) dx =J^'^\x- c)3 dx + (x - c - 2)3 dx 
= 5 [(3^ - + ] [(X - c - 2)3]'^^ = I [1 + c3 ^ _ ,)3 _ ,)j 

= -c3 - c + ^ = - (c + +11 



2 ' 


Again, this is a parabola, whose maximum for 
-I < c < 0 isg (—j) = -R. and whose 
minimum on this c-interval is g (— 1) = 


se 3: 0 


.■ 0 < c < 2 In this case, fc (x) = (x - c)3 forx 6 [0, I], so 
«(<3) = /o' (x-cfdx = ] [(x -c)3]^ = ] [(1 -c)3 - (-c)3] =c3 - c+ ^ = (<3- i)^ + n 



This parabola has a maximum of g (2) = j and i 
minimum ofg = • 


. 1 
- 15- 


2 X 

include that g (c) has an absolute 1 
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19. The shaded region has area fg /(x)dx = j. The integral fg {y)dy 
gives the area of the unshaded region, which we know to be 1 - ^ So 

fo'r'Mdy^l 



20. (a) To find Bi (x), we use the fact that Bj (x) = Bo (x) =» B, (x) = f Bo(x)dx - f t dx - x + C. Now we 
impose the condition that fg Bi (x) dx = 0 =» 0 = fg (x + C) dx = ^ jx + (Cx]o — j + C =» 

C = So B| (x) = X - j. Similarly Bj (x) = / Bi (x)dx = f^x-^Jdx = \x^ - \x + D. But 

/o'B 2 (x)dx = o => o = /o'(ij'^-5* + ^)‘^^ = ?-T + ^ =» o = n.so 
Bj (X) = ^x^ - ^x + ^. Bj (X) = / B: (x)dx = f (^x^ -{x + ^)dx = ^x’ - Jx^ + ^x + £. But 
f^B}(x)dx=0 => 0 = ;o'(ix3-ix2 + T!jx + £)dx = ^-T!l + i + £ =» £ = 0. So 
B3 (x) = Jx 3 - \x^ + t!jX. B4 (x) = / B3 (X) dx = / (ix’ - ^x^ + iljx) dx = ^x* - t!jx’ + ^x^ + F. 
ButJo'B 4 (x)dx =0 =» 0 = /o’(^x^-Tl 5 x 3 + ^x2 + £)dx = T^-^ + ^ + £ =» F = -’m- 

So B 4 (x) = ^x* - T^x’ + ^x^ - 

(b) By FTC2, B„ (1) - B„ (0) = fg' b; (x) dx = /o' B„-, (x) dx = 0 for n - 1 > 1, by definition. Thus. 

B„(0) = B„(l)forn>2. 

(c) We know that B„ (x) = X ^ expression, and use the fact that 

B„ (1) = B„ (0) = - for n > 2, we get b„ = ^ ft)**' '*’* 

bn = ®bo + + • ■ • + C.: 2)*-2 + + O*- We cancel the bn terms, move the B„-, term to 

the LHS and divide by -C,".,) = -n: b«-, = [(S)io + G)*. + ''' + ^ 2- 


(d) We use mathematical induction. For n = 0; Bo (1 - x) = 1 and (-1)® Bo (x) — 1, so the 
equation holds for n = 0 since bo = !• Now if Bj (I — x) = (—1) B* (x), then 
since ^Bm (1 - X) = Bj;^, (1 - x) ^ (1 - x) = -B* (1 - x), we have 
^Bt+i (1 - X) = (-1) (-D* B* (x) = (-I)*-'' Bt (x). Integrating, we get 

B*+i (1 - x) = (—1)*’’'' Bt+i (x) + C, But the constant of integration must be 0, since if we substitute x = 0 
in the equation, we get B*+i (1) = (-1)*+' B*+i (0) + C, and if we substitute x = 1 we get 
B*+i (0) = (-1)*"^' B*+i (I) + C, and these two equations together imply that 
Bm (0) = {-!)*+' [(-I)*-"' B*+i (0) + C] + C = Bt+, (0) + 2C « C = 0. 

So the equation holds for all n, by induction. Now if the power of -1 is odd, then we have 
B 2 „+i (1 - x) = -B 2 ;.+, (x). In particular, B>+i (1) = -B 2 „+, (0). But from part (b), we know that 
( 1 ) =, Bh (0) for * > 1. The only possibility is that B 2 «+i (0) = Bin+i ( 1 ) = 0 for all n > 0, and this 
implies that 62^+1 = ( 2 n + 1)1 B 2 ,,+i (0) = 0 for n > 0. 
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(e) From part (a), we know that 6 o = 0! Bo (0) = 1, and similarly Ai = -i, 62 = 7 , hs = 0 and *4 = 

2 6 30 

We use the fonnula to find 

The 63 and bs terms are 0, so this is equal to 


*[..- 7 / 7-6.5/ \\] \/ 7 7 7\ 1 

?[ 2) 2-1 (e) 3-2-1 ( 3o)J“ ?( 2'''2 6)“42 


Similarly, 


6o + (,|fti + (,)h2 + (,)h4 + 


> r. 9-8 /1\ 9-8-7-6 / 1 \ 

oi ■'■^V 2)'''2-1 (d) 4 3-2 1 ( 30 ) 

> 9 ^ 21 \ 1 

--9(l-2+6-y + 2j = -- 


9-8-7 / 1 


3-2- 1 V42 


Now we can calculate 
1 5 /e\ 


— J-_ 5v4 I 5^3 lJ\ 

- T35 V-* 5-* +5-* “ 

= 755 (** - 3*’ + 5^^ - + i) 

» — > /'v? _’v6_i. 7-5 7^3. 1-^ 

- 3033 5^ +5-* 

_ I j_7 . M_6 7^4. 2^2 

- 40:555 V ^ ■*■ T-* “3^ +3-^ “ 35 j 


y-|x» + 6:c’-^x5 + 2*3-^;r) 
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-2.75 X10-’ 


There are four basic shapes for the graphs of B„ (excluding Bi), and as n increases, they repeat in a cycle of 
four. For <1 = 4m, the shape resembles that of the graph of-cos2irx; For n = 4m + 1, that of — sin2ffx; for 
n = 4m +2, that of cos 2sx; and for « = 4m + 3, that of sin2ffx. 

X® 

(g) For * = 0: Bi (X + 1) - B| (X) = X + I - i - (x - ^) = 1, and — = I, so the equation holds for * = 0. 

jPI-l 

We now assume that B„ (x + 1) - (x) = --We integrate this equation with respect to x: 

(/» — 1 )! 

/ r 

[B„(x+ 1)-B„{x)]dx = I - -dx. But we can evaluate the LHS using the definition 

Bn+l M = S Bn (Jt) dx, and the RHS is a simple integral. The equation becomes 

B„+, (x + 1) - B„+i (x) = , (-x") = -\x", since by part (b) B„+i (1) - B„+\ (0) = 0, and so the 

constant of integration must vanish. So the equation holds for all k, by induction. 


(h) The result from part (g) implies that =k<. [B*+i (p + I) - B*+i O’)]- If we sum both sides of this 
equation from p = Oto p = n (note that k is fixed in this process), we get 

Z P* = ** Z [^*+1 (P + •) - St+i (P)]- But the RHS is just a telescoping sum, so the equation becomes 

psO />=0 

1* + 2* + 3* + • • • + n* = A! [5*+i (n + 1) - B*+i (0)]. But from the definition of Bernoulli polynomials 
(and using the Fundamental Theorem of Calculus), the RHS is equal to A! Jq B^{x) dx. 
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(i) If we let A: = 3 and then substitute from part (a), the formula in part (h) becomes 

l3 + 2^ +... + n’ = 3! [^4 (n + 1) - (0)] 

= 6[^(n+l)''-^(n+l)’ + ^(n+l)^-7^-(^-T^ + ^-^)] 
^ (/i+l)^[l + (>i+l)^-2(>i + l)] _ (n + 1)^ [1 - (n + 1)1^ _ [/!(« + I) 




(j) 1* + 2* + 3* + • • • + n* = *! / Bi (x)dx [by part (h)] 


as (a: + A)*, as explained in the problem. Then 


Now view ^ ^^bjx*~-^ as (x + A)*, as explained in the problem. Then 

+ 2* + 3* + ... + r' (X + A)* dx = [■ = 

Jo [ i+I 


(n + 1 + A)*+' - A*+' 
*+l 


(k) We expand the RHS of the formula in (j), turning the b‘ into 6,, and remembering that /» 2 t+i = 0 for i > 0; 
l’+ 2’+ • • • + n’= ^ [(n + I + A)‘ - A‘j 

~ Z 0^'b6(n+ l)^Ai + y-| (n + 1)^ A 2 + ^ (« + 1)^ A4j 
= J - 3 (n + 1)’ + f (n + I)^ - ^ (n + 1)^] 

= -^ (n + 1)2 [2(n + 1)^ - 6(n + I)’ + 5(n + 1)2 - l] 

= -ns("+ 1)^ [(n + l)- l]2[2(n+1)2-2(«+ I)- 1 ] 

= T^n2 (n + 1)2 (2 /i 2 + 2n - 1 ) 
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Applications of Integration 



Areas between Curves 


—/^i [(■*^ + 3) -.t]rf.T =2fg (x^ + 3)dx |byTheorem 5.5.6(a)] = 2+ 3.xj' 

2- ■-< = lo [2.V - (JT- - 4jr)] d.x = (6.V - jt^) dx = = 108 - 72 = 36 

~ /-I [(* “ (y^ ~y)]‘^y = 2 jo (1 -y*)dx [by Theorem 5.5.6(a)] 

= 2[-l.vS+y]; = 2(-l + .) = f 

■4 = /i| (>'^-C)’-5)Jr/>’ = [^y- ^y 2 ^ 5 y]^^ = - 2 + lo) - (-1 - ^ - 5 ) = 

5- •'( =/i| [(9-jt2)-(.v+ 1)]</^ 

= /-l 

= (,6-2-f)-(-8-^ + j) 

= 22 - 3 + i 


=(^,)-(¥-) 


3ff^ 


- I 


= la {^-x-)dx 

-[i-’-K 


“5“I 

_ I 
■* 6 



= 2(^+3) = f 


16.5 


jr")-(x+ Ij 


— sinjr 


385 
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8.A=fl,(x^- 
= 2/0 

= 2[^3. 

-x‘‘)dx 
- x^-) </x 

■h; 

V 

(1. ly 

y — xwiy^x* 


= 2G-i 

0 = A 

-1 0 

I * 

-'^^x 


9. First find the points of interseclion: Vjt + 3 = ^ + 3)^ — ^ ^ ^ =» jt + 3 = | (i + 3)^ 

=> 4(;f + 3)-(.t+3)^ = 0 => (*+3)[4-(*+ 3)1 = 0 => (jt + 3) (I - .i) = 0 => x = -3orl. 
So 








^ 9j:—; t’=0 =» .x(9-a) = 0 


= Jo (>/* - T^) = [ 5 ’'’^ - S^^]o = '* - T = 5 


X =0 
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12. AT = 4/7 => x^=x => = 0 => x(.x^-l)=0 => jrU+ I)(a^- 1) = 0 =» .x = -1.0 

or 1. so 

■^ = /-I \ i/x - x\dx = /_! (at - i/x) dx + (.y? -x)dx =2 (at'^^ —x)dx (by symmetry | 



13. /I = [(jt^ + 5) ~ '•at^] dx 

= 2 /o' (3 - 3Ar^) dx 
= 2[3AC-Atl]o = 2(3-l) = 4 



14. .t’-.t = 3Ar =» x^-4x = 0 => a (x^ - 4) = 0 => .a (x + 2) (x - 2) = 0 => x = 0,-2. or 2. By 
symmetry. 


= f-2 |3.x - (x^ - x) I rfx = 2 /o' [3x - (x' - x)] dx = 2 (4x - x’) rfx = 2 [ix^ - Ix^]^ 

= 2(8-4) = 8 



387 


(- 2 .- 6 ) 
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15. ^ + 1 = (.X - 1)^ => x + l=x--Zx + l => 0 = .x^-3x => 0 = x(x-3) => jr = Oor3. 
=/i, |(x + 1) - (t - U^dx = [{X - 1)2 - (X + D] J.V + [(X + 1) - (X - l)2]rfx 

= i^i - 3’') dx + Jo (3.t - x2) dx = [^x2 - |x2]_^ + [|x2 - Ix’]^ 

= 0-(-i-5) + (6-f)-0=H 




16. A = /_■' [(x2 + 1) - (3 -.x2)]<^x + /I, [(3 -x2) - (x2 + l)]rfx 
Kf,'[(^- + 0-(3-T2)]rfx 
= (2x2 - 2) dx + , (2 - 1x2) + J-2 ( 2 x^ _ 2) dx 

= 2 /o (2 - 2x2) rfx + 2 j-2 ^2x2 - 2) dx (by symmetry] 


17. A = [{2y + 3)-y-]dy 

= [>'^ + 3y-iv-f , 

= (9 + 9-9)-(l-3 + ^) 

_ .12 
- T 





(2y + 3)-> = 


= /:,(-.v2+y + 2)x/y 
= [->y^ + W- + 2y][^ 


= ;-l2(l-.v2)</v 

= 4/o' (' -y-)<<y 
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20. A = (sec^ .1 - cosjr) dx 

= 2 (sec- X — cos.r) dx 
= 2 Itan.r — sin.xjJ^'* 

= 2(|-^)=2-v/5 

= 2(i-^,)=2-^^0.59 

21. Notice that cos.r = sin2x = 2sinx cosx <=> 2sin.r = I orcosx = 0 <=> 
X = for f. 


A = (cosx - sin 2x) (/r + (sin 2 jc - cos.r) dx 


r. 1 T*/‘ r 1 

-\ k /2 

= j^sinx + 5 cosZrJ^ +|-jCOs 2 x- 

sinx 

Jjr /6 

= 1 + 5- 5“ (‘•+5 0 +(2“')“ 






22. sinx = sinlx = 2 sin x cos x when sinx = 0 and when cosx = j; that is, 
when X = 0 or y. 

/■< = /o* (sin 2x — sin X) rfx + (sinx-sin2x)rfx 


= [^-j cos2.r + cosx-E j cos2r - cosxj 

-H(-0+ !]-{-! + ') 

+ {-J-o}-[i(-J)-J] ={ 


>r/2 

»/3 


v=ssin 2x 



23. From the graph, we see that the curves intersect at x = 0. jt = ^. and x = t. By symmetry', 

^= 1 1 -=“- - =^C h" - (' - t)] +t) 

= 2[sinx-x + ix^]*'' = 2[(l-f+ ^l^)- 0 ] = 2 (l-f + f)= 2 -f 




- 0 -^) 
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24. Forar > 0, X =;it^ - 2 => 0=x^-x-2 => 0 = (x-2)(x+l) => x = 2. By symmetry, 

/i, [1^1 - -2)\dx = 2 /o' [x - (x2 - 2)] dx = 2 /o' (x - x2 + 2) dx = 2 [^x^ - + 2.x]J 

= 2(2-f+4) = f 



25. Graph Ihc three funetions y = x, y = - vx, and y = -2.x + 3; then determine the points of intersection: (0,0), 
(1,1), and (2,-1). 


= /o [•* - (- J^)] + 5\ [(3 - 2x) - (- ^x)] dx = /o' lx dx + /,' (3 - ^x) dx 

= [yl + [ 3 ^ - W]] = (I - 0 ) + (6 - 3) - (3 - I) = I 
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27. An equation of the line through (0,0) and (2, 1) is >- = j;t; through (0,0) 
and (-1,6) is = -6.x; through (2, I) and (-1,6) isy = -+ y. 

[(“5-* + t) “ (-6j()] dx + /p [(-§Jt + t) “ 5^] 

-f-, (¥- + ¥)</-*+/oH- + ¥)'/- 

= T if I (•»■ + I)</r + y (- jx + l) dx 

= t[o-0-')] + tK-'+2)-o1 = -!?U^i = ¥ 

28- ^ = fo [(“5^ 0 ~ ("f* + + /:* [(“5^ + “ (■» -‘•)]c(x 

= Jo ra’'+ fi {~P + 9 )rfx = + 9xj^ 

= (¥-o) + (-¥+45)-(-^ + 18) = ¥ 
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31. Let f(x) = ■J\ +x^ - (I -X), Ax = ^ = 


L [^' -x)]</x » ^ [/(i) + /(?) + /(I) + /(?)] 

= TS + V507) » 3.22 


32. Let /(x) = X — X tanx, and Ax = • 


= -nten 


tI 35 ) + ^ ^ i) + ^ ^)] 

= ^['<>-tan ^ -3tan^ - Stan ^ -7tan^j as 0.1267 


33. 


2 



From the graph, we sec that the curves intersect at x as ± 1.02, with 
2cosx > x^ on(-l.02,1.02). So the area of the region bounded by the 
curves is 


A as f^fl^ (2cosx -x^)dx = 2 fg (2cosx -x-)dx 

r , rT>02 

= 2[2sinx - ^x’J^ as 2.70 


34. 



1.3 


From the graph, we see that the curves intersect at x = 0 and at x as 1.17, 
with 3x - x^ > x"* on (0, 1.17). So the area between the curves is 

“ fo"^ [(3^ - - *“] - ?^*]o 

as 1,15 


35 . 


1.7 



From the graphs we see that the curves intersect at jt =» —0.72 and at 
X ^ 1 .22. with Vx + I > -x^ on <-0.72. 1.22). So the area between the 
curves is 

(VrFT-x^),fx = [§ (X + 1)’/^ - ix’]';^^ 

as 1.38 
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36. 



E'rom the graph, we see that the curves intersect at jt » —0.83 and 
X ss 1.22, with jt sin - 1 on (-0.83, 1.22). So the area of the 

region bounded by the curves is 

/-aw sin (;t2) - (x* -l)]dx 


= [-i cos (x^)-ix^+x]"ll^^ 1.78 


37. 


2.25 



From the graph, we see that the curves intersect at j = 0 and at x as 1.19, 
with I + 3x — 2x^ > Vl +x^ on (0, 1.19). So, using the Midpoint Rule 
with /(x) = I + 3x - 2x^ — Vl + x^ on |0, I.I9J with n = 4. we 
calculate the approximate area between the curves: 


d as ^1 4. _ 2x^ — Vl +x^^ dx 

- ^ [/(¥)+ / + / (^) + / (^’)] 


0.83 



-0.25 


From the graph, we see that the eurves intersect at x = 0 and at x as | , 5 , 
with sin(x^) > x^ — x on (0, 1.51). So, using the Midpoint Rule with 
/ (x) = sin (x^) — x^ + X on (0,1.51) with « = 4, we calculate that the 
area between the curves is 

/o ’’ [s'" - Jt)] 

*^ ¥[/(¥)+ / (H^) + / (^) + / (^)] =« O.SI 


39. I second = 3 ^ hour, so 10 s = h. With the given data, we can take n = 5 to use the Midpoint Rule. 

», 1/360-0 I .. 

Af = -t-j— = -1^,80 

distanceKciiy — distancecims = »K dl — vcdl = («A' - 0 (:)di 

^ \m [("A ~ "t ) (•) + ("A - Of) (3) + (VK - «(•) (5) 

+ ("A- - «<■) O) + (OA- - ti( ) (9)) 

= TSSi [(22 - 20) + (52 - 46) + (71 - 62) + (86 - 75) + (98 - 86 )] 

= 7 ^ (2+ 6 + 9+11 +12) = (40) = ^ mile, or 117^ feet 


40. If X = distance from left end of pool and 10 = 10 (x) = width at x, then the Midpoint Rule with n = 4 and 

6 - 08 - 2-0 ,16 

Ax =-=---= 4 gives Area = to sfx as 4 (6.2 + 6.8 + 5.0 + 4.8) = 4 (22.8) = 91.2 m- 


4 
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41 . We know that the area under curve /( between / = 0 and / = i is (/) </r = sa (ji), where o,< (I) is the velocity 

of car A and sa is its displacement. Similarly, the area under curve B between / = 0 and r = is 

So on = SB (x). 

(a) After one minute, the area under curve A is greater than the area under curve B. So A is ahead after one 
minute. 

(b) Its numerical value is s.) (1) — ss (1), which is the distance by which A is ahead of B after 1 minute. 

(c) After two minutes, car B is traveling faster than car A and has gained some ground, but the area under curve A 
from ( = 0 to / = 2 is still greater than the corresponding area for curve B, so ear A is still ahead. 

(d) from the graph, it appears that the area between curves A and B for 0 < / < 1 (when car /I is going faster), 
which corresponds to the distance by which car A is ahead, seems to be about 3 squares. Therefore, the cars 
will be side by side at the lime x where the area between the curves for I < / < .t (when car B is going fa.ster) 
is the same as the area for 0 < / < 1. From the graph, it appears that this time is x ss 2.2. So the cars arc side 
by side when / =« 2.2 minutes. 


42. The area under R' (.r) from .x = 50 to = 100 represents the change in revenue, and the area under C (x) from 
.r = 50 to .r = 100 represents the change in cost. 'ITie shaded region represents the difference between these two 
values, that is, the increase in profit as the production level increases from 50 units to 100 units. We use the 
Midpoint Rule with h = 5 and A.x = 10: 

Ms = A.X I R' (55) - C (55) + R' (65) - C (65) + R' (75) - C' (75) 

+ R' (85) - C (85) + R' (95) - C (95)] 

10(2.40 - 0.85 + 2.20 - 0.90 + 2.00- 1.00+ 1.80-1.10+ 1.70- 1.20) 

= 10(5.05) = 50.5 thousand dollars 

Using A/| would give us 50 (2 — 1) = 50 thousand dollars. 


43. 


,y = -A>/7+.T 



To graph this function, we must first express it as a combination of explicit 
functions of y, namely, y = ±x Vx + 3. We can see from the graph that 
the loop extends from x = —3 to x = 0, and that by symmetry, the area we 
seek is just twice the area under the top half of the curve on this interval, 
the equation of the top half beingy = —xV-x + 3. So the area is 
A — 2 j (—x^/x + 3) dx. Wc substitute « = x + 3, so = rfx and the 
limits change to 0 and 3, and we get 

= -2/o [(« -3)^/u]l7« = -2/o’ -3«'/^)afw 


= _2 [2„5/2 _ 2„3/2j’ = _2 1-2 (32^) _ 2 (373)] = 
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44 . 



We start by finding the equation of the tangent line to y = at the 
point (1,1): / = Zx, so the slope of the tangent is 2 (I) = 2. and its 
equation is therefore y - I = 2 (at - I) » y = 2x - I. Wc 
would need Iwio integrals to integrate with respect to at, but only one 
to integrate with respect to y. 

'i = Io[{(y+')-Vy]dy = [{y- + {y- 

= ? + 12 


45. By the symmetry of the problem, we consider only the first quadrant where y = =* .x = We are 

lookingforanumbcrAsuchthal j;;'.xrfy = 2 /J’xtfy => foVydy^lJ^^dy => | [.v^'-]o = j [/^-]o 
=» ^(8-0) = |(AW_o) =s *3/2^4 =» A = 43/3 St 2.52. 

46. (a) We want to choose a so that f ■X;dx= f \dx =» [—1 = T—1 =» l-i = I_J. => 

J\ Ja L 3t Ji L 2 : J„ a a 4 

2 5 8 

a~ 4 “ 5' 

(b) The area under the curve y-\/x^ from at = I to x = 4 is | [take a = 4 in the Brst integral in pan (a)], so 

that b must be greater than -j^, since the area under the line y = -j^ from x = 1 to x = 4 is only ■^, which is 

less than halt of j. We want to choose h so that the upper area in the diagram is half of the total area under the 
curve >" = :^ from x = I to x = 4. This implies that (I -\)dy = \\ => [2^ - y]‘ = | 

I — 2v/6 + 6=1 =* b — 2-/h +1=0. Letting c = s/6, we get 

-2c+1=0 => 8c 2 - I6c + 5 = 0. Thus, 

= Bute = s/6 <1 =, c=l-f =e. 

b = c3 = l + g — a^ = ^^|| — 4\/6^ Si 0.1503. 

47. We first assume that c > 0. since c can be replaced by —c in both equations without changing the graphs, and if 
c = 0 the curves do not enclose a region. We see from the graph that the enclosed area lies between x = —c and 
X = c, and by symmetry, it is equal to twice the area under the top half of the graph (whose equation is 

y = e^ — x^). The enclosed area is 

2 r.c (c- - x') rfx = 4 (c3 - x2) dx = 4 px - ^x 3 ]^ 




which is equal to 576 when c = = 6. Note that c = -6 is another 

solution, since the graphs are the same. 
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y , ^ We see something close to the desired situation in the diagram. The point of 

intersection ofy = cos.t and y = cos (at — c) occurs where x = c/2 (since 
• \. 'v cos (c/2) = cos {c/2 — c) by the evenness of the cosine function] and the point 

”o t ITa where cos (x — c) crosses the jr-axis is x = ^ + c, since cos ((f + c) — c) =0. 

>■ = cos jc\ ^ So we require that [cosx — cos (x - c)] dx = — cos (x - c) rfx (the 

negative sign on the RHS is needed since the second area is beneath the x-axis) 

<=» [sin X - sin (x - c)]o^^ = - [sin (x - c)lj^ 2 +, 

|sin(c/2)-sin(-c/2)]-[-sin(-c)] = sin((f+c)-c)-sin()r -c) <=> 2 sin (c/2) - sine = I -sine. 

[Here we have used the oddness of the sine function, and the fact that sin (a - c) = sine]. So 2 sin (c/2) = I <=> 
c/2 = f «. c=i. 


= (ln2 + ^)-(lnl + l) 
= In2- i =s0.19 




50. A=J^(\/y)dy = l]ny]] 
= In2-lnl 
= ln2»0.69 
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53. A typical graphing calculator solution is as follows. Assign X''2 to 

Y1 (.Vr = X^) and Exp (-X''2) to Y2 (y 2 = Graph the 
functions and (ind (and store) the jr-coordinates of the points of 
intersection. In this case, we have some symmetry, so we need to find 
only one poinf of interseefion. Sfore.x =# 0.75308916 in memory 
location B. Now use the appropriate integration command to 
approximate the area 

= 2/o^ 0-2 -y\)d.x = 2*Int (Y2-Y1,X,0,B) 0.979263. 

54. The curve and (he line will determine a region when they intersect at 
two or more points. So we solve the equation x/ (.v‘ + I) = mx 


X = 0 or rnx^ + w — I = 0 


jr = 0 or X 


2 _ 


I 



X = 0 or X = - I. Note that ifm = I, this has only 

the solution a: = 0, and no region is determined. But if I /m - I > 0 «=» 1 /m > I <=> 0 < m < I. then there 

are two solutions. (Another way of .seeing this is to observe that the slope of the tangent toy = x/ (x^ + I) at the 
origin is y = I and therefore we must have 0 < m < 1. ] Note that we eannot just integrate between the positive 
and negative roots, since the curve and the line cross at the origin. Since mx and jr /(x^ + I) are both odd 

functions, the total area is twice the area between the curves on the interval (O, Vl/m - 1]. So the total area 
enclo.sed is 






= |ln(l//n - 1 -I- l)-m(l/m- I)]- (In I -0) 
= In (I/m) -I- m — I = m — Inm — 1 


1-2 Volumes 


1. A cross-.section is circular with radius .r^, so its area is .-I (x) = ;t {x^f. 

’ = lo •'* = /o' {^^)~dx = !C fg x^dx = Tt = f 

(I. I) 

I 



v = 0 
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2. X + 2y = 2 <=> >< = 1 - so a cross-section is circular with radius 1 - jx, and its area is 
/^(x) = a(l-^.x)^ 

y = dx^n 5l (l - dx = xj^{\-x + ^x^) </x = x [x - ^x^ + 

= ” (2-2 + 5) = ftr 



3. A cross-section is circular with radius l/jc, so its area is A{x) = x {l/xy. 


y^j\ix)dx=j\{^) dx = xj^ ;^</.v=x[-l]_=x[-i-(-l)] = f 


Tt 


0 


4. 


A cross-section is circular with radius Vx — I, so its area is /E (x) = x (Vx — I) 
f = // .4(x)i/x = // X (x - l)(/x = X [^^x^-x]^ = x - 5- 


= X (X - I). 

U2) = J^x 







5. A cross-section is circular with radius so its area is /< (y) = s 


SECTION VOLUMES □ 399 


- /o' O') rfy = JT {^/yf dy = it J^ydy = x 



6. A cross-section is circular with radius y - y^, so its area is /( (y) = a (y - y^)^. 

^' = fo^ O') dy = Jo ^ {y- y^Y dy = K (y'' - 2y^ -f- y^) dy = - ^y^ -|- jy^j^ 

= '^(5-5 + 1) = ^ 




7. A cross-section is an annulus with inner radius jt’ and outer radius y/x, so its area is 
A(x) = it (y/rY - !t (x^Y = )r (j: - jr''). 

L- = Jo' A (x)dx = . /„■ (x-x^)dx=.[^x^ - ^,5]; = .(■-■) = ^ 
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8. A cross-section is an annulus with inner radius 1 and outer radius secx. so its area is 
A (x) = ,T (secjt)^ - X (1)^ = X (sec^^ - I). 

r = f!,A (x)Jx = fl, a (sec^Jt - l)c/x = 2x (sec^a - = 2x [tana - .vlj = 2x (tan I - I) 

= 3.5023 



9. A cross-section is an annulus with inner radius v” and outer radius 2y, so its area is 
A(y) = x (2yf - x (y^f = x (4y^ - /). 

f' = Jo yi(y)<iy = x ( 4>.2 - /) dy = a [f/ - (t - t) = ^ 



y _ jf2/J ^ ^ SO a cross-section is an annulus w ith inner radius y^^ and outer radius I. and its area is 

A(y) = x (1)^ - a = a (I -/). 

>■ = So A(y)dy = x (1 - >•’) dy = x[y- = Ja 
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11. A cross-section is an annulus with inner radius I — V* and outer radius I - .t, so its area is 

A(x) = 7[ (1 -.v)^ - (I - = , [(I - 2x -I- jr2) _ (I _ 2^7 +j)] = K (-3^ + 2^). 

(' = /o' A (x)dx = X /o' (-3Ar +;r2 -E 2^dx = tr [-^x^- + ^ (_3 + 5^ = , 



12. A cross-section is circular with radius 4 - so its area is A (.x) = x (4 - .x^)^ = tr (16 - gx^ -e x'*). 


l’^Sl 2 ^U)dx= 2 j^A (x)dx = /o^ (16 - Rx^ + x'') rfx = 2x [l6x - fx^ + fx^]^ 

= 2x (32-f-hf)=64;r(l-| + ^) = 64x.i = i^ 



13. A cross-section is an annulus with inner radius 2 - I and outer radius 2 - x'*, so its area is 
A(x) = x {2-x*f - T (2 - 1)2 = X (3 - 4x^+x>). 


r = ji,A(x)dx = 2j^ A (x)dx = 2;r /J (3 - 4.x^ -|- x») dx = 2x [ 3 .x - fx’ + ^x«]^ 
= 2 x (3 - I -h I) = ^;r 




y 

n 

■ 

y«2 

_ 

LI 

0 

X 








16. r = /o' ;r [(2 - y^f - (2 - y)^] dy = it /J (4 - 4y2 + / - 4 + 4y - y^) dy 
= /o' (/ - + '*.>') dy = 'r [t>'’ - + 2>'^]o = ’f(j-5+2) = -R>r 
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= ’r So b' + 2^+ i -y* -2y^-\)dy = 7! /o' (v + 2^-y*- 2>'2) dy 



18. For 0 < ;/ < 2. a cross-section is an annulus with inner radius 2 - I and outer radius 4 - I. the area of which is 
-d I O') = 'T (4 - I )^ - JT (2 - 1 )-. For 2 < >■ < 4, a cross-section is an annulus with inner radius y — I and outer 
radius 4-1, the area of which is /<2 O’) = Jr (4 - 1)^ - s O' - O’- 


= So AMdy^Ji [(4 - 1)2 _ (2 - l)2]<fy + „ [(4 _ 1)3 _ (j, _ 1)2] jy 

= I^Vlo + ^2 (* + 2>’ — y~) dy = I6it + IT ^8>' + ^2 _ 

= I6t -I- ;r [(32 + 16 - f) - (l6-I- 4 - f)] = :^;r 


20. r = ;r [82 - (4^)2] dy = sr [64,- - ^,-2 ]^ = (|28 - t 

21. y = 7C Jg (8 - 4y)2 dy = 7r [64y - 32v2 + = * (|28 - 128 + 

22. F = . /» [22 - (2 - i,x)^] rfx = . /o» (, - ±, 3 ) , ^^,2 _ ^, 3 ]* = . (32 - ^) = 

23. F = . /f - (1.,)^] = . /; (,2/3 _ ^,3) ,, ^ „ ^3,5/3 _ ^,3j* = ,(%_«) = 

24. F = ^ /o [(4;')' - (.v2)'] rfy = T /„- (I6y2 - y^) dy = n[i^y^- ^y’]^ = , (i2!> _ 

25. F = ;r /o’ [(2 - ijt)' - (2 - 4^'] d.x = ;t /f (-, + ^,2 4,1/3 _ ^2/3^ 

= a- [-1^2 + X,.3 + 3,4/3 _ 3jj5/3j* ^ ^ ^_32 4. « + 4g _ ^ 
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26. F = ;r [(8 - y')’ - (8 - 4y)-] dy = (-16/ + / + 64y - 16/) dy 

= K [^-4/ + ^/ + 32/ - ■T>’’]p = (“^ + ^ + 128 - 

27. r = )r /o* (2- - X-/5) dx = x [4.t - (^2 - f) = f 

28. F = /o ‘^y = ^ 

29. F = Jo* (2 - dx = >r /* (4 - 4.v'/* + jx = k [4.v - 3X*/’ + = ;r (32 - 48 + f) = 

30. I' = K /o’- (8 - y’)’] dy = ir Jg (16y’ - y*) dy = x [^4y'’ - |y’j^ = (64 - -1^) = 

31. F = X /o'''' (I' - ta/x)dx 

32. F = X /o' [5= - (/ + 1)'] <7y = x /o' (24 - / - 2y2) dy 

33. F = X /o' [(1 - 0)- - (1 -sinx)2]rfx = s /o' [1' - (I - sinx)=]</x 



35. F = X /:(jj 13 - (-2)]' - [y/ + > - (-2)]’ <ly = ’^ [ 5 ^ - ('^'+3'^ + 2 ) j «/y 



36. The poinusofinterscctionofthe two curves arc (3,0) and (-j.?)- Therefore 


= X 1^'' |^[4 - (y - 1)' + 5 ]^ - (3 - ^y + 5)'jrfy = x jT [o - (y - I)'] - (s - ^y) jr/y 


37. We see from the graph in Bxercisc 6.1.35 that the x-coordinates of the points of intersection are x » -0.72 and 
X ar 1.22, with v^T+T > x^ on (-0.72, 1.22), so the volume of revolution is about 




dx ■■ 


/ 1 .22 V r .-ll.z 

o^^(,+ ,_/)^.v = x[^x^ + x-^x]^ 


! 5.80. 
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38. We see from the graph in Exercise 6.1.34 that the x-coordinates of the points of intersection are .x = 0 and 
X as 1.17, with 3x - x’ > x'* on (0, 1.17), so the volume of revolution is about 

= tr [3x5-|x* + ix’-^x’]^ '’« 6.74 

39. ir cos^x d.x describes the volume of the solid obtained by rotating the region 
gi = |(x,y)|0<x < T.OSy^cosx} of the xy-plane about thex-axis. 

40. X jlydy — !t (s/?)^ ‘^y describes the volume of the solid obtained by rotating the region 

2ft=((x,y)12<>'<5,0<x < of the xy-plane about the y-axis. 

41. n /q' {y* — y*) dy = x /q ^(y^)^ - dy describes the volume of the solid obtained by rotating the region 
31 = I (x, y) I 0 < y < 1, y^ < X < y*) of the xy-plane about the y-axis. 

«.<r/o*'-[(l + cosx)^ — 1^] dx describes the volume of the solid obtained by rotating the region 
3i={(x,y)|0<x < y,l <y< 1+cosx) of the xy-plane about thex-axis. 

Or: The solid could be obtained by rotating the region 91' = {(x,y) | 0 < x < 0 < y < cosx} about the line 

y = -l. 

43. V = /o’ A (x)dx A/s = 3 [A (1.5) 4- A (4.5) + A (7.5) + A (10.5) 4- A (13.5)] 

= 3 (18 4- 79 4- 106 4- 128 4- 39) = 3 ■ 370 = 1110 cm^ 

44. We use the Midpoint Rule with Ajc = 2 and n = 5. 


y = /o'® A (x)dx a; A/s = Ax [A (1) + A (3) + A (5) + A (7) 4- A (9)] 
= 2 (0.65 4- 0.61 4- 0.59 4- 0.55 4- 0.50) = 5.80 m’ 
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= T[fi2A-R(«-r)A + ^(y?-r)2/i] 

= jT/i [3/?;- + {R^ — IRr +''^)] = \jth [R- + Rr +r-) 


R^y -7 —y 



Another Solution: ^ = ——- by similar triangles. Therefore, Hr = IIR - liR 
R r 

HR 

=» hR=H(R — r) =» //=-r -• Now 

R — r 

y = R^ U — \ jtr- (// — h) (by Exercise 45) 

I ■> hR , rh nh R^ \ « 7 \ 

= 7?r/?^---- 7. -= (V?' + /?r 4- ) 

^ R-r ^R-r3R-r^\ ' 

= 5 /?■ + nP" + /* = 5 (-4] 4- /l2 + ^ 

where A\ and A 2 are the areas of the bases of the frustum. (See Exercise 48 for a related result .) 

47. x“4-y*=r => .T-=r^ —=> 

’-■I. fl,-. 

= jr - J (r - h) [Sr^ - {r - A)^]) 

= (2r’ - (/• - A) [Br^ - (r’ - 2rh + A")]) 

= js-A^ (3r — A), or, equivalently, tth^ 

48. y=j\ (y)<y = £ [2 (^y + [2 (?i^y + ^)] </y 



I- R -I 



(a - A)- 2 , 2A (a - 6) , ^2 j 


[ {a — />)“ , /»(fi — 6 ) 5 ,5 

= j (a — A)" h + b (a — b) h + b^h = j (a^ — lab + A" + 3aA) A 
= 3 (a’ + aA + A^) A 

[Note that this can be written as 3 (/l| + /t 2 + -jAjAi) It, as in Kxercisc 46.] 
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49. For a cross-section at height y, we sec from similar triangles that — = - — son = b(l - Similarly for 

b/2 h \ u I 

cross-sections having 2* as their base and/( replacing «./( = ^1 - So 

’■ -i" w* - r H' i‘ =*’('- D’ ^ 

= ji'/i ( = j where B is the area of the base, as with any pyramid.) 

50. Consider the triangle consisting of two vertices of the base and the center of the base. This triangle is similar to the 
corresponding triangle at a height y, so a/A = «/^ => n=aP/h. Also by similar triangles. *//i = /?/(A - y) 
=> p = h{h — y) / h. These two equations imply that« = a ( I — y/h), 
and since the cross-section is an equilateral triangle, it has area 

^Cv)=^-4^ = ^ill-^s/3,so 




51. A cross-section at height e is a triangle similar to the base, so its area is 


F = A (.-) dz = 6 // ( I - 2/5)2 rf 2 = 6 j^(-5) ^I - j’ 

= -10 (-l) = 10cm’ 
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53. If / is a leg of the isosceles right triangle and 2y is the hypotenuse, then 

r- + t- = (2y)- => t = -/2y. 

y = /f, A ix) dx = 2 A (x) dx = 2 ^ {'^yf ^ Jo dx 

= 5 /o' (5^ - = 5 So ('I - dx = I [4Jt - 

= ?(8-f)=24 


typical cross- 
section of length 
2y = >/36 - 



54 . fhe cross-section of the base corresponding to the coordinate y has length 
2x = 2^'. T he corresponding equilateral triangle with side s has area 

A iy) = ( 3 ^) = (2jt)- = {2^f (^) =yV3. Therefore, 

'■ = /o' = So y^dy = s/3 ^ 

55. T'he square has area A (y ) = (2^/y)' = Ty, so I' = A (y)dy = Jq 4ydy = 





= 2 . 


56. A typical cross-section perpendicular to the y-axis in the base has length 
f (y) = 3 - ^y. This length is the diameter of a cross-sectional semicircle in 
.S.so 





dy 


= T /o (' - 3>)' dy=^fo^(l-y+ iy ')dy 



57. A typical cross-section perpendicular to the y-axis in the base has length 


f (yq = 3 - 4 V. This length is the leg of an isosceles right triangle, so 

,4 (y) = y |f (y)l‘ (56/1 with base = height) 

y 

(0 21 

10 >1 

2 ' 

( 3 -T>--y) 



iO. 0) 

(J, 0) i 

Thus. 



= So d b’)dy = 1 /o' (' - r + i''") dy =\\y-W + i^y’]^ = | [ 

{2-2+1 

) - 0] = 5 ■ 5 = 3 


58. (a) r = //, A(x)dx =2 J' A(x)dx = 2f' j/i (^2Vr^ - x-j dx = 2fi y/r--x^dx 

(b) Obsersc that the integral represents one quarter of the area of a circle of radius r. so 1' = 2h ■ ^jrr^ = \ichr^. 



59. (a) The torus is obtained by rotating the circle (.x - R)^ +y^ about the 
y-a.xis. Solving fory, we see that the right half of the circle is given by 
X = R + — y~ = / (y) and the left half by 

X = R - x/r2 - = ?(>•). So 

1' = ;r ([/ (y)|- - [g 0>)J-) dy = 2)r /„ ARy/r'-- y^ dy 
= »7r Rf' y/r^-y^dy 
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(b) Observe that the integral represents a quarter of the area of a circle with radius r, so 
Srr R Jq Jr- — y^ dy = R ■ j (>rr-) = 2a /f. 


60. The cro.s,s-sections perpendicular to the y-a.xis in l-igure 17 are rectangles. The rectangle corresponding to the 

coordinate y has a base of length 2j\(i — y^ in the .xv-plane and a height of since LBAC = 30° and 
l^ri = I--* S|. Thus, A (y) = ^yVlb-y^ and 

*' = fo A Cv) dy = -^JoV^(>- y^y dy 

~ ^ Jl6 (“T [Pol u = 16 - y-, so du = —2ydyl 

61. (a) Volumc(S|) = fg A (r) dx = Volume(5'2) since the cross-sectional area /((e) at height : is the same for both 

solids. 

(b) By Cavalicri’s Principle, the volume of the cylinder in the figure is the same as that of a right circular cylinder 
with radius r and height /i, that is. irr^/i. 


62. Each cross-section of the solid S in a plane perpendicular 
to the x-axis is a square (since the edges of the cut lie on 
the cylinders, which arc perpendicular). One-quarter of 
this square and one-eighth of 5 arc shown. The area of 
this quarter-square is =r^ — x-. Therefore, 

.4 (x) = 4 (r- — .X-) and the volume of S is 

I ■ = /I, A(x)dx = 4 (r^-x^)dx 

= «f'(r^-x^)dx = 8[r^-x-^x^l = fr^ 


X 
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63. The volume is obtained by rotating the area common to two circles of 
radius r, as shown. The volume of the right half is 

I'npht = fo'^ y' ‘/t = /o['•^ - (k + 'f)’] 

= 'T - Hk + •*) ]^ = ir - y) - (o - ^r’)] = 

So by symmetry, the total volume is twice this, or -^irr’. 

Another Solution: We observe that the volume is the tw ice the volume of a cap of a sphere, so we can use the 

formula from Exercise 47 with It = jr: I'' = 2 ■ \tcrh^ (ir — h) = (i^)' ~ 5^) ~ • 



64. We consider two cases: one in which the ball is not completely submerged and the other in which it is. 

Case I: 0<h <\0 The ball will not be completely submerged, and so a cross-section of the water parallel to 
the surface will be the shaded area shown in the first diagram. We can find the area of the cross-section at height x 
above the bottom of the bowl by using the I’ythagorcan Theorem: = 15" — (15 — x)" and = 5^ — (x — 5)", 

so /F (x) = a - r-) = 20ax. The volume of water when it has depth h is then 

|'(A) = /*,4(x)f/x = /o'20axrfx = [lOax^jJ = 10a/|2, 0 </i < 10. 

Case 2: 10 < /i < 15 In this case we can find the volume by simply subtracting the volume displaced by the 
ball from the total volume inside the bowl underneath the surface of the water. The total volume underneath the 
surface is just the volume of a cap of the bowl, so we use the formula from Exercise 47: 

I cap (h) = ya/i^ (45 - h). The volume of 
the sm.all sphere is (’ban = ja (5)^ = ^a, 
so the total volume is 

('cap - »Ml = T’' 500) cml 



65. Take the x-axis to be the axis of the cylindrical hole of radius r. 
A quarter of the cross-section through y, perpendicular to the 
v-axis. is the rectangle shown. Using Pythagoras twice, we see 


that the dimensions of this rectangle arc x = ^ R- - y- and 

i/((>’) = -x- = Jf' - - y^. and 


I' = A (y)dy = Jl, 4y/r^ — y^JR- — y-dy 
= Kfg Jr- — y^jR^ —y^dy 



C-b 
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66. The line >> = r intersects the semicircle y = —x^ when r = -J— x^ r- = R^ — x^ => 

x^ = R} —r- =» X = ±V/J^ —r^. Rotating the shaded region about the x-axis gives us 


1=1 t - ^ 


(V R^ — x’^ — dx = 2x (R^ — x^ - r^) dx (by symmetry] 

= 2x [(fi^ - r^) - X-] dx = 2i [(/J2 - r2) X - 

= 2 . [{r^ - rf^ - 1 - rf^] =2 x.I{r^- = ^ 


Our answer makes sen.se in 
limiting cases. Asr ^ 0, 

r -» 5 ff /?*, which is the 
volume of the full sphere. As 
r R, y —* 0, which makes 
sense because the hole’s radius is 
approaching that of the sphere. 



r) 



67. (a) The radius of the barrel Is the .same at each end by symmetry, since 
the function y ■= R — cx^ is even. Since the barrel is obtained by 
rotating the function y about the x-axis, this radius is equal to the 

value ofy at X = j/i, which h R — c (j*) ^ R — d = r. 



(b) The barrel is symmetric about the y-axis, so its volume is twice the volume of that part of the barrel forx > 0. 
Also, the barrel is a volume of rotation, so 

I’ = 2 n (y-) dx = 2!t /q ^ [R — ex^)^ dx = 2;r ^7?^x — j Rex^ + J*^^'**]^*' 

= 2n - ^Rch} + 

Trying to make this look more like the expression we want, we rewrite 
it as k = \nh [2/7^ + (r^ - ^ But 

R--\Rch^ + ^c^h* = (^R-\ch^'^ - = (/? -1/)^ - | =r^-\d^. 

Substituting this back into V, we sec that y = (2R^ +r^ — as required. 
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68 . II suffices to consider the case where 91 is bounded by the curves y = / (x) and >■ = g (at) for a < x < b. where 
g (x) < / (x) for all X in \a, 6], since other regions can be decomposed into subregions of this type. We arc 
concerned with the volume obtained when 91 is rotated about the line y = —k, which is equal to 

V 2 = x Xf (1/ (X) + A]- - (g (X) + *1’) dx = x X* ([/ (x)|2 - (g (X)]-) dx + 2ff A Xf g 

= I'l + Ink A 


69. We arc given that the rate of change of the volume of water is — = -A .4 (x), w here A is some positive constant 

and A (x) is the area of the surface when the water has depth x. Now we are concerned with the rate of change ol 

dx dV dV dx . . 

the depth of the water with respect to time, that is, —. But by the Chain Rule, equation 

can be written —— = -kA(x) (★). Also, we know that the total volume of water up to a depth x is 
dx dl 

y (x) = J’ A (x) ds. where A (s) is the area of a cross-section of the water at a depth x. Differentiating this 
equation with respect to x. we Substituting this into equation ★, we get A(x) — = -kA{x) 

dx , 

ss=> — = —k, a constant. 
dt 


^^3 Volumes by Cylindrical Shells 



Using shells, we find that a typical approximating 
that is. X (x - I )^. So the total volume is 


If we were to use the "washer” method, we would first have 
to locate the local maximum point (a, fc) ofy = x (x - I)’ 
using the methods of Chapter 4. Then we would have to 
solve the equation >> = x (x - 1)- for x in terms of y to 
obtain the functions x = gi (>■) and x = g: (.v) shown in the 
first figure. This step would be difficult because it involves 
the cubic formula. Finally we would find the volume using 

^ lo {iSi 0')l’ - 1«2 Cp)1^ Wt- 

shell has radius x, so its circumference is 2itx. Its height is .v. 


y = 2jtx [x (x — I)“] rfx = 2k (x^ — 2x^ + x") dx — 2k 



K 

T? 
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A typical cylindrical shell has circumference 2itx and height 
sin (x-). y = jj/* lizx sin (j:-) dx. Let a = x^. T hen 
du = 2xdx, so 

y = ir sin u du = x [- cos aJJ 
= a |l - (-1)1 = 2a 

For slicing, we would first have to locate the local maximum 
point (a. A) of y = sin (a^) using the methods of Chapter 4. 
Then we would have to solve the equation y = sin for x 
in terms of y to obtain the functions x = gt (>’) and 
•X = g 2 (>’) shown in the second figure. This step would be dilTicuit because it involves the cubic formula. Finally 
we would find the volume using I' = a {[gi (y)]’ — (g 2 (y)f]dy. 


Z. y = J 2 a.x • — dx = 2 k J \dx 
= 2a [.xjJ = 2a (2- I) = 2a 


4. y = fg 2k X ■ x^ dx — 2a Jg x^ dx 
= = 2a • i = f 


5- y = Sn 2'X-X (“* - -x^) dx = 2 a jg 

= 2a [2x2 _ I ^4j- = 2a (8 - 
= 8a 




Note: If we integrated from -2 to 2, we 
would be generating the volume twice. 
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6 . I' = J 2 2icx [(—.’(■ + 6.V — 6) — {x' — 6x + \0)]dx = 2n X (— 2jr^ + 12x — 16) dx 
= S* {-x^ + (lx^ - 8x) dx = 4;r + 2x^ - 4x2 

= 4t ((-64 + 128 - 64) - (-4 + 16 - 16)) = 16*^ 



7. V = 2xx ^y/x — jx^ dx 

= 2x f^x^/^dx J^x^dx 

_ 4_ 64 _ 64 ^ 

— JTT (32)- j7I — j^Jt 








9- >' = I\ {i+y')dy = 2z (y + y^) dy = 2* 
= 2ff 1^(2 + 4) - j = 2x 





■HBObr.A MBBF? . _ 






’9- = fo ‘^^yy/ydy = 2 k fg y^l'-dy 



— 4* 

- T 


11 . V = Jg 2jty • 2Vy </y 
= 4Kj:y^^dy 

= fa-(243-0) 


12 . The two curves intersect at (0,0) and 
(0,6), so 

*' = lo ^’^y (-3'^ + 6y) dy 




= 2t(-324 + 432) = 2I6s^ 


0 
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13. I ' 


14. I' 


15. r 


16. I' 


17. V 


18. (' 


= /o 2)r.v f(2 - >’) - >'-] dy 
= 2>r(l-3-= 



= 2it y (->'■ + 3v) dy 
= fo {-y^ + iy^)‘iy = [-ij/ 

= 2.(-M+27)=2.(¥) = a^ 

= In (.1 - \)x^dx = lx 
= 2;r[(4-f)-(^-})] = ^T 


= /■,' lx (-x) ■ .x ^dx = 2;r [~ J'^^] ^ 
= 2jx[(-i)-(-4)] = ^T 


= f^lx (A-x)x^dx =2x 


= J^2x(2 + X) [(8.x - 2x^) - (4.x - x’)] rf.x 
= J^2x {2 + x){4x-x^-)dx 
= 2x fit i%x -yZx^ - x'^'\dx 
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25. I' = fg 2k (4 — y) y/smydy 26. V = 2k (5 - v) ^4 - y/y^ + 7^ dy 




27. Ax = 


;r/4 — 0 


16 


P = Jg'^ 2 kx tan.i <7.x ss • fj tan ^ ^ tan ^ ^ tan ^ ^ Um 


I 142 


12-2 

28. Ax = —j— = 2, n = 5 and x' = 2 + (2/ + 1), where / = 0. 1, 2, 3, 4. Ilic values ot / {x) arc taken directly 
from the diagram. 

y = /j'- 2k xf (x)dx^2K[3/0) + 5f(5) + 7/ (7) + 9/ (9) + 11 y (11)] • 2 
» 2k 13 (2) + 5 (4) + 7 (4) + 9 (2) + 11 (1)12 = 332;r 

29. The solid is obtained by rotating the region bounded by the curve y = cosx and the line y = 0. from .v = 0 to 
JT = f. about the v-axis. 

30. The solid is obtained by rotating the region bounded by the curve x = y/y and the lines y = 9 and x = 0 about the 
.T-axis. 


31. The solid is obtained by rotating the region in the first quadrant bounded by the curves y = x" and y = .x* alxiut 
the y-axis. 

32. The solid is obtained by rotating the region under the curve y = sin^ x. above y = 0. from x = 0 to x = k. about 
the linex = 4. 


33 . 



1.5 


From the graph, it appears that the curves intersect at x = 0 and at 
X =» 1.32. with X + x^ — x'' > 0 on (0,1.32). So the volume of the solid 
obtained by rotating the region about the y-axis is 

P » 2a X {.X + x^ - x'') dx = 2a [^.x^ -|- ^.x^ - ^ 4.05. 


- 0.2 
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From the graph, it appears that the curves intersect at x = 0 and at 
X ss 1.17, with 3:ic — > x^ on (0. 1.17). So the volume of the solid 

obtained by rotation about the y>axis is 

I" =» [{ 3 ;c - .f’) - = 2 ;r p - ^ 4 62. 

-0.35 



35. Use disks: 

k' = /.!, JT (at^ + Jt - 2)^ dx = ® /.Ij (x'* + 2jt^ - 3 j(^ - 4x + 4) d.x 
= x [kx* + ^x'' -x’-2x- + 4xj'^ = x + I- I- 2 + 4 )- (-f+ 8 + 8-8-8)j 

36. Use shells: 

y = 2xx (-x^ + 3x - 2 ) dx = 2x (-x’ + 3x^ - 2x) dx 
= 2x [-^x" +x’ - x^jl = 2x [(-4 + 8 - 4) - (-1 + I - 1 )] = f 

37. Use shells: 

r = 2x |x - (-1)] [5 - (x^ - 5x + 9)]<7x 
= 2x J* (x + \) (-x^ + 5x - 4) dx 

= 2x /,■* (-x^ + 4x^ + X - 4) rfx = 2x [^- kx'' + |x^ + jx^ - 4x j 
= 2x[(-64+2J^ + 8-16)-(-i + l + l-4)] 

= 2x (^) = 4^ 

38. Use washers: 

^' = ;'l'r{|2-0|2-[2-(l-/)]-}</3, 

= 2x /o' [4 - (I + /)^j dy [by symmetry] 

= 2>r /o' [4 - (1 + 2y* + y*)] dy = 2x (3 - 2/ - y*) dy 
= 2x [3y- i/ - ^y’]; = 2x (3 - 2 - i) = 2x (i^) = ^ 

39. Use disks: y = n J ^^/l — (y - 1)^ dy = x J ^2y - y’^ dy = x j^y^ - ~ ~ / 
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40. Using shells, we have 

= fg}’ ■ 2jV-(y- \)^dy = 4!r /I, (u + l)Vl -u-du [Pul u = y- 1] 

= /], >/l — u-du — 4ff /2| «Vl — u^du 

The first definite integral is the area of a semicircle of radius 1, that is, f. The second equals zero because its 
integrand is an odd function. Thus, t’ = 4^ j — 4a ■ 0 = 2a^. 

41. (• = 2f'2^x^/P^^dx = -2a J' - x^)'^\-2x)dx = [-2a • | (r^-x^-f^J^ = -|a (O-r^) = 




42. P = 2a.t • 2,^2 _ (j; _ /;)5 y 

__, (a— /?)’ + 

=/£, 4a (u + fl) \/r2 —«2 (/h [Put u = .t —/? [ s> 

= 4a /J Vr2 — u^dii + 4a «>/r2 — u-r/u _^_ 

The first integral is the area of a semicircle of radius r, that is, jar^, and 

the second is zero since the integrand is an odd function. Thus, 

y = 4a R [^ar2^ + 4a • 0 = 2x Rr^. 

43. y = 2nj^ x(--x+h)dx=2xhj^ = 2aA [--+ y= 2a;.-=— 

44. By symmetry, the volume of a napkin ring obtained by drilling a hole y 

of radius r through a sphere with radius R is twice the volume ^ -- v = -Jr^ - a* 

obtained by rotating the area above the a-axis and below the curve / \ I \ 

y = ^R?- - X- (the equation of the top half of the cross-section of the / j..i \ 

sphere), between a = r and a = R, about the y-axis. . —g a 

This volume is equal to 

roulcrraiKus rK - - f i / •> . / t 

2 / 2xrhdx = 2-2x x^J R^ - x'^ dx = *it\-UR^ - aM =|»(/e2-r2j 

yinner radius Jr L Jr 

But by the 1>ythagorcan Theorem, R- - volume of the napkin ring is jtr [j;i) = git*’, 

which is independent of both R and r ; that is, the amount of wood in a napkin ring of height h is the .same 
regardless of the size of the sphere used. Note that most of this calculation has been done already, but with more 
difficulty, in P^xercise 6.2.66. 

Another Solution: fhe height of the missing cap is the radius of the sphere minus half the height of the cut-out 
cylinder, that is. R - \h. Using Exercise 6.2.47, 

Inapkiiinng = * sphere ” f’olindei — 2lcap = — irr h — 2 - ^R — jhJ [s/J — [f? — — git* 
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1. By Equation 2, »(' = Fd = (900) ( 8 ) = 7200 J. 

Z F = mg = (60) (9.8) = 588 N; IE = ft/ = 588 • 2 = 1176 J 

3. By Eiquation 4, 


r/y r’) IQ ,10 I 

(E = / f(x)dx = / - :^dx = 10 / —du (u = I +x, du = dx) 

Ja Jo (l+x)* Ji 

[ 11 '” 


4. fE = = I j^sin | =0N-m = 0 J. 

Inierprelalion From .t = I to jt = j, the force does work equal to cos (I'f ■* ‘i 

accelerating the particle and increasing its kinetic energy. From .t = j to jt = 2. the force opposes the motion of 
the particle, decreasing its kinetic energy. This is negative work, equal in magnitude but opposite in sign to the 
work done from .t = I to = 5 . 


5. 10 = f (x) = kx = jk (4 inches = j foot), so k = 30 Ib/ft and / (.») = 30x. Now 6 inches = j foot, so 
W = 3at dx = [15^2]^^ = ^ ft-lb. 

6. 25 = f (x) = kx = k (0.1) (10 cm = 0.1 m). so k = 250 N/m and f (x) = 250.v. Now 5 cm = 0.05 m. so 
(E = /® ‘”250A^rfx = [125x2]°“ = 125(0.0025) = 0.3125 » 0.31 J. 


7. If J^ '2kxrf.r = 2 J,thcn2 = = ]k (0.0144) = 0.0072k and k = 5 ;^ = ^ » 277.78. Thus. 


the work needed to stretch the spring from 35 cm to 40 cm is 

rO 10 2500, , 

Jo.05 "TT"-* ‘ 


r 1250^2 

-iiyio 

1250/1 1 \ 


Ji /20 ~ 



8 . If 12 = /J kxdx — = jk, then k = 24 and the work required is 

2Ax dx = [12x2]^^“ = 12 ■ ^ = ^ = 6.75 ft-lb. 

9. /(x) = kx, so 30 = ^^x and x = m = 10.8 cm 

10. Let L be the natural length of the spring in meters. 

Then 6 = Jo io-1 *■* ~ 10 ~ ~ ~ (0.10 — /,)2] and 

10 = kxdx = ij i ~ 5* [(014 — i)2 — (0.12 - t)2]. In other words, 

12 = k (0.0044 — 0.04/,) and 20 = k (0.0052 — 0.04k). Subtracting the first equation from the second gives 
8 = 0.0008k, so k = 10.000. Now the second equation becomes 20 = 52 - 400/., so i = ^ m = 8 cm. 
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In Exercises 11-16. n is the number of subintervals of length Ax, and x’ is a sample point in the ith subinterval [x,_i, x,]. 

11. First notice that the exact height of the building does not matter (as long as it is more than 50 ft). The portion of the 
rope from x ft to (x + Ax) ft below the top of the building weighs j Ax lb and must be lifted x* ft. so its 
contribution to the total work is jx,* Ax ft-lb. The total work is 

12. Kach part of the top 10 ft of cable is lifted a distance x* equal to its distance from the top. The cable weighs 

^ = 1.5 Ib/ft. so the work done on the ith subinterval is j.x'Ax. The remaining 30 ft of cable is lifted 10 ft. fhu.s. 

= Z + J ■ 'OAx) = /o'® \xdx + = [i^^]o + I'Sxltg 

= I (100) + 15 (30) = 75 + 450 = 525 ft-lb 

13. T he work needed to lift the cable is lim Xl'ii Ax = 2.x dx = [x’]^ = 250,000 ft-lb. TTie work needed 

to lift the coal is 800 lb • 500 ft = 400,000 ft-lb. Thus, the total work required is 

250.000 + 400,000 = 650,000 ft-lb. 

14. The work needed to lift the bucket itself is 4 lb • 80 ft = 320 ft-lb. At time / (in seconds) the bucket is x* = 2r ft 

above its original 80 ft depth, but it now holds only (40 — 0,2r) lb of water. In terms of distance, the bucket holds 
^40 — 0.2 lb of water when it is x’ ft above its original 80 ft depth. Moving this amount of water a 

distance Ax requires ^40 — Ax ft-lb of work. Thus, the work needed to lift the water is 

W = ^lit^ I; (40 - T^x;) Ax = /“ (40 - T^x) dx = [4OX - = (3200 - 320) ft-lb 

Adding the work of lifting the bucket gives a total of 3200 ft-lb of work. 

15. A “slice" of water Ax m thick and lying at a depth of x* m (where 0 < x’ < 5) has volume 2 Ax m^, a mass of 
2000Ax kg. weighs about (9,8) (2000Ax) = 19,600Ax N, and thus requires about I9,600x,* Ax J of work for its 
removal. So 

W = Ju^ X I9,600x; Ax = /o'19,600x dx = [9800x2]^^ = 2450 J 

16. A horizontal cylindrical slice of water Ax ft thick has a volume of itr-h = rr • 12^ • Ax ft^ and weighs about 
(62.5 Ib/ft^) (144ff Ax ft’) = 9000a Ax lb. If the slice lies x' ft below the edge of the pool (where 1 < x* < 5), 
then the work needed to pump it out is about 9000ax‘Ax. Thus, 

H' = lim Y 9000ax; Ax = /,’ 9000ax dx = [4500ax’l’ = 4500a (25 - 1) = 108,000a ft-lb 

17. A rectangular “slice” of water Ax m thick and lying x ft above the bottom has width x ft and volume 8x Ax m’. It 
weighs about (9.8 x lO’) (8x Ax) N, and must be lifted (5 - x) m by the pump, so the work needed is about 
(9.8 X 10’) (5 — x) (8x Ax)J. The total work required is 

(Fas/,’(9.8x 10’)(5-x)8xrfx = (9.8 X lO’)/^ (40x - 8.x’)r/x = (9.8 x lO’) [^20x’- f.x’]^ 

= (9.8x 10’) (180-72) = (9.8 X 10’) (108)= 1058.4 x lO’=i 1.06 x 10® J 
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18. For convenience, measure depth x from the middle of the tank, so that -1.5 < at < 1.5 m. Lifting a slice of water 
of thickness Ax at depth Jt requires a work contribution of AfF =s (9.8 x 10^) ^2^/(1.5)^ 

so 

»)'« /lr5{9.8x 10^) l2,/T25^^(2.5+^)rf;r 

= (9.8 X 10’) [bO/o’/yi-At^rfAc + l2/i0jAry|-;t2</x] 

The second integral is 0 because its integrand is an odd function, and the first integral represents the area of a 
quarter-circle of radius j. Therefore, 

IF =e ( 9.8 X lO^) 60 J^-x^dx = (9.8 x IfP) (60) (|) (f) = 330,750a =» 1.04 x 10* J 

19. Measure depth x downward from the flat lop of the tank, so that 0 < jt < 2 ft. Then 
AIF = (62.5) (2v/4^) (8A.t)(a + 1) ft-lb, so 

IF (62.5) (16) (At -FI) V4^ rfa = 1000 [f^xV^^dx + ^4^ dx) 

— (jjJ* (j du^ + ja (2^)j (Put u = 4 —x^, so du = —2x dx) 

= 1000 -F a^ = 1000 (I -F a) =» 5.8 X 10^ ft-lb 

Note: rhe second integral represents the area of a quartercirclc of radius 2. 

20. Let a be depth in feet, so that 0 < a < 5. Then AIF = (62.5) a (s/5^ ®''‘* 

IF = 62.5a f^x (25-x^)dx = 62.5a [^a^ - ia^*]’ = 62.5a (^ - ^) = 62.5a (^) 

=s3.07 X 10^ ft-lb 

21. If only 4.7 x 10* J of work is done, then only the water above a certain level (call it A) will be pumped out. So we 
use the same formula as in Exercise 17, except that the work is fixed, and we arc trying to find the lower limit of 

integration: 4.7 x 10* (9.8 x 10*) (5 -a)8arfa = (9.8 x 10*) [20a* - fa*]^ <=» 

X 10* =s 48 = (20 • 3* - f ■ 3*) - ( 20 / 1 * - |/i*) ea 50 _ 

2 / 1 * — I5A* -F 45 = 0. To find the solution of this equation, we plot 

2 / 1 * — 1 5 / 1 * -F 45 between /i = 0 and A = 3. We see that the equation is p _ ^ 

satisfied for A as 2.0. So the depth of water remaining in the tank is about N. 

2.0 m. 'X, 

-40 

22. IF (9.8 x 920) (f -Fa) rfa = 9016 [^30 ^l-x^dx -F 12 c/aj. 

•'ore fo'^ -a*<f.v = (§) = ^ and 

-x^dx = ^u'^du (whcrcM = j-a*,so</M =-2a((a) = = i (¥) = S -*0 

IF as 9016 [30 ■ -F 12 • 1 ] = 9016 (m^ » 6.00 x 10* J. 
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23. y = Trr^x, so F' is a function of x and P can also be regarded as a function of x. If l^i = xr^x\ and I'l = xr^X 2 , 
then 


IV = !■' {x)dx = irr^P (y (x))dx = f^^P(y(x))dy(,x) [Put F'(x)=ar^x, so <f K (x) = rrf^ rfx] 

= Jy^ P (P)(/P by the Substitution Rule. 

24. 160 Ib/in^ = 160 144 Ib/ft^ 100 in’ = ft’, and 800 in’ = ^ ft’. 

k = py' •• = (160 ■ 144) = 23.040 (ra)'"' 426.5. Therefore, P » 426.51^-' and 

= /Zl 7 ™ 426.51'-' VF' = 426.5 


1.88 X 10 ’ ft-lb 


/■'’,,'n |'«2 , ^ 

/ 0 —^ar = Om]mf - 

-1 =Gm,m2(--^) 

Ja L ' 

>■ L \° */ 


26. By Exercise 25, FT = GMm (- - * | where M = mass of earth in kg, R = radius of earth in m, 

\R /? + 1,000,000 / 

and m = mass of satellite in kg. (Note that !000 km = 1,000,000 m.) Thus, 


IV 


= (6,67 X 10-") (5.98 x lO’^) (1000) x (^ 3 ^ - 333 ^) =« 8.50 x lO’ J. 


Average Value of a Function 

’• = rb./ " i-(-i) /_,5 = T 

2- /ave = rhs So (•’ - = 5 [5-''^ - = 5 (2 - f) = - j 

3. gave = 77 ^ So'^ cosx </x = i [sinx];'^ = 1 (I - 0) = ^ 

4. gave = It V^dx = j [|x’/’]; = I [x’/’i: = i (8 - 1) = ^ 

5. /ave = Jo Ts/I 4- /’ dl = 5 J\^ (j duj [ 1 / = 1 4-<’,(/« = 2t dl] 

6. /ave = ^ Jo’'* secPtanFFrft; = A [sectflj/" = | (v^- l) 

7. /lave = j-TB Jo cos’xsinxr/x = j /|"' u* (—dii) [« = cosx,du = — sinxrfx] = j- j‘, du 

= ;1.2/o'hVk = |[^»’]^ = ^ 

® = (] = iJt ^“~^du [u = \ +r,du==dr] = “H"”']: = "I (^ “ 2 ) 

-J/I l^_3 5_3 

“I (3 77-'5 t5~t3 



SECTION 6,5 AVERAGE VALUE OF A fUNCIION □ 425 


9- (a) /ave = yzTs Jo (“* - dx (c) 

(b)/ave = /(c) <=> | = 4-c^ <=> = 5 <=> c = -^ss|.l5 

10- (a) /ave = T=Ti lo ('** ~ •*^) dx (c) 

= j(l8-9) = 3 

(b) /avc = f (c) O 3 = 4c — <=> c^-4c+ 3 = 0 <=> c=l 

or 3 

11. (a) five = j-rj /o^ — jt + l)rf.t (c) 

_ 1 r 1 U2 , 

+ ’'Jo 

= ^(4-2 +2) = 2 

(b) From the graph, /(jt) = 2 at jr as 1.32. 

12. (a) /avc = /o^ [x sin dx (c) 

= (cosJT — cosO) = .^ a: 0.56 
(b) From the graph, /(jt) = .^ at x as 0.85 and atx as 1.67. 
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15. Tavt = [^50 + 14sin ^ ^50r - 14 • y cos 

= ^ [so • 12 + 14 • + 14 • ^] = (so + ^) ° F =« 59° F 

16. r,va = \ /o’ 4xdx='j [2,v2]’ = 10° C 

17. P.VC = I £ = 7 i = [^'^l = 9-3 = 6 kg/m 

18. s (/) = 5g/^ ^ I) (r) = s' (/) — gi ^ vr = 0 (T) = gT, and s {T) = \gT^- Also, 

s' (/) gt — g^2s/g ~ >/2gs = V (^). The average of the velocities with respect to time during the interval 

|0. T] is Dave = 7 y «(')</' = 7 [4 (T") - 4 (0)] (by FTC) = ^ • jgT^ = \gT =\vt- But with respect to s. 


I , MT) - 2 MT) 

Ome = / w (s)ds = —— / ^Igsds = V2g / f ' 

4 (F) Jg s (T) Jg gT‘ Jg 


19- Favc = Uo 1" (')'" = ? /o A [‘ - “S (§»/)] di = ^ /o’ [l - cos (^;r/)] dl 

“ •" - - ii'iS - F‘i: - ^ (i) *’ - W- 

P 

Since u (r) is decreasing on (0, /?], «max = o (0) = —-. Thus, «avc = iumax- 

Aitl ° 

21. Let F (jr) = /' f (.l)dt for x in [a, i]. Then F is continuous on [a, ft] and differentiable on (a, ft), so by the Mean 
Value Theorem there is a number c in (a, ft) such that F (ft) — F (a) = F' (c) (ft — a). But F' (x) = f (x) by the 
I'undamcntal Theorem of Calculus. Therefore, f (t)dl — 0 = f {c){b — a). 

22. /avela.ft] = 7 -^ f f{x)dx - — f f(x)dx + —5— [ f(x)dx 

b-a Ja b-a Ja b - a 

= ^f + Zf =I—^/•vel“.c] + ^— -fmc\c,b] 

b-a\_c-aja J ft-aLft-c^a J b-a b-a 


T«t2/2 4V^ 


Review 

' ' CONCEPT CHECK 

1. (a) See Section 6.1, Figure 2 and Equations 6.1.1 and 6.1.2. 

(b) Instead of using “top minus bottom” and integrating from left to right, we use “right minus left" and integrate 
from bottom to top. See Figures 11 and 12 in Section 6.1. 

2. The numerical value of the area represents the number of meters by which Sue is ahead of Kathy after 1 minute. 

3. (a) See the discussion in Section 6.2, near Figures 2 and 3, ending in the Definition of Volume. 

(b) See the discussion between Examples S and 6 in Section 6.2. If the cross-section is a disk, find the radius in 
terms of x or y and use A = x (radius)^. If the cross-section is a washer, find the inner radius and outer 
radius r-oui and use /f = a (r^^) - v (r^). 
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4. (a) y = 2/rrh Ar = (circumference) (height) (thickness) 

(b) For a typical shell, find the circumference and height in terms of;t ory and calculate 

— fa (circumference) (height) (dx or dy), where a and h are the limits on x or y. 

(c) Sometimes slicing produces w-ashers or disks whose radii arc difficult (or impossible) to (ind explicitly. On 
other occasions, the cylindrical shell method leads to an easier integral than slicing docs. 

Jo / (^) represents the amount of work done. Its units are newton-meters, or Joules. 

6. (a) Sec the boxed equation preceding Example I in Section 6.5. 

(b) The Mean Value I'hcorcm for Integrals says that there is a number c at which the value of / is exactly equal to 
the average value of the function, that is, / (c) = For a geometric interpretation of the Mean Value 
Theorem for Integrals, see Figure 2 in Section 6.5 and the discussion which accompanies it. 


—— EXERCISES 

1. 0 = .T^ — .T — 6 = (.r — 3) (x -F 2) <=> x = 3 or —2. So 

= 1-2 [0 - - Jt - 6 )] dx = /’j (-x^ -F X + 6 ) dx 

= [-jx’-F ^x^-F6xj_^ 

= (-’+§ + '*)-(!+ 2 - 12 ) 



2. 20-jc-- 12 o 32 = 2x^ « = 16 <=> x = ±4. 

So 

= /-4 ((20 - - (x2 - 12)] dx = /f, (32 - 2x2) 

= 2 (32 — 2x2) function] 

= 2[32x-f-’]; 

= 2(l28-2f) = 2^ 

3. I — x2 = I — /x <=> —x2 = —,/x c=> x‘ = /x .x** = X 

=» x‘'-x=0 => x(x2-|) = 0 =» x(x- I)(x2-Fx-F I) =0 
^ jr = 0 or I. So 

^ = /o' - (I - y?)] = /o'(s/? - dx 

_ (2,3/2 _ l_3l' _ 2 I _ I 

- I ’' Jo - J - 3 = 5 
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A = // [(2v - 7) - (y^ - 6>-)] dy 
= + Sj/ - 7) dy 

= [-J>'’ + V-7>]| 

= _ + 196 - 49 - + 4 - 7 ) = 36 



5 . /( = fg Isinx - (-cosx)|</x = (sinx + cosx)</x - ^4 (sinx + cosx)</x 

= [sinx - cosxjg’^^ - |—cosx + sinx| 34 y 4 

= (;/5 ^ ^ 

6 . The curves intersect at (1, I), so the area is 

A = (x^ - (x^ - 4x +4)|(/x = fg (-x’ +x2 -4x +4)rfx + /,^ (x^ -x^ + 4x -4)rfx 

= [- ^x'* + ^x^ - 2x^ + 4x + ^^x^ - jx^ + 2x^ - 4x j ^ 

= -^ + ^- 2 + 4 + 4- f + 8 - 8 - i + ^- 2 + 4 = 5.5 

7 . y = /,’ n yx - I dx = n (x - \)dx = n [^^x^ - xj^ = a [^(| - s) - - l)] = 2 ;r 

*• = /o' - (*’)^] /o' ” [ 5 ^* " 7*’]o = (t - 0 = ^ 

9. y - 2ff;/ (- 3 '^ + 4>> - 3) </y = 2!r (-y'^ + Ay^ - 3>) dy = 2x i>'‘' + 1 

= 2tr[(-^+36-^)-(-i + |-i)] = i^ 

10 . y = /o* n dy = « Sg dy = x ^ 

11. y = 2xx ■ 2 Vx2 - o2 dx = 2t /o^*"^*^ u*''^ r/« (Put « = x^ - a’, so d« = 2x dx) 

= 2 x[|uV 2 j^*"*' = ^( 2 oA + /, 2 )’/^ 

12 . P = J^’l 2 2xx cosx t/x (by the method of cylindrical shells) 

13. F' = /„'x[(l-x3)'-(l-x2)']rfx 

14. y = fg2x(S-x’}(2-x)dx 

15. (a) y = fg X [(X)- - (x2)^j dx = fg X (x2 - x4) dx = x [jx’ - ^x*]^ = x - l] = ^ 

(b) y = fg' X [(v5')^ - dy = fg' X (>• - y2) </y = )r - ^y’= » [5 “ 5] = I 

(c) y = fg' X [(2 - X-’)^ - (2 - x)^] dx = fg' X (x-* - 5x2 + 4x) dx = x [|x5 - fx’ + Zx^ 

= -[i-f+ 2 ]=^ 
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16. (a) A = /„' {2x-.x--x^)dx = [i- - - Ijf"]' = 1 - j - i = ^ 

(b) A cross-section is an annulus with inner radius and outer radius 2x — so its area is 
^(2x-x^)--x{x^)-. 

>' = /o' U) dx = fg [^(2.t - X-)^ - c/x = fg K (4.1^ - 4:it’ + jt'' - x*") dx 

— ^ j. I i„ 7V_^/4 , . I l\_41« 


(c) 4' = fg' 2irx (2>r - .t* - x^) dx = fg 2k (2jc^ - .v’ - jr^) dx = 2k 
= 2a-^j — j — j^ = ^ (by Ihc method of cylindrical shells) 

17. (a) Using the Midpoint Rule on |0, 1] with / (jr) = tan (;t^) and n = 4, we estimate 

A = fg tan (x^)dx =« { j^tan ((?)') + ((s)^) + ((*) ) + ((sO] T <'-53) 0-38 

(b) Using the Midpoint Rule on (0, 1] with / (x) = k tan^ (jc^) (for disks) and n = 4, we estimate 

= /o' /(^)dx =4 iff tan^ R-tan^ +tan2 +tan2 ((s)^)j =“ f (1.114) =a 0.87 


18. (a) 



(b) We estimate 


From the graph, it appears that the curves intersect at ff = 0 
and at ff « 0.75, with I - > jt* - ff + 1 on (0,0.75). 


” ((' - + !)]</- = 0.12 


(c) Using disks, we estimate 


4'»ff J^”[(l - - (x‘ -X + l)^jr/x = )r (-x'^ + 2x''- 2x* + x''- Sx^ + 2x)r/x 

-^r 'rUj-'r* 2,.7. I 5 J. ,.21°^’~ n sa 
_;r[-„x +,x - 7 X + 5 X -X +x «0.54 

(d) Using shells, we estimate 

r « 2ff ”x [(1 - x2) - (x* - X + 1)] rfx = 2ff /„“” (-x’ - x’ + x2) dx 

=[-K-K+Hr^«" 

19. The solid is obtained by rotating the region ijl=|(x,y)|0<x < T,0<y< cosx) about they-axis. 

20. The solid is obtained by rotating the regional = |(x.y)|0<x < f,0<y< v^cosx j about thex-a\is. 

21. The solid is obtained by rotating the region under the curvey = sin x, abovey = 0, from x = Otox = ff, about 
thex-axis. 
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22. The solid is obtained by rotating the region under the curve y = sinx, above y = 0, from x = 0 tox = jr, about 
the y-a.xis. 

23. Take the btLse to be the disk x^ + y^ < 9. Then T' = A(x)dx, where A (xo) is the area of the isoseeles right 

triangle whose hypotenuse lies along the line x = xo in the xy-plane. /t (x) = j — x^^ = 9 — x^. so 

y =2 A (x)dx = 2 /o (9 - x^) dx = 2 [9x - fx’]^ = 2 (27 - 9) = 36. 

24. y =/i, Aix)dx =2/o' A(x)dx=2f^' [(2 -x^) -x’f dx = 2fg [2(1 -x2)]^dx 

= 8/o'(l-2x2 + x'')dx = 8[x-§x’ + ^x5]^ = 8(l-| + ^) = ff 


25. Fiquilateral triangles with sides measuring jx meters have height jx sin 60° = ^x. Therefore, 

(x) = ^ lx . #x = ^x^ F = ^ (x)dx = ^ fg^Ox^ dx = ^ [ix^]“ = m^ 


26. (a) By the symmetry of the problem, we consider only the solid to the right of the origin. The semicircular 

cross-sections perpendicular to the x-axis have radius I — x, so /4 (x) = jrr (1 — x)^. Now we can calculate 
'' = 2/o‘ = 2/o Jtr (I -xf dx = fg x (I -x)^ dx = [(1 -x)’]^ = f 

(b) Cut the solid with a plane perpendicular to the x-axis and passing through the y-axis. Fold the half of the solid 
in the region x < 0 under the xy-plane so that the point (—1,0) comes around and touches the point (1,0). 
fhe resulting solid is a right circular cone of radius I with vertex at (1,0,0) and with its base in the ya-planc, 
centered at the origin. The volume of this cone is jjrr^/i = jx • 1^ • I = y. 


27./(x) = *x =9 3()N = i(l5-12) cm => * = 10N/cm = 1000N/m. 20cm - 12 cm = 0.08 m =9 
H' = J^°^kxdx = 1000/“®*xdx = 500 [x-j”“* = 500(0.08)2 =3.2N-m = 3.2). 


28. The work needed to raise the elevator alone is 1600 lb x 30 ft = 48,000 ft-lb. The work needed to raise the bottom 
170 ft of cable is 170 ft x 10 Ib/ft x 30 ft = 51,000 ft-lb. The work needed to raise the top 30 ft of cable is 
lOx dx = = 5 ■ 900 = 4500 ft-lb. Adding these, we see that the total work needed is 

48,000 + 51.000 + 4.500 = 103.500 ft-lb. 


29. (a) The parabola has equation y = ox^ with vertex at the origin and pa.ssing 
through (4, 4). 4 = <) ■ 42 =* T = =° x2 = 4y 

=9 X = 2yA'. liach circular disk has radius 2y/y and is moved 4 — y ft. 

= So <’2.5 (4 - y) dy = 250ff y (4 - y) dy 

= 250x [2y2 - ^y’j^ = 250ff (32 - y) = =» 8377.6 ft-lb 
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(b) In part (a) we knew the final water level (0) but not the amount of work 
done. 1 lere we use the same equation, except with the work fixed, and the 
lower limit of integration (that is. the final water level — call it h) 

unknown: H' = 4(K)0 <=> 250^ — 4000 <=> 

^ = [(32 - t) - ( 2 / 1 - - - 6/|2 + 32 - ^ = 0. 
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We plot the graph of the function / {h) = />’ - 6 / 1 ^ + 32 - y on the interval (0, 4] to sec where it is 0. From 
the graph. / (h) =0 for h 2.06. So the depth of water remaining is about 2.06 ft. 


30. /avc = Tzm So ■x^'/l +x^dx = 1 . 5 /’ y/iidu |u = I + x^, du = 3x^ dx\ 

31. lim /ave = lim -J- / (t)dl = lim ^^ where F(x) = /* f(l)dl. But we recognize this 

h->0 ti-»0 It h-tO h 

limit as being F' (x) by the definition of a derivative. Therefore, lim = F' (x) = / (x) by FTCl. 


32. (a) 9l| is the region below the graph of y = x^ and above the x-axis between x = 0 and x = b. and Sft’ is the 

region to the left of the graph of x = .^ and to the right of the y-axis between y = 0 and y = 6 ^. So the area 

ofSiii is A\ = Jo x^dx = and the areaofSla is zli = Jo Jydy = [3>’''’^]q “ 3*''- 

there is no solution to /E| = /f 2 for h 0. 

(b) Using disks, we calculate the volume of rotation of9l| about thex-axis to be F| , = x (x^)^ dx = 5 x 6 *. 
Using cylindrical shells, we calculate the volume of rotation of 9l| about the y-axis to be 

V] y = 2ir Jo X (x^)dx = 2x = \irb*. So Vi x = F|_j. <=> jxfc* = jxb* <=> 26 = 5 <=> 

6 = j. So the volumes of rotation about the x- and y-axes are the same for 6 = 5 . 

(c) We use cylindrical shells to calculate the volume of rotation of 9(2 about the .x-axis: 

9 ( 2.1 = 2x jj,** y (.yy) </y = 2x j = jxh’. We already know the volume of rotation of 91 1 about the 
x-axis from part (b), and 9l|= 9 I 2.1 <=> 5 x 6 * = |x 6 *, which has no solution for 6/0. 

(d) We use disks to calculate the volume of rotation of 912 about the y-axis: 

9l2j. = X /g ^ dy = n [ 53 '"]^ = x>r*^- We know the volume of rotation of 91| about the y-axis from 

part (b). and 9l|.v = 9 l 2 ,v <=> jab"* = ^xh*. But this equation is true for all 6 , so the volumes of rotation 
about the y-axis arc equal for all values of 6 . 
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Problems Plus 

1. The area under the graph of / from 0 to r is equal to JJJ / (jc) dx, so the requirement is that f (x) dx = for 
all/. We differentiate this equation with respect to / (with the help of FTC I) to get/(/) = 3/^. Phis function is 
positive and continuous, as required. 

2. The total area of the region bounded by the parabola and the jr-axis is 

So = I 

Let the slope of the line we are looking for be m. Then the area above this 

line but below the parabola is So [(^ ~ ~ "t x] dx, where a is the 

x-coordinate of the point of intersection of the line and the parabola. We 
find the point of intersection by solving the equation x — x^ = mx <=> 

I — X = m «=> X = 1 — /n. So the value of a is 1 - /n, and 

So"" = /o"” [(I -m)x -x^J/fx = (1 -m)x^ - 

= ^ (1 - m) (I - m)- - j (1 - m)’ = ^ (I - 

We want this to be half of g, so g (1 - m)^ = ^ =» m = I - •^. So the slope of the required line is 

l-^«t 0.206. 

3. The volume generated from x = 0 to x = 6 is So ’’If dx. Hence, we are given that b- = So ” [/ dx 
for all b > 0. Differentiating both sides of this equation using the Fundamental Theorem of Calculus gives 

2b = 7c[f (i)]^ => f (b) — V26/jr, since / is positive. Therefore, / (x) = ,/2xJx. 

4. (a) Take slices perpendicular to the line through the center C of the bottom of the glass and the point P where the 

top surface of the water meets the bottom of the gla.ss. 


P 





A typical rectangular cross-section y units above the axis of the graph has width 2\QR\ = and 

length h = 1051 = — (/• -y). [Triangles PQS and PAB arc similar, so y = „ ■ = ——.J Thus. 

2/* L \r A] Zt" 



-(t-y)dy = L 







the first integral is the 
and the secor 


area of a semicircle of radius r. 


second has an odd integrand 


irr^t 

2 
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(b) Slice parallel to the plane through the axis of the glass and the point of contact P. (This is the plane determined 
by P, B, and C in the figure.) STUV is a typical trapezoidal slice. With respect to an x-axis with origin at C as 
shown, if S and V have coordinate x, then I.Sf'l = 2v'r- - .x^. I>rojecting the trapezoid STU V onto the 
plane of the triangle PAB, we see that \AP\ = 2r, |SL'l = 2-Jr^ — x'K and 
|.S/»| = \yA\ = { (\AP\ - ISf'l) = r - -x2. 




By similar triangles, so |Sr| = (r - - xA the same way, we find that 

|o/ I 1^^ I ^ ^ ^ 


pi = 1^. so |Kt;i = |f'/>| . i = (M/>| - IL'^I) . I: = (r + 

The area A (x) of the trapezoid STf/ L' is j |Sf'| • (|.S7’| + | V t/|); that is, 

= ^ ■ 2Vr- - .x2 • . A + - x^^ ■ ^ j = Ly/r^-x^. Thus, 


/((X) 


y = f'^A (x)rfx = L /I, •Jr^-x’^dx = i • 


(c) See the computation of (' in part (a) or part (b). 

(d) The volume of the water is exactly half the volume of the cylindrical glass, so (^ = jirr^L. 

(e) 

D 

_ T 

E 




Choose X-, y-> and z-axes as shown in the figure. Then slices perpendicular to the x-axis are triangular, slices 
perpendicular to the >-axis are rectangular, and slices perpendicular to the z-axis are segments of circles. Using 
triangular slices, we find that the area A (x) of a typical slice D£F, where D has coordinate x, is given by 

A (x) = \ \DE\ ■ \EF] = {\DE\ ■ |0£|^ = ^\DE\^ = ^ (r^ -x^). Thus, 

*■ - /' J - 7 i’ (■•’ - '1 ■ 7 - tI 



PROBLEMS PLUS □ 435 


5. (a) y = (r - /i/3) = (3r - h). Sec the solution to Exercise 6.2.47. 

(b) The smaller segment has height /i = I — x and so by part (a) its volume is 

y = 5 >r (I — x)’ (3 (I) — (I — x)| = jx (x — 1)^ (x + 2), This volume must be j of the total volume of the 
sphere, which is jx (1)^. So (x - I)-(x + 2) = j => (x^ - 2x + I) (x + 2) = j => 

x’ — 3x + 2 = j ^ 3x^ — 9x + 2 = 0. Using Newton’s method with / (x) = 3x^ — 9x + 2, 

3 T ^ + 2 

/' (x) = 9x^ - 9, we get x„+i = x„- —^—. Taking xi = 0, we get X 2 0.2222, and 

VJf ‘ — V 

X 3 as 0.2261 as .X 4 . so, correct to four decimal places, x as 0.2261. 

(c) With r = 0.5 and s = 0.75, the equation x^ — 3rx^ + 4 j-'x = 0 becomes x^ — 3 (0.5) x^ + 4 (0.5)^ (0.75) = 0 

=» x^ — jx^ + 4 4=0 =4 8 x^ — 12x^ + 3 = 0. We use Newton’s method with 

0^3 _ |2v2 4- 

/(x) = 8 x^ - 12x^ + 3, /* (x) = 24x^ - 24x, sox„+i =x„-^-. Takexi = 0.5. Then 

24x^ 24jrrt 

X 2 as 0.6667, and X 3 at 0.6736 as X 4 . So to four decimal places the depth is 0.6736 m. 

(d) (i) From part (a) with r = 5 in., the volume of water in the bowl is 

y = jir (3r — A) = jxA^ (15 - A) z= 5)r A^ — jjr A^. We are given that ^ = 0.2 m^/s and we want to 

^ ,dh ^ dV dh .dh dh 0.2 

find — when A = 3. Now — = lOff A-- xh^—, so — = —;-xr. When A = 3, we have 

dl dl dt dl dl x(I 0 A-A 2 ) 

dh 0.2 I 

* = 70 ^ 1 ^ 33 ) in/s. 

(ii) From part (a), the volume of water required to fill the bowl from the instant that the water is 4 in. deep is 
y = 2 • jff (5)^ — (4)" (15 — 4) = 5 ■ \25k — y • 1= yn. To find the lime required to fill the 

bowl we divide this volume by the rate: Time = ^ 387 s ^ 6.5 min 

6 . (a) The volume above the surface is Jq * A (y) dy = ^ A iy)dy — A (y) dy. So the proportion of volume 

In ^ O') I-h ^ A {y)dy — A (y) dy 

above the surface is —r-= ■ . —r-. Now by Archimedes’ Principle, we 

5:;; A {y)dy f!:;''A0’)dy 

have F = )(' => Pfgjt^A (y) dy = A (y) dy, so A (y) dy = (po/Pf) /f*”* A (y) dy. 


fo'’ ''A(y)dy _ A (y)dy - (pp/pp)A (y)dy _ Pj - Pg 


Therefore, ^ 

S-g'’A{y)dy 


I-h A (y) dy 


, so the percentage of 


( p t — Po\ 

- 1%. 

/'/ / 

(b) For an iceberg, the percentage of volume above the surface is 100 ( ^ ^ 11®^- 

(c) No, the water does not overflow. Let F, be the volume of the ice cube, and let F„, be the volume of the water 
which results from the melting. Ilien by the formula derived in part (a), the volume of ice above the surface of 
the water is [{pf — pq) /p /] so the volume below the surface is F; - [(/>y — pq) /p^] F/ = (po/py) K- 
Now the mass of the ice cube is the same as the mass of the water which is created when it melts, namely 
^ = Po f / = P/ FitJ = (Po/P/) ) / • when the ice cube melts, the volume of the resulting w ater is 

the same as the underwater volume of the ice cube, and so the water does not overflow. 


436 □ PROBLEMS PLUS 



The figure shows the instant when the height of the exposed part of the ball is y. 
Using the formula in part (a) with r = 0.4 and fi = 0.8 — y, we sec that the 
volume of the submerged part of the sphere is jtr (0.8 — y)^ [1.2 — (0.8 — y)], 
so its weight is lOOOg • jtrs^ (1 .2 — s), where s = 0.8 — y. Then the work done 
to submerge the sphere is 

»'=/o°*'-2 - s)® Jo"* ('-2^^ - 

= g^)r [o.4s 5 - 14“]”* =g^>r (0.2048 - 0.1024) 


= 9.8^)r (0.1024) ss 1.05 X 10^ joules 


dV 

7. We arc given that the rate of change of the volume of water is •— = —kA (.v), where k is some positive constant 

dt 

and A (x) is the area of the surface when the water has depth x. Now we are concerned with the rate of change of 

dx dV dV dx 

the depth of the water with respect to time, that is. —. But by the Chain Rule, — = —, so the first equation 


dt 


dx dt 


can be written-^ = -kA (.r) (★). Also, we know that the total volume of water up to a depth x is 

dx dt 

r (x) = Jg A {s) ds, where A (s) is the area of a cross-section of the water at a depth s. Differentiating this 
equation with respect to.r, we get t/f'/d.x = A (.r). Substituting this into equation ★, we get 
A(x)(dx/dl) =—kA (x) => /dr =—k, a constant. 


8. A typical sphere of radius r is shown in the figure. We wish to maximize the 
shaded volume T, which can be thought of as the volume of a hemisphere of 
radius r minus the volume of the spherical cap with height h = I — Vl — 
and radius 1. 

r = ^ . (l - [3 (1) - (l - n/T^)] [by Problem 5(a)] 

= [2r^ - (2 - - r^'j (l + Vl -r^)] 

= [2r’ - 2 + (r- + 2) v/l 

I r ■> ('■’ + 2)(-r) - -- 1 I r6r-x/l - - r (r^ + 2) 

(" = ia 6r= + .!--;=4^ + >/r^(2r) = |a -i 

, /6r2yr:75_3rJ\ ttt'-- r) 





+ 2r(l -r^) 


y (r) = 0 <=> 2\/l —r^ —r es 4 — 4r^ —r^ o ''^ = 3 ^ 0.K9. Since f" (r) > 0 for 

0 < r < ^ and I" (r) < 0 for ^ < r < I, we know that V attains a maximum at r = ^. 
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9. Wc must find expressions for the areas /I and B, and then set them equal and see what this says about the curve C. 
If Z' = (a, 2a^). then area A is just (2x^ —.x~)d.x = .x^ dx = . To find area B. we use y as the variable 

of integration. So we find the equation of the middle curve as a function of y: y = 2t- <=> x = y/y/2, 
since we are concerned with the first quadrant only. Wc can express area B as 

/o““ [s/575 - C Cv)]dy = [j(y/2)’'^j^ - C (y) dy = C O') </y, where C (y) is the function 

with graph C. Setting/I = B, wc get C O') </>■ <=> C (y) dy = . fiow we 

differentiate this equation with respect to a using the Chain Rule and the Fundamental ITieorem: 

C (2a^) (4a) = 3a^ =» C O') = j v'y/2, where y = 2a^. Now we can solve for y: .x = | Vy/2 
B Cv/Z) => y = 

10. 


We want to find the volume of that part of the sphere which is below the surface of the water. As we can see from 
the diagram, this region is a cap of a sphere with radius r and height r + cf. If wc can find an expression for d in 
terms of h. r and 0, then wc can determine the volume of the region [sec Problem 5(a)], and then differentiate with 

respect tor to find the maximum. Wc see that sin(7 = 7 -^^— <=» h - d =-^ <=> B =/i - r esc0. Now 

h-d sinB 

we can use the formula from Problem 5(a) to find the volume of water displaced: 

y = Or — h)= ja (r + d)^ (3r - (r + rf)) = (r + /i - r cscO)^ (2r — h + r csc/7) 

= f (r (I - cscO) + |r (2 + csc«) - AJ 
Now wc differentiate with respect to r: 

dy/dr = ^[r (1 - esefl) + A]’ (2 + cscB) + 2 [r (I -cscB) + A] (I -cscf/)lr (2 + cscB) + A]^ 

= j (r (I — esc//) + A]([r (I — cscO) + A|(2 + CSC//) + 2 (I — esc//) (r (2 + esc//) — A]) 

= j Ir (I - cscB) + A](3 (2 + eset/)(I — csc//)r + ((2 + esc//) — 2 (I — csc//)J A) 

= 7 |r (I — cscO) + Al(3 (2 + esc//) (1 — csc//)r + 3Acsc//] 



TU- ■ u * j u A CSC// / A \ „ 

1 his IS 0 when r =-;-and when r =-. Now since 1' I-1=0 

CSC// — I (esc// + 2) (esc// — I) \csc// — 1 / 

(the first factor vanishes; this corresponds lod = —r), the maximum volume of water is displaced when 
A esc// 

r = - - ——-- , . (Our intuition tells that a maximum value does exist, and it must occur at a critical 

(esc// - I) (esc// + 2) 

number.) Multiplying numerator and denominator by sin^ //, we get an alternative form of the answer: 

A sin // 

sin // + cos 2// 
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11. (a) Stacking disks along the y-axis gives us K = /q x [/ (y)]^ dy. 


dV dV dh , dh 

(b) Using the Chain Rule. — = — • — = a- [/ . 

dt dh dt dt 

(c) kAs/h^K[f{h)f^. Set^ =C: k [f (h)f C = kA-Jh 

at dt 




/ W = ts. / O') = ^ advantage of having ^ is that the markings on the 

container are evenly spaced. 


12. (a) We first use the cylindrical shell method to express the volume K in terms of h, r, and to'. 

V = I' 2..yd. = [ 2ax [h + ^] </- = 2. [ (/« + 

, [hx^ rn^x^X , fAr^ , , o?r* 

[2 8g Jo [2 8g J 4g 


h = 


V - {ntoh*)/ (4g) 


4gy — rcco^r^ 
4agr2 


(b) The surface touches the bottom when A = 0 => 4gK —a<u^r^=0 
To spill over the top, y(r) > L 



(O 




to^r^ AgV — xto^r* to^r^ AgV xoPt^ to^r^ 

L > h "T— =-;;-5-+ ~~z — — z -7 "I" ~~z — 

2g 47r^r^ Ig Angr^ 4ngr^ 2g 

y Q}^r^ V 

Tcr^ 4g 2g Ttr^ 4g 


(o^r^ , V Tcr^L — V 

A > L — 2 “■ 2 

4^ jcr^ Kr^ 


CD > 


wvf 




^^4g(.rH-y)^ 


So for spillage, the angular speed should be 


0)^ • 1^ 

(c) (i) Here we have r = 2, A = 7, A = 7 — 5 = 2. When x = l,y = 7 — 4 = 3. Therefore, 3 = 2+ ^ 

^ I = ^ (o^ = 64 ^ (0 = 8 rad/s. K = a (2) (2)^ H- - -= 8a + 8a = 16a 

8^-2^ 

(ii) At the wall, x = 2, so y = 2 +-= 6 and the surface is 7 — 6 = 1 ft below the top of the tank. 

2-32 
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13. We assume that P lies in the region ofpositive x. Since >> = at^ is an odd 

function, this assumption will not affect the result of the calculation. Let 
P = (a, a^). The slope of the tangent to the curve >» = at f is 3a^, and so 
the equation of the tangent is >> — = 3o^ (x ~ a) <=> y = 3a^x — 2a^. 

We solve this simultaneously with y = jt’ to find the other point of intersection: 

= 3o-jt - 2o^ « (jt - o)^ (jt + 2a) = 0. So Q = (—2a, -8a^) is the 
other point of intersection. The equation of the tangent at Q is 
y — (—8a^) = l2o^ (.r — (—2a)] « y = 12a^j: + I6a^. C(-2a.-8a ) 

By symmetry, this tangent will intersect the curve again at At = —2 (—2a) = 4a. The curve lies above the first 
tangent, and below the second, so we are looking for a relationship between A = [jt^ — (3a^Ar - 2a’)] dx and 

B = [(12a’x + 16a’) - a:’] dx. We calculate A = ^ jAt"* — |a’.T’ + 2a’Ar j ^ = ja'’ - (-6a^) = ^a^. 

and B = [fia^Ai^ + 16a’At - = 96a‘' - {-12n‘') = 108al We see that B = 16/f = 2* A. This is 

because our calculation of area B was essentially the same as that of area A, with a replaced by -2o, so if we 
replace a with —2a in our expression for A, we get ^ (—2o)^ = 108a^ = B. 

14. Let a and b be the x-coordinates of the points where the line intersects the 
curve. From the figure. 

B\ = Ri =» 

[c - (8.V - 27x’)] dx = /j’ [(8.V - 27x’) - cj dx 
- 4x’ + = [4.x’ - - cx]‘ 

ac — 4a’ + ^a'* = ^46’ — — Ac^ — ^4a’ — ^a'* — ac^ 

0 = 4A’ - -bc = 4A’ - f A'' - A (8A - 27A’) 

= 4b^ -^b* - 8A’ + 27b* = ^b* - 4A’ 

= A’(V/.^-4) 

So for A >0, A’= ^ => A = ^. Thus,c = 8A-27A’ = 8(i)-27(.^) = ^-^ = |?. 
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Inverse Functions: 

Exponential, Logarithmic and Inverse Trigonometric Functions 


Inverse Functions _ 

———Hwwiiiiimniiir 

1. (a) See Definition 1. 

(b) It must pass the Horizontal Line Test. 

2- (a) /“' (y) =x <=> f (x) = yfoT any y in B. The domain of /“' is B and the range of /“’ is A. 

(b) See the steps in (5). 

(c) Reflect the graph of / about the line y =x. 

3. / is not one-to-one because 2 5 ^ 6, but / (2) = / (6). 

4. / is one-to-one since for any two different domain values, there are different range values. 

5. A football will attain every height h up to its maximum height twice: once on the way up, and again on the way 
down. Thus, even if 1 ] does not equal t 2 , f (ri) may equal / { 12 ), so / is not 1-1. 

6 . / is not 1-1 because eventually we all stop growing and therefore, there are two times at which we have the same 
height. 

7. The diagram shows that there is a horizontal line 
which intersects the graph more than once, so the 
function is not one-to-one. 


8 . The function is one-to-one because no horizontal line intersects the graph more than once. 

9. The function is one-to-one because no horizontal line intersects the graph more than once. 

10. The diagram shows that there is a horizontal line 

which intersects the graph more than once, so the 
function is not one-to-one. 


11. / (x) = 4 — 3x =!■ /' (x) = -3 < 0 => /is decreasing and hence one-to-one. 

12. / (x) = 3x^ -I- 5x - 4 => /' (x) = 6x -b 5 => /' (x) < 0 and / is decreasing forx < — | while /' (x) > 0 

and / is increasing for x > —Thus, any horizontal liney = k [where k> f "'>11 intersect the graph of / 

more than once, so / fails the horizontal line test and is not 1-1. 

13. XI 5 ^x 2 => Vh 7 ^ yx 2 => g(xi) 54 g(x 2 ), sog is 1-1. 

H.g(x) = |x| => g (-1) = 1 = g(l), so g is not one-to-one. 

15. h (x) = x'*-b 5 => /i (1) = 6 = (-1), so is not 1-1. 

16. X|#X 2 => xj 54 x| (since X > 0) => xf + 5yix^ + 5 => A (xi) //i (X 2 ), so h is 1-1. 
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17. / does not pass the Horizontal Line Test, so / is not 1-1. 


18. / passes the Horizontal Line Test, so / is 1-1. 




19. Since / (2) = 9 and / is 1-1, we know that / ' (9) = 2. Remember, if the point (2,9) is on the graph of /, then 
the point (9, 2) is on the graph of . 

20. f(x)=x -b cosx => /' (;f) = 1 - sinjc > 0, with equality only ifx = j+ 2nn. So / is increasing on R, and 

hence, 1-1. By inspection, /(O) = 0 -b cosO = 1, so /”’ (1) = 0. 

2\. h{x) = X + ^ => h' {x) = \ + \/ (2v^) > 0 on (0, oo). So h is increasing and hence, 1-1. By inspection, 

/i (4) = 4 -b V4 = 6, so /i"' (6) = 4. 

22. (a) / is 1-1 because it passes the Horizontal Line Test. 

(b) Domain of / = [-3, 3] = Range of /“‘. Range of / = [-2,2] = Domain of /“'. 

(c) Since/(-2) = 1,/-' (1) =-2. 


23. We solve C = | (f - 32) for F: |C = F - 32 => F = 
as a function of the Celsius temperature C. F > —459.67 
C > -273.15, the domain of the inverse function. 


2 2 


fC > -491.67 




Vl - !)2 /c2 J V 

This formula gives us the velocity v of the particle in terms of its mass m, that is, v = /“’ (m). 

25 . y = f (x) = 4x + 7 => 4x =y -7 => x = (y -7) 14. Interchange x and y: y = {x - 7) 14. So 
f-^{x) = {x-7)/4. 

^ ^ „ 2(1-by) 


26. y = /(^) = : 


xy + 2y = X — 2 


X (I - y) = 2(y + 1) => x = - 


. . , , 2(l-b;c) ^ _ 2(l-bx) 

Interchange rc andy: y = —j-. So / {xj = —j-. 

1 -b 3:c 

27. y = / (x) = -— 5y - 2;cy = 1 -b 3;r => 5y - 1 = 3 a: -b 2xy => A (3 -b 2y) = 5y - 1 => 

5 - 2a 

5y - 1 , , . 5a - 1 I 5a - 1 

A = -—Interchange A and y: y = -——. So / ‘ (a) = -—— . 

2y -b 3 2 a -b 3 2 a -b 3 


28. y = /(a) = 5-4a3 


4a3 = 5 ■ 


A3 = (5-y)/4 


Interchange x and y 






29. y = / (a) = \/2 -b 5 a => y^ = 2 -b 5 a and y>0 5A=y^ — 2 =» x = — ~ —, y > 0. Interchange 


A andy: y = 


-, A > 0. So / ’ (a) = —^— , A > 0. 
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JO. y — f {x) — + X => x^+x—y = 0 => Jc = j (—1 ± VI + 4>’) by the quadratic formula. BuIa: > — j 

=> = j (-1 + VI +4y). 

Interchange and >< = i (-1 + VTTil). So (x) = i (-1 + Vl +4;c). 



-2 


32. y = f (x) = VV~+2x, x>0 => y>0andy^ = x^ + 2x =i> 
x^ + 2x - y^ = 0. Now we use the quadratic formula: 

= -1 ± V1 + But > 0, so the negative 
root is inadmissible. Interchanges: andy: y = - I + Vl +x'^. So 
/-' (x) = -1 + Vl +x^, X > 0. 



33. The function / is one-to-one, so its inverse 
exists and the graph of its inverse can be 
obtained by reflecting the graph of / through 
the liney = x. 



34. For the graph of 1//, the y-coordinates are simply 
the reciprocals of /. For example, if / (0) = j, 
then l//(0) = 2. If we draw the horizontal line 
y = 1, we see that the only place where the graphs 
intersect is on that line. 



35. (a) xi jtx 2 => V ^2 ^ /(^i) 7 ^ / (xi). so / is one-to-one. 


(b)/'(x) = 3x2and/(2) = 8 =» g (8) = 2, so g'(8) = 1//'fe (8)) = 1//'(2) = 


(c) >' = x^ => x=y^l^. InterchangingX andy gives>: = x'/^, so 
/■' (x) = x’/^. Domain(g) = range(/) = R. 

Range(g) = domain(/) = R. 

(d) g (x) = x’/3 => g' (x) = ix-2/3 =j, g' (8) = ^ ^ as 

in part (b). 
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42./(I) = 2 => /-•(2) = l,and/(;t) = VPn^ 


/'W = 


3 + 2+1 3 

^ j ^ = 2- Thus, (/->) (2) = 1//' (/-i (2)) = 1//' (1) = I 


+ x^+x + l 


43. /(4) = 5 


g (5) = 4. Thus, g' (5) = 


/'te(5)) /'(4) 2/3 


«/(),. 2 » s (2, = 3 Th„, ,2) . - T^i - »■ «““• ° <■> - HS 


«c C- 2 S 2 ji: X - + 1 . 

45. Since f (x) — . - — 1 = - 7 =11 — is negative for all x, we 

2Vx^ + 1 ^x^ + 1 

know that / is a decreasing function on R, and hence is 1-1. We could 
also use the Horizontal Line Test to show that / is 1-1. Parametric 
equations for the graph of / are .r = t, >2 = V?TT - r; for the graph of 
/“' they are jc = Vt^ + 1 -t,y = t. 



46. Since f {x) — \ + cosj: > 0 for all x, f is increasing and is therefore 
one-to-one. We can also use the Horizontal Line Test to show that / is 
1-1. Parametric equations for the graph of / are;c = /, j = t -p sinr; for 
the graph of /“' they are v = t -p sin t, 32 = r, 



47. We see that the graph of y = / (jc) = -P -P jc -P 1 is increasing, so 
/ is 1-1. Enter x = i/y^ +y^ -Py-P 1 and use your CAS to solve the 
equation for y. Using Derive, we get two (irrelevant) solutions involving 
imaginary expressions, as well as one which can be simplified to the 
following: 


y = f ‘ (x) = - 27x^ + 20 - + 27x^ - 20 + ^) 



where D — Maple and Mathematica each give two complex expressions and one real 

expression, and the real expression is equivalent to that given by Derive. For example. Maple’s expression 

. ... 1 Af2/3 - 8 - 2M>/3 _^ 

simplifies to ---, where M = lOSx^ + 12V48- 120x3 +Six'! - 80. 



446 □ CHAPTER? INVERSE FUNCTIONS 


48. Since sin (2«;r) = 0, ft (;c) = sin;c is not one-to-one. ft'(x) = cos;c > 0 on (-f, f), so ft is increasing and hence 
1.1 on [-|, f]. Letj' = (;c) = sin~' X so that siny = a:. Differentiating sin y = a; implicitly with respect to 

dy 


dy 


X gives us cosy- 7 ^ = 1 ^ , 

dx dx cosy 

dy 


1 A . A 

. Now cos y -i- sin y = 


cosy = ±^\ - sin^y, but since 


cosy > 0 on |), we have — = 






49. (a) If the point (x, y) is on the graph of y = f(x), then the point (x - c, y) is that point shifted c units to the left. 
Since / is 1-1, the point (y, x) is on the graph of y = /~‘ (x) and the point corresponding to (x - c, y) on the 
graph of / is (y, X - c) on the graph of /“'. Thus, the curve’s reflection is shifted down the same number of 
units as the curve itself is shifted to the left. So an expression for the inverse function is 
g~' (x) = /“' (x) - c. 

(b) If we compress (or stretch) a curve horizontally, the curve’s reflection in the line y = x is compressed (or 
stretched) vertically by the same factor. Using this geometric principle, we see that the inverse of 
h(x) = f (ex) can be expressed as ft“' (x) = (1/c) /“’ (x). 


50. (a) 'We know that g' (x) 

g"ix) = - 


f'{g{x)y 

g '{x)f"(g(x)) 

lf'ig(xW 


Thus, 

f'igix)) 


f"(g(x)) 


/'te(^))[/'te(^))r [/'te(^))r 


(b) / is increasing => f (g (x)) > 0 

/" fe (x)) 


g"(x) 


If'igix))] 


[/' ig (^))]^ > 0. / is concave upward => /" (g (x)) > 0. So 
j- < 0, which implies that g ( f’s inverse) is concave downward. 


Exponential Functions and Their Derivatives 

_*__—ll■^l^l■lll■llllnlll nil iiriniiiiinmT ' 


1 . (a) /(x) =ax,a > 0 (b) K 

(c) (0, oo) (d) See Figures 6(c), 6(b), and 6(a), respectively. 


2. (a) See Definition 8 and the paragraph which 
follows it. 

(b) e 2.71828 



The function value at x = 0 is 1 and the slope at x = 0 is 


1. 
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3 . All of these graphs approach 0 as ^ -oo, all of them pass 
through the point (0,1), and all of them are increasing and 
approach oo as :c oo. The larger the base, the faster the 
function increases for ;t > 0, and the faster it approaches 0 as 

X —> —00. 


4 . The graph of is the reflection of the graph of about the 
>'-axis, and the graph of is the reflection of that of 8* 
about the ><-axis. The graph of 8^ increases more quickly 
than that of for x > 0 , and approaches 0 faster as 
X —> —oo. 



5 . The functions with bases greater than 1 ( 3 * and 10 *) are 
increasing, while those with bases less than I 

[(5) and j are decreasing. The graph of is the 
reflection of that of 3 * about the y-axis, and the graph of 
is the reflection of that of 10 * about the y-axis. The 

graph of 10* increases more quickly than that of 3* for 
X > 0, and approaches 0 faster as x -> -00. 


>’ = (1)' T = (p;)'5T=10* > = 3' 



6 . Each of the graphs approaches 00 as x -00, and each 
approaches 0 as x -> 00. The smaller the base, the faster the 
function grows as x ^ -00, and the faster it approaches 0 as 
X —> 00. 


y = 0.3* y = 0.1' 6 



7 . We start with the graph of y = 10 * (Figure 3 ) 
and shift it 1 unit downward. 


8 . We start with the graph of y = 2 * (Figure 3 ), reflect it 
about the y-axis (y = 2 “*), and then shift 3 units upward. 
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9 . We start with the graph of >■ = 2'' (Figure 3), 
reflect it about the >'-axis (y = 2“-'), and then 
reflect about the a:- axis. 



10 . We reflect the part of >> = 2-' for x > 0 through the 
>'-axis to obtain the part of j = 2l^l for x <0. 




11 . We start with the graph ofy = e^ (Figure 13), reflect it about the x-axis, and then shift 3 units upward. Note the 
horizontal asymptote aty = 3. 


y- 

0 

y = 3 

y = 

\ ' ^ 

\ 

\ 

-e" y = 3 

\ ■ 

— 


12 . We start with the graph ofy = (Figure 13), reflect it about the y-axis, and then about the x-axis (or just rotate 
180° to handle both reflections) to obtain the graph ofy = Now shift this graph 1 unit upward, vertically 
stretch by a factor of 5, and then shift 2 units upward. 




13 . (a) To find the equation of the graph that results from shifting the graph of y = e* 2 units downward, we subtract 2 
from the original function to get y = e-' — 2 . 

(b) To find the equation of the graph that results from shifting the graph of y = e* 2 units to the right, we replace x 
with X — 2 in the original function to gety = 

(c) To find the equation of the graph that results from reflecting the graph of y = e* about the x-axis, we multiply 
the original function by — 1 to get y = —e-*. 

(d) To find the equation of the graph that results from reflecting the graph of y = about the y-axis, we replace x 
with —X in the original function to get y = e"-*. 

(e) To find the equation of the graph that results from reflecting the graph of y = e* about the x-axis and then 
about the y-axis, we first multiply the original function by —1 (to gety = —e’^) and then replace x with —x in 
this equation to gety = — 
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14 . (a) This reflection consists of first reflecting the graph through the jr-axis (giving the graph with equation y = —e^) 

and then shifting this graph 2-4 = 8 units upward. So the equation is >' = —e* + 8 . 

(h) This reflection consists of first reflecting the graph through the y-axis (giving the graph with equation >> = 
and then shifting this graph 2-2 = 4 units to the right. So the equation is >' = 

15 . Use y = Ca^'with the points (1, 6 ) and (3,24). 6 = Cu* and 24 = => 24=^-^a^ => 4 = => 

0 = 2 (since a > 0) and C = 3. The function is / (x) = 3 - 2''. 

16 . Given the jv-intercept (0,2), we have y = Ccf = 2a’‘. Using the point ^2, gives us g = 2a^ => 5 = 

=> = j (since a > 0). The function is f (x) — 2 or / (x) = 2 (3)"^. 

17 . 2 ft = 24 in, / (24) = 24^ in = 576 in= 48 ft. g (24) = 2^'' in = 2^''/ (12 - 5280) mi si 265 mi 

18 . We see from the graphs that for X less than about 1.8, g(x) = 5* > / (x) = x®, and then near the point (1.8,17.1) 
the curves intersect. Then f (x) > g (x) from x 1 .8 until x = 5. At (5, 3125) there is another point of 
intersection, and for x > 5 we see that g (x) > / (x). In fact, g increases much more rapidly than / beyond that 
point. 


1.5 



32.5 





19 . The graph of g finally surpasses that of / at x 35.8. 




20 . We graph y = andy = 1,000,000,000 and determine 
where = 1 x 10^. This seems to be true at x 20.723, so 
e* > I X 10'’for X > 20.723. 
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21. lim (1.001)^ = oo by (3), since 1.001 > 1. 

x~^oo 

22. Let ( = —As;c-> oo, r-> - 00 . So lim = lim e'=Oby(ll). 

x—>co t -*-00 

g3.x _ g-3jf I _ 1 ~ 0 

23. Divide numerator and denominator by : !im -z - 5 - = lim - t- = -—r = 1 

•' x^ooe^^+e~^^ x^oo\^e~^^ 1+0 

e^x _ ^-3x 0-1 

24. Divide numerator and denominator by e lim -5 -t" = bm “2 - 7 = 7 :—r = “1 

x -^-00 e3x _|_^-3x x->-oo + \ 0+1 

25. Let t = 3/ {2 — ;c). Asx 2'^, t —> —c». So lim g3/(2-x) _ — q by (11). 

x-»2+ t->-oo 

26. Let / — 3/ (2 — j:). Asjc —> 2-, / -> 00 . So lim = lim e' = 00 by (11). 

x->2- ^-^00 

2 

27. lim -— = 0 since tan.x —> 00 => —> 00 . 

x^^/2~ 1 +6*^^ 

cos X 2 2 

28. Asx -¥ 0~, cot j: =-> -oo, so -> 0 and lim-— =-- = 2. 

sm;c i->ol+e“'^ 1 + 0 

29. By the Product Rule, / (x) = x^e^ => f'{x) = x^-^{e^) + e’‘-^ (x^) = x^e’‘ + e* (2x) = xe’‘ {x +2). 

ax ax 


30. By the Quotient Rule, y = 


, (1 + j:)e^ - (1) e* + xe^ - xe^ 

^ “ (1 +xf “ (x + 1)2 “ (x + 1)2 ■ 


31. y = =f y = e-'"^ ^ i-mx) = c""’’' (-m) = 

32. g(j:) = cos3a: => g'{;c) =-5e“^* cos3;r - 3e“^^ sin3jr 

33. / (x) = e'^ => /' (x) = e'^l (2v?) 

34. By the Product Rule, g (x) = => g' (x) = ^(e-*) + = \x~^l^e^ (2x + 1). 

35. h it) = VT^ => h'(t) = -e' / (27r^ 

36. h (0) = => h' (9) = 5 cos (59) e"'"’*’ 

31.y = e^<^^=‘ =5. y = e*“"-'(cosj:-:tsin.i) 


37. y = =5. y = e*“*-'(cosj:-:tsin.i) 

38. y = cos (e"-') => y'= — sin (e’'-') ■ • a-= —;r«’'''sin (e"'') 

39. y = e''"' => y' = e"* . ^ (e^) = or 

40. y = Vl +:re~2* => y = 1 h + xe~^) [.x (—2e“^) + =_ __—.= ^ 

^ L 1 J 2Vl +xe-^ 

„ e^=‘ , 3e3^(l+e*)-c3*(eX) SgSx 3^4^ _ y* 3e3x+2e''^ 

41. y = -- => y = - - - = --- = - — 

1+c* (l+e^)^ (1+e^y (1+e^)^ 


42. y = 


, _ - e-^) (e^ - e"^) - (e^ + (e* + e-’^) _ (e^ - 2 + g-^^) - (e^ + 2 + ^ 4 


43. y = /(.x) = e ^ sin:v => /' (a:) = -e sinx + e cosx ^ f'{7t) = e^ {cosn — sin;r) = —e so 

an equation of the tangent line at (;r, 0) is y — 0 = ~e~^ (x — tt), or y = —e~^x + 7te~^, orx + e"y = tv. 



SECTION 7.2 EXPONENTIAL FUNCTIONS AND THEIR DERIVATIVES □ 451 


— 6^ 0 ^ (x — 1) 

m. y — — => y =- 2 — =- 2 —At JT = l,y = 0, so an equation of the tangent line at (1, e) is 


y — e = 0(x — 1), ory = e. 


45. cos (jc — ><) = =» - %m{x - y) {i — y’) = + xe^ => y = l + 


e^{\+x) 
sin {x — y) 


46. Using implicit differentiation, 2e^>' = x +y => (y + xy') = I + y' y' {Ixe^^ - 1) = 1 - 

=> y' = (\ - lye’^y) / _ 1 ). So at (0,2), m = y' = 3, and an equation of the tangent line is 

3^ — 2 = 3 (;c — 0) => >■ = 3 jc + 2. 

47. y = => y' — 2e^ — 3e~^^ => y" = + 9e~^^, so 

y" +y’-6y= (4e^ + 9e-^^) + (2e^ - - 6 + e-^^) = 0 . 


48. >< = * + Bxe ^ => / = —Ae ^ + Be ^ — Bxe ^ — (B — A) e ^ — Bxe ^ => 

y" = (A- B)e-=‘ - Be-’’ + Bxe-” = {A- 2B)e-’‘ + Bxe-”, so 

/' + 2y' + y = (A- 2B)e-” + Bxe-” +2[(B- A) e-” - Bxe-”] + Ae-” + Bxe-” = 0. 

49. y = e”” =s y' — ^e”” => y” = r^e””, so 

y" + 53 ^' - 63 ^ = r'^e'” + Sre'” - Se”” = e”” + 5r - 6 ) = e" (r + 6 ) (r - 1) = 0 =» (r + 6 ) (r - 1) = 0 

r = 1 or - 6 , 


50. 3 ^ = => y' — 2e^-” => 3 '" = Thus, 3 " + y'= 3 '" <=> e^” + 2e^” = 2?e^” <=> 

eix J;i 2 _ 2 _ — 0 » 2 = since e^” y 0 . 

51. / (x) = e^” => /' (x) = 2e^ => /" (;c) = 2 • 2e^” = 2^e^” => /"' (. 1 ) = 2^ • 28^^ = 2^e^ =s • ■ ■ 

=> /(") (x) = 2 "e 2 r 

52. / (x) = xe-”, f (x) = - xe-* = (1 - x) e-”, f" (x) = - 8 “* + (1 - x) = (x - 2) e-” . Similarly, 

(x) = (3 - x) e-”, /('•> (x) = (x - 4) e-y ..., /<’““) (x) = (x - 1000) e-” . 

53. (a) f {x) = e” +x is continuous on R and /(-1)=8~’-1 <0< 1= / (0), so by the Intermediate Value 

Theorem, + x = 0 has a root in (-1, 0). 

^^77 _L 

(b)/(x) = 8 ^+x => /'(x) = 8 -^ + 1, S 0 X „+1 = x„-f. Usingxi =-0.5, we getX 2 -0.566311, 

e”’‘ + I 

X 3 —0.567143 =» X 4 , so the root is -0.567143 to six decimal places. 


54 . 



From the graph, it appears that the curves intersect at about x 1.2 or 1.3. 

We use Newton’s Method with / (x) = x^ + x — 3 — e-”^, so 

/' (x) = 3x^ + 1 — 2xe-”^, and the formula is 

x„+\ = x„ - f (x„) If (x„). We take xi = 1.2, and the formula gives 

X2 =« 1.252462, X3 1.251045, andx4 X5 =» 1.251044. So the root of 

the equation, correct to six decimal places, is x = 1.251044. 
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55. (a) m (0 = 24 • 2-'/^^ => m (40) = 24 • 2-‘">/25 7.92 mg (c) 


(b) m' (t) = 24- (2-'/25) 


.24(0.69)2-/-|(-^) 

= 24(0.69)(-i)2-'/25 
so m' (40) =» -g (0.69) 2-''"/25 ss -0.22 mg/yr. 


m(/) = 24-2“T25 


From the graph, we can determine that 
m{t) = 5 => ( 56.6 y. 


56. From the graph, we estimate that the most rapid increase in the 
number of VCRs occurs at about r = 7. To maximize the first 
derivative, we need to determine the values for which the second 


derivative is 0. V {!) = 


1 + 74e-»-«' 


V (t) = - 


75[74e-° ‘’'(-0.6)] _ 3330e-" '5' 

(l+74e-“')^ (1 + 74e^“'’')^ 



(1 + 74e-“ [33306-“ (-0.6)] - (33306““ “') 2(1 + 746““ “') [746“““' (-0.6)] 

[(1 +74e-““')^]^ 

(1 + 74e-“ “') [33306““ “' (-0.6)] [(l + 74e““ “') - 2 (74e““ “')] _ -19986“““' (1 - 746“““') 
(1 + 746“““')“ (1 +746“““')^ 


V" (r) = 0 « 1 = 746““'“' » 

corresponds to early September 1987. 


gU.br 74 ^ 0 . 6 / = In 74 


t = I In 74 =» 7.173 years, which 


57. (a) lim p (t) = lim - 

i-*oo i-^oo I ae 

—kt —> —cxD as / ^ oo. 


= 1 , since k > Q 


(c) From the graph, it seems that p (t) = 0.8 (indicating that 80% of the 
population has heard the rumor) when t ^ 7.4 hours 



58. (a) 10 



The displacement function is squeezed between the other two 
functions. This is because -1 < sin 4r < 1 => 

-8e“'/2 < 86“'/2sin4r < 86“'/^. 

(b) The maximum value of the displacement is about 6.6 cm, occurring at 
/ ^ 0.36 s. It occurs just before the graph of the displacement 
function touches the graph of (when t = j ^ 0.39). 


SECTION 7.2 EXPONENTIAL FUNCTIONS AND THEIB DERIVATIVES □ 453 


(c) The velocity of the object is the derivative of its displacement 
function, that is, 

^ sin 4r) = 8 cos 4( (4) + sin 4r j. If the 

displacement is zero, then we must have sin 4f = 0 (since the 
exponential term in the displacement function is always positive). 
The first time that sin 4r = 0 after t = 0 occurs at r = ^. 
Substituting this into our expression for the velocity, and noting that 
the second term vanishes, we 

getu (j) = fie""/* cos (4 ■ f) • 4 = —» -21.6 cm/s. 



The graph indicates that the 
displacement is less than 2 cm 
from equilibrium whenever t is 
larger than about 2 . 8 . 


59. (a) Using a calculator or CAS, we obtain the model Q = ah' with a = 100.0124369 and b = 0.000045145933. 

We can change this model to one with base e and exponent Inh: Q = oe'*"* = 100.0124369e”’*^'*'°^^^''®'. 
(b) Q' (t) = ah' In b. Q' (0.04) —670.63 fiA. The result of Example 2 in Section 2.1 was —670 /jA. 

60. (a) P=ab‘ or P = ae' with a = 4.502714 x lO’^" and 32, m (f in thousands) _ 

b = 1.029953851, where P is measured in thousands of people. / 

The fit appears to be very good. / 


5308 - 3929 

'”’= 180031 ^ = '”-^’'"^ 


7240 - 5308 


31,443 -23,192 , 

1860- 1850 


'' 1800- 1790 1810- 1800 

So P' (1800) (mi + mi) /2 = 165.55 thousand people/year. 

23,192 - 17,063 31,443 - 23,192 , 

1*®®= "" = ■T875-T84r = = 1860- 1850 = 

So P' (1850) (mi + mi) /2 = 719 thousand people/year. 

(c) P' (r) = ah' In 6 . P' (1800) » 156.85 and P' (1850) » 686.07. 

(d) P (1870) 41,946.56. The difference of 3.4 million people is most likely due to the Civil War (1861-1865). 

61. / (x) = X - e-' => /' (x) = 1 - e-* = 0 <=> = 1 <=> x = 0. Now /' (x) > 0 for all x < 0 and 

/' (x) < 0 for all X > 0, so the absolute maximum value is / (0) = 0 — 1 = -1. 


62. g (x) = — => g' (x) = = 0 <=> e*(x-l) = 0 => x = l. Now g’ (x) > 0 <=> 

X 

— g-*' 

- t :— >0 <=> X — 1>0 <=> x>l and g' (x) < 0 <=> -=— <0 <=> x — 1<0 <=> x<l. 

x'^ x^ 

Thus there is an absolute minimum value ofg(l) = eatx = l. 

63. (a) / (x) = xe^ => /'(x) = e* H-xe"" = e''( 1 +x) > 0 <=> l+x >0 <=> x > - 1 , so / is increasing 

on (— 1 , oo) and decreasing on (—oo, — 1 ). 

(b) /" (x) = (1+x) 4-e^ = e* (2+ x) > 0 <=> 2 + x>0 <=> x > -2, so / is CU on (-2, oo) and CD 

on (—oo, — 2 ). 

(c) / has an inflection point at (- 2 , - 2 e“^). 


:0 <=> X — 1<0 <=> x<l. 
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64. (a) / (j:) = => f {x) = 2xe^ + = {x^ + 2x) . f'{x)>0 «• x{x + 2)>0 <=> x <—2 

or X > 0, f (x) < 0 <=> -2 < X < 0, so / is increasing on (-oo, -2) and (0, oo) and decreasing on 
(-2,0). 

(b) /" (x) = {2x + 2)e’^ + (x'^ + 2x)e’‘ = {x^ + 4x +2)e’‘ =0 » + 4^ + 2 = 0 « x = -2± V2. 

/" (x) > 0 when ;c > —2 + \/2 or jr < —2 — Vi , so / is CU on oo, —2 — and ^—2 + V2, oo^ and 

CD on (-2-72,-2+ V^). 

(c) / has inflection points at ^—2 + Vi, ^6 - 472^ and ^-2 — 75, ^6 + 475^ 

65. y = f{x) = «->/(*+!) A. D = {;i: I ;i: ^ -1) = (-00,-1) U (-1, oo) B. No jc-intercept; 

>'-intercept = / (0) = e“’ C. No symmetry D. lim e“'/(r-H) _ j gjnce -1/ (x + i) -> O,soy= 1 is a 

HA. lim = 0 since-1/(x-1-1)- 00 , lim g-‘/(*+') = oo since-1/(jc-bl) ^ oo, so 

;c = -lisaVA. E. /' (jc) = (j;-|-i)2 => /'(jc) > 0 for all i except 1, so 

/ is increasing on (—(X),—1) and (—1, (X)). F. No extrema H. 

N , e-V(^+l)(_2) _ e-‘/{^+l) (2:^ + 1) 

^ "" (x -I-1)“ (x -I-1)^ (x-f-l)'' 

=> f"{x)>0 o 2x 4-1 < 0 <=> X <-j,so/isCUon 

(-00,-1) and ^-1, - and CD on ^-j, oo^. / has an IP at 

66. y = f (x) = xe^^ A. D = R B. Both intercepts are 0. C. / (-jr) = -/ (x), so the curve is symmetric 

about the origin. D. lim xe^^ = oo, lim xe^^ = -oo, no asymptote H. 

X-^OO X-*-QC 

E. /' (x) = +xe^^ (2x) = (l + 2x^) > 0, so / is increasing on R. 

F. No extremum 

G. /" (x) = g^" (2x) (1 -b 2x^) + (4x) = g^' (2x) (3 -b 2^2) > 0 » 

;c > 0, so / is CU on (0, oo)and CD on (-oo, 0). / has an inflection point at 
(0, 0). 

67. y = 1/ (1 -b e"^) A. D = R B. No x-intercepts; y-intercept = / (0) = j. C. No symmetry 

D. lim 1/(1-bg”'') = T^Tt = 1 and lim 1/(l-b g“*) = 0 (since lim = oo), so / has horizontal 

x-^oo ^ Ar-»-oo ^ ' x->-00 

asymptotes y = 0 and y = 1- E. /' (^) = — (1 + ^ (“■ ^^is is positive for all x, 

so / is increasing on R, F. No extrema G. /" (x) = H. 

(1+,-xf (-,-x)_,-r (2) (1+,-r) 

(l + g-'')'' (1-be-*)^ 

second factor in the numerator is negative for x > 0 and positive for x < 0, and 
the other factors are always positive, so / is CU on (-oo, 0) and CD on (0, oo). 

/ has an inflection point at ^0, jV 
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68 . The function / (x) = is periodic r -^ ^ 

with period 2 n:, so we consider it only on \ / o i / i i i i i i ' ' V ' 2 ir 

the interval [0,2s-]. We see that it has \ f/ / 

local maxima of about / (0) 2.72 and y' / \ 

/ (2s) ^ 2.72, and a local minimum of -.-J 2 ® ^ 

about / (3.14) Ks 0.37. To find the exact 

values, we calculate /' (x) = — sinxe“’“-*. This is 0 when — sinx =0 <=> x = 0, s or 2s (since we are only 
consideringx e [0,2s]). Also /' (x) > 0 <=> sinx < 0 <=> 0 < x < s. So /(0) = /(2s) = e (both 
maxima) and / (s) = ” — \/e (minimum). To find the inflection points, we calculate and graph 

/" (x) = ^ (-sinxe“®^) = -cosxe“®-' - sinx (e™®"") (-sinx) = (sin^x - cosx). From the graph of 
f" (x), we see that / has inflection points at x 0.90 and at x 5.38. These x-coordinates correspond to 
inflection points (0.90, 1.86) and (5.38,1.86). 

69. / (x) = ^ 0 as X -> -oo, and _ ' * -y- ^ 

/(x)-> 00 asxoo. From the graph, j 

it appears that / has a local minimum of f / ' \ J ^f" J 

about / (0.58) = 0.68, and a local j -2 -TA i i . .»• > 1.2 

maximum of about / (-0.58) = 1.47. _/ ___. 

^ 0 

To find the exact values, we calculate 

/'(x) = (3x2 - l)e^’“', which is 0 when 3x^ - 1 = 0 ^ The negative root corresponds to the 

local maximum / “ (-1/^3) _ g2vT/9^ ((,e positive root corresponds to the local minimum 

/ -(I/V3) _ g~ 2 ,/ 3/9 estimate the inflection points, we calculate and graph 

f« (;e) = ± [(3x2 _ ,) j ^ ( 3^2 _ ( 3^2 _ 1 ) y -X ^X^-X ( 9^4 _ 6^2 3 . + l). 

From the graph, it appears that /" (x) changes sign (and thus f has inflection points) at x —0.15 and 

X —1.09. From the graph of /, we see that these x-values correspond to inflection points at about (—0.15,1.15) 
and (-1.09,0.82). 

70. (a) As |x| oo, r = -x2 /( 2 (t 2 ) -> -oo, and e' -> 0. The HA is y = 0. Since t takes on its maximum value at 

X = 0, so does e'. Showing this result using derivatives, we have / (x) = e“-*2/(2'’2) ^ 

/' (x) = e“*^/<2''2) (_;(/ff 2 j y/ _ 0 o X = 0. Because /' changes from positive to 
negative at x = 0, / (0) = 1 is a local maximum. For inflection points, we find 
/" (x) = [e-x 2 /( 2 . 72 ) . (-^/'^^)] = 

/"(x) = 0 <=> x2=(t 2 ^ X = ±fT./" (x) < 0 <=> x2 < (t 2 <=> -O- < X < cr. So / is CD on 

(—CT, cr) and CU on (—oo, —<t) and (cr, oo). IP at 
(b) Since we have IP at x = ±cr, the inflection points move away from the y-axis as a increases. 


(c) 



From the graph, we see that as ct increases, the graph tends to 
spread out and there is more area between the curve and the 
x-axis. 
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, Let u = —3a:. Then du = ~Zdx, so 
/o’ /o-” = -i = -1 (e->5 - ^°) = 

, Let u = —x'^, so du — —2x dx. When a: = 0, m = 0; when a: = 1, m = — 1. Therefore, 

Id dx = fg~' e" (^-^duj=~i [e“]o ‘ = (e'' - e”) = i (1 - 1/e) 

Let M = 1 + e^. Then du = dx, so / -\-e^ dx = J 4^du = + C = | (1 + + C. 

Let u = tan;c. Then du = scc^ x dx, so / sec^ a: dx = j du = e“ C — + C. 

/ = / (1 + e-^) rf:t = ;c - e-* + C 

1 1 f e’/^ 

Let u = —. Then du =- xdx, so / —^ dx = — f e" du = —e" + C = —e’/* + C. 

;c x^ j x^ ■’ 

1 f e'^ 

Let u = vGc. Then rfw = ——= dx, so / —^ dx = 2 J e" du = 2e" + C = 2e''^ + C. 

2,\J X J -y 'X 

Let u = e^. Then du = dx, so /sin(e^)i/jr = / sinu rfw = — cosh + C = — cos(e^) + C. 

Area = — e^) dx = “ (l “ ') = 5^’ - e + j ^ 4.644 

f" (x)— ?}e^+5slnx =i f (x) = 2e^ — icosx+ C => 2 =/'(0) = 3 — 5 + C => C = 4, so 
/'(a:) = 3e''— 5 cosj: + 4 => / (;c) = 3e'- 5 sin j: + 4;c + D => l=/(0) = 3 + T> => D =—2, so 
f (tc) = ie' — 5 sinjc + 4jt — 2. 

. V == Jq TT (e^f dx = /J Tre^ dx = \ [7re^"]‘ = ^ [e^ - i) 

■ = fo Inxe^^^ dx. Let u = a:^. Thus du = 2a; dx. so L = ;r Jq* du = tt [—e~"]J = tt (1 — l/e). 

. We use Theorem 7.1.7. Note that / (0) = 3 + 0 + e“ = 4, so /“’ (4) = 0. Also /' (x) = 1 + e^. Therefore, 

1 111 


(/-')'(4) = 


/'(/-'(4)) /'(O) l+eO 2' 


We recognize this limit as the definition of the derivative of the function / (a:) = at a: = tc, since it is of the 
form lim — fi^) xherefore, the limit is equal to f (Tt) = (cos7r)e^‘’^"^ = -1 = -1. 

(a) Let f (x) — — \ — X. Now / (0) = — 1 = 0 , and for x > 0, we have /' (x) = — I > 0. Now, since 

/ (0) = 0 and f is increasing on [0, oo), / (x) > 0 for x > 0 =» - 1 — x > 0 => > 1 + x. 

(b) For 0 < X < 1, x^ < X, so (since is increasing.) Hence [from (a)] I +x^ < < e^. So 

5 — /o (^ + ^ Jo < fo dx = e ~ I < e =J- | < jJ dx < e. 


Thus / (x) is increasing on (0, oo), so on that interval, 0 = / (0) < / (x) = - 1 - x — jx^ 


(b) Using the same argument as in Exercise 85(b), from part (a) we have 1 + + ^x‘^ < (for 0 < x < 1) 

^ /o < /o^ dx < Jq dx |^ < jJ dx < e - 1. 
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87. (a) By Exercise 85(a), the result holds for k = 1. Suppose that > 1 + x + — + ■■■ + — for x >0. Let 


J.2 yAr+1 

= -Then/'M = «'- 1 -^-- > 0 by 

assumption. Hence / (x) is increasing on (0, co). So 0 < x implies that 

0 = /(O) <f(x) = e’‘-\-x -------and hence.'' > 1 + ... + - + for 

x" 

X > 0. Therefore, for a: > 0, e" > 1 + :t H-1-1- for every positive integer n, by mathematical 

2 ! n! 

induction. 

(b) Taking n = 4 and v = 1 in (a), we have . = >1 + 5 + 5 + ^= 2.7083 > 2.7. 




.''11 1 

T > “T + "TT? H-77 + 


yk y-k ^k-\ 


k\ (A: + l)! " (^+1)! 


■ = 00 , so lim ~r = 00 . 


Logarithmic Functions _ 

1 . (a) It is defined as the inverse of the exponential function with base o, that is, log^ x = y <=> a>' = x. 

(b) (0, 00) (c) R (d) See Figure 1. 

2. (a) The logarithm with base e, denoted Inx (b) The logarithm with base 10, denoted logx 

(c) See Figure 3. 

3. (a) log,o 1000 = 3 because lO^ = 1000. Or: logjo 1000 = logjo 10^ = 3 by (2). 

(b) logijd = j because 16'/^ = 4. Or: logi6 4 = logig 16*^^ = j by (2). 

4. (a) logs 2 = j since 8’^^ = 2. (b) Ine'^ = V2 

5. (a) log, ^ = log, 5"^ = -2 by (2). (b) s'"'’ = 15 by (6). 

6. (a) logio 0.1 = logio 10“’ = —1 (b) log, 108 — log, 4 = log, ^ = log, 27 = 3 

7. (a) logio 1-25 + logio *0 = logic (1-25 ■ 80) = log,o 100 = log,o 10^ = 2 

(b) log, 10 + log, 20-3 log, 2 = log, (10 • 20) - log, 2^ = log, = log, 25 = log, 5^ = 2 

8. (a) 2(’°82 3+1 oB 2 5) = 2'°82l5 = 15 [Or: 2(’“B2^’'-log2 5) _ 2I0B23.= 3 ■ 5 = 15] 

(b) e3ln2 = = e'ns = 8 [Or: = 2^ = 8] 

9 . log, “ *°g2 (x^y) — log, = log, + log, y — log, = 3 log, x + log, y - 2 log, z (assuming that the 

variables are positive) 

10. In^a (6^ + c^) = In (a (b^ ^ In (a [b^ + c^)) = 5 [in a + In {fp- + c^)] 

— 5 In o + ^ In (6^ + c^) 

11. In(Mo)^® = lOln(MD) = 10(lnw + Ino) = lOlnw + lOlnu 
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12 . In ■■ = - In (jc + 1)^ = ln3 + In^c^ - 5 In (^ + 1) = ln3 + 21n^ - 5In(x + 1) 

+ 1 )' 

13. logio a - logio b + logio c = logio - + logic c = logic = *°8l0 

x^-y^ 

14. In (;t + >-) + In (.1 - y) - 2 In z = In ((x + y) (x - y)) - Inz^ = In (x^ - y^) - In z^ = In 


15. 21n4 - ln 2 = ln4^ - ln2 = In 16- In2 = In.^ = InS 

16. In3 + j ln8 = In3 + InS'/^ = ln3 + ln2 = In (3 ■ 2) = ln6 

17. i Inx - 5 In (x^ + l) = lojc'''^ - In (x^ + l)’ = In 

(x + 1) 


18. Inx + alny -61nz = Inx + Iny" - Inz* = ln(xy‘'/z*) 

19. (a) log 2 5 = « 2.321928 (b) logs 26.05 = 2.025563 

(c) logje = =« 0.910239 


20 . 



Inx Inx 

To graph the functions, we use log 2 x = , log 4 x — ^, 

etc. These graphs all approach —oo as x —> 0"^, and they all 
pass through the point (1,0). Also, they are all increasing, 
and all approach co as x —> oo. The smaller the base, the 
larger the rate of increase of the function (for x > 1 ) and the 
closer the approach to the y-axis (as x —» O'*'). 


21. To graph these functions, we use log, 5 x = and 

logjc X = . These graphs all approach -00 as x ^ 0+, and 

they all pass through the point (1,0). Also, they are all increasing, 
and all approach 00 as x -> 00 . The functions with larger bases 
increase extremely slowly, and the ones with smaller bases do so 
somewhat more quickly. The functions with large bases approach the 
y-axis more closely as x O’*'. 



22. We see that the graph of In x is the reflection of the graph of c* about 
the line y = x , and that the graph of log,o x is the reflection of the 
graph of lO* about the same line. The graph of 10* increases more 
quickly than that of e* . Also note that log,c x ^ cxd as x 00 more 
slowly than Inx. 



y~\nx 

y = login X 
3 


-2 
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34. (a) 6^^+'= t «• 3jc + l=lnA: » ;c = i(lnA-l) 

(b) log 2 (mx) = c <=> mx =2‘ <=> x — 2'^ jm 

35. ln(lnj;) = 1 <=> e>"(l”.')=el <=> lnj: = e’=e <=> e'"'-'= e® <=> x=e‘ 

36. e^ = 10 <=> In(e‘^)=lnl0 <=> eMne = e* = In 10 <=> Ine'= In (In 10) o ;t = ln(lnl0) 

37. ln(.x + 6) + ln(jc-3) = ln5 + ln2 o In ((j: + 6) (;c - 3)) = In 10 o (x + 6) (:c - 3) = 10 

+ 3;c — 18 = 10 » At^ + 3A: —28 = 0 » (ac + 7) (x — 4) = 0 o Jt = —7or4. However, x =-7 is 

not a solution since In (—7 + 6) is not defined. So Ac = 4 is the only solution. 

38. InAC 4- In (ac — 1) = In (ac (ac — 1)) = 1 <=> ac (ac — 1) = e* <=> ac^ — a: — e = 0. The quadratic formula gives 

AC = 5 (l ± VI + 4e), but we reject the negative root since the natural logarithm is not defined for ac < 0. So 

AC = ^ (l + VI + 4eJ. 

39. <=> lne“ =ln(Ce'’*) <=> aA: = lnC + 6A: <=> (a-b)x = \nC <=> x = 

a — b 

40. 7e* - = 12 » (e^)^ — 7e^ + 12 = 0 <=> (e^ - 3) (e* — 4) = 0, so we have either e-' = 3 <=> 

AC = In3, ore* = 4 <=> Ac = ln4. 

41. e2+5* = 100 => In (e^+Sr) = in 100 => 2 + 5a: = In 100 => 5a: = In 100 - 2 => 

At = i (In 100-2) as 0.5210 

42. In (1 + V*) = 2 => 1 + V* = V* = e^ — 1 ac = (e^ — l)^ as 40.8200 

43. In (e* - 2) = 3 => e* - 2 = e^ => e* = e^ + 2 => ac = In (e^ + 2) as 3.0949 

44. 3’/^*“^) = 7 => In 3’/^*“''* = In 7 ^ -In3 = ln7 ac— 4 = —- => ac = 4 + —— as 4.5646 

AC-4 ln7 ln7 

45. 3 ft = 36 in, so we need ac such that log 2 ac = 36 <=> ac = 2^® = 68,719,476,736. In miles, this is 

68,719,476,736 in — ■ as 1,084,587.7 mi. 

12 in 5280 ft 

46. (a) V (t) = ce-*' => a(t) = o'(t) = -Acce"*' = -to (t) 

(b) V (0) = ce^ = c, so c is the initial velocity. 

(c) « (/) = ce“*'= c/2 = i — A/ = ln^ = —ln2 => ? = (ln2)/A 

47. If / is the intensity of the 1989 San Francisco earthquake, then logjo {i/S) = 7.1 => 

logio (16//5) = logjo 16 + logjo (/ /S) = logic 16 + 7.1 ^ 8.3. 

48. Let I\ and h be the intensities of the music and the mower. Then 10 logio = 120 and 10 log ,0 0-'“' 
»log,.(J)-log„(^)-l<.g,.(t)-log„(|).l2-10.6.1.4 a t.lO'-.2S, 

49. (a) n = 100 • 2'/^ => ^ (1^) ~ I ^ r = 3 log 2 This function tells us how 

long it will take to obtain « bacteria (given the number n). 

50,000 /In 500 \ 

(b) n = 50,000 => r = 3log 2 = 3log 2 500 = 3 ( , . ) as 26.9 hours 

100 \ ln2 / 

50. (a) e = So (1 - e-'/") => ^ = l_e-'/= => 6-'/“ = !-^ => --=ln(l--^) => 

So So a V So / 

t = —a In (1 — QIQq). This gives us the time t necessary to obtain a given charge Q. 

(b) Q = 0.9So ando = 2 => / = -21n(l - O.9(0o/So)) = -2In0.1 4.6 seconds. 
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51. Let t = 2 — X. A.SX ^ 2 O'*', lim In {2 — x) = lim In/ = —oo by ( 8 ). 

X^l- 1^0+ 

52. Let / = ~ 5;c + 6. As a: — > 3*^, / = (a — 2) (a — 3) — ^ O'*', lim log|o — 5a + 6) = lim logjg / = —oo 

j^3+ /^0+ 

by (4). 

53. Let / = 1 + A^. As A —> 00 , / -» 00 . lim In (1 + a^) = lim In/ = oo by ( 8 ). 

x-*oo ' ' t-*oo 

54. lim In(sinjc) = — oo since sinjc-> 0+as jr -4 O'*'. 

55. lim logjg (cosjt) = —oo since cos;c -> O"'' as;c ^ (7c/2)~. 

x->(n/2)- 


ln;i: 

lim , , 

x->oc 1 + Injc 


lim 


1 

(l/lnx) + l 


1 


0+1 


57. lim in A + e = In f 1 + lim e = In (1 + 0) = 0 

58. lim [in (2 + jc) — In (1 + jt)] = lim In= lim In I = T =^ = 0 

i->oo a:->oo \1/x + 1/ 1 

59. The domain of / (jr) = log 2 (5j: — 3) is (jc | 5x - 3 > 0} = |:«: | :t > | j = (!■ °°)- Since 5;ic — 3 takes on all 
positive values for a: in 0 , oo^, the range of f is R. 

60. g (jc) = In (4 — x^). Domain (g) = {;c | 4 — > 0} = {jc | |jc| < 2} = (—2,2). Since 4 — x^ < 4, we have 

In (4 - x^) < In 4. Also lim g (;t) = -oo, so range (g) = (-oo, In 4]. 


61. F(r) = Vt In (r^ — 1). Domain (F) = {t | t > 0 and — 1 > 0} = {/ | < > 1) = (1, oo). Range (F) = R. 

62. The domain of G (t) = In (e' - 2) is {; | e' - 2 > 0} = {t | e' > 2} = {/ | r > In 2) = (In 2, oo). Since e' — 2 
takes on all positive values for I in (In 2, oo), the range of G is R, 

63. >< = In (x + 3) =» e.’'= = JT + 3 => x=:e>'-3. 

Interchange x and y. the inverse function is j' = e-' — 3. 

64. y = 2'“' => log 2 >' = l(T =f log,o (log 2 +) =:t. 

Interchange x and y. y = logjQ (log 2 x) is the inverse function. 

65. y = Iny = lne'^ = V^ => x = {\ay)^. Also note that > 0 => y — e'J^>\. Interchange 

X and y. the inverse function is y = (In^:)^, a: > I. 

66 . y = (In j:)^, x > I, Inv = ^ => x = evT, Interchange x and y: y = is the inverse function. 

67. y = y^^ Wy+y = \V =» l(R(i-y)=y =» ^ = ’“ 810 ( 7 ^)- 

Interchange x and y: y = logio \ is the inverse function. 
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69. y = - 2e so y' = +2e = e'‘ — 2e y" > 0 <=> e-* — 2e -^ > 0 o > 2e * <=> 

> 2 <=> 2j: > ln2 <=> ;c > jln2. Therefore, ^ is concave upward on ^5ln2, oo^. 

70. f (;t) = + e~^, f (x) = — 2e~^ >0 <=> > 2e~^’‘ <=> > 2 » 3x > ln2 <=> 

JT > 5 ln2. Thus, / is increasing on In 2, oo^. 

71. (a) We have to show that —/ (jc) = f (—;c). 


-/ (x) = - In (^x + \/x2 + = In ^^x + ^ 

= lnf- 

\_;r + Vjc^ + 1 X — Vx^ + 1 J x^—x 

= In (yx^ + 1 — = / (-x) 


X + Vx^ + I 


X - Vx^ + 1 
x^ — x^ — 1 


Thus, / is an odd function. 


(b) Let p = In ^x + Vx^ + I j. Then g.*' = x + Vx^ + I o {e>' - x)^ = x^ + 1 «■ 

g2y _ 1 

e^-*' — 2xe^ + x^ = x^ + I <=> 2xg^ = g^.>' - I <=> x =- = I (e^ - e~>'). Thus, the inverse 

2ey ’ 

function is /”* (x) = j (e* — g~^). 


72. Let (a, e “) be the point where the tangent meets the curve. The tangent has slope —e “ and is perpendicular to 
the line 2x — p = 8 , which has slope 2. So—e““ = —j => e““ = j => e" = 2 => a = In («“) = In 2. 
Thus, the point on the curve is ^In 2, j ^ and the equation of the tangent isy — j = — j (x — In 2) or 

X + 2^ = I + In 2. 

73. Letx = Iogjo99,>' = log 982 . Then ICf' = 99 < 10^ => x < 2, and9-’' = 82 > 9^ => y > 2. Therefore, 
y = log 9 82 is larger. 

74. (a) lim x'"'‘ = lim = lim = oo since (Inx)^ -> cxd as x -> oo. 

JC->00 X-^OO ' ' X—>00 

(b) Urn = lim = lim = 0 since — (Inx)^—oo asx—> O"^. 

x->0+ x^0+ 

(c) lim = lim = lim = 0 since —oo as x—> O"*". 

a:--»0+ x^0+ x~>0+ X 

(d) lim (ln 2 x)“*”^ = lim *'*'*^ _ e“*'^-^’"dn 2 ;c) _ q (]j^ 2 x) —> —oo as x —> oo. 

A’^OO X-^00*~ ■' X—»O0 


75. (a) Let > 0 be given. We need N such that \a^ — 0| < e when x < N. But < s <=> x < log^ e. Let 

N = logo fc‘. Then x < N => x < log^ e => la-' - 01 = < f, so lim = 0. 

x^-oo 

(b) Let Tf > 0 be given. We need N such that > M when x > N. But > M <=> x > log^ M. Let 
N = log^ M. Then x > N => x > log^ M => > M, so lim a* = oo. 
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76. (a) 


( __ _ : 



■ 

In a: 




y == In X 

- 

1 

II 

•H 






. II 

■ 











fl 


1 X lo'" 

0 




From the graphs, we see that / (;c) = ;r®'' > g (r:) = Inx for approximately 0 < x < 3.06, and then 
g(x)> f (x) for 3.06 < X < 3.43 x lO'^ (approximately). At that point, the graph of / finally surpasses the 
graph of g for good. 

Inx 

(b) 0.2 


y = 0.1 


(c) From the graph at left, it seems that < 0.1 whenever 

X > 1.3 X 10^* (approximately). So we can take 
A = 1.3 X 10^*, or any larger number. 


77. ln(x^-2x-2) < 0 => 0 < x^ - 2 x - 2 < 1. Nowx^ - 2x - 2 < 1 givesx^ - 2x - 3 < 0 and hence 
(jc _ 3) (;c -p I) < 0. So -1 < X < 3. Now 0<x2-2x-2 => x<l-V3orx>l + N/3. Therefore, 

In (x^ - 2x - 2) < 0 <=> -1 < X < 1 - V3 or 1 + VJ < X < 3. 

78 . (a) The primes less than 25 are 2, 3, 5, 7, 11, 13, 17, 19, and 23. There 

are 9 of them, so tt (25) = 9. We use the sieve of Eratosthenes, and 
arrive at the figure at right. There are 25 numbers left over, so 
a: (100) = 25. 

(b) Let /(n) = We compute /(lOO) = ^ 115. 

/(lOOO) 1.16,/(lO'') » 1.13, /(105) 1.10,/(10«) 1.08, 

and/(10'') 1.07. 

(c) By the Prime Number Theorem, the number of primes less than a billion, that is, iz (10^), should be close to 
107 In 10® =» 48,254,942. In fact, 7t (10®) = 50,847,543, so our estimate is off by about 5.1%. Do not attempt 
this calculation at home. 
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Derivatives of Logarithmic Functions 


1. The differentiation formula for logarithmic functions, — (log,, x) = ——, is simplest when a = e because 

ax X In a 

In e = 1 . 


2 . /(x) = ln( 2 -x) 

3. /(9) = In (cose) 


/' M = ■ 


(2-x) = 




- X dx 2 — X 

-sine 

-(cose) = —-- 

cos e do cos 0 


1 

X — 2 

— XmO 
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4. / (x) = cos (Injc) => /' (x) = — sin (Inx) • - = — 


5. /W = log3(^2-4) f'(x) = 


(;c2-4)ln3 ' ~ (;c2-4)ln3 


6 . /W = log,„(^)=log,o.-log,o(.-l) ^ f (^) = (. - DlnlO 

7. F (;c) = In ^ = ln:ic*/^ = i \nx => F' {x) = - ( — | = — 

2 \x / 2x 


8 . G (x) = = (ln;t)'/3 =» G' (^) = | (ln;c)-2/3 . _ = 


3;c (Inj:)2/3 


%.fix) = ^x\nx =. /W = _l„. + V^(^_j = _ + _ = ^ 

^ (l-lnO(l/?)-(l + ln/)(-l /0 ^ ( 1 / 0 [( 1 -In 0 + (1 + In 0 ] ^ 2 

^ {\-\ntf ( 1 -lnO^ 7(l-ln()^ 

a — X 

11. g(A-) = ln-= ln(a — jc) — ln(a 

a-\-x 

'(•■)= * ^ -ia + x)-{a-x) ^ -2a 

^ a — X a + x (a — x)(a + x) —x^ 

12. h (x) = In fjc + — ll => h' (x) =-== (1 H— ^ 

V / ^ x + v'P^V 

13. F (x) = Inx => F' (x) = e^' Inx + e’^ ^Inx + —^ 

3 1 3 

14. h(y) = In (y^ sin>’) = 3 \ny + In (sin>') => h' (y) = — I -(cos;^) = — I- coty 

y siny y 

1 + X X Inx 

Inx , (1+x) (1/x) — (Inx) (1) Z Z 1+x —xlnx 

15. y — - => y =- 1 -= —^— =- T- 

1 +x ( 1 +^)^ ( 1 +.*)^ x(l+x )2 

.9 , ^.1 9 2 (lntanx)sec^x 

16. y = (Intanx)"^ => y = 2 (lntanx)'-•sec3x =- 

tanx tanx 

V. h{t) = P -3’ => /)'(/) = 3(2-3'In 3 
18. y = lO'™" => y' = lO"”® (In 10) (sec2 O) 


19. y = In |x3 — x2 


' _ 1 /, 2 , 3 _ ^ - 2) _ 3x -2 

^~x3-x2(^"' ^)“x2(x-l) “x(x-l) 


/3i7+2 , 


20. G(H) = lnG—^ = 4 [In(3 m + 2) - In(3U -2)] => G 


•<.>=K 


3 _ 3 \ _ -6 

3m+ 2 3m-2/“9m2-4 


21. y = ln(e (1 + x)) = In (e ■') + In (1 + x) = —x + In (1 + x) => y' = —1 + ■;-= —7—— 

1 + jx: 1 + ;c 

22. y = In (jc + In jc) => y' =-( 1 + — | ^ ^ — 

x + lnjc\ xj ;c(:c + ln;c) 

23. Using Formula 7 and the Chain Rule, y = 5“^^^ y' = (In 5) [—1 ■ (—^~^)] = (In 5) /x^ 
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24. >> = 23'" => >>' = 23'"(ln2)^(3''')=23'"(ln2)3*"(ln3)(ic) 

25. >'=j:ln;c => y'= \nx + x (\/x) = \nx + \ => y" =\lx 

26. > = In(l+x3) =. y = ^,2x = ^ 

„ (;c3 + 1 ) (2) - (2^) (2;c) 2;^^ + 2 - 4^3 2 - 2;c2 

^'= (.3 + 1)3 - (.2 + 1)3 -(.2 + 1)3 

27. y = log,„. =. / = )^ = liQ) = 


28. > = In (sec. + tan.) =» y 


, sec.tan. + sec3. 
sec. +tan. 


= sec. => >" = sec.tan. 


29./(.) = ln(2. + I) =. /(.) = ^.2 = ^ 


. Dom (/) = {. I 2. + 1 > 0) = (-J, 00 ). 


30. /(.) 


\l X 1 

f {x) — - - - 7 : (Reciprocal Rule) =-- —;—^2 • 

(l + ln.)3 .(l+ln.)3 


^ (l + ln.)3 ' " ' . (l+ln.)3 

Dom (/) = {. I .> 0 and In. 7 F -1) = {. | . > 0 and. 5 A 1/c) = (0,1/e) U (1/e, 00 ). 

31. /(.) = .3 In(1-. 2) => /'(.) = 2.1n(l-.3) + i^-^^=2.1n(l-.3)-.^^. 

Dom(/) = {. I 1 -.3 > 0 } = {. I |.| < 1) = (-1,1). 

32. /(.) = lnlnln. =. />(.) = . ^ . i. 

Dom(/) = {. 1 Inin. > 0} = {. | In. > 1) = {. | . > e) = (e, 00 ). 

. . In.— .(!/.) In. — 1 j.,, , 1 — 1 n 


34./(.) = .3 In. => /'(.) = 2. In. +.3 = 2. In.+. => /'(1) = 21n 1 + 1 = 1 

7 &.y=f (.) = Inin. => /' (.) = /' (e) = -, so an equation of the tangent line at (e, 0 ) is 

In. \x ) e 


1 , s 1 . 

y — 0 =-(. —e), orv = -.-l,or.— e> = e. 
e e 


36. y — / (.) — In (.3 + 1 ) => ~ + \ ~ x'^ + \ 

line at (1, ln2) is y — ln2 = 1 (. — 1), ory = . + In2 — 1. 


/' ( 1 ) = 1 , so an equation of the tangent 


37. / (.) = sin. + In. => /' (.) = cos. + 1/.. This is reasonable, 

because the graph shows that / increases when /' (.) is positive, and 
/' (.) = 0 when / has a horizontal tangent. 
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38. f(x)= = gin* cosx ^ 

/' (x) = Tlnx (— sinj:) + cosat 


This is reasonable, because the graph shows that / increases when t__ 

/'(jc) is positive. 

39. y = (2x + 1)’(ac'* - 3)^ => Iny = In (^(2jc + 1)^ (ac'' - 3)*) =» Iny = 5 In (2x + 1) + 61n (x'' - 3) 


-y' = 5 • * ■2 + 6- ■ 4x^ => 

y 2 a: + 1 a:'’ - 3 

, / 10 24;c3 \ 10 - 3) + 24;c3 (2;( + 1) 

y =>’(;e-TT + 24—T =>'- I ■n/„4 aA - 


1,2a: + 1 ;c''-3/ 

1 l^4 /^4 _ i\5 /'0 Qv4 


^-3)+ 24^3 (2,^ + 1) __ 58a:^ + 24x3-30 

(2x + l)(x^-3} + ' (2x + 1)(x*-3) 


= 2(2x + I)"* (a:'* - 3)^ (29a:‘' 4- i2x^ - 15) 

40. y = (ac^ 4-1)*° => Iny = j InAc 4-x^ 4-lOln 4-1) =? “ 2 At ^ l2”+T 


y = ^e^^(x^ + l)‘°(^l. 


^ _ sinjrtanA ^ Iny = In (sin^ ac tan"! a) - In (at^ 4- l)^ = 21nsinAC 4-41ntanAC - 2ln (ac^ 4-1) 

(x^ + 1 )' 


ty' = 2 • ■ COSAC 4- 4 • —^ • sec^AC — 2 ■ , ' ■ 2ac 

y sinAC tanAc x^ +1 

^ f„„4 ^ / 4 gg(.2 ^ 4Ar T 


y' = - y ( 2 cot AT 4- 

(x^ + lf V 


4a: \ 
A2 4-lj 


= lny = iln(A2 4-l)-lln(A2-l) ^ iy = i . ^ . 2At - ^ ■ 2 a: => 

, aIx^ + 1 \ ( X AC \ 1 Jx^ +1 / — 2a \ X Jx'^ 4- 1 

v^ 2TT“)?^/"2)1x2-1 i-x-'ix^-i 


_X_Axl^ 
-x'l Vx2 - 1 


43. y=x^ => lny = xlnx => y'/y = Inx 4-x (l/x) => y'= x* (Inx 4-1) 

44. y = x'/-' => lny = -!-lnx =4 — =—r-In x 4-- => y'=x*2''-j 

JT _y .X \.x / .X 


45. = ;c'' 


\ny = sin.x Inx 


V sinx 

— = cos;c ln;c H- 


y = j cos a: In Jt + ■ 


46. y = (sinx)* =;• Iny = x In (sinx) => y'/y = In (sinx) 4- x (cosx) / (sinx) 
y' = (sinxy [In (sinx) 4- x cotx] 

y' 11 , n 

47. y = (Inx)^ => lny = xlnlnx => — = Inlnx 4-x ■ —•- => y = (In 

y Inx X 


47. y = (Inx)^ => Iny = x Inlnx => —= Inlnx 4-x ■ j => y'= (Inx)* ^Inlnx-E 

48. y=x'"* => Iny = Inx Inx = (lnx)2 => — =21nx^—^ => y'=x’”*^—^ 

49. y = x''* => Iny = e* Inx => — =c*lnx4-— => y'= x'*e* ^Inx 4- 
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50. y = Iny = cosjv In (In^:) => —= cosjc • -—•—h (Inlnx) (—sin;c) 


y == (ln;cy°®^ — sin;t Inlnjc) 

\;cln;c / 


51. y = \n {x^ + y^) =>><'= ^^^^2 = 2jc + 2yy' => y' = ^ ,^ 2 —T 

\ -\-y^ — 2y 

SZ. = y^ y\nx=x\ny => y ■ - + y'\nx = x ■ - ■ y'+ Iny => y'\nx —-y'= \ny —- 

X y y x 

, \ny-ylx 

y — - 

InjT —xjy 

53. /(;c) = ln(.x - 1) => /'(a:) = 1 /(.1 - 1) = (;t - 1)“' =i. /" (a:) = - (a: - l)-^ 

=> /'"W = 2 (a: - l )-3 => /W (;c) =-2 .3 (a: - 1 )-'* => => 

/^(a) = (-1)"-' - 2.3 -4. (n-\)(x- 1)-" = (-1)"-' ~ 


54. y = jc® Injc, so 


ix - 1)" 


D’>y = D® {^x’’ \nx + a’) = (sa’ Ida) = D’ (s • 7a^ InA + 8 a^) = D’’ (s ■ Ix^ Ira) 
= D^ (8-7-6A®lnA) = ■■■ = £l(8!A'’lnA) = 8 !/a 


50 ^ 3- = ln(4-A2) l. 


55. > _ From the graph, it appears that the only root of the equation occurs at 

‘ about A = 1.3. So we use Newton’s Method with this as our initial 

approximation, and with / (a) = Ira — e~’‘ => /' (a) = 1/a + e~’^ . 

0 -- 2 

/ The formula is a„+i = a„ — / (a„) // (a„), and we calculate ai = 1.3, 

/ y = In A 

/ X 2 ^ 1.309760, A 3 A 4 1.309800. So, correct to six decimal places, 

_[ the root of the equation Ira = e~^ is a = 1.309800. 

56. y = ln(4 -A^t I j ygg Newton’s Method with / (a) = In (4 - a^) — a and 

f -I _y 

/' (a) = —^ (-2a) -1 = 1- ^ . The formula is 

- 2 . 2 -^ -^-- 1.2 4-a2 4-a2 

/ A„+i = A„ - /(a„) //' (a„). From the graphs it seems that the roots 

I ^ ^ occur at approximately a = — 1.9 and a = 1.1. However, if we use 

^' X} = -1.9 as an initial approximation to the first root, we get 

A 2 =» -2.009611, and / (a) = In (a — 2)^ - a is undefined at this point, 

making it impossible to calculate A 3 . We must use a more accurate first estimate, such as aj = — 1.95. With this 

approximation, we get ai = —1.95, A 2 ^ —1.1967495, A 3 —1.964760, A 4 A 5 =» —1.964636. Calculating the 

second root gives ai = 1.1, A 2 1.058649, A 3 1.058007, X 4 ^ xs ^ 1.058006. So, correct to six decimal 

places, the two roots of the equation In (4 — a^) = a are a = — 1.964636 and a = 1.058006. 

57 . /(A) = ^ ^ 

^ (-V-) - Q - 3 ln _ A - 8 ^ ^ ^ ^ A>e«/3,so/isCUon 

4x^ 4^5/2 


00 ) and CD on (O, The inflection point is 
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58. /(a:) = ;c Injc,/'(j;) = Injc + 1 = 0 whenlnx =-1 o x=e~K f'(x)>0 <=> ItiA + 1 > 0 

Injc > — 1 <=> X > 1/e, f'{x) <0 « Ida + 1 <0 <=> a < 1/e. Therefore, there is an absolute 

minimum value of / (1/e) = (1/e) In (1/e) = -1/e. 

59. y = f (x) = In(cosjc) 

A. D = {x \ cosx > 0) = (-|, I) U U ■ ■ ■ = {a I 2«a: - I < A < 2njr + f, « = 0, ±1, ±2,... } 

B. Ar-interceptsoccurwhenln(cosAr) = 0 o cosa: = 1 <=> a = 2n;r, j^-intercept =/(O) = 0 . 

C. / (-a) = / (a), so the curve is symmetric about the y-axis. / (a + 2a:) = / (a), / has period 27r, so in parts 
D~G we consider only — ^ <x <j. D. lim In (cos a) =—oo and lim In (cosa) = —oo, so a = ^ 

x-*n/2- A->-a/2+ ^ 

and A = — ^ are VA. No HA. H. 

E. /'(a) = (1/cosa) (-sinA) = - tanA > 0 <=> -|<a< 0, 
so / is increasing on (-|, O) and decreasing on (O, f). 

F. / (0) = 0 is a local maximum. G. /" (a) = — sec^ a < 0 => 

/ is CD on I). No IP. 



60. y = In (tan^ a) A. D = (a | a 51 ^ nTt/l} B. A-intercepts nz + no y-intercept. C. / (-a) = / (a), so the 
curve is symmetric about the y-axis. Also / (a + a) = / (a), so / is periodic with period 71 , and we consider 
parts D-G only for —f < a < f. D. lim In (tan^A) = —00 and lim In(tan^A) = 00, 

^ A-r*/2- ^ ’ 


lim^^^ In (tan^ a) = 00 , so a = 0, a = ±| are VA. E. /' (a) = 


2 tan A sec"^ A 


tanA >0 » 0<A<|, 

so / is increasing on (0, |) and decreasing on (-|, O). F. No 

2 4 

maximum or minimum G. /' (a) = ^-=- => 

sin A cos A sin 2 a 

.-/I, , — 8 cos 2 a 

/ (a) = —- <0 <=> cos2a>Oo -f <A<f,so 

sin^ 2 a 4 4 > 

/ is CD on (-f, 0) and (0, f) and CU on (-|, -|) and ( 7 , f). 

IP are (±1-, 0). 



SI- T = / (a) = In (1 + A^) A. D = R B. Both intercepts are 0. C. / (-a) = / (a), so the curve is symmetric 

Zx 

about the y-axis. D. lim In (l -I-a^) = 00 , no asymptotes, E. f'(x) = -a>0 

j:->±co : ■' 


o A > 0, so / is increasing on (0, 00) and decreasing on (-00,0). 
F. / (0) = 0 is a local and absolute minimum. 


_ 2(1-Ea^)-2a(2a) 

(l+-f 


(l+A^)^ 


> 0 


<=> 


IaI < l,so /isCUon(-l, 1), CD on (- 00 ,-1) and (1, 00 ). IP 



( 1 , In 2 ) and (— 1 , In 2 ). 
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Q2. y = f (jc) = In (jc^ — ;c) A. {;c | - ;c > 0} = | :c < 0 orx > 1} = (— cxd, 0) U (1, oo) . B. ;c-mtercepts 

occur when — ;c = l o jt — 1 = 0 <=> ;c = 5 ^ 1 ± No >'-intercept C. No symmetry 
D. lim In — x) = oo, no HA. lim In — :c) = —oo, lim In {:r^ — ;c) = —oo, so a: = 0 

x-¥CC x-»0~ ;c-»l + 


2x — 1 

and :r = 1 are VA. E. /' (:c) = —r -> 0 when x > 1 and f' (x) < 0 

x^ — X 

when X < 0 , so / is increasing on ( 1 , oo) and decreasing on (—oo, 0 ). 


F. No extrema 


G. fix): 


-x)-{2x-\f 


-2x^ + 2x-l 


f" (^) < 0 fot all X since —2x^ + 2x — I has a negative discriminant. 



So / is CD on (—oo, 0) and (1, oo). No IP. 


63. We use the CAS to calculate f' {x) ■ 


2 + sinx +x cosx 
2x +x sinx 


2x^ sin.x + 4 sin;c — cos^x + + 5 


. From the graphs, it 


(cos^jc — 4sinA: - 5) ' ’ Y /\ 

seems that /' > 0 (and so / is increasing) on approximately the intervals ^ i 

(0,2.7), (4.5, 8.2) and (10.9, 14.3). It seems that f changes sign IaZ_. 

-2 

(indicating inflection points) sAx ^ 3.8, 5.7, 10.0 and 12.0. 

Looking back at the graph of /, this implies that the inflection points have approximate coordinates (3.8, 1.7), 
(5.7,2.1), (10.0, 2.7), and (12.0,2.9). 


64. We see that if c < 0, / (a:) = In + c) is only defined for x" > —c lx] > and 

lim / (x) = lim / (x) = — oo, since Iny — oo asy 0. Thus, for c < 0, there are vertical 

asymptotes at x = ±Vc, and as c decreases (that is, \c\ increases), the asymptotes get further apart. For c = 0, 
lim / (x) = -00, so there is a vertical asymptote at x = 0. If c > 0, there is no asymptote. To find the maxima, 

x-»0 

minima, and inflection points, we differentiate: f (x) = In (x^ + c) => f' (x) = — (2x), so by the First 

' X'^ + c 

Derivative Test there is a local and absolute minimum at x = 0. Differentiating again, we get 

=T2T7 [" 

X +C J 

if c < 0 , this is always negative, so / is concave down on both of the 
intervals on which it is defined. If c > 0, then /" changes sign when 
c = x^ <j=> X = ±Vc. So for c > 0 there are inflection points at 
±/c, and as c increases, the inflection points get further apart. 



^9 1 \ \ 

65. / —dx = - -rfA: = i[ln|:t|]? = i(ln9-lnl) = iln9-0 = ln9‘/2 = ln3 

J 1 ^x ^ J \ ^ 

66 . J ^^dx = [3 In \x\r‘^ = 3 Ine - 3 In = 3 - 6 = -3 


-4 
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67. Let u = 2x + 3. Then du = 2dx, so 


f ^ = ilnwl’= i(ln9-ln3) = i flnS^-Ins) = i(2ln3-ln3) = iln3(orlnv^). 

jQ 2x + 3 u J3 \ / 

/ 9 ■ 1 * 1 ^ / 1 \ r i9 81 

+ — rfjc = y + 2 + -J + 2.1 + = — + 18 + ln9 — (8 + 8 + ln4) = 


85 , 9 

T + '"4 


69. —i—i—= J + 1 H—^ c/x = + X + Inxj^ = + e 4-— ^5 + I + 0 ^ = - 

1 dx I 

70. Let M = Inx. Then Jw = - f^x, so / •——= / - = [In= lnln 6 — In 1 = lnln 6 

X Je xlnx Ji u ‘ 

71. Let u ~ 5 — 3x. Then du = —3dx, so / — = —- f - t^w = -^ In iw] + C = —4 In |5 — 3x| + C. 

J 5-3x 3 J u ^ ^ 

72. Let M = x^ + 3x + 1. Then du — 3 (x^ + l) dx, so 

/■ x2 41 \ [ du \ 1 I T I 

/ 3 , - 3 —TT^-^ = T / — = T Inlwj 4C = - In x^ 4 3 x 4 1 4C. 

7x-^4 3x41 3 j u 3 31 I 

73. Let M = I 4 x'^. Then du = 4x^ dx, so 

J —4 = J y “ = 1 l“l + ^ — 11 ” 1 1 4x'*^ 4 C (since 1 4x'* > 0 ). 

74. Let w = 2 4 sinx. Then du = cosx dx, so 

f cosx f 1 

/ r-:— dx = / - ^/w = In |m| 4 C = ln|2 4 sinx| 4 C = In (2 4 sinx) 4 C (since 2 4 sinx > 0). 

J 2 4sinx J u 


75. Let u = Inx. Then du = — =» f ^ dx — J u^ du = 4 ^ = 5 (Inx)^ 4 C. 

X J ^ 

/ fi^ f /^n 

^ ^ ' dx = / — = In |«| + C = In (e* + 1 ) + C. 
Llnioji InlO InlO InlO InlO 


76. Let M = 4 L 


10']^ 10^ 10^ 100- 10 90 

In 10 , “In 10 lnl 0 “ In 10 “ InTo 


78. Let u = x^. Then du = 2x dx, so f x2^^ dx = \ { 2^ du = - — -h C = —^— 2^^ 4 C. 

21 n 2 21 n 2 


79. (a) — (In |sinx| 4 C) = —^— cosx — cotx 
dx smx 


/ cosx f du 

- dx = / — = In |«| + C = In |sin.)c| + C. 

sm:s J u 

0 . Let u = X — 2. Then the area is 

/■"* 2 du , 

A = - - :-dx = -2 — = [-21n|«|]J =-2ln3+ 2ln6 = 21n2 =a 1.386. 

7-4 X - 2 7-6 u 


81. The cross-sectional area is w (l/V^TT)^ = ;r/ (;c + 1). Therefore, the volume is 

f ^ rfx = a- [In (jc + 1)]J = ;r In 2 - In 1 = IT In 2. 

7o X + l 




SECTION 7.4 DERIVATIVES OF LOGARITHMIC FUNCTIONS □ 471 


82. Using cylindrical shells, we get K = J dx = K^n{\ + ^ In 10 . 

83. The domain of f (x) = \ jx is (-oo, 0) U (0, oo), so its general antiderivative is F (x) = 


Injr + C| if jr > 0 
In |jc| + C 2 if j: < 0 


SH. f" {x)=x-^,x > 0 f{x) = -\lx-i-C => f{x) = -\nx + Cx + D. 0 = f{l) = C + Dznd 
0 = /(2) = -ln2 + 2C + Zl = -ln2 + 2C-C = -ln2 + C => C = ln2 and D = - ln2. So 
/ (tc) = — In JT + (In 2) jc — In 2. 

a. f (x) = 2x+ \nx => f(x) = 2+\/x. If g =then / (1) = 2 => g(2) = l, so 
g'( 2 ) = l//'(g( 2 )) = l//'(l) = |. 

86. /(jj:) ~ + ln:v => f (:j:) = + \/x. h = f~^ and /(I) = e => h{e) — 1, so 

/2'(e)=:I//'(l) = l/(e+l). 

87. The curve and the line will determine a region when they intersect at .r 

two or more points. So we solve the equation jc/(:c^ + l) = mjc ^ 


X ov mx^ m — \ =0 =» x = 0 or V"*. _ j 

±V~4 (m) {m — 1) n : ^ I- ~ I 

x = ---= -1. Note that if w = 1, this has 

2m V m 

only the solution .x = 0, and no region is determined. But if 
1 /m — 1>0 l/m>l 0 <m<l, then there are two 

solutions. [Another way of seeing this is to observe that the slope of the tangent to y — xj {x^ + l) at the origin is 
y' ~ 1 and therefore we must have 0 < m < 1.] Note that we cannot just integrate between the positive and 
negative roots, since the curve and the line cross at the origin. Since mx and x/ (.x^ + l) are both odd functions, 
the total area is twice the area between the curves on the interval [O, VV'” ” l]- So the total area enclosed is 

p-jVfm-X r ^ 1 Ti / 0 \ I 

= [,n(l-l + l)-™(l_l)]-(lnl- 0 ) 

= In I — I + m — l=m — Inm — 1 
\m/ 

(a) Let / (x) = Inx =» f (x) — \/x f (x) = —1/x^. The linear approximation to Inx near 1 is 

Inx + f'{\){x - l) = lnl + |(;c- 1 )=a:- 1 . 




From the graph, it appears that the linear approximation is 
accurate to within 0.1 for x between about 0.62 and 1.51. 
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89 . If / (x) = In (1 + x), then /' (x) = -j— so f (0) = 1. 

Thus, hm = lim ^ = lim = f (0) = 1. 

a: x*^0 X x-»o x — 0 

90 . Let m = n/x. Then n = xm, and as « oo, m oo. 

Therefore, lim fl + -) = lim f 1 + = lim ("l + 1 = e-' by Equation 9. 

«-»co \ n/ m^(x \ mj [_ffi-»oo y 'w / J 


The Natural Logarithmic Function 


1. In = ln;c^>' — Inz^ = Inj:^ + Iny — Inz^ = 3 ln;c + Iny — 2 Inz 


2. \n^a (6^ + c^) — In {a [b^ + c^)) = ^ In (a [b^ + c^)) = \ [ina + In [b^ + c^)] 

= I Ino + 5 In (6^ + c^) 

3. ln(Mt))’° = 101n(M«) = 10(ln« + Inn) = lOlnw + lOlnu 

3„2 

4. In- T = ln3x^ - In (x + 1)* = ln3 + In^:^ - 5 In (^ + 1) = ln3 + 21nx - 5 ln(x + 1) 


5. 2 In 4 — In 2 = In 4^ — In 2 = In 16 — In 2 = In -y = In 8 

6 . In3 + i ln8 = ln3 + InS'/^ = ln3 + ln2 = In(3 • 2) = ln6 

7. 7 ln;ir - 5 In (;c^ + 1) = ln;c'/^ — In (x^ + l)^ = In-——r 

8. ln.v + a In^ — 61nz = ln;c + In^" — Inz* = In [xy”/z^) 


y = ln;c 


y = — In;c 


10. y = InAT 


y = InUI 




0 1 




y = ln;c 


y = ln(A: + 3) 
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28.3^ = ln(^ + ln^) ^ ^ = TThI ^ j “ ;c (;c + Ini') 

29. y = tan [In {ax + 6)] => y' = sec^ (In (ax + b)) —^ 


30. y = ln|tan2x| ^ 

31. y=A:lnA; => y'= Inx + :t (1/a:) = ln:t + 1 => y" = \lx 

, secAtanA + sec^A „ 

32. y _ In (sec A + tan a) => y =-—-=secA => y — secAtanA 

seCA+tanA 

33. /(a) = In (2a + 1) => /'(a) = -2= Dom(/) = {A I 2a + 1 > 0) = (-i,oo). 


I 1 /-^ ^ 

Dom(/) = {a I A > 0 and InA^^—1} = {a1a>0 and a 1/e} = (0,1/e) U (1/e, oo). 

35. /(A) = A2ln(l- a 2) ^ /'(A) = 2Aln(l-A2) + ^^y^^=2Aln(l-A2)-Y^ 

Dom(/) = {a I 1 - A^ > 0} = {a I |a| < 1) = (-1,1). 

36. /(A) = lnlnlnA =. /'M = ' i' 

Dom (/) = {a I In In A > 0) = (a I InA > 1) = {a I A > e) = (e, oo). 


37. f{x) . 


Inx — x (lA) Injx- — 1 
/ = —/ITTTt— = 


/'W = V = '’ 


38. /(a) =A^ InA => /' (a) = 2a InA+A^ = 2AlnA + A => /'(1) = 21n 1 + 1 - 1 

39. /(a) = sin A + InA ^ /' (a) = cos a + 1/a. This is reasonable, * - 

because the graph shows that / increases when/' (a) is positive, and I /'~\^ / 

/' (a) = 0 when / has a horizontal tangent. K\^J\ / 



40. /(A) = ln(A2 + A + l) => /'(a) = 


A^ + A + 1 


(2a + 1). 


Notice from the graph that / is increasing when /' (a) is positive. 



■ /"(a) = In InA =;• /■'(a) = —=> /'(e) = i, so an equation of the tangent line at (e, 0) is 

InA \A / e 


y — 0 = - (a — e), or y = -A — 1, or A - ey = e. 





45. f(x) = ln(jc - 1) =5. /' (;c) = l/(Ar - 1) = (;c - l)-> =;. /" (x) = -(x- l)-2 

f"'(x) = H,x-\y^ =» /('•) (a:) =-2 • 3 (;c - 1)-“' =» • ■ ■ =j. 

/(") (x) = (-I)"-' .2.3.4.(« - 1 ) (A - 1 )-" = ~ 

(a: - 1)" 


46. j = A* Injc, so 

bV = £)* (^8x^ ItiAT + a’) = Z)'* (8a’ Ira) = i)’ (s . 7a* Ira + 8a*) = Z)’ (g . 7 a* Ira) 
= D* (8.7.6a* Ira) =... = £> (s! a* Ira) = 8!/a 


47. 



FroRi the graph, it appears that the ORly root of the equatioR occurs at 
about A = 1.3. So we use Newtou’s Method with this as our iuitial 
approxiuiatioR, aud with / (a) = Ira - e~^ => /' (a) = 1/a + e~^. 

The formula is a„+i = x„ - f (^x„) If (a„), aud we calculate ai = 1.3, 
X 2 1,309760, A 3 A 4 1.309800, So, correct to six decimal places, 
the root ofthe equatioR Ira = e~^ isA = 1.309800. 


48. 



We use Newtofl’s Method with / (a) = 1r (4 - a’) - a aud 
1 2^ 

^ “ ~A - 9 (“2,x) — 1 =: 1 — --r. The formula is 

Xn+i = - / (a„) If (a„). From the graphs it seems that the roots 

occur at approximately a = -1.9 aud a = 1.1. However, if we use 
= -1.9 as au ioitial approximatiou to the first root, we get 


^2 ^ —2.009611, aRd f (a) = 1r (a — 2)’ — a is URdefiued at this poiRt, 
makiRg it impossible to calculate A3. We must use a more accurate first estimate, such as aj = —1.95. Withthis 
approximatiou, we get ai = -1,95, A 2 -1.1967495, A 3 -1.964760, A 4 A 5 ra -1.964636. Calculatiug the 

secoud root gives ai = 1.1, A 2 ^ 1.058649, A 3 1.058007, A 4 A 5 ra 1.058006. So, correct to six decimal 

places, the two roots of the equatioR 1r (4 - a’) = a are a = -1.964636 aud a = 1.058006. 
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49. >< = / {x) = In(cosjr) 

A. I> = {x I cosa: > 0} = (—f, f) U U • • ■ = {a I 2n7z — | < ac < Inn + f, « = 0, ±1, ±2,... } 

B. jc-intercepts occur when In (cosa) = 0 <=> cosjc = 1 <=> jc = 2njr, y-intercept = / (0) = 0. 

C. / (—Jc) = / (a), so the curve is symmetric about the y-axis. f {x + 2 }t) = f (ac), / has period 2;r, so in parts 
D-G we consider only —?< AC < f . D. Urn In (cosac) = —oo and lim In (cosac) = -oo, so ac = f 

^ ^ x^ji/1- x^-k/1+ 

and A = -f are VA. No HA. H. 

E. /'(a) = (1/cosa) (-sinx) = — tanx > 0 <=> — y<A<0, 
so / is increasing on (-f, 0) and decreasing on (0, |). 

E / (0) = 0 is a local maximum. G. /" (a) = - sec^ a < 0 => 

/ is CD on (-f, I). No IP. 



50. y = In (tan^ a) A. D = [x \ x ^ mr/2] B. A-intercepts njc + j, no y-intercept. C. / (—a) = / (a), so the 
curve is symmetric about the y-axis. Also / (a + a-) = f (a), so / is periodic with period n, and we consider 
parts D-G only for -f < A < f. D. lim In (tan^A) =-oo and lim In (tan^ a) = oo, 


lim In (tan^ a) = oo, so A = 0, A = are VA. E. /' (a) = 
x~^-nj2+ 


2 tan A sec^ A 


tanA >0 » 0 <A<|, 


so / is increasing on (0, j) and deereasing on (—f, 0). F. No 


maximum or minimum G. /' (a) = 


sin A cos A sin 2a 


~8 cos 

/" (a) =- 5 - <0 <=> cos2a > 0 <=> —f < A < f, so 

sin^ 2 a 

/ is CD on (-j, 0) and (0, f) and CU on (-f, -f) and (I-, 

IP are (±|,0). 



51. y = / (a) = In (1 + A^) A. D = R B. Both intercepts are 0. C. / (-a) = / (a), so the curve is symmetric 

2a 

about the y-axis. D. lim In (1 -I-a^) = oo, no asymptotes. E. /' (a) = --y > 0 

A->±00 ^ ' 1 -b A*^ 


<=> A > 0, so / is inereasing on (0, oo) and decreasing on (-oo, 0). 
F. / (0) = 0 is a local and absolute minimum. 


G. /" (A) = 


2(1-1-a^)-2a(2a) _ 2(1 -A^) 



1>:| < 1, SO / is CU on (—1, 1), CD on (— 00 , —1) and (1, 00 ). IP 


(1, ln2) and (—1, In2). 
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>' — / {x} — In (x^ x) A. {:v I — jv > 0} — {jt [ .x: < 0 or jv > 1} = (—oo, 0) U (1, oo). B. ^c-intercepts 
occur when x^ — x = 1 <=> .r — 1 = 0 <=> ac = |^I± No p-intercept C. No symmetry 

D. lim In (x^ - x) = oo, no HA, lim In (x^ -x) = -oo, lim In (x^ - x) = -oo, so x = 0 

r->0- ' Ml+ ' ' 


2x — 1 

and AT = 1 are VA. E. /' (a:) = ^ > 0 when ;c> 1 and /' (jc) < 0 

when a; < 0, so / is increasing on (1, oo) and decreasing on (-oo, 0). 


F. No extrema G. /" (ac) = 


x) - (2x - 1 )" _ - 2 x^ + 2 x - 

~ (x^-xf 


/" (^) < 0 for all X since ~2x^ + 2x ~ I has a negative discriminant. 



So / is CD on (- 00 ,0) and (1, 00 ). No IP. 


53. We use the CAS to calculate f' (x) = 


i + sinjc + X COS.X 


2x -^x sin;c 


2x^ sin^: + 4sin;c — cos^jc +:c^ + 5 
x'^ (cos^ jc — 4 sin X — 5 ) 


From the graphs, it 


seems that /' > 0 (and so / is increasing) on approximately the intervals 
(0,2.7), (4.5, 8.2) and (10.9, 14.3). It seems that f" changes sign 
(indicating inflection points) atx ^ 3.8, 5.7, 10.0 and 12.0. 



Looking back at the graph of /, this implies that the inflection points have approximate coordinates (3.8, 1.7), 
(5.7, 2.1), (10.0, 2.7), and (12.0,2.9). 


54. We see that if c < 0, / (x) = In (x^ + c) is only defined for x^ > -c => lx I > and 

/ (^) = iini _ / (^) = — 00 , since Iny —> —00 as 0. Thus, for c < 0, there are vertical 

asymptotes at x = ±and as c decreases (that is, |c| increases), the asymptotes get further apart. For c = 0, 
f — “CO, so there is a vertical asymptote at x = 0. If c > 0, there is no asymptote. To find the maxima. 


minima, and inflection points, we differentiate: / (x) = In Ix^ + c) => /' (x) = — (2x), so by the First 

x^ + c 

Derivative Test there is a local and absolute minimum at x =0. Differentiating again, we get 


/" (^) = (2) + 2x [- (x2 + c)-^ (2x)l = Now 

ifc < 0 , this is always negative, so / is concave down on both of the 
intervals on which it is defined. Ifc > 0, then f" changes sign when 
c = x^ « X = ±y/c. So for c > 0 there are inflection points at 
±^/c, and as c increases, the inflection points get further apart. 



I \ \ 

ii = 5 = 5 ('"9-Inl) = i ln9-0 = ln9’''^ = ln3 

56. j ^^dx = [3 In |ac |]~®2 = 3 Ine - 3 in = 3 - 6 = -3 


-4 
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57. Let M = 2x + 3. Then du = 2dx, so 
dx \du , . -[9 


1 ^= iln«]^ = i(ln 9 -ln 3 )=i(ln 32 -ln 3 ) = i(2ln3-ln3) = iln3(orlnV3). 


85 , 9 

T + '-’i 


59 . ^ ^ dx = + 1 + dx = +:t + +e + 1 ) - (5 + 1+0^ _ je" 

1 Z*^ dx rln6 j 

60. LetM = ln;c. Then(iM =-c/:c,so / --—= / - t^w = [In|u|]‘j"^ = lnln6 - In 1 = lnln6 

;c Je x\nx J\ u 

61. LetM = 5-3x. Thendu = -3dx, so j = - j j ^du =-\\n\u\ + C = -iln|5-3x| + C 




62. Let M = + 3x + 1. Then du = 3 (x^ + 1) dx, so 

r +1 , 1 I__ 


—- dx = — 

+ 3;c + 1 3 


f — = iln|«| + C = iln x^ + 3x + l + C. 
J u 3 3 


63. Let w = \ -\-x^. Then du = 4x^ dx, ; 


j ——^dx = iy idti = ilnIwI + C = iln 1 +x'' +C = iln(l + x'') + C (since 1 + x"* > 0). 


64. Let u = 2 + sinx. Then du = cosx dx, so 


[ dx = / t = In|«| + c = In |2 + sinxi + C = In (2 + sinx) + C (since 2 + sinx > 0). 

J 2 + sinx J u 

'. Let u — Inx. Then du = — =» f ^ dx = } u^ du = + C = j (Inx)^ + C. 

X J X 

i. Let ti = 1 + Y*. Then du = dx, so j dx = 2 j d» = §h^ + C = | (l + ^Y) + C. 


67. (a) — (Inlsinxl + C) = cqsx = cotx 
dx sinx 


(b) Let u = sinx. Then du = cosx dx, so f cotxdx = / — dx = / — = ln|«| + C — ln|sinx| + C. 
' J smx J u 


68. Let u = X - 2. Then the area is 

A = - r' -l-dx =-2 f ^ — = [-21n|«|]j = -21n3 + 21n6 = 21n2« 1.386. 
y „4 X - 2 J-e u 

69. The cross-sectional area is ar (1/VxTT)^ = a-/ (x -I- 1). Therefore, the volume is 

/ —— dx = K [In (x + 1)]J = rc ln2 - In 1 = ir ln2. 

Jo ^ + 1 

70. Using cylindrical shells, we get F = J ^ ^ dx = it [in [l + x^)J^ = tt In 10. 
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IV y = {2x + \f {x‘' - if => Iny = In ((2.1 + 1 )^ (a:"* - 3)*) =? Iny = 5 In (2 a: + 1) + 6 In (;c'' - 3) 


= 

/ 10 24^3 \ 10 (a-*-3) +24^3 (2a+ 1) , 

^ -^(2^ + 1 3) (2a + I)(aT-3) -(2a + I) (a -3) 


)-■■ ‘0(^'-3)+24a3( 2a + I) . wa ,.6 58 a‘' + 24a3-30 
\2x + l x^-i) ^ (2a + I)(a4-3) -(2^ + » 3) . 

= 2 (2a + 1)“ (a-* - 3)^ (29a‘' + I2a3 - I 5 ) 

(a^ + 1)“* Sin^A , , , , v' 3rT rriQv I 

’ = ^- -m - => ln|>’| = 41njA^ + l|+2ln|sinA|-i|n|A|. So^=4-^ + 2—-Y 

y -\- \ sin:c 3x 

, (A3 + l)‘'sin2A / 12 a2 ^ 1\ 

a1/3 (a3 + I 


y . 3 a^ ,cosa I 

, — =4—-^2- 

y A^ +1 sinA 3a 


,, siy A tan'* A A , -,7 

^ InjT = ln(sin^Atan‘'A) - ln(A2 +1) = 2 InsinA + 4 In tanA - 2ln (a^ + I) 

(A + IJ 


-y' = 2- -J— . cos A + 4 • —. sec^ a - 2 • — ■ 2a => 

y sinA tanA a^ +1 


, sin^ A tan"* a / 

y =-=- 12cotA + 

(x^ + lf \ 


4 sec^ 4 a: 


(a3 + |)^ 


4a \ 

A^+lj 


= lny = i|n(A2 + l)-lln(A2-l) ^ iy = i . ^ . 2 a - i • ^ • 2 a 


I a2 - 1 2 Va2 + I 


A \ 1 Jx^ + i / —2a \ A fx^ + I 

• -1/ 2V (ynrrj = TTy y ^21:7 


75 . The domain of f (a) — 1/a is (— 00 ,0) U (0, 00 ), so its general antiderivative is F (a) = ' 

ln|A| + C 2 ifA < 0 

76. /"(a) =a-2,a > 0 => /'(a) = -1/a + C => /(A) = -lnA + CA + a 0 = /(l) = C + £iand 
0 = /(2) = ~ln2 + 2C + Z) = — In2 + 2C — C = — In2 + C => C = ln2 and D = — In 2. So 
/(a) = -InA + (ln2)A - In2. 

77. /(a) = 2a + In A =;• /'(a) = 2+1/a. Ifg =/->, then/(I) = 2 =» g(2) = l,so 
y(2) = l//'(g(2)) = l//'(l) = l. 

78. (a) Let / (a) = In A => /'(a) = 1/a =j /" (a) = —1/a^. The linear approximation to InA near 1 is 

InA =3 /(1) + /'(1)(a - 1) = lnl + I (a - 1) = A - 1. 

(b) (c) 





^/ + 0.1 
f-o.i 


From the graph, it appears that the linear approximation is 
accurate to within 0.1 for a between about 0.62 and 1.51. 


-1.25 
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79. (a) 



We interpret In 1.5 as the area under the curve y =\/x from :t = 1 to 
;c = 1.5. The area of the rectangle BCDE is j ■ | = j. The area of 
the trapezoid ABCD is j • j (l + |) = -^. Thus, by comparing 
areas, we observe that j < In 1.5 < ^. 


(b) With / (t) = llt,n — 10, and Ax = 0.05, we have 


In 1.5 = ^ (0.05) [/(1.025) + /(1.075) + ■•■ + / (1.475)] 

= (0.05) H E TTts] ^ 0.4054 


I. (a) y = -, y' = - ^. The slope of is = -^. Let c be the /-eoordinate of the point on y = j with 


slope—Then—-lr = —- 

7 /. 


=> c^ = 2 => c — -Jl since c > 0. Therefore the tangent line is given by 


' - ^ - 2 (i => y — 2' + 


A ^ D> 


Since the graph of y = 1/r is concave upward, the graph lies above 
the tangent line, that is, above the line segment BC. Now 
|/1B| = - i + V2and \CD\ = -1 + V2. So the area of the 
trapezoid ABCD is 

i [(-i + V2) + (-1 + n/2 ) l] = -I + ^/2 0.6642. So 

ln2 > area of trapezoid ABCD > 0.66. 



82. If/(:c) = ln(;cO?then f (x) ^ {\lx^){rx’'-^) =r/x. But if g (:c) = r In^:, then g'(x) = r/jc. So/andg 
must differ by a constant: In (jc'') = r In.! + C. PutA: = I: ln(r)=rlnl+C => C = 0, so In (.x^) =/• In^:. 
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83. The curve and the line will determine a region when they intersect at 
two or more points. So we solve the equation jc/(jc^ + l) = m;c => 
jr = 0 or mx^ + m — 1=0 => jr=0or 
, _ ^-4(m)(m-l) _ ^ n “ ^ 


= ±J -1. Note that if m = 1, this has 



only the solution ;c = 0, and no region is determined. But if 
1/w — 1>0 \/m > \ < 1 ^ 0<w<l, then there are two 

solutions. [Another way of seeing this is to observe that the slope of the tangent to y = ;c/ (a:^ + l) at the origin is 
y' = 1 and therefore we must have 0 < m < 1.] Note that we cannot just integrate between the positive and 
negative roots, since the curve and the line cross at the origin. Since mx and a:/ {x^ + l) are both odd functions, 
the total area is twice the area between the curves on the interval [0, -JXIm — I]. So the total area enclosed is 

r y. -I Pi / •> \ T 

Vo = +0-i'"Vo 

= ln( — l+m — I=m — In/M — 1 
\m) 

84. lira [ln(2 + ;t)-ln(l+x)]= lim lnPV^j= Hm in j = in i = in 1 = 0 

r-*oo Vl+v/ ^^00 VlA+1/ 1 

85. If / (v) = in (1 + x), then /' (x) = y-!—, so /' (0) = 1. 

Thus, lim = l,m ^ = = 

x-»0 X x^O X jr-^0 a: — 0 





From the graphs, we see that / (x) = * > g (j:) = ln.)c for approximately 0 < jc < 3.06, and then 

gU) > f fot 3.06 < < 3.43 x lO'^ (approximately). At that point, the graph of / finally surpasses the 

graph of g for good. 


(b) 0.2 



(c) From the graph at left, it seems that <0.1 whenever 

X > 1.3 X 10^* (approximately). So we can take 
A = 1.3 X 10^®, or any larger number. 
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The Natural Exponential Function 

1 . (a) e is the number such that Ine = 1. (c) 

(b) e =! 2.71828 


The function value at = 0 is 1 and the slope at :x: = 0 is 1. 

2. (a) = 6 (b) In V? = In = j 

3. (a) Ine^ = -Jl (b) = 2^ = 8 

4. (a) lne*‘"^ = sinx (b) = e^e'’'^ = ;te'‘ 

5. (a) = 16 ^ In = In 16 o ^ = In 16 = 41n2 

(b)ln;c = -l eln.v_g-l ^ x = \/e 

6. (a) In (2a: - 1) = 3 o » 2x - 1 = <=> a: = ^ + l) 

(6)6^*+'=yt <=> 3A + l=lni <=> A = 5(lni-1) 

7. ln(lnA) = l <=> = gl <=> lnA=e'=e o e'"-* = <=> x = e‘ 

S. = 10 o In = In 10 <=> ine = = In 10 <=> Inc* — In (In 10) A = ln(lnl0) 

9. ln(A+ 6) +ln(A - 3) = ln5+ ln2 <=> In ((a + 6 ) (x - 3)) = In 10 «• (x + 6) (x - 3) = 10 » 

;f2 + 3;c_18 = 10 » x2 + 3x- 28 = 0 « (x + 7) (x - 4) = 0 o x =-7 or 4. However, x =-7 is 

not a solution since In (—7 + 6) is not defined. So x = 4 is the only solution. 

10. lnx + ln(x - 1) = ln(x(x - 1)) = 1 » x(x-l) = e' » x^ - x - e = 0. The quadratic formula gives 

X = 5 (1 ± Vl + 4e), but we reject the negative root since the natural logarithm is not defined for x < 0. So 

X = ^ (1 + Vl + 4e). 

InC 

11. £“ = Ce** <=> lne“* = ln(Ce**) » ax = lnC + 6x <=> (a-h)x=lnC <=> x = 

12. 7e*-e^ = 12 o (e*)^ - 7e* + 12 = 0 <=> (e* - 3) (e* - 4) = 0, so we have either e* = 3 o 

x = ln3, ore*=4 <=> x = ln4. 

13. = 100 => In = In 100 => 2 + 5x = lnl00 => 5x = In 100 - 2 => 

x = ^(ln 100-2) ==0.5210 

14. In (1 + Vx) = 2 =;• 1 + V? = => Jx=e‘- -\ => x = (e^ - l)^ =» 40.8200 

15. In (e* - 2) = 3 ^ e* - 2 = => e* = + 2 => x = In (e^ + 2) = 3.0949 

10 , gl/(x-4) ^ 7 ^ Ing'/l*-'*) =ln7 =» =ln7 => ^=x-4 => x =4+^ =4.5139 

X — \ In/ in / 
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19. We start with the graph of y = (Figure 13), reflect it about the :v-axis, and then shift 3 units upward. Note the 
horizontal asymptote at jy = 3. 



20. We start with the graph of y = (Figure 13), reflect it about the >’-axis, and then about the ;c-axis (or just rotate 

180° to handle both reflections) to obtain the graph of y = —e~^. Now shift this graph 1 unit upward, vertically 
stretch by a factor of 5, and then shift 2 units upward. 



y = -e ^ y = 2 + 5{l-e-^) 

21. (a) To find the equation of the graph that results from shifting the graph of y ~ 2 units downward, we subtract 2 

from the original function to get>’ = —2. 

(b) To find the equation of the graph that results from shifting the graph ofy = e^2 units to the right, we replace jc 
with X — 2 in the original function to get y = 

(c) To find the equation of the graph that results from reflecting the graph of about the x-axis, we multiply 

the original function by — 1 to get y = —e^. 

(d) To find the equation of the graph that results from reflecting the graph of y ~ about the y-axis, we replace x 

with —X in the original function to get y = . 


(e) To find the equation of the graph that results from reflecting the graph of y — about the x-axis and then 
about the y-axis, we first multiply the original function by — 1 (to get y = ) and then replace x with —x in 

this equation to gety = -e~^. 


22. (a) This reflection consists of first reflecting the graph through the x-axis (giving the graph with equation y = 
and then shifting this graph 2-4 = 8 units upward. So the equation is y = -e^ + 8. 


(b) This reflection consists of first reflecting the graph through the y-axis (giving the graph with equation y ~ e~^) 
and then shifting this graph 2-2 = 4 units to the right. So the equation is y = 
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1-0 

23. Divide numerator and denominator by : lim ^ = lim —-— ^ . — 1 

x^oo + e~-^^ AF-^ool+e 1 + U 

e^^-\ 0-1 

24. Divide numerator and denominator by ^ : lim ^ = lim . ■ ■■ ■ — „ ■ ■ — ” 1 

jc^-oo x-f~oo U + 1 

25. Let/= 3/(2-;c). As^2+, 1-oo. So lim e' = 0by(ll). 

x-^2+ (->-oo 

26. Let / = 3/(2-x). Asx -> 2“, / ^ oo. So lim e^/P-*) = Hm e' = ooby (11). 

' ' ' x^2- '-*0° 


27. lim -= 0 since tan X-> oo => oo. 

x^njl- 1 + e’™-' 

cos X 2 2 

28. As X -> 0“, cotx = -> -oo, so ^ 0 and lim = 7 — 7 ; = 2. 

smi x^ol+£“•■' 1 + 0 

29. By the Product Rule, / (;c) =/cV =» f (x) = (e^) + {x^) =x^e^ +e=‘ (2x) = xe’^ {x+2). 


30. By the Quotient Rule, y = ■ 


■' ' " dx'' dx' ' 

, _ {l+x)e^ -e^ (1) _ + xe^ - e 

^ "" (1+^)3 “ ix + 1)2 


(// + 1)2 {X + 1)2 


31. y = e“'"2 => y'= e "'^■^(—mx) = e (—m) =—me 

32. g (x) = cos 3x => g' (x) = —5e~^^ cos 3x - 3e~^^ sin 3 jc 

33. / (x) = e'^ => /' (jt) = e'^/ (2^) 

34. y = e^lnx =» / = + (Inx) (e^) = e-'^Inx + ^^ 

35. fi (/) = VI -e' => />' (/) = -e' /(2Vl -e') 

36. h (8) = ^ h' (8) = 5 cos (50) 

37. = y = g-* (cosx — X sin.x) 

38. y = cos (e^^) => y' = — sin ■ 7t = ~7te^^ sin 

39. y = e‘’' => y' = e'' ' S (^'') = 


40. y = Vl + Jce“2A: => y’ — l(\+xe 


A _ i /. U. ..-lrT->/2 lx (-2e-^) + e- 2-1 = ^ ^ 


2V1 + xe 


, _ 3e3^ (1 + e^) - (e*) _ 3 ^ 2 ^: ^e^x _ ^ j^Sx ^ 2e‘'^ 


(l+exy 


(1+exy (1 + e^y 


42. y = -!- => 

gAT _ g-X 

(e»_g-r^(e^_e-Ac)_(eA=_)_g-A.)(eAr_)_g-A:) (e2A:_2 + e-2r)_(e2Ar^2 + e-2^) _ 4 

(gA(_e-Jt)2 (eAr_e-r)2 (gr _ e-i)2 

43. y =/(;c) = sinx => /'(x) =sin/t + c"* cosx => /'(/r) = e'* (cos/r - sin/r) =-e"", so 

an equation of the tangent line at (/r, 0) is y — 0 = —e~’^ {x — rc), ory = —e~’’x + jie or ;t + e’^y = n. 

44 . y = — => y’ — ———^ At :c = 1, y' = 0, so an equation of the tangent line at (1, e) is 

X x^ 

y — e = 0 {x — \), or y = e. 

6 ^ (1 ^ x) 

45 . cos (JC - y) = => -sin(jc -y)(l-y') =e2+xe2 => +' = 1 + 
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46. y = Ae ^ + Bxe ■'=>/ = -Ae ’^ + Be ^ - Bxe = {B — A) e ^ - Bxe ^ =» 

y" = (A — B)e~^ — Be~^ + Bxe~^ = {A — 2B)e~’‘ + Bxe~^, so 

/' + 2y'+y = iA- 2B) e-^ + Bxe-’‘ +2[(B- A) e"* - Bxe-^] + Ae-^ + Bxe-^ = 0. 

47. => y' = re''^ y" = r^e", so 

y" + 5y' -6y = + 5re" - 6 e" = e" (r^ + 5r - 6 ) = (r + 6) (r - 1) = 0 =i (r + 6 ) (r - 1) = 0 

=> r = I or - 6 . 

48. ;i^ = e'*-' => y'= =» y" — l^e^. Thus, <=> <=> 

(;.2 - X _ 1 ) = 0 <=> X = since 5 AO. 

49. / (x) = = 5 . /' (x) = 2e^^ => f" (.x) = 2 ■ 20^^ = 2^e^ => /"' (x) = 2^ • 2e2x = => ■ ■ ■ 

=> /(") (x) = 2"e2* 

50. f (x) =xe~^, f (x) = e~^ - xe^^ = (1 -x)e“*, /"(x) = -e~’‘ + (1 -x) (-e“^) = (x - 2)e“^. Similarly, 
/"'(x) = (3-x)e-^/('')(x) = (x -4)e-^ ...,/(‘“» 0 ) (x) = (x - 1000 ) 0 -^ 

51. (a) / (x) = 0 ^ + X is continuous on R and / (-1) = 0 “’ - 1 < 0 < 1 = / (0), so by the Intermediate Value 

Theorem, 0 ^ + x = 0 has a root in (—1,0). 

(b)/(x) = 0 ^+x => /'(x) = e-* + 1, sox„+i = x„ - ^Using xi =—0.5, we get X 2 ^—0.566311, 

0X" + 1 

X 3 -0.567143 % X 4 , so the root is —0.567143 to six decimal places. 

From the graph, it appears that the curves intersect at about x 1.2 or 1.3. 
We use Newton’s Method with / (x) = x^ + x — 3 — so 
/' (x) = 3x^ + 1 — 2 x 0 “'^^, and the formula is 
x„+i = x„ — / (x„) //' (x„). We take X] = 1.2, and the formula gives 
X 2 =« 1.252462,X 3 ^ 1.251045, and X 4 ^xs 1.251044. So the root of 
the equation, correct to six decimal places, is x = 1.251044. 

53. (a) m (l) = 24 • e-(ln2)(/25 = 24 ■ 2-'/25 => „ ( 40 ) = 24 • 2-‘'“/25 a; 7,92 mg. 

(b) m' (!) = 24f [e-(ta2)V25j ^ 24 ■ 0-('”2)</25 so m' (40) = 240"(‘"2)(4O)/25 - 0.22 mg/yr 

(c) m(0 = 5 => 240-('"2)'/25 ,,, 5 e-(ln2)//25 ^ ^ ^ -(ln2)f/25 = In^ => 

In A 

r = -25-^^56.6yr 
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54. From the graph, we estimate that the most rapid increase in the 
number of VCRs occurs at about ( = 7. To maximize the first 
derivative, we need to determine the values for which the second 
75 

derivative is 0. V (t) = -=> 

1 + 74e-“'>' 



V (I) = 


V" (1) = 


75[74e-° *'(-0.6)] _ 33302^° '^' 

(1 + 74e-»«')^ (I + 74e-°<>‘f 

(1 + 74e-° '^')^ [3330e-° '^' (-0-6)] - (3330e^°-^') 2(1 + 74e-°-'^') [74e-°-^' (-0.6)] 

[(1 + 74 e -°'’')^]^ 

(1 + 74e-° '^') [3330e-°-‘’' (-0.6)] [(1 + 74e-°-^') - 2 (74e-°-^')] _ -1998e-°-^' (1-746-°*^') 


(1 + 74e- 


(1 +74e-o<><)" 


K"(r) = 0 <=> l=74e”‘’ *' <=> = 74 o 0.6r = ln74 » ( = | In 74 7.173 years, which 

corresponds to early September 1987. 


55. (a) lim p (t) = lim -= -- 

^ t^oc^ i-yoo \ae 1+a-O 

—kt —> —oo as r —^ oo. 


: 1, since k > 0 


(b) ^ = - (1 + (-kae-'“) = ■ 


(c) From the graph, it seems that p (t) = 0.8 (indicating that 80% of the _,_ ) [q 

population has heard the rumor) when t ^ lA hours 

(a) 10_ The displacement function is squeezed between the other two 

functions. This is because — 1 < sin 4r < 1 => 

I -8e“'''^ < 8e“'/^ sin4r < 8e“'^^. 

(b) The maximum value of the displacement is about 6.6 cm, occurring at 
r =» 0.36 s. It occurs just before the graph of the displacement 
-10 function touches the graph of 8e“'/^ (when r = | as 0.39). 

(c) The velocity of the object is the derivative of its displacement (d) 

function, that is, *5- 

^ (8e“'/^ sin4i) = 8 cos4( (4) + sin4r Ifthe 


displacement is zero, then we must have sin 4r = 0 (since the 
exponential term in the displacement function is always positive). 


Substituting this into our expression for the velocity, and noting that 
the second term vanishes, we 

get!) [j) = cos (4 • f) ■ 4 = -die”"/* as -21.6 cm/s. 


The graph indicates that the 
displacement is less than 2 cm 
from equilibrium whenever t is 
larger than about 2.8. 
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^1. f {x) = X - => f (x) = \ -e^ -0 <=> e* = 1 » jr = 0. Now /' (jr) > 0 for all ;c < 0 and 

f'(x) <0 for all jc > 0, so the absolute maximum value is / (0) = 0 - 1 = — 1. 

58. g(x) = — => g'(x) — - j —=0 <=> (x — 1) = 0 => x = 1. Nowg'(Ar)>0 <=> 

xe^ — xe^ — 

- 5 - >0 o x-l>0 o X > \ and g' (x) < 0 o -^— <0 <=> x-l<0 <=> x < \. 

^ X 

Thus there is an absolute minimum value ofg(l) = eatx = 1. 

^9. y = -2e~^,soy' = e’‘ +2e'~^,y" = eX-2e~^. y" > a <=> e-‘-2e’"^>0 » ^ > 2e~^ <=> 

> 2 <=> 2x > ln2 <=> x > jln2. Therefore, is concave upward on In 2, oo^ 

60. / (x) = e* + /'(x) = - 2e“^ > 0 <=> «■“ > 2e“^* <=> > 2 <=> 3ji: > ln2 » 

x > j ln2. Thus, / is increasing on In 2, ooV 


51. y = / (x) = e '/(r+>) £) _ (jj I ^ ^ _jj _ (_oo, —1) u (— 1 ^ oo) B. No x-intercept; 

>'-intercept = / (0) = e~' C. No symmetry D. lim e“'/(x+l) _ j since — 1/ (x + 1) —> 0, so y = 1 is a 

jr-»±oo 

HA. lim = 0 since — 1 / (jc + I) —> —oo, lim = oo since—1/(jc + 1)—> oo, so 

X^-\+ 


x=—lisaVA. E. /'(x) = e (.t^ + 1)^ /'(x) > 0 for all x except 1, so 

/ is increasing on (- 00 ,-1) and (-1, oo). E No extrema H. p '> 


G. /"(X): 


g-i/(x+i) g-l/(i+l) (_ 2 ) e-l/(x+l) (2x + 1) 


(x + O'* (x + 1)3 (x + 1)* 

=> /" (x) > 0 o 2x + 1 < 0 <=> X < - j, so / is CU on 
(- 00 , -1) and ^-1, -j^, and CD on ^-j, oo^. /has an IP at 

(-1..-’). 



62 . y = /(x) =xe*^ 


A. Z) = R B. Both intercepts are 0. C. / (—x) = —/ (x), so the curve is symmetric 


about the origin. D. lim = oo, lim = —(X), no asymptote 

JC-^OO 

E. (-v) = + xe^ {2x) = (l + 2x^) > 0, so / is increasing on R. 

F. No extremum 

G. f" (x) = {2x) (l + 2x^) -h (4 jc) = (2x) (3 -1- 2x^) >0 <=> 

X > 0, so / is CU on (0, oo)and CD on (—oo, 0). / has an inflection point at 

( 0 , 0 ). 
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63. >; = 1/ (l + e ■') A. £) = R B. No jr-intercepts; ^-intercept = /(0) = j. C. No symmetry 

D. lim 1/(1=-rin = 1 Slid dm 1/(1 + e”-') = 0 (since lim e”-* = oo), so / has horizontal 

.t->co ^ x-^-oo ^ ' j:->-00 

asymptotes y = 0 and y = 1. E. /' (.i) = — (1 + (' + positive for all x, 

so / is increasing on R. F. No extrema G. /" (x) = H. 

(1 + ,-xf _ ,-.r (2) (1 + e-^) (-.-^) e--- (e-» - l) 

H+e-^f (1+e-f ■ 

second factor in the numerator is negative for x > 0 and positive for x < 0, and 
the other factors are always positive, so / is CU on (—oo, 0) and CD on (0, oo). 

/ has an inflection point at (^0, 



64. The function / (x) = is periodic r -^ ' 

with period 2k , so we consider it only on \ / o ■ /.\ ' 2 k 

the interval [0, 2^-]. We see that it has \ f/ / 

local maxima of about / (0)'K 2,72 and n. y' ./ \ 

/(2;r) 2.72, and a local minimum of ^_ 12^ ^^ 

about / (3.14) 0.37. To find the exact 

values, we calculate /' (x) = — sinxe“®^. This is 0 when — sinx = 0 <=> x = 0, ;r or 2;r (since we are only 
considering x e [0, 2;r]). Also /' (x) > 0 o sinx < 0 o 0 < x < ;r. So / (0) = / {2k) = e (both 
maxima) and f (k) = * = 1/e (minimum). To find the inflection points, we calculate and graph 

/" (x) = ^ (-sinx e°“ ■') = -cosx — sinx (e“®*) (- sinx) = e”*-* (sin^x — cosx). From the graph of 
/" (x), we see that / has inflection points at x =» 0.90 and at x 5.38. These x-coordinates correspond to 
inflection points (0.90, 1.86) and (5.38,1.86). 


65. / (x) = e^^“^ -» 0 as X —> -oo, and 
/ (x) —> oo as X -> 00. From the graph, 
it appears that / has a local minimum of 
about / (0,58) = 0.68, and a local 
maximum of about / (—0.58) = 1.47. 

To find the exact values, we calculate 



/' (x) = (3x^ - 1) e*^ which is 0 when 3x^ -1=0 <=> x = ±^. The negative root corresponds to the 

local maximum / - (-'/vF!) _ ^ jjig positive root corresponds to the local minimum 

/ “ (1/V3) _ g-2V3/9 jq estimate the inflection points, we calculate and graph 

/" (x) = ^ [(3x2 _ gx’-x j ^ ( 3^2 _ gP-x ( 3^2 _ 1 ) ^x^-x ^ (9^4 _ g ^2 + + l). 

From the graph, it appears that /" (.x) changes sign (and thus / has inflection points) at x —0.15 and 
X ^ —1.09. From the graph of /, we see that these x-values correspond to inflection points at about (—0.15, 1.15) 
and (-1.09,0.82). 
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66. (a) As |:?| ^ 00 , / = —x^ / (2(t^) —> —oo, and e' —> 0. The HA is y — 0. Since t takes on its maximum value at 
X = 0, so does c'. Showing this result using derivatives, we have / (x) = ^ 

r (^) = ^ ^ ^ (~^/^^)- /' (j^) = 0 <=> X = 0. Because /' changes from positive to 

negative at x = 0, / (0) = 1 is a local maximum. For inflection points, we find 

/" (^) = (1 -x^/a^). 

f" C-^) = 0 ^ <=> x=: iff. f (x) < 0 <=> x^ < G^ o —(T < X < CT. So / is CD on 

{~g,g) and CU on (- 00 , ~g) and {g, 00 ). IP at (±cr, 

(b) Since we have IP atx = ±(t, the inflection points move away from they-axis as g increases. 




From the graph, we see that as g increases, the graph tends to 
spread out and there is more area between the curve and the 


67. Let u = —3x. Then du ~ —3dx, so 

= -1 [."]-■= = -i (.->5 _,0) = . (1 

68. Let u = —x^, so du = —2x dx. Whenx = 0, m = 0; when x = 1, w = — 1. Therefore, 

fo = fo~‘ «“ (-5 ^“) = -I [«^"]o ‘ = -5 («■' - e") = ^ (1 - 1/e) 

69. Let M = I + e-^. Then du = dx, so /e^Vl + dx = / ,Judu = + C = | (1 + e^)^P + C, 

70. Let M = tanjt. Then du = sec^xdx, so / sec^tc e‘“* dx = J e" du = e" + C = e'™* + C. 

71. / dx = / (1 + e“*) dx = x +C 

1 1 f e'/^ 

72. Let« = Then du = — :rdx,so / dx = - f e" du = -e“ + C = -e'/-' + C. 

1 f e'^ 

73. Let u = ,Jx. Then du = —p dx, so / —= dx = 2 { e" du = !€" + C = 2e'^ + C. 

2v^ y VJ 

74. Let n = e^. Then dx, so / e^ sin {e^)dx = f sinu du = - cosu + C = - cos (e^) + C. 

75. Area = /J (e^" - e") = [ieS* - e"]^ = (ie^ - _ l) = l^,3 _ ^ + 2 ^ 4 644 

76. /"(jc) =3e"=+ 5sin;c => /'(x) = 3e’^ - 5 cosx + C => 2 =/'(0) = 3 - 5 + C =» C = 4, so 

/'(jc) =3e*-5COSJC+4 => /(x) = 3e^ - Ssinx + 4x + D l = /(0) = 3 + £) => D =-2, so 

/ (jc) = 3e^ - 5 sinjK + 4x -2. 

77. F = /„■ rr (e-)^ dx = ;re^ = i [^re^'jJ = f (e^ - 1) 

78. V = 2izxe~^^ dx. Letu=x^. Thus du = 2x dx, so V = tt e~’‘du = h [-e~'‘]g = w (I - l/e). 
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li.y = e'^ => \ny = ine'^ = ^ x = {\nyf. 
Interchange ;c and y; the inverse function is >< = (In ^ 
The domain of the inverse function is the range of the 
original function y = e'^, that is, [1, oo). 



1 ^ 6^ 

80. y =- => y - = 1 + 

\ — 

{y+\)=y-\ => e"' = => 

;t = In ^ . Interchange j: and y: y = \n 

the inverse function. 

81. We use Theorem 7.1.7. Note that / (0) = 3 + 0 + c" = 4, so (4) = 0. Also f'(,x) = l+e\ Therefore, 

-’V * ^ ' 

(/ ^4)- - y-,(0) i+gO 2' 

82. We recognize this limit as the definition of the derivative of the function / (x) = atx = tt, since it is of the 

form lim Therefore, the limit is equal to /' (ir) = (cos ;c) e™ " = -1 • e® = -1. 

X-^Tt X — 7t 

83. Using the second law of logarithms and Equation 5, we have In (e^/ey) = In e* - In = x - = In (e* ^). 

Since In is a one-to-one function, it follows that e^/e^ = e* 

84. Using the third law of logarithms and Equation 5, we have In e" = rx = r In e* = In (e-*)''. Since In is a 
one-to-one function, it follows that e''^ = {e^Y ■ 

85. (a) Let / (x) = - 1 - x. Now / (0) = e® - 1 = 0, and for x > 0, we have /' (x) = - 1 > 0. Now, since 

/ (0) = 0 and / is increasing on [0, oo), / (x) > 0 for x > 0 => - 1 - x > 0 => e-' > 1 -h x. 

(b) For 0 < X < 1, x^ < X, so (since e” is increasing.) Hence [from (a)] 1 -F x^ < e-* < e^. So 

I =fj (i+x^)dx < f^'e^'dx < fo'e^dx^e-l <e => f <e*'dx < e. 
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87. (a) By Exercise 85(a), the result holds for n = 1. Suppose that > 1 + x H-1-1-for x >0. Let 

2! k\ 

y 2 yk y ^ 

-- _ Then/'W = -l-x - ->0by 

assumption. Hence f (x) is increasing on (0, oo). So 0 < implies that 

0 = / (0) < / (x) = - 1 - -^ y and hence e^>l+^ + -- - + ^+ ^ for 

k\ (a:+ 1)! k\ {k+ 1)! 

x^ 

X > 0. Therefore, for x > 0, > I -\-x -\ -1-1-for every positive integer n, by mathematical 

2 ! n\ 

induction. 

(b) Taking n = 4 and jc = 1 in (a), we have e = e' > 1 + 5 + 5 + ^= 2.7083 > 2.7. 

X^ 11 1 JX X 


r->oo (k + 1)! 


= 00, SO lim — r = 1 



(c) From the graph in part (h), it seems that e-'/x'® > 10*'’ whenever re > 65, approximately. So we can take 
N > 65. 


General Logarithmic and Exponential Funct ions 

1. (a)a''=6'''"“ 

(b) The domain of / (x) = (f is R. 

(c) The range of / (x) = {a ^ 1) is (0,00). 

(d) (i) See Figure 1. (ii) See Figure 3. (iii) See Figure 2. 

2. (a) logo ^ is the number y such that a>‘ =x. 

(b) The domain of / (x) = log^ x is (0, 00). 

(c) The range of f (x) = log^ x is R. 

(d) See Figure 9. 

3. 10* 4. = 

5. 6. (sinjc)’"'^ _ g(lni)ln(sinj:) 

7. logjo 1000 — 3 because 10^ = 1000. 8. log5 ^ = -2 because 5“^ = 
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9 . 2(’“82 3 + log2 5 ) _ 2log2 *5 = 15 [Or: 2('“g2 3 +loB 2 5) = 2'°®2 3 . 2'°82 5 = 3 . 5 = 15] 
10. togas'^ = ^/5 


11. All of these graphs approach 0 as;« —> — 00 , all of them pass 
through the point ( 0 , 1 ), and all of them are increasing and 
approach 00 as x -> 00 . The larger the base, the faster the 
function increases for 21 : > 0 , and the faster it approaches 0 as 
X -> — 00 . 


5 y = 20' j> = 5' y=c' 



12. The functions with bases greater than 1 (3^ and 10*) are 
increasing, while those with bases less than 1 

and j are decreasing. The graph of (^ 5 ^ is the 
reflection of that of 3’‘ about the y-axis, and the graph of 
is the reflection of that of 10*^ about the y-axis. The 

graph of 10 * increases more quickly than that of 3* for 
X > 0 , and approaches 0 faster as x — 00 . 



13. (a) logjS = — =s 2.321928 


(b) log; 26.05 = • 


(c) logjc = — 0.910239 


14. 



Inx Inx 

To graph the functions, we use log 2 x = log 4 x — 

etc. These graphs ail approach —00 as x —> 0^, and they all 
pass through the point (1,0). Also, they are all increasing, 
and all approach 00 as x —> 00 . The smaller the base, the 
larger the rate of increase of the function (for x > 1 ) and the 
closer the approach to the y-axis (as x —> 0 +). 


Inx 

15. To graph these functions, we use logj 5 X = and 

logjo X = These graphs all approach —00 as x ^ O'*', and 

they all pass through the point (1,0). Also, they are all increasing, 
and all approach 00 as x —> 00 . The functions with larger bases 
increase extremely slowly, and the ones with smaller bases do so 
somewhat more quickly. The functions with large bases approach the 
y-axis more closely as x ^ 0 +. 
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16. We see that the graph of Inx is the reflection of the graph of about 
the line;; =;ic, and that the graph of log, qj: is the reflection of the 
graph of 10* about the same line. The graph of 10* increases more 
quickly than that of e*. Also note that logio a- -» oo as ;c -> oo more 
slowly than Inx. 


3 >> = 10^ y = e 



y=log,„Jr 

3 


17. Use y = Ca* with the points (1, 6 ) and (3, 24). 6 = Ca'and 24 = => 24 = => 4 = 

a = 2 (since u > 0) and C = 3. The tunction is / (^) = 3 • 2*. 

18 . Given the y-intercept (0,2), we have y = Co* = 2o*. Using the point ^2, 5 ) gives us § = 20 ^ => i 
=> u = j (since a > 0). The tunction is f (x) = 2 or / (a:) = 2 (3)“*. 

19. (a) 2 ft = 24 in, / (24) = 24^ in = 576 in = 48 ft. g (24) = 2^^ in = 2^7 (12 • 5280) mi =« 265 mi 
(b) 3 ft = 36in, soweneedjc suchthat logjA = 36 <=> a: = 23'’= 68,719,476,736. In miles, this is 


68,719,476,736 in- 


1 mi 1ft 
5280 ft ' 12 in 


1,084,587.7 mi. 


20. We see from the graphs that formless than about 1.8, g (a) = 5* > / (a) = and then near the point (1.8,17.1) 
the curves intersect. Then / (a) > g (a) from a si 1.8 until a = 5. At (5, 3125) there is another point of 
intersection, and for a > 5 we see that g (a) > / (a). In fact, g increases much more rapidly than / beyond that 
point. 


11-5 32.5 




22. Since (1.1)* is continuous, we know that In I Urn ( 1 . 1 )*)= lim ln((l.l)*)= lim a In 1 1 = -00 

\x-^-oo y x^-00 ' ' X-»-O0 

Therefore lim (1.1)*= lim e'"-’'= 0. 

x~-)—oo y—>~oo 

23. h{t) = t^-3' =i. V(t) = 3t2-3'ln3 

24. y=10'“« => y' = lO'‘”»(lnlO)(sec2 0) 
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25. Using Formula 4 and the Chain Rule, = 5 => y'= 5 (In 5) [—1 ■ (—jc ^)] — 5 

26. >< = 23*" = 23*" (In 2) ^ ( 3 *") = 23*" (In 2) 3^' (In 3) {2x) 

27. /(.) = log3(.3-4) =. = 

2®-/(3') = 'ogl„(^)=l°gl0^-!ogl0(^-l) ^ f ^ _ 1) in lo ” “x (x - 1) ilTTo 

29. >’ = a:'‘ => lny = x\nx => y'/y = \ax + x {\/x) => y = :f'(ln:t + 1) 


30. = =» lnj' = —ln.r 


-r In a: + - ( - I 

x^ X \x / 


y>^,Vxlzj^ 
y —X 2 


y sin X , .in V / 

31. v = a:®‘”'' In V = sinx In:* => —=cosiclnjrH-^ y=j: I 

y X \ 

32. _)! = (sinicy => Inji = X ln(sinj:) => y/)i = In (sinjr) + jc (cosjc) / (sinjc) 
y = (sin^y [ln(sin:»:) +x cotK] 

33. y = (Inicy => lny=xlnlnA: => — = Inlnjr+x • ^ y = (In 


y = ^cosa: Inic + ■ 


34. = => Inji = Inic Injc = (ln;c)3 


35. >1 = k"* => ln;)i = e^lnx => — =e*lnx 


lnic+x- 7 T-.i ^ y = (Inicy (inlnic +-T-) 
Inic ic V Inic/ 

^=2.nx(i) ^ /=-'"*(^) 

+ — => y = j;‘*e-'^Inx +-^ 


36. v = (lnx)““ => Iny = cos;cln(ln;c) => — = cos^ •-T-■ i + (Inlnic) (-sinjr) => 

X ^ ^ X y ln:!c ;c 

y = (ln:c)'“'‘ /cos^ _ [ninit'l 
Viclnic / 

37. y = lO' => y' = 10* In 10, so at (1,10), the slope of the tangent line is lO' In 10 = lOln 10, and its equation is 
y- 10= 101nl0(x- l),ory = (101nl0)ic + 10(1 - In 10). 

38. / {x) = ic“** = e'"*=> '3- 

/'(j:) = Inic (-sinAi) + cosic (-jl x\f IhX 

This is reasonable, because the graph shows that / increases when _. 

/' (k) is positive. 

n , r 10' f 103 10' 100- 10 90 

39 p ]0‘ dt = _ =-= - = - 

JU. j, lu ar ,^,10 1^10 InlO InlO 


41 [ dx = [ ^ (In 1^ _ —1— f h^ ^ sodu = — dx, and the expression 

j X J X InlOyx X 

becomes ^Judu = ^^ (i«2 + C') = ^ ^ 

Or: The substitution u = logiQX gives du = ^ and we get J ■ dx = j In 10 (logjo x) + C. 
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42. Let u Then du = 2xdx,so f xT^ dx = I [ 2" du = - — - \-C — —!— 2*^ + C 

’’ 21n2 21n2 

la. A = y° (2^ - 5^) dx + y ‘ (5* - 2^) dx 

“ [ln2 InsJ., [inS ln2jo 

= f^ _ _L\ flZ? _ IZ£U - AV I'.L _ M 

Vln2 ln5/ Vln2 ln5/ ^<"5 In2/ Vln5 ln2/ 

_ _l^_1_ 

■“51n5 21n2 

44. We use the formula for disks (Equation 5.2.2). The volume is F = /„‘ ir [10"*]^ = a- /„' 10“^* dx. To 

evaluate the integral, we let a =-2jr => du = -2dx,x = 0 => a = 0, and;c = l => a =-2, so we 
have 




JT 

2 In 10 


(io-2 


-0 


99a: 

200 In 10 


45. We see that the graphs of= 2* and >■ = 1 + 3 intersect at 
X as 0.6. We let f (x) — 2^ — I — 3“'' and calculate 
/' (j:) = 2-* In 2 + 3“'' In 3, and using the formula 
Xn+i =J:n -/(a:„)//'( ttn) (Newton’s Method), we getjci =0.6, 
X 2 ^x-i^ 0.600967. So, correct to six decimal places, the root 
occurs at X = 0.600967, 



46. x->'=y’‘ =i. y\nx=xlny => >>■-+/Inx = x •-•/ +In=> /Inx --y'= Iny - - => 

X y y X 

^ Iny - y/x 
In X - X /y 

10^ 

‘^^■y= (10* + l)y=10x » y = 10»(l-y) » lox =» 

iU* + i 1 “ >■ 

logto 10^ = logic 4=> X = logic y - logic (1—y). Interchange x and y: 

y = logic X - logic (1 - x) is the inverse function. 

48. lim x-’^x _ lini (e'lxj tax _ e“0"x)^ _ 0 ^ q+ 

x^ 0 + x-^. 0 + ' x-> 0 + 

49. If I is the intensity of the 1989 San Francisco earthquake, then logic = 7.1 => 
logic (16//5) = logic 16 + logic U/S) = logic 16 + 7.1 as 8.3. 

50. Let h and h he the intensities of the music and the mower. Then 10 log,o ^ = 120 and 10 logic ( 7 ) ^ 
so logic (I) = logic (^) = logic g)-logic (|) = 12-10.6 =1.4 =» J = 10‘-^a.25. 
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51. We find I with the loudness formula from Exercise 50, substituting /o = 10 and L = 50: 50 = 10 logjo ■ 


<=> 5 = logio ^ ~ ^ /= lO”’watt/m^. Now we differentiate i with respect to/: 


L = 10 logio ■ 




; 10-?- I — I - Y Substituting / = 10 we get 

(///o)lnlO V/o/ \n\0\l) 


10* , dB 

-ss 4.34 X 10’ - 

In 10 watt/m^ 


52. (a) / (x) = /oa^ => /'(x) = /o (Ino) a' = (/oo^) Ina = / (x) Inn 

(b) We substitute /o = 8, a = 0.38 and x = 20 into the first expression for /' (x) above: 

/' (20) = 8 (In0.38) (0.38)“ -3.05 x 10”*. 

(c) The average value of the function I (x) between x = 0 and x = 20 is 

. 1 (..381-1 1 . 0.4, 


20-0 20 . 


■( 0 . 38 )"=]^ 

_ln0.38jo 


53. (a) Using a calculator or CAS, we obtain the model Q = ab' with a = 100.0124369 and b — 0.000045145933. 

We can change this model to one with base e and exponent Infi: g = ae''"* = 100.0124369e“’“ 

(b) g' (r) = ab' In*, g' (0.04) -670.63 /(A. The result of Example 2 in Section 2.1 was -670 fiA. 

54. (a) P =ab' or P = ne'’"* with a = 4.502714 x 10"“ and 32,000 (Pin ihousands)- 

b = 1.029953851, where P is measured in thousands of people. / 

The fit appears to be very good, X 


5308-3929 7240- 5308 

"" = 1800- 1 ^ = = 1810- 1800 = '''■'• 

So P' (1800) ^ {nti + m 2 ) IT. = 165.55 thousand people/year. 

23,192- 17,063 31,443 - 23,192 

= 1850-1 ^ = = 1860 - 1850 = 

So P' (1850) (mi + m 2 ) /2 = 719 thousand people/year. 

(c) P' (t) = ab' In*. P' (1800) 156.85 and P' (1850) 686.07. 

(d) P (1870) ^ 41,946.56. The difference of 3.4 million people is most likely due to the Civil War (1861-1865). 

55. Using Definition 1 and the second law of exponents for we have 

gj: In a 

„x-y _ Jx~y)\na _ ^x]na-y\na _ - _ a 

“ gylna ay 

56. Using Definition 1, the first law of logarithms, and the first law of exponents for e'. we have 

_ gXln(o6) _ gxOna + lnt) _ gXlna+xlni _ gXlna^xIni _ jx 

57. Let logo X = /• and log^ y = s. Then a' = x and a" = y. 

(a) xy = => logo (xy) =/•+s = logo X + logo y 


(b) - = ^ = a' ■ 

y 


logo = ’“So’' “ ’“SoT 


(c) x>'= (a'')’'= a'’’’ ^ logo ( 2 c’') = ry = y logo X 
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12. Let >< = 5111 'a:. Then sin y = a, so from the 
triangle we see that 

tan (sin“' a) = tany = ^ 


13.Let>' = tan ’a. Then tany = a, so from the 
triangle we see that 

sin (tan“' a) = siny = —... . 




14. Lety = cos 'a. Then cosy = a => siny = Vl - a^ since 0 < y < ;r. So 
sin (2 cos~’ a) = sin2y = 2 siny cosy = 2a Vl — a^. 


2 y = sin 'A 



— y = sin A 


2 y = tanA 



y = tan A 


The graph of sin ’ a is the reflection of the graph 
of sin A about the line y = a. 


The graph of tan ' a is the reflection of the graph 
of tanA about the line y = a. 


17. Lety = cos ' a. Then cosy = a and 0 < y < h- => —siny— = 1 => 


^ __ 1 __ 1 _ 1 _ 

dx siny J\ -cos^y Vl -a^ 


. (Note that siny > 0 for 0 < y < ir.) 


18. (a) Let a = sin 'Aand6 = cos ' a. Then cos a = \/l — sin^ a = Vl — a^ since cos a > Oior — ^ < a < ^. 
Similarly, sinh = Vl — a^. So 

sin ^sin”' a + cos“’ a^ = sin (a + b) = sin a cosh + cosa sinh = a ■ a + \/l — a^VI — a^ 

= a2 + (i-a2) = 1 


1 ^ _1 rv 

(b) We differentiate the result of part (a) with respect to j;, and get + — cos x = 0 

d 1 

— cos 'x = - , 


19. Let>^ = cot Then cot>'=:x ^ — csc^y—= 1 => 


dx csc^ y 1 + cot^ y \-\-x'^ 
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Let>' = sec ^ x. Then secy = jr and >> e (O, j] U ^;r, Differentiate with respect to .t: 


secytany = 1 => ^ 


\dx J dx secytany secyy^sec ^y ~ ^ x^J~^ 

tany = Vsec^y - 1 since tany > 0 when 0<y<|or7r<y<^. 


=. Note that tan^ y = sec^ y — 1 


21. Lety = esc ^x. Thencscy =x => — cscycoty— = 1 


dx cscycoty cscy^csc^y — 1 


Note that coty > 0 on the domain of esc ^ x. 


22 . y = (sin ' :t)^ => y' = 2 (sin ' x) (sin ' ;c) => y' = 

^ ' dx'' > yrr;? 


23. y = sin ' [x^) 


=> / = ■ 


- - = . 


24. h (x) = Vl arcsine: => h'(x) = Vl - ■ —i—+arcsin.jc Ti (l - x^) (-2jc)1 = 1 ■ 

V 1 - L -I 

25. y = tan~' (e^) => y' =-!-(e^) = —f-— 

1 + (e^)^ dx 1 + 

26. /(a:) = (arctanx)ln.r => /' (a) = arctanA • - + InA-1 _ arctanA ^ Jha 

A 1 + A-^ A 1 + A^ 

27. H (a) = (1 + A^) arctanA => H' (a) = (2a) arctanA + (1+ a^) * ^ = 1 + 2a arctanA 


28. h (r) = ' =t. /i'(0 (sec-'t) = 




29. g (t) = sin 


- 0 ) 


-■ ■ f M- 

A - (4/t)2 


't - I6r2 


30. >> = a: cos ^ a: ■ 


31. y ~ arctan (cos^?) => y' 


■ (— sin^) = ■ 


32. y — tan ^ “ Va^~+T^ => 

y' = _!_- (1 _ ^ "j = ■Jx'^^\-X 

1 + (a - Va2 + Va^TT/ 2(i+a2-aVa2 + i)Va2 + 1 

_ VaT + 1 - a _1 

2 ^Va^ + 1 + A^ Va^ + 1 - ;c3 _ 2(1 +a2) 

33. y = A^cot-'(3 a) => y'= 2 a cot"'(3 a) + a^ --A-^l(3) = 2AC0t-’(3A)- 

1 + (3a)^_ 

34. y = tan-' ^ + j In (a - a) - j In (a + a) => 

, _ Q 1/2 ^ 1/2 _ « a 2ax^ 

^ AT^ + a^ x~a x + a x^a'^x^ - ~ x^ - 
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35. y = arccos 


( b a cos;c \ 

a -yb cos X / 


<b-\- acosx^ 
\^a + ^cosJCy 


(a + 6cos:>:) (-a sin;c) - {b + acos;c) (—^sinjxr) 
(a + 6cos:c)^ 


1 {a^ — b^)sinx 

■\/a} b^ cos^ x ~—b^ — cos^ x \ci + b cos x \ 

1 [cP-— b^^sinx ^cP — b^ sinjc 

*" - cos^^ |<3 + 6 cos:v| |a + ^>cos:j:| Isinjicl 

But 0 < a: < TT, so lsin;cl = sin:c. Also a > Z) > 0 bcosx > —b > —a, so a -\-bcosx > 0. 

/ V 

Thus y =-;-. 

a + bcosx 

1 

36. / (x) = arcsinCe"') => f (x) = ■ 


Domain (/) = {jc | -1 < < 1) = {jc | 0 < e-” < 1) = (-oo, 0], 

Domain (/') = {x \ 1 - > O) = [x \ < 1} = {x \ 2x < 0) = (-oo, 0). 

37.,(.) = cos->(3-2.) ^ =--^^=^^(-2) = 

Domain (j;) = {x | —1 < 3 — 2jr < 1) = {jt | —4 < —2x < —2) = {j; | 2 > ;i > 1) = [1,2], 

Domain (g') = {x | 1 - (3 - 2xf > 0} = {;c | (3 - 2xf < 1} = {x | 13 - 2;c| < 1) = {;c I -1 < 3 - 2;c < 1} 

= {x I -4 < -2.!( < -2} = {a: I 2 > ^ > 1) = (1,2) 


. f {x) = Xian ' X =i f (x) = \an ^ X + => /'(•) = f + J 


. g(x)=x sin ' (y) + Vl6-x^ => g' (x) = sin ‘ (0 + 


4jl-(x/4y 


2 V16 —;t 


jr . _i /xx 

■ = sin It) 
i-r2 V4/ 


g'(2) = sm^4 = f 


40. = 3 arccos — => y' = ^ 


so at (1, ;r), / = 


tangent line is y — n = —n/3 ( 2 c — 1), or >< = — V3ti: + ir + V3. 


: = — V3. An equation of the 


41. / (x) = —x^ arctanic 


/' (X) =e^- 




+ 2x arctan;ic 


— 2x arctan;ic 


This is reasonable because the graphs show that / is increasing when 
/' (;c) is positive. 
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42. f {x) = X arcsin (l — x^) 


/'(a-) = arcsin(l — +;( 

= arcsin (l — ;c^)- - 

^ ’ ■J2x^-x‘^ 

This is reasonable because the graphs show that / is increasing when 
/' (jt) is positive, and that / has an inflection point when /' changes from 
increasing to decreasing. 



43. lim sin *A:=sin 1) = —f 


,, , 1+^ . \/x^ + \ 1 

44. Let t = -—. As X 00 , t = -^ -> -. 

\+2x^ l+2x^ l/jr2 + 2 2 

/ I _Lv2 \ 


lim arccos 


\i+2x^) 


lim arccos t = arccos J 


45. Let / = e-'. Asjjc —> oo, / —> oo. lim arctanf^-*^) = lim arctan/ = ^ by (8). 

X-iOO ' t^oo ^ 


46. Let / = In^:. As jc0*^, / —^ — 00 . lim tan * (Injc) = lim tan ^/ = —fby(8). 

x^0+ /->-oo 2 


.r 3 ~x 

P 


5 o 2 

tana = —, tanp =- 

X 3 — X 


Q ~Tz — tan' 






5 2 , , , 

=> —— = -XL — -— =» 2x^ + 50 = ix^ — 30x + 65 => 

a: 2 + 25 ;t2_5^_,_13 

x^ — lOjc + 5=0 => ;c = 5± 2\/5. We reject the root with the + sign, 
since it is larger than 3. dd/dx > 0 forr: < 5 - 2^5 and dOjdx < 0 for 
jc > 5 — 2 V 5 , so 0 is maximized when |+P| = x = 5 — 2\/5 =« 0.53. 


48. Let X be the distance from the observer to the wall. Then, trom the given figure, 




dx \ + [{h + d)/xi- 


' h + d' 1 ' rf' 

. JfT J" \ + (d/xf 


2 + (/i + df- + d? 


^ d[x^ + {h -\- d)^] — {h -\- d) {x^ 4- d^^ h^d + hd^ — hx^ 

\x^ + (/i + c/)^] (a: 2 + c/2^ + (/i + t^)^] 

hx^ = h^d + hd^ <=> x^ = hd -\-d^ <=> x = -^d (h + d). Since dOjdx > 0 for all x < s/d {h + d) and 

dOjdx < 0 for all x > .yjd {h + d), the absolute maximum occurs when x = y/d \h + d). 
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50. 



— =4 rev/min = 8a: • 60 rad/h. From the diagram, we see that tan6l 
dt 

, /x\ dS d0 dx 1/3 dx 

=> 0 = tan ’ ( - I. Thus, 8;r ■ 60 = — = “ — = --^ 

\3J dt dx dt X + ix/iyat 

dx / jc \ 21 

— = 8;r ■ 60 ■ 3 1 + j km/h, and attc = 1, 

^ = 8;r • 60 • 3 1^1 + km/h = 1600a: km/h. 


X 

'' 3 
So 
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52. y = / (x) — tan’ 




D — {x \x —1} B. jc-intercept= 1, 


y-intercept = /(O) = tan“' (-1) = -| c. No symmetry 


D. lim tan’ 

X-»±00 


■' (^) = .4^00*“"’ (tTTa) = 1 = f > = I is Also 


lim tan 


-1 = 

\x + \J 2 


and lim tan ’ 


A - l \ ^ ^ 
U + i; 2' 


E. /' (;c) = -!-- 4L±i)-^= 

l + [(rc-l)/(.x + l)]2 {x + \f 

2 1 

(x + 1)2 + (;c - 1)2 " i^ increasing on (-oo, -1) and 

(-1,00). E No maximum or minimum 

G. f" (x) = —2x1 (x^ + 1)^ > 0 <=> X < 0, so / is CU on (—oo, —1) 

and (—1,0),and CD on (0, oo). IP is (O, —f). 



53. y — / (x) — X — tan * X A. D = E B. Intercepts are 0 C. / (—x) = —/ (x), so the curve is symmetric 
about the origin. D. lim (x - tan“' x) = oo and lim (x - tan“' x) = -oo, no HA. 

X->CX) ' ’ X->-00 ^ ' 

But/(x) - (x - I) =-tan“’x + I-> Oasx ^ 00, and H. Tt 

/ (x) - (x + f) = - tan“’ X — l-^Oasx^ — oo, so y = x ± y are ^ 


1 

slant asymptotes. E. /' (x) = 1-=-= - > 0, so / is 

x*^ + 1 x-^ + 1 

increasing on R. F. No extrema 

(1+x2)(2x)-x2(2x) 2x 

/ (x) = -;-"t - =-^ >0 <=> X > 0, so 

(l+x2)" (l+x2f 

/ is CU on (0, oo), CD on (-oo, 0). IP (0, 0) 


y = X + y 


54. y = tan * (Inx) A. D = (0, oo) B. No y-intercept, x-intercept when tan ’(lnx) = 0 o Inx = 0 
<=> X = I. C. No symmetry D. lim tan**’(Inx) = |, soy = f is a H. 


HA. Also lim tan ' (Inx) = -f. E. f (x) = - > 0 

x^o+ 2 ;c [1 + (lnx)2] 

so / is increasing on (0, oo). F. No maximum or minimum 

- rnr..s -[1+ (lnx)^+x(21nx/x)] (l + lnx)2 

O. J ( X ) =- — -i =---— < 0, so 

x2 [1 + (lnx)2]" x2[l + (lnx)2]2 



/ is CD on (0, oo). 
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-1 -4 -11 


From the graph of /', it appears that the only maximum occurs atx = 0 and there are minima at x = ±0.87. From 
the graph of /", it appears that there are inflection points at x = ±0.52. 

56. First note that the function / (x) = x — c sin“’ x is only defined on the interval [—1,1], since sin“* is only defined 
on that interval. We differentiate to get /' (x) = 1 — c/Vl — x^. Now if c < 0, then /' (x) > 1, so there is no 
extremum and / is increasing on its domain. If c > 1, then /' (x) < 0, so there is no local extremum and / is 
decreasing on its domain, and if c = I, then there is still no extremum, since /' (x) does not change sign at x =0. 
So we can only have local extrema if 0 < e < 1. In this case, / is increasing where /' (x) > 0 « 



-4.2 -0.75 


57. / (x) = 2x ± 5/Vl - x^ => F (x) = x^ ± 5 sin ’ X ± C 

58. /'(x) = 4-3(1 ±x2)“' => /(x) = 4x-3tan-'x±C =:• /(|) = a:-3±C = 0 => C = 3-!r, 

so / (x) = 4x — 3 tan-' X ± 3 — IT. 


59. 


—dx = [h tan 

II 

ftan ’ - tan 

J\ 

1 ±x2 L 

Jl 

V 


fO.5 

dx r 1 

10.5 , 


60. 

L 

, = sin ' X 

Vi-x2 L 

= sin ^ 
Jo 

1 - sin-’ 0 = 1 


61. Let u 

= Then 

du = It dt. so f —= 

J=dt 

=U- 

1 

^ du ~ 

j sin ’ « ± C 

= i sin-’ (P) + C. 



J Vi 


2j ^ 


m2 


^ V / 

62. Letw 

= tan"^ ;c. 

Then du - 

= dx/ (1 ± 

X^), so 

f tan-’ X 
/ l±x2 

dx 

= Judu 

= ^u^ + C = 

J (tan“^ ;c)^ + C. 




1 


/'’/2 sin- 

’x 

r 

r/6 „2- 

i 1 2 

1 /7r\2 7t 

63. Let u 

= sin~’ X. 

Then du - 

Vl-x2 

dx, so j 

'o vr- 

:i2 

dx = 

Jo 

udu = — 

2 _ 

0 "^72 

64. Let u 

= — cos;c. 

Then du 

= sinx dx, 

, so 






r 

sin;c 

II 

- -S' du 

= [tan" 

’„r = 

tan" 

0 — tan" 

-’(-1) = 0- 

(-T) = f' 

Jo 

1 + COS^ X 

7-1 

1 ±«2 

L 

J-l 
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5 _ f ..' LiL .- ? - — f - dx + 9 f — T- dx ~\\n (x^ + 9^+3 tan ^ — + C 

7^:2+ 9 yjc2_,_9 y:c2 + 9 / 3 

(Let M = + 9 in the first integral; use Equation 14 in the second.) 


66 . Let u = 4;c. Then du = Idx => 


dx 

x^x^ - 4 


IxMx/lY 


f 2 du \ f dii 

, j J — 1 2 7 u-\/i^ 


i sec ^ u-\-C = \ 


isec-‘(i;c). 


67. Let u = Ax. Then du = Adx, so 

TT^ = i K' “]f = i K' - tan-' o) = Hf - 0 ) = §■ 


68 . LetM Thtndu 


= 2e^ dx ^ f ^ =- f = 5 sin ' u + C = Lin ' (e^) + C 

J 27 ^ 2 v / 

= e’‘dx,so f -?-LL _ f = tan~'M + C = tan~‘(e^) + C. 

7 + 1 7 h 2 + 1 t t 


69. Let« = e*. Then rfn = rf;(, so 


70. Let u = in:!. Then du = (\lx)dx => 

f ——— - jT = f — ■. = Itan-' (^)+C = 5tan-' (Lnjc)+C. 

7 ^ 4+(lnA:)2 7 4 + m2 2 ^2/ 2 \2 J 


7 ^[4+(lnA:)2] 7 4 + m2 2 ^2/ 2 \2 ) ' 

71. Let M = jr/a. Then du — dx/a, so 

f dx f dx f du . _i _ . _i ^ „ 

7 Va2 - a-2 7 7 Vl -«2 u 

/•2 r 1 /'2 1 

72. We use the disk method: A= tt — . — dx — n —! -<7.i. By Fonnula 14, this is equai to 

7o Jo + 

ir 1^5 tan ' (^/2)j^ = f (f “ ®) ~ X- 

73. 2’+ i Xhe integral represents the area below the curve y = sin”' x on the interval 

2 y = si[,-i;j a: € [0, 1]. The bounding curves are y = sin”'A <=> a = siny, y = 0 and 

or A = A = 1. We see that y ranges between sin”' 0 = 0 and sin”' 1 = §. So we 

to integrate the function x = 1 — siny between y = 0 and y = f: 

_j .^1 ^ _ j»/2 (1 _ siny)(fy = (I + cos ^) — (0 + cosO) = f — 1. 

74. Let a = arctanx and b = arctany. Then by the addition formula for the tangent (see endpapers), 


y = sin X, 
orx= siny. 


tan (a + h) = 


tana + tani tan (arctanx) + tan (arctany) 

1 — (tan a) (tan b) 1 — tan (arctanx) tan (arctany) 


tan (a + i) = 


arctanx + arctany = a + b = arctan ( ^ since —5 < arctanx + arctany < f. 

\l-xy7 

\ 7C 

—^, I = arctan 1 = — 

1-iT/ 4 


(b) 2arctan j + arctan^ = ^arctan j + arctan + arctan| = arctan^ 

^ 2 .. I _ arctan 1 = 
'“4■7/ 


+ arctan y 
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76. (a) / (jc) = sin (sin ' x 
Tt 


0 1 j: 



(c) g' (x) = — sin ‘ (sinjr) = —j= 
dx . 


(d) h (x) — cos ' (sinjc), soh' (x) = - 


cosjr 
V cos^ X 
cosx 


vT::! 


|cosx| 


cos;c 

|cosj:| 



77. Let /(;c) = 2sin * jc — cos * (l — 2x^]. Then 


/' (^) = 


2 


4x 



4x 

2xVl - x^ 


= 0 (since x > 0) 


Thus /' (x) = 0 for all ;c e [0, 1). Thus / (x) = C. To find C let = 0. Thus 2 sin ' (0) - cos > (1) = 0 = C. 
Therefore we see that f (x) = 2 sin“’ x — cos“* (1 — 2x^') = 0 2 sin ' j; = cos ’ (1 — 2x^). 


78. 


Let / (;c) = sin~‘ ^ j ^ - 2tan Note that the domain of / is [0, oo). Thus 

1 (a: + 1) - (;c - 1) 2 1 1 _1 


/' U) = 


e 


;c — 1 \ 

+Tj 


{X + If 


l+x 2.fx ^ {x + i) v^(a: + 1 ) 


= 0 


Then/(A:) = C. TofindC,weletA=0 => sin"'(-1) - 2tan-' (0) + | = C => -|-0+f=0 = C. 

Thus, / (a) = 0 => sin“' = 2tan~' Jx - 

79. V = sec ‘x => secy = A =?• secytany— = 1 => — = -;;-■ Now 

dx dx secytany 

tan^y = sec^y- I = x^ - Lsotany = ±Vx^ - 1. Tory e [O, f),Ar > 1, so secy = a = |a;| andtany > 0 

' - =- / Tory e (t,'tI, AT <-1, so U| =-AT and tany ==> 

dx x4x^\ \xlVf^ y ’ i I 

dy _ 1 _ I _ 1 _ 1 

dx secytany (-^x^ - l) (-x) fx^ - 1 |x| fx^ - 1 
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80. (a) Since |arctan(l/Ar)| < we have 0 < |j: arctan(l/A:)| < | ijc| 0 asA: ^ 0. So, by the Squeeze Theorem, 
lim / (jt) = 0 = / (0), so / is continuous at 0. 


(b) Here 


f (x) — f {0) V arctan(l/x) — 0 


= arctan ( — )■ So (see Exercise 40 in 


Section 3.2 for a discussion of left- and right-hand derivatives) 

/i (0) = lim = lim arctan(-|= lim arctany =-^, while 

i->0- x-0 x-^Q- \x J y->-oo 2 


/;(0)= lim 

a:-»0+ 


/W-/(0) 


: lim arctan 

x->0+ 


i = lim arctan y = x- So /' (0) does not exist. 

;c / v->oo 2 



\VP\ = 9 + X cosa, \ PT\ = 35 — (4 -H x sina) = 31 — x sina, and IT’S! = (4 4-x sin a) - 10 = x sin a - 6. So 
using the Pythagorean Theorem, we have | KTI = x/\v¥^~+~\Ft^ = yj(9 + x cosa)^ -t- (31 — x sina)^ = a, 
and I FBI = x/\V P\^+ \P B\^ = xf(f+ X cosa)^ -H (x sin a — 6)^ = b. Using the Law of Cosines on AUBT, we 

a^ + b^- 625 
2ab 

2 . From the graph of 0, it appears that the value of x which maximizes ^ is x =» 8.25 ft. Assuming that the first row is 
at X = 0 , the row closest to this value of x is the fourth row, at x = 9 ft, and from the graph, the viewing angle in 
this row seems to be about 0.85 radians, or about 49°. 


^, as required. 


get 25^ =a^ + b^ - lab cosB 


+ b^ — 625 


» 0 = arccos I 



3. With a CAS, we type in the definition of 9, substitute in the proper values of a and b in terms of x and 

a = 20° = ^ radians, and then use the differentiation command to find the derivative. We use a numerical root 
finder and find that the root of the equation dOjdx = 0 is x as 8.253062, as approximated above. 

4. From the graph in Problem 2, it seems that the average value of the function on the interval [0, 60] is about 0.6. We 
can use a CAS to approximate ^ G (x) dx ^ 0.625 as 36°. (The calculation is much faster if we reduce the 
number of digits of accuracy required.) The minimum value is 6 (60) as 0.38 and, from Problem 2, the maximum 
value is about 0.85. 





□ CHAPTER 7 INVERSE FUNCTIONS 


Hyperbolic Functions 


(a) sinh 0 = j (e° — e°) = 0 
(e<> - e-°) /2 


(b) coshO = j (e” + e®) = j (1 + 1) = 1 


— g ^ — J 

(b) tanh 1 = -r = - 5 —- 0.76159 


(a) sinh (In 2 ) = 


gln2 _g-ln2 _ 2 - i _ 3 


(b) sinh2 = j{e^ — e ^ 3.62686 


(a) cosh3 = j(e^ +e ^ 10.06766 

(a) sech 0 = —v— = t = 1 
cosh 0 1 


(b) cosh (In 3) = 


eln3+e-ln3 3 +I 


(b) cosh * 1=0 because cosh 0 = 1 . 


(a) sinh 1 = i (e* - 6 “*) ^ 1.17520 

(b) Using Equation 3, we have sinh“* 1 = In ^1 + VP + 1^ = In ^1 + V2^ 0.88137. 

sinh (—a:) = j [e~^ - e”*”-**] = j [e~^ - = — j — e~’‘) = — sinhj: 

cosh {-x) = \ [e“* + = 5 [e~^ + = i + e“*) = cosher 

coshA: + sinhA = \(e^ + c“'‘) + i («* - «“*) = j (2e^) = 

coshA - sinhA = \{e^ + e-=‘) - j - c“^) = j (2e-*) = 

, sinhAC cosh>> + coshjc sinh>' = [e^ — j^j (e^ + + e“^)j j^j (e>' - 

= I [(e^+v q_ e^-y - e-’^-^y - e-^-y) + (e^+y - + e”'‘+3' - «“'“■*')] 

= \ {le^^y - le-’^-y) = ^ [c^+F' - e-<^+>')] = sinh {x + y) 

, coshjc cosh 3 ; + sinhAT sinh>' = j^j (e‘ + e~*) j (e-'' + j + |^i (e’^ — e“^) j (e-*' - j 
= 1 

= 2 ( 2 e''+->' + 2 e-'^-->') = \ = cosh (x + y) 

. Divide both sides of the identity cosh^ x - sinh^ a = 1 by sinh^ x: 

cosh^ X , 1 ,2 , ,2 

- 5 - 1 =-=— <=> coth A — 1 = csch A. 

sinh'* 2 c sinh"* x 

sinh A cosh y cosh x sinh y 
sinh(A+y) sinhA coshy + coshA sinh y coshA coshy coshAC coshy 


, tanh (x + y) ■ 


cosh (x + y) coshjc coshy + sinh 2 ; sinhy coshx coshy ^ sinhv sinhy 

cosh V coshy cosh v coshy 


tanh 2 : + tanhy 
1 +tanh 2 c tanhy 

By Exercise 11, sinh2 a = sinh (x +x) = sinhx coshx + coshx sinhx = 2 sinhx coshx. 

Putting y = A in the result from Exercise 12, we have 

cosh 2 a = cosh (a + a) = cosh a cosh a + sinh a sinh a = cosh^ a + sinh^ a. 

.sinh(lnA) (e*"*' - c"'"*)/2 a-1/a_a3-1 


tanh (In a) = 


cosh(lnA) (e*"^+£“'"■') /2 a + 1 /a a^ + 1 


•n I 
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4 . (a) ^ cosher = ^ ^ ^)] = 5 « *) = sinhjt 

d d r sinhAT 1 coshx cosKa: - sinh;c sinh;t cosh^ a — sinh^ a 1 2 

(b) — tanhA = — —— =--j-=--2- = —^ 

dx dx [cosh A J cosh A cosh a cosh a 

d rf r 1 1 coshA 1 coshA 

(c) —cschA = — —— =-^ =--r-;— = -cschACOthA 

dx dx [smhAj sinh a sinhA sinhA 

d rf r 1 1 sinhA 1 sinhA , , 

(d) — sechA = — —— =-^ =-;-^ = - sechA tanhA 

dx dx coshA cosh-^A coshA coshA 


d d coshA SinhA SinhA — coshA coshA sinh^ a — cosh^ a 1 

(e) — cothA = — -T-;— =-T-=-m-“ — 

dx dx SinhA sinh a sinh a sinh 


25. Let y = sinh ' a. Then sinh^; = a and, by Example 1(a), coshy = y 1 + sinh^ y = Vl + a^. So by Exercise 9, 
eT = sinhy + coshy = a + Vl + a^ => y = In ^a + Vl + a^^ . 

26. Let y = cosh“' a. Then coshy = a and y > 0, so sinhy = ^cosh^ y - 1 = Va^ - 1. So, by Exercise 9, 

gT = coshy + sinhy = a + Va^ — 1 y = In ^a + Va^ — 1^. 

Another Method: Write a = coshy = i + e^^) and solve a quadratic, as in Example 3. 


27. (a) Lety = tanh a. Thenx = tanhy = 


eT - e-y e'^y - 1 


ey + e-y e^-y + 1 


e'^y \x=e^y -\ =» e^y = ■ 




^ 1 +tanh>^ 1 +a: 

(b) Let y = tanh * ;c. Then x = tanhj^, so from Exercise 18 we have e ^ = 1 — tanhy ~ ^ ^ 


,(i^). 


28. (a) (i) = csch <=> csch_y = x (x 7 ^ 0 ) 

(ii) We sketch the graph of csch“^ by reflecting the graph of csch (see 
Exercise 22) about the line y = x. 

2 

(iii) Let V = csch“^ X. Then x = csch y'=-^ xey—xe~^=2 

ey — e y 


x(eyf -ley -X ^0 => ey = 


1 ± vx^TT 


1 + Vx^ + 1 , ^ I? ^ + 1 

But ey > 0, so for x > 0, =-and for x < 0, =-. 


1 I I V A T 

Thus, csch ^ X = In I —1 --- 

\a |a| 
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(b) (i) y = sech * x <=> sech_y = x and >; > 0. 

(ii) We sketch the graph of sech“* by reflecting the graph of sech (see 
Exercise 22) about the line y = x. 


(iii) Lety = sech ' x, sox = sechy = ■ 


=> xeT +xe Y = 2 =» 



x(eY)2-2eY+x = 0 <=> gX ^ °l ‘ 

X 

But y > 0 => gY > 1 Xhis rules out the minus sign because ^—— >1 <=> 1 — Vl — x^ > x 

X 

•t=> 1 -X > Vl -x2 o 1 —2x +x^ > 1 —x^ <=> x^ > X » X > 1, butx = sechy < 1. Thus, 

„ i + Vi-x2 /i + yrr3^\ 


sech ‘ X = In I 


(c) (i) y = coth ' X <=> cothy = x 

(ii) We sketch the graph of coth“’ by reflecting the graph of coth (see 
Exercise 22) about the line y =x. 

1 Q 

(iii) Lety = coth“'X. Then x= coth y=- => 

cY - e-Y 

xgY _ xe“Y = gY + g-Y => (x - 1) = {x + 1) e~>' => 


2v y: + 1 , X + 1 

e-^Y =-- => 2y = In- 

X — 1 X - 1 


coth ’ X = A In ^ ^ ! 



29. (a) Let y = cosh ' x. Then coshy = x and y > 0 => sinhy — = 1 

dx 


dy 1 
dx sinhy 


/cosh' y - 1 


(since sinhy > 0 for y > 0). Or: Use Formula 4. 


(b)Lety = tanh *x. Thentanhy = x =y sech^y—= 1 => — = — i- 

dx dx sech 


dx sech^y 1 _ tanh^ y 1 - x^' 


Or: Use Formula 5. 


(c) Lety = csch *x. Thencschy=x => — cschycothy—= 1 => — =-. 

dx dx cschycothy 

By Exercise 13, cothy = csch^ y + 1 = ±Vx^ + 1. Ifx > 0, then cothy > 0, so cothy = Vx^ + 1. 

If X <0, then cothy < 0, so cothy = —Vx^ + 1. In either case we have 

— * _ * 
dx cschycothy” |x| Vx^T l' 

(d) Lety = sech“'X. Thensechy = x => — sechytanhy — = 1 => 


dx sechy tanhy sech y^l - sech^y xVl -x^ 

(e) Let y = coth~' x. Then cothy = x => — csch^y— = 1 


. (Note that y > 0 and so tanhy > 0.) 


dx csch^y 1—coth^y l-x^ 


by Exercise 13. 
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30. / (x) = tanh 4x => f ix) = 4 sech^ 4x 

31. f (x) — X cosh;c =» /' (x) = x (cosher)' + (cosher) (x)' =;(sinh^: + coshjt 

32. g (x) = sinh^ a: => g' (x) = 2 sinhjc cosh:t 

33. /i (^) = sinh (;c^) => /i'( a:) = cosh (jc^) ■ 2i = 2x cosh (j:^) 

34. F (x) = sinhAT tanh jt => F' (x) = sinhx sech^ x + tanh at cosHac 

— „ , . 1 ~ COShAC 

35. G (a:) = --— => 

1 + cosh AC 

,, (1 + coshAc) (—sinhAc) - (I — coshAc) (sinhAc) — sinhAC — sinhAc coshAC - sinhAC + sinhAC coshAC 

G (x) = -r-=- 5 - 

(1 + coshAc)^ (1 + coshAc)^ 

—2sinhA( 

(1 + coshAc)^ 

36. f (t) = e' sech t => f (t) = e' (— sech t tanh /) + (sech l)e' =e' sech / (1 — tanh t) 

„ ... . .A r^—x W, , ,2\-1/2,-.. • csch^ Vl + 


37. h{t) = coth Vl +=> h' {t) = — csch^ Vl • 5 (1 +t^) ^ (2t) = 


35. G (a:) = ■ 


G' (x) = ■ 


38. / (t) = In (sinh t) => f'it)= . , cosh t = coth t 

sinht 

39. H (() = tanh (e') => FI' (t) = sech^ [e') ■ e' = e' sech^ (e') 

40 . y = sinh (coshAc) => y' = cosh (coshAc) ■ sinhAc 

41. y = =>}'' = ■ sinh3 a: • 3 = sinh3 a 


42. y = x^ sinh^' (2a) 


43. j = tanh ' ,/a => y' ■- 


1 

_ • 2 + sinh"* (2a) ■ 2a = 2a + sinh"' (2a) 

■(2a)2 LV1+4a2 J 


VI + (2a)" 

^_l;c-l/2 =_!- 

'.Jx? ^ 2^^ (1 - a) 


\-{4^y- ^ 2Va(1 

44. y = A tanh"* a + InVl — a^ = a tanh"' a + 5 in (l — a^) 

y' — tanh"' a + ^ r 1 T"~? ) (-2a) = tanh"' a 

1-a2 2\\-x^] 


45. >■ = A sinh ' (a/3) — V9 + a^ 
/2c\ , „ 1/3 


y' = sinh ' +a 


/1 + (a/3)2 2V9T^ 


: sinh"' (i) + — 4 = - -=4== = sinh-' (4 
''3'' V9 + A^ V9 + A^ 


46. y = sech ' Vl — a 2 =s y = — - 


7^/14(744)241^ (1-a2)|a1 


47. y = coth ' Va^ + 1 => y’ = 


1 — (a^ + 1 ) 2 Va 2 + 1 aVa 2 + 1 


48 . 


20 0 = 1 2 3 4 



For y = a cosh (a jd) with a > 0, we have the >'-intercept equal to a. 
As a increases, the graph flattens. 
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49. (a) y — 20 cosh (x/20) — 15 => y' = 20 sinh (x/20) ■ ^ = sinh (x /20). Since the right pole is positioned at 
X = 7, v/e have y' = sinh ^ =« 0.3572. 

(b) If 9 is the angle between the tangent line and the ;c-axis, then tan^ = slope of the line = sinh so 
6 = tan~' (sinh ss 0.343 rad =« 19.66°. Thus, the angle between the line and the pole is about 


90° - 19.66° = 70.34°. 


50. We differentiate the function twice, then substitute into the differential equation: y = — cosh 

PS T 

^ sinh sinh ^ =s ^ = cosh = ^ cosh ^ 

dx pg \ T } T T dxT- V T ) T T T ' 


We evaluate the two sides separately: LHS = = — cosh 

dx^ T T 


T\ \dx) T \ 


1 + sinh^ = ^cosh^^, by the identity proved in Example 1(a). 


51. (a) y = ,4 sinhmx + B coshmx => y'= mAcoshmx + mB sinhmx => 
y" — m^A sinhmx + m^Bcoshmx = m^y 

(b) Frompart(a), a solution of y" = 9y isy(x) = .4sinh3x + BcoshSx. So 

—4 = y (0) =/I sinhO + BcoshO = B, so B = —4. Nowy'(x) = 3.4cosh3x — 12sinh3jc => 

6 = y'(0) = 3.4 => ^ = 2, soy = 2sinh3x — 4cosh3x. 

„ sinhx ,, 1-0 1 

jr-»00 jr->00 2e^ x~^oo 2 2 2 

53. The tangent to y = coshx has slope 1 when y' = sinhx = 1 => x = sinh"' 1 = In ^1 + VSj, by Equation 3. 

Since sinhx = 1 andy = coshx = \/l + sinh^x, we have coshx = V2. The point is (in ^1 + , V2^. 

54. Let« = 1 +4x. Thenrfw = 4dx, so /sinh (1 + 4x)rfx = |/ sinhudu = ^coshu + C = | cosh (1 + 4x) + C. 

55. Let u = coshx. Then du = sinhx dx, so / sinhx cosh^xdx = J du = + C = ^ cosh^x + C. 


56. Let u = 


u = coshx. Then du = sinhx dx, and / tanhx dx = [ dx = / — = In ImI 4- C = In (coshx) + C. 

J coshx J u 

u = sinhx, so du = coshx dx, and / cothx dx = f £2!!l£ dx = f — = In ImI + C = In Isinhxl + C. 

J sinhx J u 


58. Let « = 2 + tanhx. Then du = sech^x dx, 
f sech^x . f \ , 


2 + tanhx 


f 1 

: / — d« = In |« 

J M 


I + C = In |2 + tanhxl + C = In(2 + tanhx) + C (since 2 + tanhx > 1). 


59. Let K = jx so that x = 2 m. Then dx =2 du, s 


I = i ^M = [sinh-'«]; = sinh-'1-sinh-'0 


= sinh ' 1 


We could use Equation 3 to write this as In (l + -s/ij. 
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/*3 1 P -|3 

0. / - - dx — cosh“' ^ = cosh”’ 3 - cosh"’ 2. Using Equation 4, we could write this as 

42 ~Jx^ — 1 L 42 

In (3 + 2 V 2 ) - In (2 + 75) = In [ (3 + 2 V 2 ) / (2 + Vs)]. 

1. j ^ ^ ^ dx — j^tanh"’ ;cj^^ = tanh”’ ^ ^ In (from Equation 5) = j In3. 


62. We want /J sinhc^: Ja: = 1. To calculate the integral, we put w = ca:, so 
du ~ cdx, the upper limit becomes c, and the equation becomes 


• / sinh udu = 
' Jo 


1 <=> - [coshc — 1] = 1 <=> coshc—l=c. We 


plot the function / (c) = coshc — c — 1, and see that its positive root lies 
at approximately c = 1.62. So the equation Jq sinhcx dx = 1 holds for 



63. (a) From the graphs, we estimate 
that the two curves y = cosh 2x 
and y = \ + sinh;c intersect at 
X = 0 and atx ^ 0.481. 


= 1 4- sinh.^ 


y = 1 + sinh x 


y = cosh 2x 


y — cosh 2x 


0.6 0.4 

1.4 


(b) We have found the two roots of the equation cosh2;c = 1 + sinhjc to be:s: = 0 andx ^ 0.481. Note from the 
first graph that 1 + sinh:c > cosh2;c on the interval (0,0.481), so the area between the two curves is 

n 4R1 r "10.481 

Iq' (1 "f sinhx — cosh2jc)t/x — |x -|- cosh.x — ^ sinh2jcJ^ 

= [0.481 + cosh 0.481 - ^ sinh (2 • 0.481)] - [0 4- coshO - \ sinh (2 • 0)] 0.0402 

64. The area of the triangle with vertices O, P, and {cosh t, 0) is j sinh t cosh t, and the area under the curve 
= 1, from x = 1 to x = cosh t, is ~ 1 dx. Therefore, the area of the shaded region is 

A{t) ~ ^ sinh / cosh r — Vx^^~^dx. So, by FTCl, 

A' (/) = j ^cosh ^t + sinh^— y[co^?7-\ sinh/ = j ^cosh^ t -f sinh^- Vsinh^ t sinh t 

— 5 ^cosh^ t -f sinh^ — sinh^ ^ = 5 ^cosh^ t — sinh" i (1) = ^ 

Thus A (/) = + C, since A' (/) = 5 . To calculate C, we let / = 0. Thus, 

A{0) = j sinhOcoshO — — \dx = ^ (0) + C => C = 0. Thus A (/) = \t. 


65. coshx = 


^ ^ = 1 j’^lntsec^+tan^) g-ln(sec^+tan<9)J _ 1 _j_ t^n^ + j^g'n(sec6'+tan0)j ^ j 

5 [sec0 + tan0 + (sec(9 -f tan0)“^] = ^ [secf? + tan/? + 1/ (sec(9 + tan/?)] 

(sec 9 + tan 9)^ -f 1 sec^ /? + 2 sec 0 tan 0 + tan^ 9 -f 1 sec^ £/ + 2 sec tan (9 -f sec^ 0 

2 (sec^ + tan^) 2 (sec 0 + tan ^) 2 (sec/? + tan/?) 

2 sec^ ^ + 2 sec ^ tan ^ 2 sec 9 (sec 0 ■+■ tan 6/) 

————= sec 9 
2 (sec^ + tan^) 2 (sec 6 /+ tan ^) 
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Indeterminate Forms and THospital's Rule 


1. (a) lim Ziil is an indeterminate form of type -. 

0 

f{x) 

(b) lim —— = 0 because the numerator approaches 0 while the denominator becomes large. 

p (x) ^ 

(c) lim —^ = 0 because the numerator approaches a finite number while the denominator becomes large. 

r->a p (x) ® 

(d) If lim p{x) = co and f (x) 0 through positive values, then lim = oo. [For example, take a = 0, 

X^a X^af{x) 

P (^) = 1and / (x) = x^.] If f{x)-^0 through negative values, then lim = -oo. [For example, 

f(x) 

take a = a, p (x) = \/x^, and / (x) = —x^.] If / (x) -> 0 through both positive and negative values, then the 
limit might not exist. [For example, take a = 0, p (x) = 1/x^, and / (x) = x.] It is not possible to evaluate this 
limit. 

(e) lim —■ ; } is an indeterminate form of type —. 

x-xo q (x) 00 

2. (a) lim [/ (x) p (x)] is an indeterminate form of type 0 ■ oo. 

(b) When x is near a, p (x) is large and h (x) is near \,%o h(x) p (x) is large. Thus, lim [h (x) p (x)] = oo. 

x—^a 

(c) When x is near a, p{x) and q (x) are both large, so p (x) ? (x) is large. Thus, lim [p(x)q (x)] = oo. 

x-^a 

3. (a) When x is near a, f (x) is near 0 and p (x) is large, so f (x) - p (x) is large negative. Thus, 

jim [/ (x) - p (x)[ = - 00 . 

(b) Jim [p(x)-q (x)] is an indeterminate form of type oo - oo. 

(c) When x is near a, p (x) and q (x) are both large, so p (x) q (x) is large. Thus, lim [p (x) + q (x)] = oo. 

x~*a 

4. (a) lim [/ is an indeterminate form of type 0*^. 

x~*a ^ 

(b) Ify~/ then Iny = p (x) in f (a:). When is near a, p{x) oo and In f (:c) -> -oo, so 

\ny —oo. Therefore, lim [/ = iim y = lim = 0, provided fP is defined. 

x^a x->a x-»a 

(c) lim {h is an indeterminate form of type 1°°. 

X—'' ^ 

(d) [p is an indeterminate form of type cx3^. 

(e) Ify = [p then Iny = q (a:) In p (at). When a: is near a, q (x) oo and In p (a:) oo, so Iny —> oo. 

Therefore, lim [p = lim y = lim = oo. 

X—X—»a x-»o 

(f) lim ‘‘‘'X^p (x) = lim [p (x)]'''^(-‘) is an indeterminate form of type oo°. 


x^-l (x + l)(x-l) 

5. hm —— = hm -;- - = lim (x - 1) = -2 

X—1 AT “b 1 X—> —1 AC -f- 1 X—1 

c r -^ + 2 ac + 2 1 

6. hm -= hm -- hm -= —1 

x->-2x^ + 3x + 2 x-»-2 (x + 1) (x + 2) x.^-2x + l 
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1 

7. lim ~z -= lim 

x^i — 1 


{x - 1) {x^ + x'^ + x^ + +x‘* +x^ +x^+ x + 1) 

{x - \)(x^+ x^+x^+x+ \) 
x^ + x’’+ x^+x^+x‘’+ x^+x^+x + I 9 


X^i x‘* + x^ + x'^ + X + I 5 

. x^ — I }i ,, a 

8. lim -T-- = lim ■—T-" |- = - 

x-^] — I x-^\ bx^ * b 

— 1 H 1 

g_ jjj^ - _ [jjyj - = - = 1 

x-»0 siha: Jt^OCOSX 1 

AT+tanA: h 1+sec^A: I + P 

10. lim —^-= lim-= —;— = 2 

x->0 siha: x^o cosac 1 

.. sinAC H COSAC 

11. hm —^ = lim —^ = cx) 

x->0 AC-^ X-+0 3x^ 

tanA: tan;r 0 

12. lim -=-= — = 0 

X n K 

_ tan/AAc H psQc^px p{\f p 

;c-^o tan^Ac jc^o ^sec^ ^Ac q (Ip q 

14. lim —lim ^^ = -sin^ = l 

x-*3k/ 2 X ~ Sw/2 x~*3nl2 I 

„ ln;c H i/x 

15. hm -= lim = 0 

X^OO X X—>(X 1 

H 

16. lim — = lim — = lim = oo 

X-^OO X X—>00 I X—>oo 

17. lim [(ln;c) /x] = —oo since Ida: —> —oo as a ^ 0"^ and dividing by small values of a just increases the 

x^0+ 

magnitude of the quotient (InA) /x. L’Hospital’s Rule does not apply. 

I J_ 

18. lim i lim ifii-i- = lim — = 0 

x->oo X x~iao 1 Jt-»oo;clnjr 

„ 5'-3' H 5'ln5-3'ln3 , ^ ,5 

19. lim - = hm -= In 5 - In 3 = In I 

1-^0 / (->0 1 

,■ ^-2 ^-2 

“■ 14™ 1 - 16 1™ + 4) (V7 - 4) 1™ (V7 + 4) (4/7 + 2) (4/F - 2) 

= 1- 1 _ 1 _ 1 

i"™ (V7 + 4) (4^ + 2) (4 + 4)(2 + 2) 32 

e* - 1 - Jr H e"' - 1 H e’^ 1 

21. lim-T-= lim —-— = hm — = - 

x->o x'^ x->o 2 a x->o 2 2 

- 1 - A -x^/2 H - I - X H - I h 1 

x->0 A’’ x->0 AA'^ x^O OA x->0 6 6 

23. lim ^ S lim S Urn ^ S lim ^ = oo 

X->00 X^ X-^OO 3a^ X->00 6a X^OO 6 

,, (Injc)^ H 3 (Inx)^ (l/;c) 3(lnjr)^ H 6{\ax)(\/x) 

24. lim — 7^ = lim ---= lim ——— = lim --- 


31njr H 3 /j: ,■ 3 

= lim —^ = lim —— = lim —= 0 
x->oo 2 a^ x^oo 4 a X^OO 4 A'^ 
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.. sin 'jc H 1/Vl -x^ ,• 1 1 , 

X jc—>0 1 jt—>0 yj J ^2 I 

sinj: H cosx 1 

, lim-= lim-= - = I 

sinhji: x^ocoshx 1 

1 - cosx H sin;c H .. cosa: 1 

hm-T— = hm —— = hm-= - 

x->o x-»o 2x x-*o 2 2 

siriA:— a: h cosa: — 1 h — sinA: h -cosac 1 
, lim- 5 — = hm ——^ 5 — = hm —-— = hm-= - - 


X“»o 3x^ 


^0 6a: x->o 6 


siriAC 0 

, lim-= - = 0. L’Hospital’s Rule does not apply. 

x-»o \ 


coswa: — cos/ia: h —m sinmA: + « sinwA: h cos/wa: + cos«a: , , 

hm-=-= hm---= hm---= i («2 _ 

x—^0 y 2 r—»n 9 y r—^n 0 2 \ / 


tanoA: H .. asec^ctjc 

, hm-= hm---= a 

x-^O X x->0 1 


^ H I 

hm- rTTT = - z - 

x->0 tan”‘(4.x) x^o 1 ^ 

1 + (4x)2 ■ 


■ x^oo ln(l 4-2^-*^) 


1 + 16x^ 1 

= hm-= - 

x^o 4 4 


1+2^^ H 2e^ , 

= hm —--= hm — = 1 

X—>00 2e^ X—>00 2.6^ 


Jc+tan2.i H ,. l+2sec^2x 1 + 2(1)^ 

■ li™-;r~ = 1™ T—^ 

j;-»o x — tan2jc i-»o 1 — 2sec'‘2;c 1—2(1)^ 

tan2x H 2sec^2A: 2 

, lim -= lim-=— = - 

i-»otanh3j: Jf^0 3secr3A: 3 

, 1 - 1 - 1 

. lim-= —;— = 0. L’Hospital’s Rule does not apply. 

i->o sec a: 1 


2;c — sin * a: 2 (0) — 0 

. lim -j— = ——-— = 0. L’Hospital’s Rule does not apply. 

x^o2a + cos-*a: 2(0) + a:/2 ^ ^ 

2a — sln“’A H ,. 2 — 1/Vl — A^ 2-1 1 

, lim -;— = lim - - -— =-= - 

A^o2A+tan->A i-aO 2+1/(1+a2) 2+1 3 

. lim InA = lim = lim —— = lim (-2 Va) = 0 

A-»0+ A^0+ A->/2 ;,_>o+ -iA-^/2 A-.0+ ^ ' 

2 o o 

. lim A^e^ = lim = lim —— M lim -= lim 2e^ = 0 

X—>—OO x-)—00 e ^ X^-OO —e ^ X^-OO e~^ x—>—oo 

r -X . !• H lA 1 

, hm e ^ Inx = lim -= hm -= hm -= 0 

x->oo X—>00 X—>oo X—>00 xe^ 

cos3x -3sin3x 3(-l) 3 

lim sec lx cos 3x = hm -= hm -= —^^ = - 

x^(7r/2)- x->( 7 r/ 2 )-cos7x x^(ff/2)—7sin7x 7(“1) 7 


-3sin3x 3(—1) 3 


3 _;c 2 x^ H 3x^ 3x H 3 

. hm x-^e ^ = hm ^ = hm -^ = hm —z- = hm -r = 0 

x->oo x->oo x-^oo 2xe^^ x->oo x->oo 4xe^'^ 


lim v^secx =0-1=0 

x^0+ 
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45. lim (x — ;r)cotJc = lim -S lim —^= 1 

x^K x^n tan;ic x^n sec^;c (—1)"^ 

46. lim (:c — 1) tan (;rA:/2) = lim -= lim -r-— =- 

jr^i+ a:-»i+ cot(;rjc/2) x-»i+-csc^ (;rA:/2) I it 


n V (^ V 

7. hm I ^-T I == lim —^— = oo 

x^/ x^Q x‘* 

• ^ 1 C0SJC\ 

8. lim (csc;c — cot:^) = lim I-) = lim 

x^o ^^oysinx sin;c / x->o 

« \ /I ^ \ -■ sin;. 

9. lim I-csc;c I = lim I-:— I = lim- 

x^o \a: / x^o \;c smx / x^o xs 


1 ~ cos;c H smx 

lim-= Iim-= 0 

x->o smx x^ocosx 


H cosx - 1 H - sinx 0 

= lim ^-= lim-^— = - = 0 

x^o smx +XCOSX x-»o 2cosx -X sinx 2 


50. lim -= lim -—S lim 

x^i \lnx X —1/ x^i (x —l)lnx x^i 


1 - 1/x 

Inx + (x — 1) (1/x) 


X - \ u y 1 1 1 

= lim —-= Iim-=-r = - 

x->ixlnx+x —1 x->ilnx + l + l 0 + 2 2 


51. lim (x - Vx^ — lim (x - Vx^ - A - - ^ = lim - - — = Iim - -- = 0 

x-^oo\ / x->coV / x + Vx2 - 1 ^-^'»X + Vx2-I ^^0°x+vx2-l 


fVx^ + X + 1 — Vx^ — x) = lim fVx^ + X + 1 - 

) \ / X—»00 \ 


/^+ X + 1 + VX^ - X 


(x^+x + \) - (x'^-x) 
hm — — , = lim 


2x + 1 


i-»oo +;c + 1 + V;c2 -;c + T 

, 2+IA 2 , 

v/1 + 1/x + lA^ + VI - lA ’ + * 


3. lim (—-!—)— Iim lim —!— (since both limits exist) =0 — 0 = 0 

x-400 yjc — I / x-^oo X x^oo — 1 


54. lim (xe^!^ — x) = lim x — 0 = Hm -= lim - —- 

X—>00 ^ ’ X—>00 ' ’ X—>00 \jx X—>CO —\jx^ 


- 1 H 0 , 

- = lim -^j^ = hm =e^ = \ 


55. = => Inji = sin;c ln;c, so 

lim Iny — lim sin^ ln;c = lim S lim -- 

jr^0+ i->0+ x^0+ cscx i-»0+ - CSCJt cotjr 


■ ( lim —) ( lim tan;c) 

V:f->0+ ;t / V^0+ / 


lim x^'"^ = lim e‘">' = e” = 1. 

x->0+ x->0+ 

56. = (sinx)*^^ ln>'= tanx In (sinx), so 

1-1 1 - 1 / ■ N 1 - In(sin^) H (cos:t)/sinjc n n _ 

hm ln>'= hm tanx In (sinx) = hm -= hm -=-= hm (—smx cosx) = 0 => 

JC_^0+ x-> 0 + x-^0+ cotx x^ 0 + — csc-^x x->0+ 

lim (sinx)'*”-^ = lim e^^y = e^ = l. 

x-aO+ x^0+ 

57. y = (1 — 2x)^^'^ => In;^ = - In (1 — 2x), so Iim \ny = lim ^ S lim ^ = —2 

X x->0 x->0 X x->0 1 

lim (1 — 2x)^/'* = lim e*"-’' = e 

x->0 x->0 


-2 
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58. = (1 + a/jt)** => Iny = In ^1 + : 


,. I .. *ln(l +a/x) H 
lim Iny = lim - = lim 

x-*oo x-*oo \/x X-*(X 


»(7T^)(-?) 


lim (l+ -)*"' = 

X->O0 \ X / 


—) = lim 


— lim -- = ab => 

I -\-a/x 


lim In;' = lim — ^^ S lim - ^ // \ - 1 _ W 

x^oo x ->00 \jx x--»oo —\jx^ 

lim f 1 + - + = lim e*"-^ = e^. 

x->oo y X x^) x^ca 

60. y = In;' = ——Inx => 

1 + ln;c 

I- I ,• (ln2)(ln;c) h ,. (In2)(l/A:) 

lim \ny = lim —— - - = Iim ^ - lim ln2 = ln2, so 

x^oo x^oo 1+lnx x^oo \/x x^oo 

lim xt‘"2)/(l+lnx) ^ ^ gln2 ^ 3 . 

X—>00 X—»oo 


3 + lOA _ 3 


= 11 m -: 

AT^OO 1 +'j/x + 5/x 


’ = x'^^ => ln>'= ( 1 /A:)ln.x 
lim lim e'"-*" = e" = 1 

X—»oo X—»oo 


r , In-V H lA n 

lim Iny = lim — = lim -=0 => 

X-»00 X-^OO X X-)00 1 


62. y = {e^ + xy^’^ => In y = - In (e^ + x), so 

X 

In(e'+j;) h ,. e* +1 H ,. H ,. ^ 

lim ln>' = lim - = lim - = lim - = lim — = 1 =» 

X—>00 X—)00 X X—>00 gX ^ X->00 gX ^ X-^00 


+xyi’‘ = lim = e' =e. 

X^CO 


1 / \ InjT - ln(jr + 1) H ,. l/jc-l/(x + l) 

lim InjA = Urn jr In |-| = lim -^- - = lim - 1-V- — - 

X-^OO Jt->00 4;c -I- 1 y Ar-»00 Xjx AT-lOO —Xjx^ 


111^ — mil ^ 

X->00 X—>00 


so lim 

X—>00 


Or: lim 

X—>oo 


= lim (~x ^= lim —~ = —1 

X-^00\ X + \/ X-^QO X\ 

1 ( -') = lim — e~^ 

^\x-\'\J X->00 

ii.'"oo(AT) =A'"oo[(A^) '] =[.‘i?L('A)1 


64. Let y = (cos Then Iny = - In (cos 3x) => lim Iny = 5 lim H 5 _ q, < 

X x^O x->0 X x->0 1 

lim (cos3;c)^'^ = e“ = 1 . 

x->0 
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65. ^ = (— In x)* => Inj'= jc ln(—Inj:), so 

^ In(-lnx) H (l/-ln^)(-l/:c) 

lim \ny — lim ;cln(—lnA:)= nm -= lim - ;—5 - 

x-^ 0 + x-> 0 + x^ 0 + l/x x^ 0 + —I/X^ 


. _ Q 

x^o+ mx 


lim i-\nxy =e^ = \. 

x-^ 0 + 


66 . Let y = 


V2x + 5y 


. Then ln>’ = {2x + 1) In 


\2x + 5j 


ln(2;c-3)-ln(2A: + 5) H 2 /( 2 x - 3 ) - 2 /( 2 ;c + 5 ) 


.'i™ = .'Too- iTpJ^TT)— = 

= lim -H2+\/xf ^ 

.^OO (2-3/;c)(2 + 5/a:) 


-8(2;t + ir 


MOO - 2 /( 2 ;c + ir 


r-»oo \2;c + 5/ 




.'To (2x — 3) (2x + 5) 


From the graph, it appears that 
lim X [In (jr + 5) — ln;c] = 5. Now 

X^OO 

In (jc + 5) — \nx 

lim ;c [In (x + 5) -- Inxl = lim -—- 

X~>CO X~iOO \/x 


.->oo —Xjx^ .-»oc 


.-»oo X {x + 5) 


From the graph, it appears that 
lim (tan;.)'™^* =» 0.368. (Note that f =« 0.785.) Let 

jF-^;r/4 

y = (tanx^^^, SO ln>' = tan2x ln(tanx). Then by 
THospital’s Rule, 


In(tanx) sec^x/tanx 2/1 

lim Iny = lim -r— = hm — - 7 -— = = - 1 , so 

x->n-/4 x^7r/4 COt2x x^n/4 -2cSC^2x -2(1) 

lim (tanx)*^^^ = lim — 1/e ===: 0.3679. 



From the graph, it appears that 

lim — lim £Jyl = 0.25. We calculate 
x^og{x) x-^og'(x) 

f (x) e^ - 1 H 1 

hm —;— = lim —r-— = lim —^ 5 —- = 

.X^o^(x) j;-^0x^4-4x j:^0 3x-‘+4 4 



/(^) 

From the graph, it appears that lim —= lim , . . = 4. 
^ ^ x->og(x) x^og'(x) 

We calculate 

/ (x) 2 xsinx H ,. 2 (x cosx 4 -sinx) 

lim —— = lim-- = hm- 

x^og(x) AT-^o secx — 1 jc^o secxtanx 

H 2 (—X sinx + cosx + cosx) 4 

_ i,m-^^-- = _ = 4 

jc^o secx (sec^xj +tanx (secxtanx) l 
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71- y = / (jc) = A. £> = R B. Intercepts are 0 C. No symmetry 

D. lim = lim lim -^ = 0, so y = 0 is a HA. lim xe~^ =-oo 

x->oo x-»oo eX x->00 r->-oo 

E. /' (j;) = e~^ — xe~^ = e"-' (1 - jr) > 0 <=> ;c < 1, so / is H. 

increasing on (-oo, I) and decreasing on (1, oo). E Absolute maximum 

/ (1) = I/e G. /" (x) = e~^ (x — 2) > 0 <=> x > 2, so / is CU on 

(2, oo) and CD on (-oo, 2). IP is (2,2/e^). 



72. / (x) = (lnx)/x A. D = (0, oo) B. x-intercept= 1 C. No symmetry D. lim S lim = 0, so 

X-*O0 X x-*oo 1 

In X 

y = 0 is a horizontal asymptote. Also lim -= -oo since Inx -> -oo and x -> 0+, so x = 0 is a vertical 

n0+ X 

asymptote. E. /' (x) = * = 0 when Inx = 1 » x = e. /'(x)>0 <=> 1 - Inx > 0 <=> 

Inx <1 <=> 0 < X < e. /' (x) < 0 <=> x > e. So / is increasing on (0, e) and decreasing on (e, oo). 

F. Thus /(e) = 1/e is a local (and absolute) maximum. H. 

(-l/x)x^ - (1 - Inx) (2x) 2lnx-3 

G. J (x) =- 2 -=- 5 -, so 

x’ x^ 

/" (x) > 0 <=> 2 Inx - 3 > 0 <=> Inx > I <=> x > e^/^. 

/" (x) < 0 «• 0 < X < e^/^. So / is CU on oo) and CD 
on(0, e^/^). Inflection point: 



73. y = / (x) = x^ Inx A. D = (0, oo) B. x-intercept when lnx = 0 <=> x = l,no y-intercept C. No 

symmetiy D. limx^lnx = oo, lim x2lnx= lim S lim —= lim f-—^=0, no 
x^o+ x^o+ l/x 2 ;t-, 0 + -2/x3 1 ^ 0 + \ 2 / 

asymptote E. f'{x) = 2x Inx + x = x (2 Inx + I) > 0 <=> Inx > —5 <=> x > so f is increasing 

on (1/Vi, 00 ), decreasing on (0, 1/Ve). F. / (l/Ve) =-1/(2e) is an H. 

absolute minimum. G. /" (x) = 2 Inx + 3 > 0 <=> 

lux > —I o X > e~^/^, so / is CU on (e“^/^, 00 ) and CD on 

( 0 , e-3/2). IPis^(e-3/^-3/(2e3)) 
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lim X (Injc)^ = lim 
^0+ j:^0+ lA 


in. y = f (x) = X (ln;c)^ A. D = (0, oo) B. jr-intercept= 1, 

no v-intercept C. No symmetry D. lim a: (Inx)^ = oo, 

;c-»oo 

■' .■ ,1 liiiA j vi/x j .. z, iiijc H 

lim -= lim -= lim ^ = lim 2x = 0, no 

.... .... , I-»0+ -1/x-^ ;n0+ -1/x ^-»0+ 1/x"^ x-»0+ 

asymptote E. /' (x) = (Inx)^ + 2 Inx = (Inx) (Inx + 2) = 0 when lnx = 0 » x = l and when Inx = —2 

<=> X = /' (x) > 0 when 0 < x < e~^ and when x > 1, so / is increasing 

on (0, e~^) and (1, oo) and decreasing on {e~^, l). 

E / (e~^) = Ae~^ is a local maximum, / (1) = 0 is a local 

minimum. G. /" (x) = 2 

(Inx) (1/x) + 2/x = (2/x) (Inx + 1) = 0 when Inx = — 1 » 

x = e“’. /" (x) > 0 <=> X > 1/e, so / is CU on (1/e, oo), 

CD on (0,1/e). IP (1/e, 1/e) 



75. y = / (x) = xe”* A. D = R B. Intercepts are 0 C. / (-x) = -/ (x), so the curve is symmetric about the 

1 


= 0, so y = 0 is a HA. 


origin. D. lim xe = lim S lim 

X-»±0O X->±00 gX-l X-1±00 2xe^‘^ 

E. /' (x) = - 2x^e”-‘^ = e"-*^ (l - 2x^) >0 » x"^ < \ <=> |x|< so / is increasing on 

(-^, and decreasing on ^-oo, and oo^ . F. / = 1/V2e is a local maximum, 

/ =—1/V2e is a local minimum. H. 

G. /" (x) = -2xe''''^ (1 - 2x2) _ ^ 2xe-''^ (2x2 _ 3 ) > q 

<=> X > or < X < 0, so / is CU on , 00 ^ and 

^-^1, 0^ and CD on ^— 00 , and ^0, IP are (0, 0) 



1%. y = f (jc) = e^/x A. Z) = {;c I jc ^ 0} B. No intercepts C. No symmetry D. Hr^ — = Ui^ ^ = oo, 
lim — = 0, so >’ = 0 is a HA. lim — = oo, lim — = —oo, so ;c = 0 is a VA. 

x-^-oo X x^0+ X x^o- X 

E. /' (x) = iflZLfl > 0 

^ (x — 1) e-* > 0 <=> X > 1, so / is increasing on (1, oo), and 
decreasing on (—oo, 0) and (0, 1). F. / (1) = e is a local minimum. 

G. f. (,) ^ ^ (2^^ - ^21 + 2) ^ ^ ^ 

x^ x^ 

X > 0 since x2 - 2x + 2 > 0 for all x. So / is CU on (0, oo) and CD on 
(-00,0). No IP. 
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n. y = f {x) = X — \n(\ + x) A. £) = {j; | > —1) = (—1, oo) B. Intercepts are 0 

D. lim [j; — ln(l + j:)] = oo, so;t = —1 is a VA. lim [;c — In (1 +;()] = lim a: 

X—)-l+ X—»00 X-»00 


C. No symmetry 

InCH-j:)] 

1-= oo. 

X J 


ln(l +x) H ,. 1/(1 +:c) 

since lim -= lim -^ 


E. /'(^) = l--^ = -^ >0 
I + 1 +x 


X > 0 since + 1 > 0. So / 


is increasing on (0, oo) and decreasing on (— 1, 0). F. / (0) = 0 is an 


absolute minimum. G. /" (jc) = 1/ (1 + x)^ > 0, so / is CU on 
(-1, oo). 



li. y = f (x) — e’^ — 3e ^ - 4x A. D = R B. y-intercept= —2 C. No symmetry 

D. lim (e^ — 3e~^ — 4x) = lim x (- - 3- - 4 '^ = 00 , 

x->oo ’ X~>00 X X / 

H 

since lim — = lim — = oo. Similarly, lim (e^ — 3e~^ — 4;c) = —oo. 

X-»00 JC X-*0O 1 X- 4 - 00 ' ^ 

E. /' (x) = + 3e~^ — 4 = e~^ (e^ — 4e^ + 3) = e~^ (e^ — 3) (e^ — 1) > 0 

o > 3 or < 1 <=i> :c > In 3 or :c < 0. So / is increasing on H. 

(—oo, 0) and (In 3, oo) and decreasing on (0, In 3). F. / (0) = —2 is a 
local maximum and / (In 3) = 2 — 4 In 3 is a local minimum. 

G. /" (;c) = e" - 3e-" = e”" - 3) > 0 « > 3 « 

JC > 5 ln3, so / is CU on ln3, oo^ and CD on (-oo, j InS^ IP at 
JC = j ln3. 



79. (a) 



(b) y = / (jc) = JC ^. We note that 

In JC 

in/ (jc) = Injc"-' = —JC Injc = —-rj-, so 


lim in / (jc) S lim-r = lim jc = 0. Thus 

n0+ i->0+ —JC ^ j->0+ 

lim / (jc) = lim = 1. 

x->0+ 


(c) From the graph, it appears that there is a local and absolute maximum of about 

/ (0.37) 1.44. To find the exact value, we differentiate: /(jc) = x"''= => 

/' (x) = -X + Inx (-1) =-x“'‘(1 + Inx). This is 0 only when 1 + Inx = 0 

<=> X = e“’. Also /' (x) changes from positive to negative at e“’. So the maximum value is 

/(l/e) = (l/e)-‘/‘'=e>/^ 


(d) We differentiate again to get 

/" (Jc) = -x'"" (1/x) + (1 + Inx)^ (x^*) 

= x~’‘ ((1 + Inx)^ - 1/xj 

From the graph of /" (x), it seems that /" (x) changes from negative 
to positive at x = 1, so we estimate that / has an IP at x = 1. 
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80 . (a) 



Note that the function is only defined for sin > 0, and is periodic 
with period lit, so we consider it only on [0, tt]. 

(b) In/ (x) = In (sinx)™* = sinjt In (sin;c) = so 

lim In/(jc) S lim --= lint — sinx = 0. Thus 

x^0+ ;t^0+ -CSCJTCOtt; j->0+ 

lim f(x)= lim e'"/W=e“ = l. 

jc->0+ jt-»0+ 


(c) From the graph, it seems that there are local minima at about / (0.38) = / (2.76) si 0.69, and a local 

maximum of about/(1.57) = 1. To find the exact values, we differentiate: /(x) = (sinx)*'"-* = eSinxln(smx) 

=> y/(-j-x _ gsinxlii(smx) sinx (-i-| cosx + In (sinx) cosx = cosx [1 + In (sinx)] (sinx)®'”*. This is 0 
I \sinx / J 

when cosx =0 <=> x = | and when 1 + In (sinx) = 0 <=> In (sinx) = —1 <=> sinx = 1/e. This 
occurs at X = sin"’ 1 je and at x = ;r — sin"’ 1 /e [since sinx = sin (ir - x)]. So the local 
maximum is /(f) = (sin = 1 ’ = 1, and the local minima are 

/ (sin-’ (1/e)) = f[n- sin"’ (1/e)) = (1/e)’/' = e"’/'. 


(d) We differentiate again to get 

/" (x) = [cosx (1 + Insinx)]^ (sinx)“"'‘ 

+ COSX (cscx cosx) (sinx)™^ 

— sinx[l + In (sinx)] (sinx)®'"^ 

From the graph of /" (x), it seems that /" (x) changes sign at x 0.94 
and at X 2.20, and so / has inflection points at approximately those 
x-values. 




(c) From the graph, it appears that / has a local maximum at about / (2.7) » 1.44. To find the 
exact value, we differentiate: / (x) = x’/* = e/’/^’’"-' => 

/'(x) =e/’/^)’"^ +lnx 

=> X = e, and /' (x) changes from positive to negative there. So the local maximum value is / (e) = e’/'. 


(—x"^) = (1 — lnx)x’/-'x This is 0 only when 1 — Inx = 0 
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(d) We differentiate again to get/" (x) = (1 -\nx)x'/^ (-2^“^) + (1 - \nxfx'l^x-'' + (-\lx)x^l^x-^. 

From the graphs it appears that f" (x) changes sign at .r ^ 0.58 and atx ^ 4.4, so f has inflection points there. 




The first figure shows representative examples of / (x) = x"e-^ with n odd. n is even in the second figure. All 

(fl “ jc') 

curves pass through the origin and approach 7 = 0 as x -> oo. /' (x) = —- - = 0 «• x=norx = 0 

xe^ 

(the latter for n > 1). At x = 0, we have a local minimum for n even. Aix — n, we have a local maximum for all 

x^ (x^ ~ 2nx ■” 

fl. As n increases, (n, f («)) gets farther away from the origin, f" (;c) = —-=- i =0 <=> 

X =n± Vrt or .V = 0 (the latter for n > 2). As n increases, the IP move farther away from the origin — they are 
symmetric about the line x — n. 


83 . Ifc < 0, then lim f (x) = lim ^ i lim = 0, and lim f (x) = oo. Ifo 0, then 

x~^~oo x^-(x> X^-OO^^ X^OO 

H 1 

^ f — = 0. If c = 0, then / (x) = x, so lim / (x) = ±oo 

x->-oo x->oo jr ->00 ce“ J '■ > x^±oo 

respectively. So we see that c = 0 is a transitional value. We now exclude the case c = 0, since we know how the 
function behaves in that case. To find the maxima and minima of /, we differentiate: f (x) = xe~^^ => 

/'(x) = x (- 06 '“)+e-“ = (1-ex)e-‘'*. This is 0 when I - cx = 0 «• x = 1/c. If c < 0 then this 
represents a minimum of / (I/c) = 1/ (ce), since /' (x) changes from 


negative to positive at x = 1/c; and if c > 0, it represents a maximum. As 
|c| increases, the maximum or minimum gets closer to the origin. To find 
the inflection points, we differentiate again: /' (x) = c““ (1 - cx) => 

/" (x) = (-c) + (1 - cx) (-ce-“) = (cx - 2) ce-“. This 

changes sign when ex- 2 = 0 o x = 2/c. So as |c| increases, the 
points of inflection get closer to the origin. 
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84. We see that both numerator and denominator approach 0, so we can use I’Hospital’s Rule: 


- ai/EEi H , 5 ~ “ (j) ' 

lim - 7 -;= - = 1 ™ -- 

a-^ -\(ax^y^'^{3ax^) 


1 (2a\ - (2a^ - 4^^) - ‘gi (gig) 

~i {aa^y^^‘' {3aa^) 

(,4)-'/2(_,3)-.,3(,3)-^/3 


1 _3 


= l{ta) = fa 


85. First we will find lim , which is of the form 1°°. >' = ^1 +-^ => ln>'= n( In ^1 +-^ 

lim ln^= lim «rln('l + i)=r lim S r lim -= r l.m -^ = 

t-»oo n-*oo \ n) n-*oo \jn «->'» (1 +//«) (—«^ooI+ 2 /« 

lim V = e”. Thus, as/2->oo, /l = /lo(l + -l Ane'^. 

t->oo n) 


^ ln(l+ (/«) H , ,. (-'/"^) . ' 

: t lim -= t lim -- 7—^—77 = t lim -= ti 

n->00 \/n «->oo (1 +//«) (—l/n^) n^oo\^i/n 


lim V = e”. Thus, ?ls n 00 , A = Ao 

n->oo 


86. (a) lim n = lim ^ (1 - lim (1 - 

l-^co t->oo C ^ ' C /-»00 ' ' 

mg mg 

= — (1 — 0 ) [because —ctjm —> —co as t co] = — 
c c 

which is the speed the object approaches as time goes on, the so-called limiting velocity. 


(b) lim 0 = lim = ^ lim H £ „„ 

m->cc> m-^oo c ' C m->oo \jm C fn-*oo —Xjm^ 


= — lim cte = - (c/) = gt [because — ct/m Oasm —> oo] 

C m-»oo c 

The speed of a very heavy falling object is approximately proportional to the elapsed time — it doesn’t depend 
on the mass. 


87. Both numerator and denominator approach 0 as x 0, so we use THospital’s Rule (and FTCl) 
S{x) Jo sin(;r<V2)rf( h H ;rx cos yxy2) ^ 


lim — 5 — = lim - 

x^O x->0 


= lim ——- — lim- 

x^o Sx'^ x-»o ojr 


= I -= 050 = I 


88 . Both numerator and denominator approach 0 as a —^ 0, so we use I’Hospital’s Rule. (Note that we are 
differentiating with respect to a, since that is the quantity which is changing.) We also use the Fundamental 

C ff du H Ce~^^ -«)^/(4^0 

Theorem of Calculus, Part 1: lim T {x,t) — lim —— -;==-= liiri. . . .=- ■ 

"->0 "-^0 a^4nkt ^Ankt s/Ankt 


89. Since lim {f {x A-h) — f {x — h)] = f (x) — f (x) — 0 (f is differentiable and hence continuous) and 
lim 2h = 0,we use FHospital’s Rule: 

f(x + h)-f(x-h) H f'{x + h)(\)-f'(x-h) (-1) ^ /' (X) + /' (X) ^ 2f(x) ^ 
*™o 2h h™0 2 2 2 -' 
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\\f{x-\-h)-f{x-h) 


f (x + h) — f (x — h) . 

-—-IS the slope of the secant line between {x — h, f (x — h)) and (x h, f (x h)). As 

2n 

A -> 0 , this line gets closer to the tangent line and its slope approaches /' (x). 

90. Since lim [/(;c + A) — 2/(:»:) + /(^ — A)] = f (x) — 2f (x) f (jc) = 0 (/isdifferentiable and hence 

/j —>0 

continuous) and = 0, we can apply I’Hospital’s Rule: 

h->o /,-»o 2h ^ w 

At the last step, we have applied the result of Exercise 89 to /' (x). 


91 . lim — S lim — 

X->00 X" X-^CO nx‘ 


2 H 

-r = lim -r 

" 1 x^oo n{n — \)x*^~^ 


lim — =00 
x-*oo n\ 


«« In.x H .. lA , 1 

92 . lim -= lim -r = lim -= 0 since p > 0. 

X^OO Xp X -^00 pxP~^ X-^OO pxP 

In JC H 1 /x x^ 

93 . lim Inx = lim -= lim -r = lim — = 0 since a > 0. 

v_^n+ v-_in+ Y ® .._vn+ —/yY“fl~l „ _ n 


94 . Using I’Hospital’s Rule and FTCl, we have 
lim 

x-»0 X^ x^O "ix^ 


sin 

: lim \ 
i-»o 3x^ 


1 . sin (x^) 1 

- hm -= r: 

3 x-*o x^ 3 


95 . Let the radius of the circle be r. We see that A (0) is the area of the whole figure (a sector of the circle with radius 
1), minus the area of AO PR, But the area of the sector of the circle is \r^0 (see endpapers), and the area of the 
triangle is jr |Pg| = \r (r sin0) = sinfl. So we have A (6) = \p-0 - sin0 = (9 — sinS). Now by 

elementary trigonometry, B (9) = ^ \QR\ \PQ\ = j (r - \OQ\) \PQ\ = jr (1 - cos0) {r sin5). So the limit we 


hm ——- = lim 


(^ - sin 6 l) 


0 ^ 0 +B (9) e-> 0 + (1 — cos(9) sin0 9 -^ 0 +(1 — cost?) cos0 + sin0 (sin0) 

1 — cost? H sint? 

= lim -^ = hm - 

s-> 0 +COS0 - cos^e + sin-'^l 9^0+ - sin0 + 4 sin0 (cos^) 


— 1 + 4 cos 0 3 

96 . The area A (t) = Jl sin (x^\ dx, and the area B (r) = It sin (t^). Since lim A{t) = 0 = lim B (t), we can use 

(-> 0 + /~>o+ 


rHospital’s Rule: 

.. A (t) H 
hm ——lim 


2t cos (t^) 


t-lo+ B (t) r->0+ f sin (t^) 4-[2t cos (t^)] ^ r-> 0 +t cos (t^) — 2/^ sin (t^) + 2t cos (r^) 

_ 2 cos (t^) _2 _ 2 

(-»o+ 3 cos (t^) — 2t^ sin (t^) 3 — 0 3 
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97. (a) We show that lim — o for every integer « > 0. Let y = Then 


y fix) y e y" H «y” 

lim —r— = lim ——^ = hm — = lira - 

x-^O JC->0 (;c2j >^^00 gV y->oo gV 


: • • • ~ lira — = 0 

y~^oo gV 


fix) „fix) fix) ^ fix)-fiO) fix) ^ 

lira-= lira x^ —r— = lira x lira —r— = 0. Thus, f (0) = lira-= lira-= 0. 

a:->0 X^ x-^O X^^ x-»0 x-^O X^^ ;c — 0 a:-»0 X 

(b) Using the Chain Rule and the Quotient Rule we see that (;c) exists for x ^0. In fact, we prove by 

induction that for each « > 0, there is a polynomial pn and a non-negative integer k„ with 

/(") (^) = Pn{x) f (x) /x^" for X 0. This is true for n = 0; suppose it is true for the nth derivative. Then 

/("+') (jr) = [p'^ (x) f (a:) + p„ (x) f (v)] - (^) / (^)] 

= ix) + p„ (x) ( 2 /Jt^) - (v)j /(v)Ar“^*" 

= [x'‘"^^p'„ (x) + 2p„ {x) - p„ (;r)] / (jr)x-<“''+3) 

which has the desired form. 

Now we show by induction that (0) = 0 for all n. By part (a), /' (0) = 0. Suppose that (0) = 0. 
Then 

(0) = lin, f^nx)-yH0) ^ ^ pAx)fi^ ^ P.ix)fix ) 

x->0 X—0 x^O X JC^O X x-^0 JV*”**"^ 

fix) 

= lim p„ (x) lim x-— = p„ (0) ■ 0 = 0 
x-*0 x-tO .v*”"*"' 

98. (a) For / to be continuous, we need lim / (x) = / (0) = 1. We note that for x 0, In / (x) = In |x|^ = x In |x|. 

x->0 

So lim In / (x) = lim S Hm - = 0. Therefore, lim / (x) = lim = e** = 1. So / is 

x-)0 1/x x-^o-iy x->0 x->0 

continuous at 0. 

(b) From the graphs, it seems that / (x) is differentiable at 0. 





(c) To find /', we use logarithmic differentiation: In / (x) = x In |x| 


/'(X) m 
/(x) fx) 


f (x) = / (x) (1 + ln|x|) = Ixl-* (1 + In |x|), x ^ 0. Now /' (x) -oo asx 0 [since |x|^ 1 and 

(1 + In |x I) -» —oo], so the curve has a vertical tangent at (0,1) and is therefore not differentiable there. The 
fact cannot be seen in the graphs in part (b) because In |x | —> —oo very slowly as x 0. 
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Review 


CONCEPT CHECK 


1. (a) See Definition 1 in Section 7.1. It must pass the Horizontal Line Test. 

(b) See Definition 2 in Section 7.1. The graph of f~^ is obtained by reflecting the graph of / about the line y = x. 

2. (a) The function / {x) = has domain R and range (0, oo). 

(b) The function / (;c) = Inj; has domain (0, oo) and range R. 

(c) The graphs are reflections of one another about the line;' = x. See Figure 7.3.3 or Figure 7.3*. 1. 

(d) log„ ;c = 1 — 

In a 

3. (a) See Definition 7.5.1. Domain = [-1, 1], Range = [—f, f ] 

(b) See Definition 7.5.7. Domain = R, Range = (~f. f) 


4. sinh;c = 


coshj; = ■ 


coshjc +e~^ 

5. (a)y = e^ => y'= e’‘ (h) y = a’‘ => y'-a^\-aa 

(c)>’ = lnjr => y' = \/x (d)y = \og^x => y' = l/(xlna) 

(e)y = sm-^x => y' = 1/Vl (f) = cos“> => / = -1/Vl 

(g) y = tan“' X y' — 1/ (l + x^) (h) >< = sinhjc => y' = cosha: 

(i)j' = cosh;r => / = sinh;<r (j)y = tanh.x: => y = sech^.x 

(k) >< = sinh“‘j; => / = l/vT+l? (1) >< = cosh“';c => y' = - 1 

(m) >< = tanh~'a: => y = l/(l-a^) 

— 1 

6. (a) e is the number such that Jim —:— = 1. 

/j-»o h 

(b) e= lim(l+a)'/"' 

r -.0 

(c) The differentiation formula for y = [y' = a’‘ In a-] is simplest when a = e because In e = 1. 

(d) The differentiation formula for y = log^ x [y' = 1 / (a In a)] is simplest when a = e because In e = 1. 

7. (a) See page 486. 

(b) Write fg as or 

* i/g \lf 

(c) Convert the difference into a quotient using a common denominator, rationalizing, factoring, or some other 
method. 

(d) Convert the power to a product by taking the natural logarithm of both sides of y = or by writing as 
egln/_ 


TRUE-FALSE QUIZ 


1. False. For example, cos | = cos (-f), so cosa is not 1-1. 

2. False, since the range of tan“’ is (-§, f), so tan“' (-1) = — 

3. True, since In a is an increasing function on (0, oo). 
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4. True, by Equation 7.4*. 1. 

5. True. We can divide by since ^ 0 for every x. 

6. False. For example, ln(l + 1) = In2, but In 1 + In 1 = 0. In fact In a + In 6 = In (ab). 

7. False. Letx = e. Then (Inx)* = (Ine)* = 1® = 1, butblnx = 6lne = 6 • 1 = 6 yF 1 = (Inx)^ 


8 . False. — 1(F = ICFInlO 

ax 

9. False. In 10 is a constant, so its derivative is 0. 


10. True, y = 


Iny —3 j: => x = ^lny =» the inverse function is y = j In x. 


11. False. The “—1” is not an exponent; it is an indication of an inverse function. 

12. False. For example, tan"* 20 is defined; sin"’ 20 and cos"’ 20 are not. 

13. True. See Figure 2 in Section 7.6. 

14. True. In = — In 10 = - Jj’° (l/x)dx, by Equation 7.4.4 or by Definition 7.2*.1. 

15. True. / 2 ^(l/x)rfx = Inx]^^ = In 16 - ln2 = In f = ln8 = ln23 = 31n2 

tan.x 0 

16. False. L’Hospital’s Rule does not apply since lim -= - = 0. 

x-^n- 1 — COS.V 2 


EXERCISES 


1. No. / is not 1-1 because the graph of / fails the Horizontal Line Test. 


2. (a) g is one-to-one because it passes the Hori¬ 
zontal Line Test. 

(b) When y = 2, x^ 0.2. So g"’ (2) =« 0.2. 

(c) The range of g is [—1,3.5], which is the 
same as the domain of g" ’. 


(d) We reflect the graph of g through the line y = x to 
obtain the graph of g"’. 



3. (a)/-’(3) = 7 since/(7) = 3. 

(b) (/ ') (3) = = y7(7) - g 


4. y = ^ . Interchanging x and y gives us x = ^ ^ 

2x + \ 2y + 1 

y(2x-l) = l-x y = IZJL = f-t 


=> 2xy + X = y + 1 => 2xy - y = I — x => 
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9' >' = 2 arctan x 10. We have seen that if a > 1, then > x" for sufficiently 

large x. (See Exercise 7.2.18.) In general, we could show 
that Ih^ (a^lx‘‘) = oo by using I’Hospital’s Rule repeatedly. 

Also, logj, X increases much more slowly than either x" or 
a’‘. [Compare the graph of log^ x with those of x" and , or 
use I’Hospital’s Rule to show that lim [(log^x)/x"] = 0.] 
So for large X, log^x < x" < . 

11. (a) ^ = 3^ = 9 

(b) logio 25 + logio 4 = logio (25 • 4) = logio 100 = log,o 10^ = 2 

12 . (a) Ine* — it 

(b) tan ^arcsin j j = tan | ^ 

13. Inx = j => X = 

14. = I => X = lni =lnl-ln3 =-ln3 

15. e*' =17 => lne‘’*=lnl7 => e*=lnl7 => Ine’'= In (In 17) => x = Inin 17 

16. In (1 + e”’') = 3 => \+e~’‘=e^ => — 1 ^ lne“'‘ = In — l) => — x = In (e^ — 1) 

=> x = -ln(e3-l) 

17. logio (s’*) = 1 £■' = 10 => X = In (e^) = In 10 

Or 1 =log,o(e’') = X logio e => x = 1/logjo e = In 10 

18. 1 = ln(x + 1) - ln(x) = In i-ii-= e => ex=x + l => x = —— 

\ X J X e-\ 
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19. tan ' ;c = 1 => tan tan ’ ;c = tan 1 => jc = tan 1 (=» 1.5574) 

20. sinjc =0.3 =5 jr = sin“’ 0.3 = a for —^ < ;c < I-. The reference angle for a is ;r - a, so all solutions are 
X = a + 2n7c and x = n — a + lmt [or {In + 1) ;r — a] 

21. /(t) = Inr => /'(() = • y + (Inr) (2r) = t + 2/Inr or r (1 + 21n() 


22 . g(0 = 


^ {l+e<)e' -e'{e') ^ e' 

(\+e>f (i+e'f 


23 . h (i9) = e'™ 20 => h ' ( 0 ) = gtan 29 . ^^^2 20-2 = 2 sec2 20 e'™ 2® 

24 . h(«) = 10'^ => h’ (u) = 10^ ■ In 10 ■ 


+ 1 (2 — jc)^ 


2Vw 2Vw 

In|y| = 4 In(:c + 1) + 5 In]2 — ;c| — 71n (;c + 3) 


y 2(:c + l) 2 — X ;c + 3 


' — 1 (2 '_ 1 

“ {x + 3)2 


-xf r 1 5 

T L2(a: + 1) 2-;c : 


26 . y = In (esc 5a:) 


—5 CSC 5a cot 5a 

y =-= — 5 cot 5a 

CSC 5a 


27. y = (csinA - cos a) => y' = ce“ (c sin a - cos a ) 4- e“ (ccosa + sin a) = [c^ 4- l) sin a 

28. y = sin~’ (e^) => y' = e^/Vl — 

29. y = In (sec^ a) = 2 In |secA| => y'= (2/secA) (secAtanA) = 2tanA 

30. y = In (A^e^) = 2 In |a| 4- a =5 y' = 2/a 4- 1 

31. y=Ae-'/^ => y' = e-‘/^ 4-Ae-'/* (I/a^) =e“'/* (1 4-1 /a) 

, , , , -3 CSC 3a cot 3 a — 3 csc^ 3 a 

32. y = In CSC 3 a 4-cot 3 a y =-----= — 3 esc 3 a 

^ csc3A4-cot3A 


33 . y =a“®^ =e' 


cosx _ -cosxInx 


1 / COS X \ 

/_gCosAlnA cosA •—h (InA) (-sinA) = |-sinAlnA) 

A J ' '' 


34. y = A''e“ =t. y' = rx'-''e^^ + sx'e‘‘=‘ 

35. y = 2-'^ => y' = 2-'" (In 2) (-20 = (-2 In 2) 12-'" 

36. y = e"”-'4-cos(e-') => y'= - sinAc'”''- e" sin (e") 

37. H (o) = !) tan”' v =5 H' (o) = n ■ —i-rr 4- tan”’ n ■ 1 = —’^-=r 4- tan”’ v 

14-0"' 1 4- !)■' 

38. f(z) = log,o(l+z2) =. F' (0 = ^ • 2z = 

39. y = ln^ + ^ = -lnx + (lnxr‘ =. / =-i - 

W. xe-^ — y — I => e^+xe^y'~y' => y'= /(I — xe-^) 

41. >> = In (cosh3.x) => y = (l/cosh3x) (sinh3x) (3) = 3 tanh3x 


42 . = In jx^ - 4| - ln|2x + 5| ^ 


x2 - 4 2x + 5 


43 . >■ = cosh ^ (sinhx) y = (coshx)/\/sinh^x — 1 
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11 fx 

44. >) = a: tanh“* => ;;'= tanh“’^ + a: -^—==tanh“’V^R-- 

l-(VI) 2(1-jc) 

45. /(A:) = e^W => /'(jc) = (^) 

46. / (AC) = g (e^) => f (A) = g' (e") 

47. / (x) = In |g (A)| => /' (x) = -l~g' (x) = ^ 

g (x) g (x) 

‘iS. f(x) =g(lnx') => f' (x) = g' (Inx) ■ - = ^ 


49. f(x) = 2x => /' (a:) = 2^ In 2 => f" (x) = 2^ (In 2f 


/(") (a) = 2"= (In 2)" 


50. /(a) = In (2a:) = In 2 +In A =» /'(x) = x (a) = -a“^,(a) = 2a“^, /<'•) (a) =-2 ■ 3a^‘', ..., 
/('"(a) = (-1)''->(«-1)!a-" 

51. We first show it is true for « = 1: /' (x) — xe^ = (x + 1)e^. We now assume it is true for n ~ k\ 

(jc) = (:v 4- . With this assumption, we must show it is true for« = A: + 1: 

/<*+” (x) = £ [/W (a)] = £ [(a + i) e^] = + (a + k)e^ = [a + (4 + 1)] 

Therefore, (a) = (a + «) by mathematical induction. 

52. Using implicit differentiation, y = a + arctan y => y' = 1 + -■ .- y' => y' ('-T^) = ' = 




1+T^ 1 , 


+ 2e^ 

53. y = /(a) = In +e^) => /' (a) = —- 5 — => /'(0) = |, so the tangent line at (0, ln2) is 

y - ln2 = jA or 3a - 2y + ln4 = 0. 

54. y = / (a) = A In A => /' (a) = In a + 1, so the slope of the tangent at (e, e) is /' (e) = 2 and an equation is 

y — e = 2 (a — e) or y = 2a — e. 


55. y = [In (a + 4)]^ => y'= 2— — = 0 <=> ln(A + 4) = 0 <=> a+4=1 <=> a =-3, so the 

A + 4 

tangent is horizontal at (—3, 0). 

56. / (a) = Ae®'"-* => /' (a) = A [e®'"* (cos a)] + (1) = e®'"* (a cos a + 1). Asa check on our work, we 

notice from the graphs that /' (a) > 0 when / is increasing. Also, we see in the larger viewing rectangle a certain 
similarity in the graphs of / and /': the sizes of the oscillations of / and /' are linked. 
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57. (a) The line - T;; = 1 has slope The tangent toy = e’‘ has slope | when y' = — j => 

a: = In I = - In4, so an equation is y - | | + ln4) or y = ^ (ln4 + 1). 

(b) The slope of the tangent at the point (a, e“) is =e‘‘. An equation of the tangent line is thus 

y - = e“ (jc - a). We substitute jc = 0, y = 0 into this equation, since we want the line to pass through the 

origin: 0 - e" = e" (0 - a) o -e" = e" {-a) <=> o = 1. So an equation of the tangent is 

y — e = e (x — \), or y = ex. 

58. (a) lim C (r) = lim \K (e""' - ^ “ «“*') = Ai (0 - 0) = 0 because -at -oo and 

' ' /-»00 <->CX3'- ' (-»c» ' ' 

—bt —> —OO as ( -» 00. 

(b) C (0 = K {-ae-“ + ie-*') 

(c) C' (r) = 0 => = ae""' =4 - = In - = (6 — a) t => t = ^ ^ ^ 

a a 0 — fl 

59. If y = —3x, then as .V —> oo, y —> —oo. lim = lim — q by (7.2.11). 

X-*00 _V—>-00 

60. lim In (Too — —oo since as;c —> 10“, (100 — -> O'*'. 

61. Let r = 2/(jc - 3). Asjc3“, r-oo. lim ^^/(jr-S) _ ijj^j = 0 

x^i- '^-00 

62. If y = — ;c = jc (x^ — l), then as at -» oo, y -> oo. lim arctan (x^ — x) — lim arctany = f by (7.5.8). 

\ ’X x->oo ^ ’ y ->00 ^ 

63. Lett = sinhAc. As;c 0+, / -> O''", lim In(sinhjc) = lim Int = -oo 

x-»0+ 
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„ ,, o (Ihat)^ h 2\nx x , sin;( Injt , Inx 

73. Iim sinx (Inj)^ = lim -= lim - - -= —2 lim-lim-= —2 lim- 

i-»o+ i-*o+ cscjr x-»#+— cscjicotx x-^o x i-*o cotar x-»ocotx 

H , 1/jr ... sin^ar . sinx „ 

= -2 lim-^ = 2 lim-= 2 lim-lim sinx =210 = 0 

x-*o—csc^x x-»0 X x-»0 X x-tO 

, 2 -2\ 1 - r • '1 1 - .t^-sin^x H 2x-sin2x 

74. Iim (csc'x —X ') = lim —=-? = lim —;— x — = lim-=-;;- 

x-»o x-.oLsin'‘x x^J I -.0 x'siir'x x-*i)2xsin'‘x+x'sin2x 


2 — 2 cos 2x 


X' sin2x 
4sin2x 


x-*o 2sin^x + 4x sin2x + 2x2 cos2x x-,o 6sin2x + l2xcos2x - 4x2 sin2x 

H |.^_ 8cos2x _* _ ' 

x-»o 24cos2x — 32x sin2x - 8x2cos2x 24 3 


75. Let jr =x’“'* so \ny = tanx Inx. Then 


... .. / .... Inx H .. 1/x .. sinx , 

lim In>'= lim (tanxlnx)= lim -= Iim -r—= lim -(—sinx) 

x-<0+ x-»0+ x-*0+ COtX x-*0+ -CSC^X x-»0+ X 

= lim . lim (—sinx) = 1 • 0 = 0 
x-»0+ X x->0+ 

so lim V = e® = I. 

X-.0+ 

76. Lety = x'/^'"'l. Then Iny =so lim In^ = lim= lim-^ =-I ^ lim x'^*'"*l = e"'. 

1 — x-* I x-*l 1 — X x-» I —1 x-tl 

n. y = f (x) = tan"* (1/x) A. D = {x | x # 0) B. No intercept C. / (—x) = —/(x), so the curve is 

symmetric about the origin. D. lim tan"* (1/x) = tan"’0 = 0, soy = 0 isaHA. lim tan"* (1/x) = t and 
x-.±oo ^ ,_o+ 2 

lim tan"* (1/x) =—y since ±00 asx ^ 0*. H. *' 

X"»0- X , 

E. /' (x) =-!-X (-l/x2) = - * => /' (x) < 0, so / is ; 

1 + (l/x)2 ' ' ' x2 + 1 ^ ^ ^ 

decreasing on (—oo, 0) and (0, oo). F. No 
2x 

extremum G. /" (x) =-x >0 <x> x > 0, so / is CU on 

(x2 + I)' 

(0, 00 ) and CD on (—oo, 0). 

78. y = /(x) = sin"* (1/x) A. D = (x | -1 < 1/x < 1} = (—oo, — I] U [l,oo). B. No intercept 

C. /(—x) =—/(x), symmetric about the origin D. lim sin"* (1/x) = sin"* (0) = 0, soy = 0 is a HA. 

x-»±oo 

E. /' (x) = * — ( —lx I = - — * —■ < 0, so / is decreasing on (-oo, -1) and (1, oo). 

y/l - (1/X)2 V ^ 

F. No local extremum, but / (I) = y is the absolute maximum and H. *' 

W 

/(-I) =-^ is the absolute minimum. J V. _ 

4x2-2x X (2x2 - 1) -o'l 0 i X 

G. f"(,x)=— -^ = -2 -^>0forx>land -£ 

2 (x‘'-x2)’/^ (x‘'-x2)^/2 I 2 

/" (x) < 0 forx < - I, so / isCU on (l,oo) and CD on (-oo, -I). No 
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19. y = f(x)=x\nx A. D = (0, oo) B. No ^-intercept; jc-intercept I. C. No symmetry D. No asymptote 
[Note that the graph approaches the point (0,0) as x -» O"''.] H. 

E. /'(x) = x (1/x) -t- (lnx)(l) = 1 -hlnx, so/'(x) -» -ooasx -* 0+ 
and /* (x) -» 00 as X -> oo. /' (x) = 0 <=> In x = — 1 <=> 

X = e"' = 1/e. /' (x) > 0 forx > 1/e, so / is decreasing on (0,1/e) 
and increasing on (1/e, oo). F. Local minimum;/(1/e) =—1/e. 

No local maximum. G. /" (x) = 1/x, so /" (x) > 0 for x > 0. The 
graph is CU on (0, oo) and there is no IP. 

80. y = / (x) = e^“'^ A. D = R B. y-intcrcept 1; no x-intercept C. No symmetry D. ^jim^e^"' =0, 

soy = 0isaHA. E. y =/(x) = e^"^^ => /'(x) = 2(1-x)e^"'^ > 0 <=> x < 1,so/is increasing 

on (— 00 , 1) and decreasing on (1, oo). F. /(I) = e is a local and absolute maximum. 

G. /" (x) = 2 (2x2 - 4x -I- 1) e^-^^ = 0 = i ± H. 

/" (x) > 0 <=> X < 1 — ^ or X > 1 so / is CU on 
^— 00 ,1 — and ^1 -I- ^,oo^, and CD on ^1 — 1 + 

IP (l±^,V^) 

81. y = / (x) = e^ -1- e"2* A. D = R B. y-intercept 2; no x-intercept C. No symmetry 
D. lim (e-* -1- e~2xl = oo, no asymptote E. y = / (x) = e' -I- e"** ^ 

x-»±oo ' ' 

f (x) = e' - 3e-2' = e-2' (e^^ - 3) > 0 <=> e<‘ > 3 » H. 

4x > In 3 « X > j In 3, so / is inereasing on In 3, oo) and 

decreasing on ^-oo, I In 3 ). F. Absolute minimum 

/ (i In 3 ) = 3'/“ -1- 3 - 2 /^ « 1.75. G. /" (x) = e' -1- 9e-’' > 0, so / 
is CU on (- 00 , 00 ). No IP. 

82. y =/(x) = ln(x2 - 1) A. D = (- 00 ,-1) U (1, 00 ) B. No y-intercept; x-intercepts ±-^/2 C. Symmetric 
about the y-axis D. lim In (x^ — 1) = 00 , lim In (x^ — 1) = — 00 , lim In (x^ — I) = — 00 , so x = 1 and 

x = -lareVA. E. y =/(x) = In (x^ - 1) => /'(x) = > 0 forx > 1 and/'(x) < 0 forx <-1, 

so / is increasing on (1, 00 ) and decreasing on (— 00 , — 1). Note that the H. 
domain of /islx| > 1. F. No extremum 

G. /" (x) = -2 ^ * 2 < 0, so / is CD on (- 00 ,-1) and ( 1 , 00 ). 

(x2 - 1) 

No IP 
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83. 1 



From the graph, we estimate the points of inflection to be about 
(±0.8,0.2)./(;c) = e-'/^^ => /'(^) = => f''{x) = 

2 [j(-3 (2 x- 3) e-'A^ + (-3*-“)] = 2x-‘e-‘/^^ (2 - This 

is 0 when 2 — 3x^ = 0 o x = so the inflection points are 


84. We exclude the case c = 0, since in that case / (x) = 0 for all x. To find the maxima and minima, we differentiate: 
/(x) = cxe‘“^ => /' (x) = c [xe"“^ (-2cx) + (I)] = ce"“^ (-2ex^ + I). This is 0 where 

— 2cx^ +1=0 <=> X = ±\ ! ^/2c. So if c > 0, there are two maxima or minima, whose x-coordinates 
approach 0 as c increases. The negative root gives a minimum and the positive root gives a maximum, 
by the First Derivative Test. By substituting back into the equation, we see that 

/ (±1 = c (±1 ® ‘'(*'/'^) = ±^c/2e. So as c increases, the extreme points become more 

pronounced. Note that if c > 0, then lim / (x) = 0. If c < 0, then there are no extreme values, and 

x-*±oo 

Jm^/(x) = +oo. 

To find the points of inflection, we differentiate again: f (x) = (-2cx^ + 1) => 

/“ (x) = c (—4cx) + (—2cx^ + 1) 2cxe'"“^^j = —2c^xe"“‘^ (3 — 2cx^). This is 0 at x = 0 and 

where 3 - 2cx^ = 0 «=> x = ±V3/ (2c) =» IP at (±^3/ (2c), ±V3c/2e”’/^). If c > 0 there are three 
inflection points, and as c increases, the x-coordinates of the nonzero inflection points approach 0. If c < 0, there is 
only one inflection point, the origin. 



85. s (/) = Ae~‘' cos (wr + <5) =» 

0 (/) = s' (I) = -cAe~^' cos (<u/ +15) + Ae~“ (-(usin (ml + (5)] 

= —[ccos(o)r + ^ + a)sin(<u(+ ^)] ^ 

a(t) = v'(l) = cAe~“ [ccos(<u/ + <5) + lu sin (a)/ +rf)) + (-/fe"") [-a)c sin (a)/ +15) + <u^ cos (<»/ +i5)] 
= [(c^ — m^) cos (<u» + ^) + 2cm sin (ml + <5)] 
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86. (a) Let / (x) = Inx + x - 3. Then /' (x) = I/x + I > 0 (forx > 0) and /(2) as -0.307 and / (e) as 0.718. / 
is differentiable on (2, e), continuous on [2, e] and / (2) < 0, / (e) > 0. Therefore, by the Intermediate Value 
Theorem there exists a number c in (2, e) such that / (c) = 0. Thus, there is one root. But /' (x) > 0 for 
X e (2, e), so / is increasing on (2, e), which means that there is exactly one root. 

(b) We use Newton’s Method with /(x) = Inx + x — 3, /' (x) = 1/x + 1, and xi = 2. 

X 2 = X] — } . _ 2 — ^ ^ ^ as 2.20457. Similarly,xj as 2.20794,xa =s 2.20794. Thus, the 

1/x, + I 1/2+1 

root of the equation, correct to four decimal places, is 2.2079. 


87. Let P (r) = 


1 +3|j,- 0.7944, l + BeCl 


= /f (1 + Be")”', where /< = 64, B = 31, andc = —0.7944. 


P' (/) = _+(! + Be") ^ (Bee") = -/4Bce" (I + Be")"^ 

P" (!) = -ABce“ [-2 (I + Be")"’ (Bce")j + (1 + Be")"’ (-/IBc’e") 

= -/IBc’e" (I + Be")"’ [-2Be" + (1 + Be")] = _ 

The population is increasing most rapidly when its graph changes from CU to CD; that is. 


when P" {/) = 0 in this case. P" (f) = 0 ^ Be" = 1 =» e" = 

, I ln(l/B) In (1/31) 

cr = In — ^ / =-= as 4.32 days. Note that 

B c -0.7944 ^ 


e" = - =» 
B 


^ ^ s’* ^ u.. 

r I - In — I =- ,,, ,1 ,, =-TTTTm =-=- 7 = Ts onc-half the limit of B as 

Vc B) 1 + Be<’<'W“<'/«) l + Beln(l/fl) 1 + B(1/B) 1 + 1 2 

t -> oo. 

88. e-^' Br = [e-^'j’ = (e'^ - e") = ^ (1 - e-‘) 

89. J ^ ^ dx = ^tan"' x = tan"* 1 — tan"’ 0 = f — 0 = f 

90. j' = J [l"l' + >1)2 = i (In 11 - ln5) = ^ In^ 

91. Jji;'’e^ ds = [e^liS* = e‘"« - e'"2 = 8 - 2 = 6 

92. Let u = sinx. Then du = cosx dx, so 

r''i'*'"=K'5 ^ 
r =r 7 =["i ^“ 4 

= (-J + ln4-4)-(-^ + ln2-2) =ln2-J 

94. Let a = Inx. Then ^ J ‘*°^^*'*'*) dx = J cosarfa = sina + C = sin (Inx) + C. 

95. Let a = ^^x. Then du = ^ J dx = 2 J e“ du = 2e" + C = 2e'^ + C. 

96. Let a = x^. Then du = 2xdx f - dx = ^ f _ = i sin"' a + C = | sin“' fx^) + C. 

J 2j yiZTiP ^ 2 \ j 
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97. Let w = In (cos.*). Then du = —dx = - \anxdx =* 

cosx 

/tan* ln(cos*)</* t=- judu — - + C = - j (ln(cos*)]^ + C. 

98. Let u = ln{e'‘ + 1). Then du = [r* /(e* + \)\dx =» 


Let u = 1 + *■'. Then du = ix^ dx => J ^ ^ ^ dx = ^ J - <7u = j ln|M| + C = ^ In ^1 + C. 


100. f sinhau du = - coshon + C 

a 

101. Let « = I + secO, sorfu = secOtz.nOdO 


101. Let « = I + secO, sorfu = sec(?tan(?rf<? =» f ^ dO = / - rfa = ln|«| + C = ln|l + secO| + C. 

J I + secO J u 

102. I + ^ Vl + = e" =» fj VI + rf* > /J e’ dx = e-'jJ = c — 1 

103. cos* < I => e^cos*<e' => /J e* cos*cf* </J e* </* = e*]o = e — I 

104. For 0 < * < 1,0 < sin"' * < f, so /J * sin"' xdx < fg x (f) dx = f *^]J = f ■ 

105. /(*) = —/ —rfs = _—V* =-p:^ =— 

dx J\ s .Jx dx .y* 2v* 2* 

106. -i r (I) c,. 

107. /a„ = ^ /;• 1 <7* = ^ In*]^ = ^ In4 

108. A = f ^2 - e") af* + /,' (e* + e"*) <7* = [-e"^ — c *]*2 + 

= (—1 — I) — (—— e"^) + (e + e"') — (I + I) = e^ + e + e"' +e"^ - 4 
/■' 2 ** 

109. V = I - - 7 rf* by cylindrical shells. Let w = *^ => du=2xdx. Then 

Jo I + *^ 

^ i TT^ ” h"' “]1 = ” '-'“■'o) = ''(i) = T- 

110. /(*) = *+*^ H-e* ^ /'(*) = I + 2 * + e'and/(O) = I ^ ^(1) = 0, so 

111. /(*) = In*+ tan"'* ^ /(I) = In I + tan"'1 = f =» 8(f) = l- 

^ +TT7-“^(^) = 70) = 372 = 3- 


gV* (7 gjx I gdx 

y/x dx ^ .y* 2 V* 2 * 


* + 2e"‘'^^ 


112. 



The area of such a rectangle is just the produet of its sides, that is, 

A{x) = x ■e~^. We want to find the maximum of this function, so we 
differentiate: A' (*) = * (—«"'*) + e"' (I) = e"^ (1 — *)• This is 0 only 
at * = I, and changes from positive to negative there, so by the First 
Derivative Test this gives a local maximum. So the largest area is 
/f(l)= I/e. 
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We find the equation of a tangent to the curve y = so that we can find 
the X- and >'-intercepts of this tangent, and then we can find the area of the 
triangle. The slope of the tangent at the point (a, e““) is given by 


X = —I 

Jx=a 


e'“, and so the equation of the tangent is 


®| ^ ' y - =-e"" (jt - a) «=> y — e~‘'(a - X + 1). The y-intercept of 

this line is 

y = e”" (a — 0 + 1) = (a + 1). To find thex-intercept we sety = 0 e"" (a — x + I) = 0 ^ 

jt = a + 1. So the area of the triangle is ,4 (a) = j [e”" (o + 1)] (a + 1) = (o + 1)^- We differentiate this 
with respect to a: A'(a) = ^ [e"" (2)(a + 1) + (a + l)^c-" (-1)] = -a^). This is 0 at a = ±1, and 

the root a = 1 gives a maximum, by the First Derivative Test. So the maximum area of the triangle is 
,4 (1) = ^e-'(1 + 1)2 = 2e-'= 2/e. 

114. Using Formula 5.2.3 with a = 0 and b = 1, we have / dx = lim — This series is a 

^ h ^ 

n ^n/n ^ j ^ — I 

geometric series with a = r = e'^", so = e*^" 

f e*rfx= lim -Ve'/"= lim (e - l)e'^” y" , . As n-» oo, 1/n-» 0+, so e'/"-» e® = I. Let 
J0 n->00« ^ n-.oo e'l" — 1 


e'/" . Asn-» oo, 1/n-» 0+,soe'/"e® = I. Let 


I = \/n. Then e'^" - 1 = e' — 1 -> O"*", so I’Hospital’s Rule gives lim , ‘ , = lim — = 1 and we have 
' I-.0 e' — 1 /-»0 e' 


eX dx = [ lim (e - l)e'l [ lim ——- = e - 1. 

•'® L'-*o* J e' - 1J 


Ax + l-flX + l „ + 'Ini -a* + 'Ina 

115. lim F(x)= lim -S lim -;-= Inh - Ina = f(-l), so f is continuous at 

x_,_| x->_l X + I i->-l 1 


116. Let 0i = arccotx, so cotOi = x = x/1. So sin (arccotx) = sinOi = 


Let 02 = arctan 






so tan 02 = 


Hence, cos (arctan (sin (arccotx))) = COSO 2 = 


VPT\' 

„ Vx^ + 1 /x2 + 1 


Vx^ + 2 V*2 + 2' 




117. Differentiating both sides of the given equation, using the Fundamental Theorem for each side, gives 

e?x (| + 2 x) 

/(x) = e2x+2xe2>'+«-''/(x). So/(x) (1 - e"') = + 2xe2*. Hence/(x)= , ■ 
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1 AT ~ I 

118. (a) Let/(x) =jc -Inx - 1, so/'(x) = I - - =-. Sincex > 0,/'(x) < 0 for 0 < x < 1 and /'(x) > 0 

forx > I. So there is an absolute minimum at X = I with /(1) = 0. 

So forx > 0, X l,x — Inx — 1 = / (x) > / (I) = 0, and hence Inx < x — I. 

(b) Here let / (x) = Inx-= Inx - 1 + -. So /' (x) = - —-r = , * . As in (a), we see that there is 

X X X 

an absolute minimum value at jc = I and that / (1) = 0. So for jt > 0, x I. 

X — \ _ ] 

Inx-= /(Jt) > /(I) = 0 and hence- < Inx. 

Jt X 

(c) Let d > a > 0, so b/a > 1. Letting x = 6/a in the inequalities in (a) and (b) gives 

6 —a b/a — \ b b b — a b 

^ ^ " a *■ a ~ ~ ^—' ^°l'ng that In — = In 6 — In a, the result follows after dividing 

through by b — a. 

(d) Let /(x) = Inx. From the given diagram, we see that 

(slope of tangent at x = 6) < (slope of secant line) < (slope of tangent at x = a). Since /' (x) = we 

X 

.U r- U ' Inb-Ino 1 ^ 

tneretore nave - < — ^ ^ ^ — < —. To make this geometric argument more rigorous, we could use the Mean 

Value Theorem: For any a and b with 0 < a < b, there exists some c e (a, b) for which 

' Inb-lna „.l. . . , , , 1 I Inb-lna . 1 

J (c) = - = —7 -• Bui - IS a decreasing function on (0, oo), so t < - =- < In -. 

c b—a X be b—a a 

111 1 /** 1 1 

(e) Since - < - < - for a < x < b. Property 8 says that -(b — a)<l -dx < - (b — a) =» 

b X a b Ja ^ a 


* ^ 1 t 1 1/1 > 1 Inb- Ir 

7 (b - a) < Inb — Ino < - (b - a) => -<- 

b a b b — a 

are justified in making all of the inequalities strict.) 


1 Inb-lna I 

7 < —7 - < -■ (Note from the proof of Property 8 that we 

b b — a a 
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Problems Plus 


_ 2 2 

1. Let >> = / (x) = e * . The area of the rectangle under the curve from -x to x is (x) = 2xe ^ where x > 0. 

We maximize A (x): A' (x) = - 4x^e“*^ = 2e"*^ (I — 2x^) =0 =» ~ E'^es a maximum 

since /<' (x) > 0 for 0 < x < ^ and y4' (x) < 0 for x > ^. We next determine the points of inflection of / (x). 
Notice that /' (x) = —2xe~‘^ = —A (x). So /" (x) = —A' (x) and hence, /" (x) < 0 for —^ < x < ^ and 
/" (x) > 0 forx < — ^ andx > ^- So /(x) changes concavity at x = tmd the two vertices of the 
rectangle of largest area are at the inflection points. 

2. We use proof by contradiction. Suppose that log 2 5 is a rational number. Then log 2 5 = m/n where m and n are 

positive integers => 2'"^" = 5 2'" = 5". But this is impossible since 2” is even and 5" is odd. So log 2 5 

is irrational. 

d" 

3. Consider the statement that (e“ sin bx) = r"*”' sin (ftx + nO). For n = I, 

d 

— («"* sin 6x) = ae“ sin bx + 6*““ cosbx, and 
dx 

re‘“ sin(6x +0) = re‘“ [sinbx cost? + cosbx sinO] = /•«“ sinbx + - cosix^ 

= ae" sin bx + be"' cos bx 
since tan0 = b/a ^ sinfl = b/r and cosfl = o/r. 

So the statement is true for n = I. Assume it is true for n = k. Then 

if* * dr 1 

(«“ sin ^ |^r*e“ sin (bx + it?) J = r*ae‘“ sin (bx + kO) A-r^e^b cos (bx + kd) 

= r*e“ [a sin (bx + kO) + b cos (bx + it?)] 

But 

sin [bx + (i + I) 0] = sin [(bx + kO) + 0] = sin (bx + kO) cos 0 + sin 0 cos (bx + k8) 

a b 

= - sin {bx + kO) + - cos {bx + kO) 
r r 

Hence, a sin {bx + kO) + b cos {bx + k&) = r sin [bx + {k-\- I) 6]. So 

j* + l 

^ k-¥ \ ~ [a sin {bx + kO) + b sin {bx + kO)] = r*e‘“ [r sin (6jif + (^ + I) ^?)] 

= r* + 'e'“[sin(bx + (*+ 1)0)] 

Therefore, the statement is true for all n by mathematical induction. 


4. Lety = tan*' x. Then tany = x, so from the triangle we see that 


X] = smy = 




. Using this fact we have that 


. , _i , . , sinhx sinhx 

sin (tan ' (sinhx)) = , , __ = =-= tanhx. Hence, 

y/\ + sinh^ X 

sin*' (tanhx) = sin*' (sin (tan*' (sinhx))) = tan*' (sinhx). 
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5. We first show that -< tan ' jt for Jt > 0. Let /(jt) = tan"' x - —— 5 . Then 

l+x2 ^ 1+x^ 

1 1 (1+x^)-X (2x) (I+x^) - (I-x^) 2x^ „ 

l + x 2 (,+, 2)2 (,+, 2)2 (,+, 2)2 


increasing on (0, 00 ). Hence, 0 < x 0 = /(O) < / (x) = tan"' x — 

0 < X. We next show that tan"' x < x for x > 0. Let /i (x) = x — tan"' x. Then 
1 x2 

h' (x) = I-X =-X > 0- Hence, h (x) is increasing on (0, 00 ). So for 0 < x, 

l+x2 l+x2 

0 = A (0) < A (x) = X - tan"' x. Hence, tan"' x < x for x > 0, and we conclude that ^ x < x for 


6 . The shaded region has area /(x)c(x = 5 . The integral JJ,' /"' 
gives the area of the unshaded region, which we know to be I — j = j. 
So/o' (y)dy = l- 



7. By the Fundamental Theorem of Calculus, /' (x) = Vl +x2 > 0 for x > — 1. So / is increasing on (— 1, 00 ) and 
hence is one-to-one. Note that / (1) = 0, so /"' (I) = 0 ^ (/”')' (®) ~ 


8. y = -arctan--. Let * = a -F -^/a^ — 1. Then 

Va2 — I Va2 — 1 a + Va2 — 1 + cosx 

,12 1 cosx (A + cosx) + sin2 x 

Va2 - 1 Va2 - 1 1-I-sin2x/(*-F cosx)2 (*-Fcosx)^ 

1 2 Acosx-F cos2x-F sin2x _ 1 2 kcosx + 1 

Va2 — 1 Va2 — 1 (A-F cosx)2-F sin2x Va2 — 1 ^02 — 1 i2 + 2Acosx-Fl 

*2 + 2it cosx -F 1 — 2k cosx — 2_ ^2 _ , _ 

y/a^ — 1 (*2 -F 2kcosx -F l) y/a^ — 1 (*2 -F 2A cosx -F l) 

But *2 = 2a2 + 2aVa2 - I - 1 = 2a (a -F V'a2 - 1^ - 1 = 2aA: - 1, so *2 -F 1 = 2a*, and *2 - 1 = 2 (a* - 1). 

So y' = 2 ( a*—1)-_ —!-. But a* — 1 = a2 -F aVa2 — 1 - 1 = *Va2 — 1, so 

Va2 — 1 (2a* -F 2*cosx) \/a2 — 1* (a -F cosx) 
y' = l/(a -F cosx). 
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9. If E = lim ( I , then L has the indeterminate form 1°°, so 
\x — a J 

Ini = lim = lim Jt In = lim 

x->x \x — a/ i-»oo \x—a/ jr-»oo 


In (rt + a) — In (jr — a) 

i/i 


H ,i„, {x-a)x^-(x + a)x^ ^ 

i-»oo —\/x'‘ jt-»oo (x + a){x—a) x-tx x^ — 

2a 

= hm -- yT) = 2a- 

i->oo I - ayx‘ 

Hence, In i = 2<i, so t = e^. From the original equation, we want E = e' ^ 2a = I => a = j- 


W. Case (i) (first graph): For Jt+> > 0, that is, ^ > —x, jt + >< = |x + )»| < e* ^ x. Notethat 

>> = e' - X is always above the line y = -x and that y = -x is a slant asymptote. 

Case (ii) (secondgraph): For x + y < 0, —x — y = |x + y| < e' =* y > —x — , Note that —x — e* is 

always below the line y = —x and y = —x is a slant asymptote. 

Putting the two pieces together gives the third graph. 


v = e'-xZ 



I 

r-'/i 




11. Both sides of the inequality are positive, so cosh (sinhx) < sinh (coshx) «=> cosh^ (sinhx) < sinh^ (coshx) 
o sinh^ (sinhx) + 1 < sinh^ (coshx) <=> 1 < [sinh (coshx) — sinh (sinhx)] [sinh(coshx) + sinh(sinhx)] 

<=» 1 < ^sinh - sinh ^sinh ^ + sinh o 

1 < [2 cosh (c^/2) sinh (e"V2)] [2 sinh (e*/2) cosh (e“*/2)] (use the addition formulas and cancel) 

<=> 1 < [2sinh(eV2)cosh(e-'/2)][2sinh(e“V2)cosh(e“V2)] «=> I < sinh sinhe"*, by the half-angle 
formula. Now both e^ and e~^ are positive, and sinh y > y for y > 0, since sinh 0 = 0 and 
(sinhy — y)' = coshy — 1 > 0 forx > 0, so 1 = e^e~^ < sinhe* sinhe“^. So, following this chain of reasoning 
backward, we arrive at the desired result. 

Another Method: Using Formula 3.7.3, we have 

sinh"' (cosh (sinhx)) = In ^cosh (sinhx) -F ^ 1 -F cosh^ (sinhx)^ = In (cosh (sinhx) -F sinh (coshx)) 

= In (e'“') = sinhx 


But sinhx < cosh x, so sinh"' (cosh (sinhx)) < cosh x. Since sinh is an increasing function, we can apply it to 
both sides of the inequality and get cosh (sinhx) < sinh (coshx). 
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12. First, we recognize some symmetry in the inequality;- > — ■ — > e • e. This suggests that we 

xy X y 

gx ... . 

need to show that — > « for x > 0. If we can do this, then the inequality — > e \s true, and the given inequality 

X ~ y 


follows. 

/(Jt) = y => f(x) = 


xe^ - r* (z - 1) 


X = 1. By the First Derivative Test, we have a 


,'/ro 


x^ x^ 

minimum of/(I) = c, so e'/x > e for all x. 

13. Suppose that the curve y = a* intersects the line y = x. Then a^<> = xo for some xo > 0, and hence a = xj'' 

We find the maximum value of g (x) = x’^*, > 0, because if a is larger than the maximum 
value of this function, then the curve y = o' does not intersect the line y = x. 

g'(x) = eC/x)'"* ^^ Inx + - • =x*/’‘ is0 only wherex = e, and forO < x < e, 

/' (x) > 0, while for x > e, /' (x) < 0, so g has an absolute maximum of g (e) = e'^'. So if y = a* intersects 
y = X, we must have 0 < a < e'/'. Conversely, suppose that 0 < a < e'^'. Then a' < e, so the graph of y = a* 
lies below or touches the graph ofy = x at x = c. Also a® = 1 > 0, so the graph ofy = a* lies above that of 
y = X at X = 0. Therefore, by the Intermediate Value Theorem, the graphs of y = a* and y = x must intersect 
somewhere between x = 0 and x = e. 

Weseethatatx = 0,/(x) = 0 * = I +x = I.soify = 0 "“ is to lie above 
y = I + X, the two curves must just touch at (0,1), that is, we must have 
/'( 0 ) = 1 . 

[To see this analytically, note that a*>l+x => a* — l>x => 

~ -i. > 1 forx > 0, so /' (0) = lim - -^ > 1. Similarly, forx < 0, 

X x-*o+ X 

a" - 1 a"" - 1 

a* - 1 > X => - < 1, so /' (0) = lim -< 1. Since 

“ X x-»o- X 



I < f (0) S 1. we must have f (0) = 1.] 

But/'(x) = a^ Ina ^ /'(0) = In a, so we have In a = 1 <=> a = e. 

Another Method: The inequality certainly holds for x < -1, so consider x > -1, x yt 0. Then a* > 1 + x => 
a > (1 H-x)'^-'forx > 0 => a> lim (1+x)'^* == e, by Equation 3.7.5. Also, a^ > 1+x => 

0 < (> + X)‘^' for X < 0 => a < lim (1 + x)'/^ = e. So since e < a < e, we must have a = e. 

x-»0" 





Techniques of Integration 


Integration by Parts 


y. htXu = \rvx,dv ~ X dx du = dxfx,v = \x^. Then by Equation 2, 

j x\r[x dx = ^x^ Inx — / ^x"^ {dx/x) = ^x^ \nx ~ ^ J x dx = ^x^ In^: — ^ • ^x'^ + C 
= jx'^ ln;c - jx^ + C 

2. Let u = 0, dv ~ sec^ 0d9 => du = dd, v = tan^. Then 
f 6 QdO = 0tan^ — / X^nOdO — 0Xm9 — In \sqc6\ + C. 

3. Let u — X, dv ~ dx du ~ dx, v — . Then by Equation 2, 

Jxe^ dx = jxe^^ — f dx — ^xe'^ — + C. 

4. Let u = X, dv = cos;c dx ^ du = dx, v = sin^:. Then by Equation 2, 

JX cos:c dx = X sin^: — f sinjc dx ~x sinx 4- cos:c + C. 

5. Let u = X, do = sin4:^ cijc => du = dx, v — —^€054;^. Then 

/ jc sin4:t dx = -\x cos4:c — / ^-5 cos4j:^ dx = —^x cos4x + ^ sin4jc + C. 

6. Let u = sin“^ x, dv ~ dx => du = , v ^x. Then f sin"^ xdx = x sm~^ x — I , ^ ^ dx. 

Setting ^ = 1 — we get dt = —2x dx, so — y* ^ = J ■ ^dt = -}-C = V1 — x^ + C. Hence, 

/ sin“^ xdx =x sin~^ x + vT-^ + C. 

7. Let M = ;c^, = cos3;c c/;c ^ du = 2x dx, v = ^ sm3x. 

Then I = J x^ cos 3x dx = jx^ sin 3a: — | / ;c sin 3x dx by Equation 2. Next let 
U — X, dV = sin3A:c;?x dU = dx, V = —| cosSx to get 

/ X sin 3x dx = -\x cos 3;c + 5 / cos 3xdx — -\x cos 3x + 5 sin 3x + Ci. Substituting for / a: sin 3x dx, we get 
/ = ijc^ sin3:c — | (“I-^ cos3 a: + ^ sin3 a: + Ci^ = jx^ sin3x + ^x cos3 a: — ^ sin3Ac + C, where C — —\C\. 
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8. Let u — x'^, dv = sin ax dx => du = 2x dx,v = — cosax. Then 

a 

/ = J x^ s'max dx =cosax — J -^cosax {2x dx) = ——cosax- J x cosax dx 

by Equation 2. Let U = x, dV = cosax dx => dU = dx, V = — sinax. Then 

f X f 1 X 1 

/ X cos ax dx = - sin ax - / - sin ax dx ~ - sin ax H—r cos ax + C]. So 

J a J a a a^ 

x2 2 /x 1 \ x^ 2x 2 

1 = -cosaj: + - I - sinaA: H—r cosa:t + Ci | =- cosqa: H—, sinax + -r cosax + C. 

a a \a a-^ J a 

9. Let u = (Inx)^, dv = dx => du = 2lnx ■ ^ dx, v = x. 

Then I = J (Inx)^ dx = x (Inx)^ - 2 f Inx dx. Next let L' = Inx, dV =dx => dU = 1/x dx, F = x to get 
flnxdx = X Inx - fx ■ (l/x)dx = x Inx - x + Ci. Thus, / = x (Inx)^ — 2x Inx + 2x + C, where 
C = -2Ci. 

10. Let u = 1^, dv :=e' dl =» du = 3t- dt. u = e'. Then I = f t^e' dt = t^e' - J 3pe‘ dt. Integrate by parts 
twice more with du = e' dt. 

I = t^e' - - / 6te' dij = t'e' - 3re' + 6/e' - J 6e' dt = l^e' - 3/^e' + 6/e' - 6e' + C 

= p - 3/^ + 6/ - 6) e' + C 

More generally, if p (/) is a polynomial of degree n in /, then repeated integration by parts shows that 
/ pit)e' dt = [/>(/) - p' (/) + p" (/) - p"' (/) H-h (-l)"p<"> (/)]e' +C. 

11. First let 1 /= sin30, rfn = e^'^ d/1 => du = 3 cos30 dO, v = . Then 

/ = Jsin30d8 = sm30 - | Je^® cos30dd. Next let U = cos39, 
dV = dd => dU = -3sm30 dO. V = 4e-® to get 

f cos 35 do = je^® cos 35 + | / sin 35 dO. Substituting in the previous formula gives 
/ = sin 35 - |e^® cos35 - | / e^" sin 35 55 = ^e-® sin 35 - |c^® cos35 - |/ => 

^ / = ie2®sin35- ^e^® cos 35 + Ci. Hence. /= ^e-® (2 sin 35 - 3 cos 35) + C, where C = -^Ci. 

12. Let u = e~®, dn = cos25d5 => du =-e“® d5, n = j sin25. Then 

/ = e“® cos25d5 = ^e“® sin25 — y 5 sin25 (—e“® d5) = je“® sin25 + 5 J e-®sin25d5 

Let [/ = e-®, dF = sin25d5 => dC/=-e”® d5, F =-^ cos25, so 

Je“® sin25d5 = - je“® cos25 — / (- 5 ) cos25 (—e~® d5) = - je“® cos25 — j /e“® cos25d5. So 
7 = je"® sin25 + 5 cos25^ ~ sin25 — |e“® cos25 - ^7 => 

|7 = je"® sin25 - je“® cos25 + Cl => 

/e-®cos25d5 = 7 = f (ie-®sin25- |e-® cos25 + Ci) = §6“® sin25 - ^e“® cos25 + C. 

13. Let u — y, dv = sinhyc^y du = dy, v == coshy. Then 
f ysmhydy = y cosh;/ — / coshydy = y coshy — sinhy + C. 
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14. Let u = y, dv — 

y sinh ay 1 


/ 


y Qosh. ay dy = '■ 


u 


sinha>' 

du — dy, V = -. Then 

a 

. , , V sinh ay coshay ^ 

sinhayc/y = - - - -+C. 


15. Let u = t, dv — e ‘ dt => du ~ dt, v = —e ^. By Formula 6, 

/o' te-' dt = + Jo e-< dt = -1/e + = -1/e - 1/e + 1 = 1 - 2/e. 

16. Let u = + \, dv = e~^ dx => du =2x dx, v = —e~^. By (6), 

/o' {x^ + 1) e“^ dx = [— [x^ + 1) e”*]J + /o' 2.ie”'' dx — —2e“’ + 1 + 2/o' xe~^ dx. Let 

U = X, dV = e~^ dx => dU = dx, V = By (6) again, 

/o' xe~’^ dx = [-xe~^]g + /,' e~’‘ dx = -e“' + [-e“-']J = -e~' - e"’ + 1 = -2e“' + 1. So 


/o' (x^ + 1) e X dx = -2e ’ + 1 + 2 (—2e ' + l) ^ 


-2e-' + 1 - 4e-> + 2 = -6e-‘ + 3. 


1 1 

17. Let u = Inx, dv = x ^ dx => du = — dx, v = —x .By (6), 

X 

'•2 In^: 


Jl x2 


dx ■■ 


inx ' 

" 2 

■ r 


+ / X 2rfx = -Aln2 + lnl + 


X 

1 A ^ 

X 


= -iln2 + 0- A + 1 = 2 - iln2. 


^8. Let u = \nl, dv = ^dt => du — dt/t, v = By Formula 6, 

/,‘*x/7lnr* = [|r3/2infj^ _ 2 ^dl = I •8-ln4-0 - [f • ^ In4 - i (8 - 1) = ln4 - f. 

19. I = /,“' \n.y/xdx = \ J* in X dx = j[xlnx — x]* as in Example 2. So 
7 = 2 [(41n4-4)- (0- 1)] = 21n4- 

20. Let u — x,dv = csc^ x dx => du = dx, v = — cotx. Then 

XT/f csc^xdx = [-X cotx ]|^^4 4- cotx rfx = -| • 0 + I ■ 1 + [In IsinxIJ^jl^ = | + In 1 - In ^ 


— j j ln2 


21. Let u = cos ^ X, dv = dx => du — — 
, r . t1/2 


dx 


VT^ 

xdx 


,v=x. Then 



-\dt 

/ /->/2 

7l 

L 2 


J, where t = I — x^ 

dt = -2x dx. Thus, 7 = | + i dt = [s/t\\^^ = | + l- 2^ = i(a-+6 - 3^/3). 


22. Let« = X, (/« = 5* (7x => r7w = rfx, « = (5*/ln5) r7x. Then 


[' x5x 
Jo 


dx - 


xy ]' _ 

In 5 Jo 


[' 11 

Jo 


1 


- — - 0 - ‘ — 
ln5 “ InS ln5 [ln5_o ~ ln5 (In5)^ ^ (In5)^ 


5 1 

■ + - 


In 5 (In 5)2 

23. Let M = In (sinx), do ~ cos;c dx du = dx, v = sinx. Then 

sin;r 

/ = / cos:v in (sinA:)c?;i: = sin;c In (sin^^) — / cosxdx = sin;r In(sinx) — sinx^ + C. 

Another Method: Substitute ^ = sin:v, so t/r = cosa: 6^;c. Then / = / In r = / In ? — ^ + C (see Example 2) and 
so / = sinx (In sinx — 1) + C. 
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24. Let M= tan ^x,dv=xdx => du = dx/[l + x^), u = ^x^. 

1 f x^ 

Then / jc tan“’ xdx — tan“' ^ ~ 2 J I + T 


r (l+;c^)-l 




1 4-^:2 


dx 




1 + X 


■ dx = X — tan ^ x + Ci, so 


/.xtan ^xdx = \x^ian —^(a:— tan ^x + Ci) = ^ (;c^tan ^A: + tan a:) + C. 

25. Let u) = In;c dw = dx/x.ThtXix = e'^ anddx = du),so 

f cos (Injc) dx = f e'^ cos wdw = (sin «; + cos w) + C (by the method of Example 4) 
= ^x [sin (Inx) + cos (Inx)] + C 

26. Let u =r^,dv = ■ 


i 


V4 + r2 
0 \/4 + 


dr 


I 


x^ (Inx)^ dx = 


PyS 

y Qnxf 


du = 2r dr, V — V4 +72. By (6), 

1 r ^ 

dr = ^r^\/4 + J 4 + dr = -v/S — | 

= n/ 5 - I (5)3/2 + 2 (g) ^ 75 y ^ 

.X 5 

/’2 4 ^2 4 

2j ^ \nx dx = ^ (\n2)^ — 0— 2 J —\nxdx. 


3/2- 


(4+ .2) 




27. Let« = (Inx)^, c/o = Jx =i- du = 2 - dx,v — —. By (6), 

.X 5 

n2 


Let U = Inx, dV = — dx 


1 

dU = - dx. V = —. So 
.X 25 


■/t 


Inx dx = 


25 


: Inx 


-/ 


— dx = 44 In 2 — 0 — 


zlf 

125J1 


= gln2-(^-i^).So 


25 '■■■ 25 

J^x* (ln;c)2 = f (ln2)2 - 2 (§ In2 - = f (ln2)2 - | In2 + 

28. Let u = sin (I — s), dv = e'' ds => du = — cos (I — s) ds, v = e^. Then 

/ = /q sin (/ — s)ds = [«•' sin (t - i)]Q + JJ e' cos (/ - s) ds = e' sin 0 - e’’ sin / + /i. For 

/], let U = cos (t—s), df^ = ds => i/L'= sin (/— 5 ) c(i, L = e'. So 

/] = [e^ cos (t — i)]g — Jg e’’ sin (t — s) = e' cos 0 - e“ cos t - I. Thus, 7 = — sin f + e' — cos t — / => 

27 = e'— cost — sin/ => 7 = j (c'- cost - sin/). 

29. Let w = a/x, so thatx = and dx = Iwdin. Thus, J sin^/x dx = J 2wsinwdw. 

Now use parts with u — 2w, dv = sin w dw, du = 2dw, v = — cos w to get 

f 2w sin w dw = —2w cos lo + / 2 cos wdw = —2w cos lu + 2 sin lo + C = —2^ cos + 2 sin ^ + C. 

30. Let w = so that x = w^ and dx ~2wdw. Thus, e'^ dx — e'‘’2w dw. Now use parts with u — 2w, 

dv = dw, du — 2dw, u = e*" to get e'^2wdw = [ 2 u)e'"]j - 2j^ e"^ dw = 4e^ — 2e — 2 [e^ — e) — 2e^, 

31. Let X = 6^, so dx = 26 dO. So cos {0^) dO ~ j cosjc dx. Let u = x, dv = cosx dx => 

du = dx, V = sinx. So 

5 /ff/ 2 ^ cosxc/x = 5 smx ]^^2 ~ 1^/2 — 5 [-^ sinx + cosx]J /2 

« = f (tt sin ;r + costt) — ^ sin ^ + cos ^) = 5 (;r -0 — 1 ) — 5 (|--l + 0)=:—5 — ^ 
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32. f dx — f ix^)^ e’‘^x dx = f Pe' j dt (where t = x^ => j dt = x dx) 

= j[t^ — 2t +2) e' +C (by Example 3) = j {x‘* — 2x^ + 2) + C 


In Exercises 33-36, let / (x) denote the integrand and F (x) its antiderivative (with C = 0). 


33. Let u —x,dv = eos jtx dx => du = dx, v = (sin ;rx) /x. Then 

/ sinTTX /■ sinrrx xsinrrx cosrrx 

X cos nxdx = x - -/ - dx = - 1 - r - h C. 

K J IT IT TT-^ 

We see from the graph that this is reasonable, since F has extreme values 

where / is 0. 



- 1.2 


34. Let u = Inx, dv = dx => du = - dx, v = So 

X ^ 

/x^/^ Inx dx = jx*''^ Inx - 5 /x^^^ dx = jx*/^ Inx - ^x^/^ + C 
= fx^/2lnx-^x5/2_^C 

We see from the graph that this is reasonable, sinee F has a minimum 
where / changes from negative to positive. 



35. Let« = 2x + 3, du = dx => du = 2dx, u = e^. Then 

f(2x + 3)e^ dx = (2x +3)e^ - 2/c^ dx = (2x + 3) c^ - 2e^ + C = 
(2x + 1) + C. We see from the graph that this is reasonable, since F 

has a minimum where / changes from negative to positive. 



36. f x^e^^ dx = f x^ ■ xe^^ dx = I. Let u = x^, dv = xe*^ dx => 
du = 2x dx,v = Then 

I = ix^e^" - /xc^" dx = + C = (x^ - l) + C. 

We see from the graph that this is reasonable, since F has a minimum 
where / changes from negative to positive. 



sin2x 


37. (a) Take n = 2 in Example 6 to get /sin^x dx = — j cosx sinx + j J 1 dx = -- - -1- C. 

(b) /sin‘’x dx = — | cosx sin^x + | /sin^x dx = — j cosx sin^x + |x - sin2x + C. 
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38. (a) Let u = cos” ^ x,dv = cosx dx => du = — (n — 1) cos" ^ xsinx dx, o = sin.)c in (2): 
/ cos" X dx = cos"“’.)( sin;c + (n — 1) / cos"~^ x sin^.ir d.* 

= cos"“’ X sin;c + («-!)/cos"“^;c (l — cos^x) dx 
= cos"“* sinj + {« — !)/ cos"~^xdx — (n — 1) f cos" xdx 
Rearranging terms gives « / cos" xdx = cos" “ ’ a sin x + (n - 1) / cos" xdx or 

f n t ^ ji—1 ^ — ^ /* n—2 1 

/ COS jc= — COS 2fSin2:H-/ cos xdx. 

J n n J 

X sin 

(b) Take n = 2 in (a) to get J cos^ jc d:ic = j cos;c sin;c + j J 1 dx = - T- - -1- C. 

(c) / cos'*xdx = I cos"X sinx + ^ /cos^xdx = | cos^xsinx + |x + -^ sin2x + C 


39. (a) 


/■a-/2 

Jo 


sin” xdx = 


11/2 


1 — 1 C^I2 M — 1 

- / sin”“^xdx =- / sin""^xdx 

n ■ Jo n Jo 


n - 1 . 


(b) sin^ X dx = I sinx dx = |^—j cosxj^^ = j; sin^ x dx = 5 /g*^^ sin^ x dx = 5 ■ 5 = -^ 

(c) The formula holds for n = 1 (that is, 2n + 1 = 3) by (b). Assume it holds for some 


k >\. Then 


i-tt/i 

I ^ 


sin^*'*'' X dx : 

2 i + 2 . 


2 • 4 ■ 6 . (2k) 

3-5-7 .(2/t+l) 


. By Example 6 , 


rx/2 ■ 2k+s t 2k+ 2 f 

formula holds for all n > 1 . 


sin2T+l g. _ 


2-4-6 .[2(^ + 1)] 

2 ■4 -6 .[2(t+l) + l] 


as desired. By induction, the 


40. Using Exercise 39(a), we see that the formula holds for n = 1, because 
sin^ xdx = \ /g"^^ \dx = \ [xfj^ = 5 ■ f ■ 

■I 

if 


Now assume it holds for some k > 1. Then 

■ 2 (k+n J + 1 r, 

/ = —-- / sm xdx = 

Jo 2k+ 2 Jo 

By induction, the formula holds for all n > 1. 


^ _ 1 . 3.5 .( 2 * - 1 ) ;r 


sin" X dx = , . , „,, 

2 ■ 4 ■ 6 . {2k) 2 

1 • 3 • 5. i2k+l) % 


By Exercise 39(a), 


2-4-6. {2k+ 2) 2 


, so the formula holds for « = i + 1 . 


41. Let u = (Inx)”, dn = dx => du = n (Inx)” ’ (dx/x), 0 = x. By Equation 2, 
f (Inx)" dx =x (Inx)" — nf (lnx)"“' dx. 

42. Let u = x”, do = dx => du = nx"~* dx, o = e*. By Equation 2, Jx"e^ dx = x"e^ “ " /x”“’e^ dx. 

43. Let M = (x^ + a^Y, dv = dx => du — n (x^ + a^)" * 2x dx, u = x. Then 

/ (x" + u2)" dx = X (x2 + u2)” - 2n /x2 (x^ -f dx 

= X (x^ + — 2n j^J (x^ + a^)" dx — J (x^ + a^)" ' dx j [since x^ = ^x^ + — a^] 

=> {2n + 1) / (x^ + a^)" dx — X (x^ + a^)" -E 2na^ / (x^ + a^)" * dx, and 


J (x^+a^y 


f f / 2 2 \"-' 


t/x = —~—h 

2 « + 1 2 « + 


-/(x^ + u^)" 


dx (provided 2 « + 1 ^ 0 ). 
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44 . Let« = sec"“^x, c/u = sec^^ dx => du = (n— 2)stcP~^ x stcxtanx dx,v = \. 2 inx. Then by Equation 2, 

/ sec" X dx =\mx sec”~^ x - (n — 2) f sec"~^ x tan^ x dx 

= tan;c sec"*^ jr — (n — 2) /sec”"^.* (sec^jt — l)dx 
= tan ;c sec"“^ x — (n - 2) f sec" x dx + (n — 2) f sec"“^ x dx 

so (n — 1) f sec” xdx = tan.! sec"”^ jc + (« — 2) / sec"“^ a dx. If n — 1 yi 0, then 

f „ , tan:t sec"“^:f n-2 f , 

/ sec xdx = -1-- / sec x dx. 

J n-\ n-\J 

45. Take « = 3 in Exercise 41 to get 

J (Inx)^ dx = X (Inx)^ — 3 / (Inx)^ dx = x (Inx)^ - 3x (Inx)^ + 6x Inx — 6x + C (by Exercise 9). 

Or -. Instead of using Exercise 9, apply Exercise 41 again with n = 2. 

46. Take « = 4 in Exercise 42 to get 

J x‘*(d‘ dx = x'^e^ - 4 / dx = x''e'' - 4 (x^ - 3x^ + 6x - 6) + C (by Exercise 10) 

= c"' (x'' - 4x^ + 12x^ - 24x + 24 ) + C 

Or: Instead of using Exercise 10, apply Exercise 42 with w = 3, then n — 2, then « = 1. 


47. Let M = sin * x, dv = dx 


du ■■ 


dx 


x/r 


z,v = X. Then 


■ -1 , r ■ -1 1 ’-'^ 

area = / sin x dx = x sin x 

Jo L Jo 

ll /2 


L 


1/" X 

0 Vl - x2 


dx 


= j (f) + =ft + #-l = iT(’^+6'^-12) 


48. The curves intersect when (x — 5) Inx = 0; that is, when x = 1 or x = 5. For 1 < x < 5, we have 5 Inx > x Inx 
sincelnx>0. Thus, area =/* (5 Inx - x Inx) dx. Let« = Inx, du = (5 — x)dx => du=dx/x, 

V — 5x — jx^. Then 


49. 


area= (Inx) |^5x - ^5x - jx^^ T = (In5) - 0 - j^5 - jxj dx 

= ^ InS - [^5x - ix^j^ = ^InS - [(25 - y) - (s - j)] = ^ln5 - 14 

From the graph, we see that the curves intersect at approximately a: = 0 
and :c = 0.70, with xe~^^^ > x^ on (0,0.70). So the area bounded by the 
curves is approximately A ~ /q^'™ {xe~^^^ — x^) dx. We separate this 
into two integrals, and evaluate the first one by parts with m = x, 
dv — e~^^^dx => du — dx,x) =—2e~^/^\ 



- 0.1 


.=[-2xc-^/^];™-/r (-2C-X/2)3]- 

= [-2 (0.70) - o] - - 5 [o.TO^ - o] 


0.080 
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From the graphs, we see that the curves intersect at approximately x = 0.0067 and x = 2.43, with In jt > — 5 on 

(0.0067, 2.43). So the area bounded by the curves is about 

= /o ^0067 ~ ^)] ~ /o.0067 + 5) dx 

= [^(x InA:-x) - (see Example 2) »i7.10 

51 . Volume =27rx sinA:rf7c. Let «= jc, (in = sinxclx => du = dx, d = - cosx => 

K = 2;r [-x cosx + sinxjj* = 2 k' [(3k + 0) - (-2k + 0)] = 2k (5k) = IOk^. 

52. Volume = 2nx (e^ - e~^) dx = 2k fg (xe' - xe“') dx 

= [/o' xe-' dx - fg xe dx^ (both integrals by parts) 

= 2k [(xe^ - e^) - [-xe^^ - = 2k [2/e - 0] = 4 k/ e 


53. Volume = /°| 2k (1 -x)e“"'(/x. Let M = 1 -X, do = e^'dx => du =-dx,v =-e => 
V = lit [xe“*]° j = 2k (0 + e) = 2Ke 


54. 


Volume = // iTcy ■ \aydy = 2k in^ _ > ^ 2k (2|ny - 1)][ (by parts) 


: 2n 


Tz^ {IXnn — 1) (0— 1) 


, , Tt 

= k lnK-- + - 


S5. Lctu = X, dv = cos2x dx => du ~ dx, v = \sm2x dx. Then 


j;^^xcos2x dx = [\x sm2xj^ - ^ sin2^ dx = 0-\-[\ cos2;c]^ = i (-1 - 1) = -i. Hence, the 
- 1/2 1 

average value of / is ■ — 


TT /2 — 0 7t 

56. The rocket will have height H = v(t)dt after 60 seconds. 

= f [-gt - Ue in (^)] dt = -g - u 


H = 


\n(m—rt)dt— j Xnmdt 


r6i 

Jo 


1^60 

= —e(1800) + Oe (In/w) (60) — Og / \n(m — rt)dt 

Jo 
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Let u = In (m — rt), dv — dt => du = -(—r) dt, v — t. Then 

m — rt 

/‘60 r60 ^60 / nt \ 

/ In (m - rO * = [Mn (m - rf)]o° + / -dr = 601n (m - 60r) + / (-1 +- 

Jq Jq m—rt Jo \ 

r m 

= 60In (m — 60r) + ^-In (m “^Oj^ 

= 60 In (m — 60r) — 60-In (m — 60/*) 4-In m 

r r 

So H = -1800^ + 60ve In m - 60ve In (m - 60r) + 60ve + -Wc In (m - 60r) -yVelnm. Substituting g = 9.8, 
m = 30,000, r = 160, and «e = 3000 gives us H ^ 14,844 m. 

57. Since u (/) > 0 for all I, the desired distance s (t) = /g « (lo) dw = fg w^e~'“ dw. Let u = lo^, do = e dw 

=;. du = 2w dw, v = Then i (() = + 2 fg we-'" dw. Now let C/ = to, dK = «”“ dio =s 

dU = dw, V = . Then 

s (t) = + 2 ([-toe"'"’]g + fg e"'" dwj = - 2re“' - 2c"' + 2 

= 2 - e"' + 2t + 2^ meters 

58. Suppose / (0) = g (0) = 0 and let« = / (jc), dv = g" (x) dx => d« = /' (x) dx,v=g' (jr). 

Then f" f (x) g" (x)dx^ [f (x) g' (x)]g - fg f (x) g' (^) dx = / (a) g' (a) - f“ f (x) g' (^) dx. 

Now let V = f (jc), dF = g' (x) dx dV = /" (x) dx and V = g (x), so 

fo f (^) g' {x)dx = [/' (X) g (X)];; - /; r (x) g (x) dx = r (a) g («) - /„“ r (X) g (.x) dx. combining the 
two results, we get fg f (jc) g" (jc) dx = f (a) g' (a) - /' (a) g (a) + fg /" (x) g (x) dx. 

59. Take g(x) =x and g' (x) = 1 in Equation 1, 

60. By Exercise 59, /* / (x) dx =bf{b)-af (a) - /* x /' (x) dx. Now let y = / (x), so that x = g (y) and 
dy = f'(x)dx. Then /*x f'{x)dx = ff^a)S(y)dy. The result follows. 

61. By Exercise 60, Jj' Inx dx = elne - 1 In 1 - fl^^ dy = e - fg e^dy = e - = e - (e - 1) = 1. 

62. Exercise 60 says that the area of region A B FC is 

(area of rectangle OBFE) — (area of rectangle OACD) — (area of region DCFE) 
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63. Using the formula for volumes of rotation and the figure, we see that 

Volume = dy — fg dy — it [g (y)f dy = itb^d — ita^c — ff it Ig (y)]^ dy. Let = / (jc), which 

gives dy = f (x) dx and g{y) = x,so that V = itb^d — ita^c - it x^f (at) dx. Now integrate 

by parts with u = x^, and dv = /' (x) dx => du = lx dx, v = f (x), and 

Ja f (^) f (^)]a - Sa^ f dx = f (b) - f (a) - /j" 2x f (x) dx, but / (a) = c and 

f (b) = d => K = itb^d — ittP'c — It ^^d — a^c — 2xf (x) rf;c j = /j" litxf (ac) dx. 

64. (a) We note that for 0 < ac < I-, 0 < sinAr < 1, so sin^”'''^A: < sin^"^' x < sin^"Ai:. So by the second Comparison 

Property of the Integral, l2„+2 < f 2 n+l < hn- 

(b) Substituting directly into the result Ifom Exercise 39, we get 

1 - S-S.[2(«+ 1)- I] a: 

hnyl ^ 2.4-6 .[2(n + l)] 2 ^ 2(n+l) - 1 ^ 2n + 1 

/ 2 „ 1 ■ 3 ■ 5.(2« - 1) a: ~ 2(« + l) 2/1 + 2 

2.4.6 .(2/i) 2 

(c) We divide the result from part (a) by / 2 „. The inequalities are preserved since hr, is positive: 

Now from part (b), the left term is equal to so the expression becomes 

i2n ^2n i2n 2/2 ■+■ 2 

^ < :^2±l < 1 Now lim ^ = lim 1 = 1, so by the Squeeze Theorem, lim = 1. 

2 / 1+2 hr, n^oe 2 /l + 2 /noo hr, 

(d) We substitute the results from Exercises 39 and 40 into the result from part (c): 


2 ■ 4 ■ 6 .(2/1) 

hnJr\ 3 ■ 5 ■ 7.(2/1 + 1) 

hm —— = hm --^- 2 - 

/i-Aoo hn /J -/00 I • A • A.(2/1 — l) It 

2 ■ 4 • 6 .(2/1) i 


- 2.4-6-- 

•■■( 2 / 1 ) 1 

■ 2-4.6.. 

. ■ ■ ( 2 / 1 ) 

3 . 5 . 7 ..., 

■( 2 /i + l)J 

1 . 3 , 5 .... 

■ ( 2/1 - 1) 



„ 224466 2n 2n it 

Rearranging the terms and multiplying by —, we get lim ...-= —, as 

2 /t->oo 133557 2/1 -1 2/1 + 1 2 

required. 


(e) The area of the Ath rectangle is k. At the 2/ith step, the area is increased from 2/i — 1 to 2n by multiplying the 
2/1 

width by ^and at the ( 2 /i + l)th step, the area is increased from 2n to 2 /i + 1 by multiplying the height 

by ^ . These two steps multiply the ratio of width to height by ——— and —-——— = 

2/1 ® 2/1 - 1 (2/1 + 1 ) / (2/1) 2/1 + 1 


respectively. So, by part (d), the limiting ratio is 


2 2 4 4 6 6 
T ' 3 ' 3 ' 5 ' 5 ' 7 


It 

2 ' 
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Trigonometric Integrals 


1 . / sin^ .x cos^ jr (/a: = f sin^ jc cos^ sin a: rfj; = J (1 — cos^a:) cos^ jc sin x J;c = / (1 ~ (—du) 

= J (u^ — l) du = f (u* — dw = + C = j cos^ ■* "" J x + C 

2 . f sin® X cos^ x dx = J sin® x cos^ x cost dx = f sin® t (l — sin^ t) cost dx = f (l — u^) du 

= / (u® — «*) du = Iju’’ — + C = )j sin^T — 5 sin^T + C 

3. sin® T cos^ T i^T = sin® T cos^ T cos T i7t = sin®T (1 — sin^T) cost dx = h® (l — u^) du 

= („® - u^) du = [1„® - = (i^ _ i^) _ ( . _ 1) = _^ 

4. cos® T t/T = (cOS^t)^ COST rfT = Jg (1 - sin^ t)^ COST rfT = fg (1 — du 

= fo (• - 2 «^ + “'*) du = \u- f n® + i«®]’ = (l-| + i )-0 = -^ 

5. /COS® T sin"*T i^T = /cos'*T sin'^T COST dT = / (1 - sin® t)^ sin '*t cost rfT = / (1 — w®)^ M'*rfw 

= / (1 - 2«® + h'*) uUu = f («■* - 2«® + «*) du = in® - fn® + in® + C 

= J sin® T - ^ sin® T + 5 sin® t + C 

6. /sin® mx dx = f (l - cos® mT) sinmT dT = —^ / (l ~ “^) [“ = cosniT, dw = —m sinmx dx] 

= — 5 «®^ + C = —^ ^cosmT — 5 cos® mx^ + C' ^ cos® mx — ^ cos/ht + C 

7. /q"^® sin® 3t dx = /J'®® j (1 - cos 6 T)rfT = ^ sin 6 Tj^^ = j 

8. cos® xdx = j’J'^® J (1 + cos 2 t) rfT = j^jT + I sin 2 t ^ = j 

9. / cos* tdt — / [j (1 + cos2r)j rfL = | J (I + 2cos2( + cos® 2t) dt 

= ^ sin2< + J / I (1 + cos4/) A = J |^( + sin2L + + I sin4?j + C 


10. / sin® itxdx = f (sin® nx)^ dx = / |^j (1 — cos27rT)j dx 

= J / (1 — 3cos2;rT + 3cos® 2 s-t — cos® iTtx) dx 
= J / j^l — 3 cos2;rT + | (1 + cos4!rT) — (l — sin® 2;rT) cos2K'Tj dx 
= J / — 4 cos 2nx + J cos 4;rT + sin® 2;rT cos 2;rT^ dx 

= I [^jT — ^ sin2;rT + ^ sin4;rT + sin® 27t-Tj + C 
= "re®* “ 4? sin2;rT + ^ sin4;rT + ^ sin®2;rT + C 

11. JO — sm2x)^dx = / (1 - 2sin2T + sin®2T) dx = / [' “ 2sin2T + j (1 - cos4T)j dx 

= / — 2sin2T — J cos4Tj <7 t = jt + cos2t — | sin4T + C 
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12 . f sin (0 + f) cosddd = J ^sin 0 ■ ^ + cosff ■ cosBdd 

= ^ /sin20i/S + I / (I + cos20)d6» = cos20 + ^0 + 5 sin20 + C 

13. sin"*^ cos^ jr dx = sin^A: (sinA: cosj)^ dx = j (' “ cos2a) ^5 sin2A^ dx 

= j (1 — cos 2 a) sin^ 2x dx = ^ Jq^‘* sin^ 2x dx — ^ sin^ 2 a cos 2 a dx 

= T6 lo^* (' - cos4a)0a - ^ [i sin^ 2 a]^^‘' = i _ 1 sin4 a - i sin^ 2 a]^^ 

= 're(f~®~5)’=T52 (3''' ~ 

14. sin^ A cos^ xdx = \ Jg^^ sin^ 2x dx = j fg^^ (1 - cos 4 a) 0 a = | j^A - | sin 4 a j (y) = 

15. f sin^ aVcosa0a = / (1 — cos^ a) Vcosa sin a dx = f (1 — u^) (-0«) = / 0h 

= + C = 7 (cosa)^^^ - j (cosa)^/^ + C = COS^ A - 5 COSAj VcosA 4 - C 

16. Let«=A^ => du = 2xdx. Then 

f X sin^ (a^) dx — ^ sin^ « • jrfw = j cos a + 5 cos^ «^ + C (by Exercise 6 with m = \) 

= —5 cos ^A^^ + j cos^ (^A^^ + C 


17. /cos^Atan^ArfA = / ?^^0 a ^ ~ = / 

7 COSA J u J 


- + u 


du 


= — ln|a| + + C = J cos^ A - In |cosa| + C 

cos''0 
sin0 


f s d 

f cos^ 6 . 4 A, ,A, 

f cos’0 f 

/ cot^ 0 stn^ 0 00 = 1 

f —5— sin^ d dO ■= \ 

1 ■ r, dO - 

J J 

sin’ 0 J 

sm0 J 


cos 0 00 


■/ 

S /-(l-a^)^ /•l-2a2 + „‘‘ ./J \ 

= / A- L. ilu — / - 0M = / (- 2u + u^\du 


(1 -sin^0)‘ 


cosddd 




= In |a| — + ja'* + C = In |sin0| - sin^0 + | sin'*0 + C 

by (1) and the boxed 
formula above it 


^dx = f (sec A - tanA)0A = In |secA 4- tan a | - In |secA| + C 

COSA 

= In I (sec A + tanA)cosA| + C = In |1 + sinA| + C 


: In (1 + sinA) + C since I + sin a >0 


/ I — sinA , f 1 - smA 1+smA , f 

- 0 A = / -- --: — dx = / 

COSA J COSA I + SinA J 


(I— sin^A)0A r COSA0A 
COSA (1 +sinA) J 1 


+ sinA 


. dw 


= f — (where to = 1 + sinA, dw — cos a 0 a) 
w 

= ln|u)| + C = ln|l + sinAl + C = ln(i + sinx) + C 


20 ./^^ = /- 
J COSA - I J t 


1 


COSA + 1 
I COSA + I 


, /■ COS A + I , /■ co: 

0 A = / - 5 -- 0 A = / - 

J COS^ A - 1 J - 


COS A + I 


dx 


= f (— cot A CSC A — CSC^ a) dx = CSC A + cot A + C 

21. / tan^ A 0A = / (sec^ A - I) 0 a = tan a — a + C 

22. / tan'* x dx = J tan^ a (sec^ a — I) 0a = / tan^ a sec^ xdx — f tan^ xdx = \ tan^ a — tan a + a + C 
(Set a = tan A in the first integral and use Exercise 21 for the second.) 
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23. / sec'* X dx = J (tan^ Jc + l) sec^ xdx = J tan^ ^ sec? xdx + J sec^ xdx = \ tan^ x + tanjc + C 

24. / sec*’ xdx - J (tan^ a- + 1 )^ sec^ x dx = f tan"* ;c sec^ xdx+ 2/ tan^ x sec^ xdx + f sec^ jt dx 

= ^ tan^ ;f + I tan^ x+tmx +C (Set h = tan;c in the first two integrals.) 

Thus, sec^ X dx = j^jtan^jr + jtan^jr Ttanjcj^ = i + | + 1 = j|. 

25. LetM = tani => du = see^tdt. Then/(J''’"’tan'* t sec^ (rft = Jq* «“* = 5 . 

26. Let u = tanx => du = sec^xdx. Then 

tar? X sec* X dx = (u^ + l)du = fg (u* + u^)du = = 5 + 5 = H- 

27. f tan^xsecxcix = / tan^ x secx tanx rfx = f (sec^x - 1) secx tanxrfx 

= J (u^ — 1 ) du [u = secx, du = secx tanx dx] = j«^ — « + C = j sec^ x — secx + C 

28. Let u = secx => du = secx tanx rfx. Then 

f tan^x sec^ xdx = f sec^x tan^x secx tanx rfx = J (u^ - \)du = f (u* - u^) du 
= - \u^ + C = 5 sec^x - J sec^x + C 

29. Let u = secx => du = secx tanx dx. Then 

tan^x secx dx = fg^^ (sec^x — l)^ secx tanx dx = fj (w^ — l)^rfn = jf (u* — 2u^ + \)du 

=[K-i«^+tt];=(f-f+2)-(i-f+i)=ff 


30. ^g'^ tan’ X sec* x dx = Jg^^ tan’ x sec"* x sec^ xdx = Jg^^ tan’ x (1 + tan^ xf sec^ x dx 

= fg'^ w’ (1 + du [u = tanx, du = see? x dx] = f/^ «’ (1 + 2 u^ + u*) du 

rV3/5,-,7, 9 \. ri6,18, 1 lol'^ 27 , 81 , 243 981 

— Jo [u + 2 u + u ) du — y-gU + + -[qK — 6 + 4 + 10 ~ 20 

31. J tan’ xdx = J (sec^ x — l)^ tanx rfx = / sec* x tanx dx — 2 f sec^x tanx dx + f tanx dx 

= J sec’ X secx tan xdx — 2 f tanx sec’x dx + / tanx dx 
= J sec* X - tan’ x + In |secx| + C [or J sec'* x - sec’ x + In |secx| + C] 

32. f tan* ay dy = J tan* ay (sec’ ay — l) dy = f tan* ay sec’ ay dy — f tan* ay dy 

= ^ tan’ ay — f tan’ ay (sec’ ay — l)dy 
= ^ tan’ ay - f tan’ ay sec’ ay dy + f (sec’ ay - l)dy 
= ^ tan’ ay - ^ tan’ a>' + J tanoy - ji' + C 

33. Let K = tanx => d« = sec’xdx. Then 

[ dx = /tanx sec’x dx = f udu = Am’ + C = 5 tan’x + C. 

J cotx J y ’ ’ 

34. / tan’x secx dx = J (sec’x — l) secx dx = J sec’x dx — f secx dx 

= \ (secx tanx + In|secx + tanx|) — In|secx + tanx| + C [by Example 8 and (1)] 

= J (secx tanx — In jsecx + tanx|) + C 

35- Snjl ** 0 *^ ’**'’* = XrVs X - 1 ) dx = [- cotx - xfj/l = (0 - f) - (-V3 - |) = V3 - f 
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36- /w 4 X dx = /;/4 cotjc (csc^j: -\)dx = cotx csc^xdx - dx 


K /4 

= j^- j cot^x — In |sinjr|j = (0 - In 1) — |^—j — In = 5 + ln;^ = j(l — ln2) 


37 . / cot^ w CSC* wdu) = J cot^ lucsc^ lo csc^ wdw = f cot^ u) (l + cot^ w) csc^wdw 

= / (l + K^) (—du) [u = cot w,du = — csc^ w dw] = — f (u^ + u*) du 
= - + C = -j cot^ w - j cot^ w + C 

38. Let « = cotx => du = — csc^ x dx. Then 

J cot^ JT esc'* X dx = J cot^ X (cot^ + I) csc^ x dx = f (u^ + l) (—du) 

= —tu^ — \u* + c = —T cot® 4: — 4 cot^Jt + C 


38. I = J cscxdx = J 


esex (csc;c - cot 4:) 
cscjc — cot a: 


dx = 


I 


— CSCJC cot a: + CSC^JC 
CSCJC — cotx 


dx. Let u = esex — cotx 


du = (— esex cotx + csc^ x) dx. Then / = Jc/w/w = In |w| = In |cscx — cotx! + C. 

40. Let u = esex, dv = csc^ x dx. Then du = — esex cotx dx, v = — cotx => 

f csc^ xdx = — esex cotx — J esex cofxdx = - esex cotx — f esex (csc^x — 1 ) dx 
= — esex cotx + f esex dx — f csc^ X dx 
Solving for f ese^x dx and using Exercise 39, we get 

f csc^ X dx — — J esex cotx + j / esex dx = —^ esex cotx + j In jesex — cotx j 4- C. Thus, 

1^/6 esc^x c/x = [-5 esex cotx 4 - 5 In |cscx - cotxjj 

= -j + V3 + jln^ - ^ln(2-V 3 ) 1.7825 

41. / sin 5 ji: sin 2x dx = f j [cos (5;c - 2x) - cos (5x + 2x)]dx = j f (cos 3x — cos lx') dx 

= g sin 3x - sin lx + C 

«•/ sin 3x cos jc dx = J \ [sin Qx + jc) + sin (3.v — x)]dx := j / (sin 4x + sin 2x) dx 
= — I cos 4a: - J cos 2Ar + C 

43. f cos 10 cos iOdO = (JO - 561) + cos (10 + 5(9)) dO = \ f (cos 20 + cos \2j 0) dO 

= J (j sin20 + sin 120^ + C = ^ sin20 + ^ sin 120 + C 

'■/ 

/ 

46. cos’(e-') (Ta: =/cos’« rfw [u — , du — e’^ dx] =J(cos’u) cos u du = f (1 — sin^ u) cosu 

= / (1 — !)’)^ [y = sin H, dv = cos u du] = / (l - 3«’ + 3«‘* — o®) dv 
= « — — ^w’ + C = sin a — sin^ “ + 5 sin® a — 7 sin’ u + C 

= sine* — sin® e* + j sin® e* — 7 sin’ e* + C 


44. 


45. 


coSAT + sinA: , 1 f cosAt + sinA , 

dx — ~ I - dx 

2 J St 


sin2x 

1 - tan’ a: 


sin A cos A 

= J / (cscA + secx)dx = j (In |csca — cotA| + In |secA + tanA|) + C 


-dx 


-jHx-sin^x)dx^J 


COS 2x dx = - sinlx C 

2 
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47. Let a = cos => du — —smxdx. Then 

f sin^x dx = / (1 - cos^ sin;c dx = / (l — (—du) 

= S{-\+2u^-u*)du = -\u^ + \u^-u + C 

= — 3 cos^tt + j cos^ jc — cosx + C 

Notice that F is increasing when / (x) > 0, so the graphs serve as a 
check on our work. 



48. / sin'* V cos'* xdx — / sin 2x^ dx = ^ J sin* 2 :t dtc = j (1 — cos 4:t)j dx 

= g / (1 - 2 cos 4x + cos^ 4x) dx 

= ^ (x — 5 sin4;c^ + TS / (* '*' 

= p (;c - 5 sin 4a:) + Tjg (at + I sin 8 jc^ + C 

= T3^ - T58 + T^ S'"*-* + 

Notice that / (-x) = 0 whenever F has a horizontal tangent 

49. f sin 3x sin 6x dx = / 5 [cos (3;c - 6 a:) — cos (3a: + 6 ;c)] dx 

— \ I 

= ^ sin 3a: - sin 9x -{-C 

Notice that / (x) = 0 whenever F has a horizontal tangent. 




A 

A 

MnL. .* 




/\V/ 


50. /sec'^ ^ dx = f (tan^ f + l) sec^ | dx 

= J + l) 2 du [m = tan t/w = 2 f 

= + 2m + C = I tan^ | + 2tan | + C 

Notice that F is increasing and / is positive on the intervals on which 
they are defined. Also, F has no horizontal tangent and / is never 


-1 

20 




:z 

J 

C' 



51 . /ave = ^ sin^ x cos^ jc dx — ^ sin^ ac (1 — sin^ ac) cosac dx = ^ Jq (l — u^) du (where u = 
sinAc) = 0 

52. (a) Let M = cos a:. Then c/m = — sin ac Jac => J sinx cosx dx ~ J u (—du) =+ C =—jcos^ x-F C\. 

(b) Let M = sinA:. Then c/m = cos ac t/Ac f sinx cosx dx = J u du = + C = jsin^ x€ 2 - 

(c) f sin AC cos a: dx = f ^ sin2x dx = —^ cos2ac + C 3 

(d) Let u = sinAc, dv = cosac c/ac. Then du = cosxdx, v = sinx, so /sinx cosx dx = sin^x — /sinx cosx dx, 
by Equation 2, so f sin x cos x c^x = ^ sin^ x + C 4 . 


The answers differ from one another by constants. Since cos 2x = 1 — 2 sin^ x = 2 cos^ x — 1, we find that 
— ^ cos 2 x = 5 sin^ ^ “ 5 = “ 2 
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53. For 0 < jc < I-, we have 0 < sin;ir < 1, so sin^ x < sin;c. Hence the area is 

(sinjc — sin^tc) rfAT = /g*^^ sinjc (1 - sin^;t) c/a: = J^^^cos^xsmxdx. Now let m = cosjc => 
du = — sinx dx. Then area = /° (—du) = fg u^du = = j- 

54. sinAT > 0 for 0 < jc < J, so the sign of 2sin^x — sin at [which equals 2sinAc ^sin At - j^] is the same as that of 

sinA: — j. Thus 2sin^A: - sinjt is positive on (I, I) and negative on (0,1). The desired area is 

(sinAc — 2 sin^ a;) dx + (2sin^ x — sin a;) dx = fg^^ (sin ac — 1 + cos2ac) dx 

+ (1 - cos2x — sinA:)rfA; 

= cosAc — AC + j sin2Acj^^ + ^ac — j sin2Ac + cosac j 
_ id _ E + sd. 


55. 


56. 


T-6+¥-(-i) + f-(!-# + #) =1 + 1- 


2 



It seems from the graph that fg’' cos^ xdx =0, since the area below the 
x-axls and above the graph looks about equal to the area above the axis 
and below the graph. By Example 1, the integral is 


sinx — 1 sin^ x 



— 0. Note that due to symmetry, the integral of any 

0 

odd power of sinx or cosx between limits which differ by 2n7c (n any 
integer) is 0. 

It seems from the graph that fg sin 2;rx cos Satx dx = 0, since each bulge 
above the x-axis seems to have a corresponding depression below the 
x-axis. To evaluate the integral, we use a trigonometric identity: 

fg sin 2s'x cos Sttx dx = j fg [sin (27rx — Smx) + sin (2;rx + 5?rx)] dx 
— j fg [sin (-’inx) + sinycrxjrfx 
= \ [37“s(-3irx)- ^LcosTs-x]^ 

= j[3iF(‘-')-^O->)]=0 


57 . V = ff^i 2 Tt sin^x rfx = n 5 ~ cos2x)rfx = n j^jx — | sin2xj ^^ = Ar(|-—0—|■ + 0) = ^ 

58 . Volume = n (tan^ dx = n tan^ x (sec^ x — \)dx = n tan^ x sec^ x dx — n Jq tan^ x dx 

= 71 u^du — 7t (sec^ ;c — l) c/jc [where « = tan;c and du = sec^ x dx] 

= —It [tan;c ~ ^ - tanjc + 

59 . Volume — it [(1 + cosjc)^ — 1^] ^/jc = ;r (2cos:c + cos^ ;c) dx 

= 7t J^2sinjr 4- + I sin2.xj^ — ;r (2 + ^) = 2;r + ^ 
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60. Volume = k [P — (1 — cosjc)^] dx — n (Icosjc — cos^jc) dx 

~ TT |^2sin:s: “ 5-^ “ 5 sin2xj^ = ;r [(2 — — O) — O] = 27r — ^ 

61. s = f (t) — Jq sin cou cos^ cou du. Lety^coscyw dy = —cosincoudu. Then 

1 rcosty/ 1 fl ] /, 3 

^ = - i; Ji y [ir Ji 

62. (a) We want to calculate the square root of the average value of [£ (Z)]^ = [155 sin (1207rZ)]^ = 155^ sin^ (1207rZ). 

First, we calculate the average value itself, by integrating [E (z)]^ over one cycle (between z = 0 and z = ^, 
since there are 60 cycles per second) and dividing by — 0^: 

[E (r)]2^e = ^ [1552 sin2 (1207rz)] t^Z = 60 • 155^ i [1 - 2cos (2407rZ)] dt 

(l) [' - 2 • 24b ( 240 ^ 0 ]‘^“ = 60. 155 " (i) [(^ - o) - (0 - 0)] = • 


:60- 155-' 


15^ 

2 


The RMS value is just the square root of this quantity, which is 110 V. 


(b) 220 = y[£(0]L => 

220^ = [E ^ sin^ (120s:0 dt = 60A^ i [1 - 2 cos (240;r0] dt 

= 3041^ [t-x sin (2407r0]’^“ = 304^ [(^ - o) - (0 - 0 )] = ^A^ 

Thus, 220^ = \A^ => A = 220-s/2 311 V. 

63. Just note that the integrand is odd [/ (—x) = —/ (:r)]. 

Or: \im ^ n, calculate 

sin mx cos nx dx = j [sin (m - n)x + sin (m + n)x] dx 


cos (m — n)x cos (m n)x 


m — n 

Ifm = n, then the first term in each set of brackets is zero. 

1 I 


m -\-n 


= 0 


64./: sin mx sin nx dx = \ [cos {m — n)x — cos {m + n)x]dx. If m ^ n, 


this is equal to ; 


1 


sin {m — n)x sin {m-{-n)x 


m -\-n 


= 0 . \fm — n, we get 


2 [1 “ cos (m + n) jc] = jx — 


sin {m -{• n)x 


2{m + n) J 


= a: — 0 = ;r. 


65./: cos m.x cos «.x (i;c = ^ [cos (m — n) a: + cos (m + n)x] Ifm^n, 


this is equal to - 


sin (m ~ n)x ^ sin (m + n) jc 


m •\-n 


= 0 . lfm=n, we get 


/.^;r 2 ~ 


sin {m + n)x 


71 -^0 = 7t. 


66 . 


— / /’(a:) sinm;c ifjc = > — / sii 

^ J~K ^ J-^K 

and that term is — ■ tu ~ am- 


2{m+n) J_^ 

sin mx sin nx dx. By Exercise 64, every term is zero except the mth one, 
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Trigonometric Substitution _ 

1. Let X = 3 sec B, where 0<9 <j ov it <B<^. Then 
dx =3 sec 9 tan 9 d9 and 

y/x'^ — 9 = V9sec^ 9 — 9 = ^9 (sec^ 9 — \) = V9 tan^ 9 
= 3 |tan (?| = 3 tan for the relevant values of 9. 





f - ^ - dx= [ 

J x^y/x^ — 9 J 


1 ] — 9 

-X-3 secBtanB d9 = 5 f cos9 d9 = \ sinB + C = - -h C 

9sec2 6l ■ 3tan61 ^ ^ 9 


■ 9 X 


x^Vx^ — 9 

Note that - sec (0 + tt) = sectl, so the figure is sufficient for the case it < 9 < ^ 

2. Let X = 3 sin 0, where —j < 9 < §. Then dx = 3 cos 9 d9 and 

x/9 - x^ = \/9 - 9s\n^9 = ^9 (1 - sin^i?) = \/9 cos^ 9 
= 3 |cos0| = 3 cos 6 for the relevant values oft?. 

Jx^y/9 — x^ dx = / 3^ sin^ 9 ■ 3 cos9 ■ 3 cos9 d9 — 3^ Jsin^ 9cos^ 9d9 

= 3^ J sin^ 9 cos^ 9 s\n9d9 = 3^ / (l - cos^ t?) cos^ 9 sm9 dd 
= 3^ / (1 — u^) i-du) [u = cos9, du = — sin9 d9] 

= 3^ f («'* - u^) du = 3^ ^ + C = 3^ (j cos^ 9 cos^ o'^+C 



= 3- 


1(9-x2)' 1(9-x2) 

5 35 3 

n 5/2 _ /_ ,x3/2 


,2t3/2 


+ c 


^9 _ - 3 (9 - + c or - 1 (x^ + 6) (9 - xf'^ + C 


3. Letx = 3 tan0, where — <(?<§. Then dx = 3 sec-9 d9 and 

Vx2~+9 = y/9tdin^9 + 9 = yj9[t!tn^9 + 1) = P 9 sec^ 9 
= 3 |sec<?| = 3sec0 for the relevant values of 9. 



f dx=f 

J vG?T9 j 


zdx = f 3 sec^ 9d9 = 3^ J tan^ 9sec9d9 = 3^ J tan^ 9\m9sec9d9 


Vx^ + 9 J 3 sect? 

= 3^ f (sec^B - 1 ) tan^sec^rft? = 3^ f (u^ - 1 ) [h = sec0, = sec6? tan0 rft?] 

= 3^ - «j + C = 33 (i sec^ 6? - sec0j + C = 3^ ^ - - - 

= 3 (x^ + 9 )^^^ - 97x2 + 9 + C or 3 (x2 - is) 7x2 + 9 + C 


+ C 


3 
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4. Let;c = 4sin0. Then dx = AcosOdO, so 


L 


.2V3 


^/^6 


dx = J II 4 cos Odd = A? Jg sin? 8 dO = 4^ — cos^ 9) sin 9 dd 


= —4^ (l — [u = cosff, du = — sinOdO] = —64 

=-64[(i-^)-(i-0]=-64H) = f 

Or: Let w = 16 — x^, — \6 — u, du = —2x dx. 

htit ~ SQcO,so dt = SQcOXmO dO,t = ^ 0 —|■,and^ = 2 ^ — y. Then 

p2 j |^n/^ j Pn/3 pit/2 

/ — . dt = / —r—-sec^tan0(i^= / co^0d6= / 4 (1 + cos2^)i/^ 

Jk/ 4 soc^OtanO A/4 A/4 ^ 

= i [^ + 4 = 5 [(f + ^#) - (f + ^ l)] 

2j~24“'"8 4 

6. Let 2 : = 2tan^. sodx — 2 sec^ 9d6,x = 0 => 0 = 0, and 2 : = 2 

fg x^Vx^~+~4dx = Jo’'''"' 2^ tan^ 0 • 2sec0 ■ 2sec^0rf0 
sin3 0 


Jo cos^ (9 7o cos^ ^ 


sin^ = 


='7 


>'/'* 1 - cos^ 0 
cos^ 0 


■ sin 0 rf0 




= 2" 


/■I/V 2 1 _ ^2 /■* / \ 

J -g —du [u = cos9, du = — s\n9 dO] ^ ~ 


du 


= 2^(A + ¥) = ?|(V2 + i) 

Or.- Let M = + 4, 2 r^ = M — 4, da = 22 : dx. 

7. Let 21 : = 5 sin0, so djc = 5 cos0 dG. Then 

[ -——===dx= [ — -^-5cos0d0 

i x'^^25 — x^ J 52 sin^ 0 ■ 5 cos 0 

= ^ f csc^ GdG = —^ cot0 + C 



1 725-2:2 
'25 .X 


+ C 


8 . Let a = 2:2 + 4 du — 2x dx. Then 

/ ^ 5 - 5 (-D - (-5) + " - (-5) (- ‘T"' * ^ 
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19. Let a: = 3 tan 0, where-f <9<j. Then dx = 3 sec^ 9 dd and V9 + = 3 sec 


/'-^= f 

Jo V9 + a2 Jo 


^ seoJedd 
3 sect? Jo 


r sec6?rf6? = [ln|sec6l + tan0|]J^'' 

Jo 


= In (72 + l) - In 1 = In (V2 + l) 

20. Let M = 9 - A^, so du = -2a dx. Then a79 - dx = -^ Jg ^du = -j = “ J (0 “ 27) = 9. 

21. Let M = 4 — 9a^ => du = -\Sxdx. Then a^ = 5 (4 — «) and 

AV4-9A2rfA = /“ i (4 - m) k'/2 Jo (4«’/2 - m3/2) 

_ J_ r8„3/2 _ 2 5/2]'' _ _L [m _ 64] _ , 

- 162 [ 3 “ 5 “ Jo - 162 [ 3 5 J 


64 

1215 


Or: Let 3a = 2 sin where — J < 0 < j. 

22. Let A = tan 0, where - f <9 <\. Then dx = ^ooJOd9, 

7a7 + 1 = sec 9 and a = 0 => 0 = 0 , a = 1 => 0 = 1 -, so 

fd Va^ + 1 rfA = sec0sec ^Odd = fg'''' sec^ 0 dO 

= 5 [sec0tan0 + In |sec0 + tan01]J'^'' (by Example 8.2.8) 

= i • 1 + In (1 + 72 ) - 0 - In (1 + 0)] = ^72 + In (1 + 72)] 



23. 2a - A^ = - (a^ - 2a + 1) + 1 = 1 - (a - 1)^. Let w = A - 1. Then du = dx and 

/ 72a - x'^dx = / 7l - = / cos^ 9d9 (where m = sin0, -f < 0 < f) 

= 5 / (1 + cos 20) d9 = \\o + \ sin 20) + C = j (sin “'m 4- t(7l - «^) + C 
= 5 (sin”* (a — 1) + (a — 1) 72a - aT] + C 

24. - 6r + 13 = (?^ - 6r + 9) + 4 = (r - 3)^ + 2**. Let t - 3 = 2tan0, so 


dt = 2 sec^ 0 dO. Then 
dt 


I 


I- 


1 -> A 2 sec^ 6 

2 sec^ SdO = / -:r 


V/2 - 6? + 13 J ^{2ianef-\-2'^ J 2sec0 

— /sec0Ji9” lnisec0+ tan01 + Cl (byFormula8.2.1) 



r-3 


= In 


V^2-6r + 13 , t-3 
2 2 


+ Cl = In "s/r^ — 6/ + 13 + r — 3 -I- C 


where C = Ci — In 2 
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25. 9x^ + 6 ;c — 8 = (3;c + 1)^ — 9, so let u = 3x -I- I, du = 3dx. Then 


/ 


dx 


y/9x^ + 6 ;c — 8 J — 9 


/ 


4 du 

— - Now let 


: 3 sect), where 0<9<j or 7r<9<^. Then du = 3 seo9 tand d9 and — 9 = 3 tant?, so 


u+-s/»^-9 

3 


+ Ci 


f \du f sec9tan9d9 . . , . , ^ ^ i , 

J — = i/sec6»J6^=iln|sec04-tan(9| + Ci = 3ln 

= ^ In |m + — 9| 4- C = J In |3 jc + 1 + \/9x^ + 6;i: — sj + C 

26. 4.x — ;c^ = — + 4) + 4 = 4 — (x — 2)^, so let w = x — 2. Then x — w + 2 and dx ■= du, so 

f x^ dx f (w + 2)^ t/w f (2 sin ^4-2)^ n .n ■ /i-. 

/ ——= = / — ,_ = / — --—2 cos ^ (Put M = 2 sin 6) 

J VTx — x^ J V4 — ^ J 2 cos 0 

= 4/ (sin^ ^4-2 sin 04-1) = 2/ (1— cos 20) t/0 4- 8 / sin0£/0 4- 4/t/0 

= 20 — sin 20 — 8 cos 0 4- 40 4- C = 60 — 8 cos 0 - 2 sin 0 cos 0 4- C 


= 6 sin * — 4-\/4 — _ iy ^4 _ ^2 

= 6sin-' -4757^- 



V4;c - jc2 + C 


27. x^ 4- 2x 4- 2 = (x 4- 1)^ 4- 1. Let u = x 4-1, = dx. Then 


f _ / 

^ du 

f sec^ 9d9 

/where u = tan0, i/w = sec^ 0 (i0A 

J {x^ + 2x + 2f J 

K + 1)^ 

J sec"^ 0 

\ and u^ ■\- \ = sec^ 0 / 


: / cos^ 0d9 = 5 / (1 + cos29)d9 — ^(9 + sin0 cos0) + C 


tan ' u + 


1 +7 


+ C=- 


tan-' (JT + 1) + 


X 4" 1 


x'^ + 2x + 2 


+ C 


28. 5 — 4jc — = - (;(^ + 4x + 4) + 9 = 9 - (;c + 2)^. Let «=t: + 2 => du = dx. Then 


f dx 

f du 

f 3COS0 00 

/where w = 3 sin0, du = 3 cosOdO,\ 

1 

1 

1 

1 (9-„2)V2-J 

(3 cos 0)3 

\ and V9 - = 3 COS0 / 


= ^ / sec*9dd = ^ / (tan^tl + l) ser? 9d9 = jj [5 tan^O + tan0 + C 


243 


3n 


l{9 V777J 


+ C = 


243 


(X + 2)3 


3 (;c + 2) 


\_(5-Ax-x^f'^ V5 - 43 : - :c2 J 


+ C 


29. LetM=e' => du=e‘dt. Then 

f e'V9 — 7' c/r = / V9 — = / (3 cos 0)3 cos (where « = 3 sin 0 , — | < 0 < f) 

= 9 / cos^ 0 d0 = I / (1 + cos 20) t/0 = 5 (0 + sin 0 cos 0) + C 


sin-'Q). 


M V7 


+ C = I sin ’ + je’%/9 — e^' + C 
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30. 


I. Let u = e'. Then / = Inn and dt = du/u. Hence I = J —9dt = / — 9/u^ du. Now let 

u = 3sec0, whereO < 6l<fora:<6l<^. Then -Ju^ - 9 = 3 tan6l and rfu = 3 sec Stan 61^61, so 

j _ f 3 tang ^ secOtanOdd = 3 f tan^Bdd = 3 / (sec^ 0 — l)d9 = 3 {tan9 — 9) + C 
J 3 sec 9 

= 3 — 9 — sec“* (j“)j + C — \/e^‘ —9 - 3sec“’ (j®*) + ^ 


31. (a) Let;c = atan^, where -| < 61 < |. Then ■s/x'^ + = asec0 and 

[ = f secSrffl = In |sec0 + tan^l + Cl = In 

J V;c2 + J asec9 J 


-- In 


a sec 9 

(x + c/x^'+a^ + C where C = Ci - In|a| 


Vx^ + X 


+ C| 


(h) Let X = a sinh t, so that dx = a cosh t dt and VxM-r? = a cosh t. Then 

/'-^= /i^^=r + C = sinh->i+C. 

J Vx2 + a2 J acoshr a 


32. (a) Letx = atanE?, -f <9 < j. Then 


'=/ 


r dx 


f c?- tan^ 9 2 a ja f ^ M [ 

= / sec^ 9d9 = -;r d0 = 

J a^sec^9 J sec9 J 


’ sec^ 9 — 1 
sec0 


(x2 + J sec3 9 

= J (secO - COS0) d9 = In|sec0 + tanSI - sin0 + C 

. ^ + C = In (x + \/x^ + aA - , - T 

Vx2 + V 7 7x2+02 


d9 


= ln 


Vx2 + a2 ;( 
o o 


+ Ci 


(h) Let X = o sinh L Then 

a2 sinh2 / 
o2 cosh^ t 


I. 


-1 


a cosh tdt = J tanh^ t dt = / (1 •“ sech^ t)dt = t — tanh / + C 


: sinh- 


a Va^+x'^ 


+ C 


33. /(x) = (4-x2)^/^on[0,2] => /ave = Jo (4 - x2)’^^ r/x. Let x = 2 sin61 => dx = 2 cos0 rf6l and 

(4-x 2)^/^ = (2 COS 61)2. So 

/ave = 5 (2 cos61)2 2cos9d9 = » cos'" 9 d9 

= 8 + J sin20 + ^ sin40j^^ [hy Exercise 8.2.9] = 8 + 0 + 0^ - (0 + 0 + 0)j = ^ 
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34. 9x'^ - ^ 36 => y = => 

area = 2 ^ -Jx^ — 4 dx = 3 J 2 -Jx^ — 4 dx 

where x = 2 sec 0 , 

= 3 /o“ 2tan02sec OtmOdO dx = 2sec0tan9dO, 

a = sec“' j 

= 12 Jg (sec^ S — 1 ) sec0d9 = \2 Jg (sec^ 0 — sec0) d0 
= 12 (secStanS + ln|sec0 + tan0|) — In |sec0 + tan^lj^ 
= 6 [sec Standi — In |sec5 + tan0|]Q 

= 6[¥-‘n(l + #)] = ¥-61n(^) 



35. Areaof APOg = j (r cos £1) (r sin 0) = sin 61 cos 0. Area of region PQR = //cosfl “ x^dx. 
Let X = r cosu => dx — —r sinu du for 0 < u < Then we obtain 

/ Vf^ - x^dx = Jr sin« (-r sinM)rfM = —r^ f sin? tidu = — jr^ (u — sin« cos k) + C 
= -jr^cos'* (x/r) + \x^r'^ - x'^ + C 


so 


area of region/’Qfi = j l^—r^ cos ’ (x/r) + x\Jr^ — ^ = j r^61 + r cos61r sinS^ j 

= — jr^ sin6lcos61 

and thus, (area of sector POT?) = (area of APOg) + (area of region Pgfl) = \r^0. 


36. Let X = sec 0, where O<0 <j or 7 : <0<^, so dx = V2 sec 0 tm 9d0. Then 
' V 2 sec P tan 6? i/6? 


/^== /; 
J x‘'-Jx^ — 2 J 


4 sec'* 0 V 2 tan 0 
= I f cos^0d0 = J J (1 — sin^ 6?) cos 6? i/6? 

= J l^sin P—jsin^<?j + C (substitute u = sin 0) 
,2_2)3/n 




3;t3 


+ C 


E 


1 

-\ 


F 



From the graph, it appears that our answer is reasonable. [Notice that 
/ (x) is large when F increases rapidly and small when F levels out.] 
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37, From the graph, it appears that the curve y = and the line 

y = 1 — X intersect at about jc = 0,81 and x =2, with jc^V4 — x^ > 2 — ,r on 
(0,81, 2), So the area bounded by the curve and the line is 

^ ^ fo.si [jf V4 - - (2 - x)] dx = fg g^ xV4-x2rfx - [2x - gj- 

To evaluate the integral, we put:r = 2sin0, where —f <0 < j. Then 
dx = IcosO dd, X = 2 ^ = sin“^ 1 = ^, and JC = 0.81 => 0 = sin“^ 0.405 0.417. So 

/g^j V4'=l^rfx » Jg lfj 4 sin^ e (2 cos 0) (2 cos 9dB) = 4 sin^ Iddd = 4 i (1 - cos 46) dO 
= 2[9-l sin 40]'^^'^ = 2 [(I - 0) - (o.417 - 1 (0,995))] =. 2.81 

Thus, A ^ 2.81 - [(2 ■ 2 - I ■ 2^) - (2 ■ 0.81 - \ ■ 0.81^)] 2.10. 



38. Let X = 6 tan 0, so that dx = b sec^ 9 d9 and Vx^ + = bsec9 

'■A-" 2b , Xb 1 


E{P) 


-J 

J —a 


4ffeo 


3/2 ” 4 ;reo 


/ 


{bsec Oy 


b sec'^ 9 dO 


f^2 1 X 

. / - dO = - 

AwsobJei sccO ATteob 


f 

JOx 


cosOdO = -r—r [sin^]^j 


4;r£o^ 


X 


47reob 


I.-a 


L — a 


Vjc^ + b^ \-a 4neob — a)^ + b^ 





39 . Let the equation of the large circle he x^ + = R^. Then the equation of the small circle is x^ + (y — b)^ — 


dx 


where b = -JR^ — is the distance between the centers of the circles.The desired area is 

A= /If [(ft + V/-2 - x^) - v'7?2 -xT] dx =2 fg (b + Vr^ -x^ - “^c^) 

= 2 fg b dx + 2 Jg y/r^ —x^dx — 2 fg VR^ -x^ dx 

The first integral is just 2br = 2r-jR} -r'^. To evaluate the other two integrals, note that 

f Va2 — x^dx = J cos^ dd9 (x = a sinS, dx = a cos6d9) = j (j^^) / (1 + cos 20) 

= ^0 + ^ sin 20 ) + C = {9 + sin0cos0) + C 

. /x\ /x\ Va2 - x^ . /x\ x -r 

= — arcsin (-) + — (-)-1- C = — arcsin (-+-Vu2-x2 + C 

2 \al 2 \al a 2 Vo-' 2 


so the desired area is 

A = 2rV/j2 _ f 2 _|_ ^^2 arcsin(x//') + x\/r^ ~ arcsin(x/7?) +xx/ R^ — x^j^ 

= 2 r \/«2 _^2 ^2 (I) _ j ^/}2 grggjn ^ /-v/^T _^2 _ r 2 _ ^2 _|_ 1^2 _ ^2 
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40. Note that the circular cross-sections of the tank are the same everywhere, so the 
percentage of the total capacity that is being used is equal to the percentage of any 
cross-section that is under water. The underwater area is 

A = 2j^,^25^dy 


25 


arcsin 0/5) -f y^25 - 


(substitute y = 5 sin0) 


= 25 arcsin | -p 2x/Jf ^ 58.72 


so the fraction of the total capacity in use is 


jz (5Y 


58.72 

25!r 


! 0.748 or 74.8%. 



41. We use cylindrical shells and assume that R> r. =r^ - (y — rY 
g(y} = -(y- rY and 


X = 


O — RY^ so 


^ — Sn-r ' 2^/'^ — 0 — RY dy = /£,. 47r (a -1- R) — u^du (where u = y — R) 

,u^^r^du + zi,zRr fwherea=rsin 0 ,<f« = rcos 0 rf 0 \ 

' \ in the second integral / 

-i (r2 - +AitR Y cos^ 6d9 = -^-(n-d) + AizRY coY 8 dO 


= Ak 


= 2n rY (> -F cos20) c/61 = 27i:RY [s-F j sin20l’'^^ = 2YrY 

L J—7r/2 

Another Method: Use washers instead of shells, soV = S7tR YY - y^dy as in Exercise 6.2.59(a), but evaluate 
the integral using >> = r sin 0. 


E* Integration of Rational Functions by Partial Fractions 


A B 
■ -F ■ 


(2x-F3)(x- 1) 2x4-3 r- 1 

5 _ 5 _ A B 

2x2-3x-2 (2x-Fl)(x-2) ~ 2x4-1 ‘''x-2 


x2 4 . 9x - 12 


ABC 


(3x - 1 )(x4 -6)2 3x - 1 x4-6 (x4 -6)2 


— 4z 


_ ^ A B C D 

(3z 4- 5)2 (z 4- 2) 3z 4 - 5 (3z 4- 5)2 (3z 4- 5)2 z 4- 2 

1 1 A _S C D 

x'l - x2 j;3 _ 1 ) - + J.2 + + ^ _ 1 

tF _i_ v3 _ v2 


C ^ 4-xF-x2-x4-1 . , , 1 . A B C 

o. -5- = X 4- 1 4-= X 4- 1 4-i-1- 

2c2-X ;c(^ 4 . 1 )(j; _ 1 ) x^x-Fl x-1 


x 2 4- 1 
x2-l 


^ j 2 _ A B 

(x - 1) (x 4- 1) X - 1 X 4- 1 
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4x^ + 2 Ax + B Cx + D 

(x^ + l)ix2 + 2)- x2 + l x2 + 2 


+ (2 + ] At + B Ct + D ^ Et + F 

((2 + 1 ) ((2 + 4 )^ ~ + > '^ + 4 {t 2 + 4 f 


3-\\x 

10- -T—-T2 

{x - 2f [x2 + 1 ) [2x2 + 5 ^ + 7 ) 


y4 B C Dx + E 

x-2 ^ (x - 2)2 (x-2f^ x2 + l 

Fx + G ^ _ Hx + I 

2x2 + 5x + l (2x2 + 5:c + if 


x‘' _ Ax + B Cx + D Ex + F 

"■ {x2 + 9f ~ ^"+9 {x2+9f [x2 + 9f 

1 1 1 A B C ^ D ^ Ex + F 

x6-x2^ x2 {x2 - 1) + 1) ~ ^ ^ 2C-\ x2+X + \ 


13. j --^d2c = j - 1 + ‘^2! = ^x2 - X + ln\x + l\ + c 

I-*- / ji-2‘^y = J (l-^)rf3' = y-21nb + 2i + C 


15. 


x-9 


-- — -1- ?—. Multiply both sides by (x + 5 ) {x — 2) to get x — 9 — A {x - 2) + B {x + 5). 

(a: + 5) (x - 2) ;c + 5 ;c - 2 

Substituting 2 for jc gives-7 = 7B « B =- 1 . Substituting-5 for a gives-14 =-7.4 <=> yi = 2. Thus, 


/ 


x-9 


16. 


1 


(a + 5)(a-2) 

A B 
: + 


- dx 




dx = 2 in |a + 5| — in |x — 2| + C 


(t + 4)(t-l) t + 4 t-\ 

=> 1 = -5.4 => ^ = -\- Thus, 


/ 


1 


(t + 4)(t- 1) 


\ = A(t-\) +B(t+ 4).t =\ =» 1 = 5B =f B = i.t = -4 

d< = y dt = -i in It + 41 + i ink - 1| + C or i 


- in 


f- 1 


t + 4 


+ C 


x^ + 1 X + I 1 2 

17. - = 1 + —-rr = 1 - - +-7, so 

x^ - X X (x - 1) X X - 1 


/ 


^^ dx = X - in |x| + 21n lx - 1| + C = X + in -—, , ^ + C 


x^- — X 


|x| 


I Ifu:+6 - 15^-!—Ysoifu^t), 

^ ’(x + a)(x + b) b-a\x + a x + b) 

I 


then 


dx 


-- —!— (in |x + a| — in |x + 6|) + C = --in 

(x+a)(x + b) A-a' b-a 


X + a 


X + A 


+ C 


If a = A, then f 


dx 


1 


(x + a)^ X + a 


+ C. 
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19 . + ^ - 1 - ^ 2x + 3 = A{x + 1) + B. Take a: = -1 to get 5 = 1, and equate 

{x + lf x + \ (a + 1)2 

coefficients of x to get ^ = 2. Now 


j: 


2x +3 

(X + 1)2 


dx = 


f 


1 


+ 1 

1 

2 ' 


ix + ly 


dx = 


2 In (at + 1) ■ 


x + l 


20 . 


+ac 2 - 12Ar + 1 
x^+x - 12 


■ = X + 


= 21 n 2 - ^ - ( 21 nl - 1 ) = 21 n 2 + ^ 
1 


x^+x-U 


1 1 

(a-3)(:c+4) 7 


U _ 

Va:-3 x+aJ 


So 


21 . 


^2 + ^2 _ 12;c + 1 

/ -=- dx 

Jo x^ +x -12 


1^2 + I (In |;c _ 3| - In Ia + 4|)]^ = 2 + i In | 


= J. + JL. + JL. => 4 /_ 7 ^_ 12 = . 4 (>, + 2)(y-3) + B)^tP-3) + Cy(y + 2). 
y(y + 2){y-3) y y4-2 y-3 


Setting>> = Ogives -12 = -6A, so A =2. Setting= -2 gives 18 = 105, so 5 = |. Setting 3 ^ = 3 gives 
3 = 15C, so C = j. Now 


j■2 4y2 - 7y - 12 ^ ^ Nl . 1I1_ 
l y(y+ 2) (y-3) ^ Jl \y y + 2 


4-rfy = [21nM + I Inb+ 2| + 1 Inij. - 3|]" 


= 21n2+ f ln4+ ilnl - 21nl - I ln3 - |ln2 

= 21n2+^ln2-iln2-fln3 = f ln2-f In3 = f (31n2-ln3) = f Inf 

1_ 1 A B C 

^ x^ +x^ -2x X (x +2)(x - 1) X X + 2 ^ X - I 

I = A (x + 2) (x - 1) + Bx (x - l) + Cx{x + 2). Settings = 0 gives 1 = -2A,soA = -f. Settings = -2 
gives 1 = 65, so 5 = j. Setting jc = 1 gives 1 = 3C, so C = |. Now 


= -iln3 + i| 


23. -^- = -^ +-^ + =» l = 4 (v + 5)(A-l) + 5(v-l)4-C(Ac + 5)2.Setting 

(a 4-5)2 (a - 1) A 4-5 (a 4-5)2 x-l 

X =-5 gives 1 = -65, so 5 = -f. Settings = 1 gives 1 = 36C, so C = ^. Settings = -2 gives 

1 = 4 (3) (-3) 4- 5 (-3) 4- C ( 32 ) = -94 - 35 4 - 9C = -94 4 -1 4- ^ = -94 4-1, so 94 = -i and 4 = -^. 

Now 


/ 


(A + 5)2 (A - 1) 


• dx — 


/ 


-1/36 


X + 5 


= -4 In |ac4-5|4- 


1/6 

(A 4- 5)2 
1 


1/36 

x-l 


dx 


6 + 5) 


4 - 4 In Iat - 1 1 4 - C 
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24. 


A B 

■ + —T^ + - 


= A (x + 2)^ + B (x - 3) (x + 2) + C (x - 3). Setting 


(x-3)(,x + 2)^ x-3 ' x + 2 ' (x + 2f 

X = 3 gives A = ^. Takex = -2 to get C = -j, and equate the coefficients of to get 1 = .4 + B 


B = if. Then 


[ f- f 

' 9/25 , 16/25 4/5 ‘ 

J (x-3)(x + 2f J 

_x - 3 X + 2 (x + 2)2. 


rf;c = ^ In |:c - 3| + ^ In |jc + 21 + 


5 (^ + 2) 


+ C 


25. 


A B C 

— + +-. Multiply by x'^ (x + 2) to get 

X x^ X + 2 


5x^ + 3x —2 5x^ -\-3x — 2 

x^+2x^ ^ x^ {x + 2) 

5;c^ + 3.X - 2 = Ax (.x + 2) + B (;c + 2) + Setx = -2 to get C = 3, and take x = Otoget 
B = —1. Equating the coefficients of x^ gives 5 = .4 + C => A = 2. So 


J 


5x^ + 3jc — 2 
+ 2x^ 


dx ■ 




dx =21n|x| + - + 31n|x + 21 + C. 
;c 


26. 


ABC 
' — —I—o “I-r “I" ■ 


1 = /Is (s - 1)^ + B (s - 1)^ + Cs^ (s - 1) + Ds^. Set 


s2 (s - 1)^ s ' s^ ' s - 1 (s - 1)2 
s = 0, giving B = 1. Then set s = 1 to get D = 1. Equate the coefficients of s^ to get 0 = .4 + C or 
A — —C, and finally set s = 2 to get 1 = 2^ + 1 — 4.-^ + 4 or A = 2. Now 


f ^ _= f' 

J s2 (s — 1)2 j _ 


27. 


s2 (s — 1)2 
x2 A 


- + -X - 


^-1 (S- 1 ) 2 J 


ds = 21n|s| - i - 21n|s- 1|-^-+ C- 

s s — 1 


■ + ■ 


B 


■ + - 


C 


Multiply by (x + 1)2 to get x2 = /I (x + 1)2 + B (x + 1) + C. 


(x + l)2 x + 1 ' (x + l)2 (x + l)2' 

Setting X = —1 gives C = 1. Equating the coefficients ofx2 gives A = I, and setting x = 0 gives B = —2. Now 

2 1 

rfx = In |x + 11 + ■ 


f x^ dx f 

■ 1 2 1 ■ 

J (x +1)2 “ y 

.x + 1 (x + l)2 (x+l)2j 


28. 


29. 


X _ (x + 1 ) — 1 
x + 1 x + 1 

f dx= [ 

J (x + 1)2 J 

x2 _ (x2 +x) - 

x2 + 1 


= 1 

1 


1 x2 

x + 1 (x + 1)2 

3 3 

+ 


1 

;rTT 


x + 1 2 (x + !)■ 


: 1 - 


+ C. 


1 


x + 1 (X + 1)2 (x + 1 ) 


r. Thus, 


x + 1 (x + 1)2 (x + 1)2 J 


(7x = X — 3 In |x + 11 — 


1 


x + 1 2(x + l)' 


+ C. 


(2 + 1 


x2 + 1 


[ —dx - f xdx- f y— - = [4x2] - if }-du (where u =x2 + 1, rfu = 2xrfx) 

Jo x2 + l Jo Jo x2 + l L2 Jo ^ Ji u 

~ 5 ~ [l *”“]] = 5 ~ 5 = J (1 — ln2) 


30 . 


x2 + 3 


x2 + 3 


_ + Bx + C 


_ , ^ _ x2 + 3 = + (x2 + 2) + (Bx + C)x = (+ + B)x2 + Cx + 2+ 

x2 + 2x X (x2 + 2) X x2 + 2 

=> + + B = 1, C = 0, and2+= 3 => + = |, B =-i, and C = 0. Now 


/ 


x^-\-3 


x^ + 2x 


dx - 


ln2-iln2-iln3-0+iln3 = (|-i)ln2= I 


In 2 
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'ix^ — 4jc + 5 a Bx + C , 

7 --- 7-5 --r =- - H-tTV 3x^ - 4x + 5 = A(x^ + i) + (Bx + C) (.t - 1). Take x = 1 to get 

(x - 1) {x-^ + Ij X - I x-^ +1 ' ' 

4 — 2A or A = 2. Now {Bx + C) (j: — 1) = 'ix^ - 4a: + 5 — 2 + l) = — 4.x + 3. Equating coefficients of 

x^ and then comparing the constant terms, we get B = 1 and C = -3. Hence, 


/ 


3x2 


-4x + 5 


(X - 1) (x2 + 1) 


rfx = 


/ 


2 X — 31, ,,, ,, /■ xdx 

-r + 2 rfx = 21nx-l + 

X - 1 x2 + 1 


7: 


+ 1 


= 21n|x — l|4-jln^x2 + l^-3tan *x+C 
= In (x — 1)2 + In7x2 + 1 — 3 tan“* x + C 



dx 

x2 + 1 


x2 - 2x - 1 _ A B Cx + D 

(x - 1)2 (x2 + 1) X - 1 (x - 1)2 x2 + 1 

x2 — 2x — 1 = .4 (x — 1) (x2 + 1 ) + B (x2 + 1 ) + (Cx + D) (x — 1)2. Setting x = 1 gives S = —1. Equating 
the coefficients of x^ gives A = —C. Equating the constant terms gives —1 = — A — 1 + D, so £) = /I, and setting 
X = 2 gives —}= 5A — 5 - 2A + A or A — 1. We have 


f — - ’ dx= f 

J (x-l) 2 (x 2 + l) J 



(X - 1)2 


X — 1 

;c2 + l 


dx 


= ln|jc —1|H-j-— J In + tan ^ ;t + C 


33 + __ At + B Ct + D 

((2 + 1 ) ((2 2 ) ~ fi + \ (2 + 2 

2(2 -/2 + 3( _ 1 = {At + B) ((2 + 2) + (C( + D) ((2 + 1) = (+ + C)(2 + (B + Z))(2 + {2A + C)( + (25 + D) 
=> /1 + C = 2, B + D = -l,2+ + C = 3,and2B + £) = -l ^ + = 1, C = 1, 5 = 0, and D =-1. Now 

/'2(2-(2 + 3 (-1 r/ t \ f 2tdt \ f 2tdt f dt 

7 ((2 + 1)((2 + 2 ) ""“7 l ,(2 + l +(2 + 2 j^' - 27 (2 + 1 +27 (2 + 2 "/ ^+2 

= 5 In ((2 + 1^ + i In ^(2 + 2 ^ - i tan“' (;^() + C 
or i In + 1 ) ((2 + 2 )^ - ^ tan”' (;^() + C 


x2 — 2x2 + x + 1 _ x2 - 2x2 + X + 1 _ +x + 5 Cx + D 

x'* + 5x2 + 4 (x2 + 1)(x2 + 4) ” x2 + 1 x2 + 4 

x^ — 2x2 ^ J _ gj ^^2 _|_ 4^ _|_ (Cx + £>) (x2 + 1). Equating coefficients gives .4 + C = 1, 


B + D = -2, 4A + C = I, 4B + D ■. 
2 - 2x2 + X + 1 , 


I 


' + 5x2 + 4 


■ dx 


_ f dx [ X 

J x2 + 1 7 X 


2 I = 0, C = 1 
-3 


2 + 4 


5 = 1, D = -3. Now 
dx = tan”' X + J In ^x2 + 4^ — | tan”' (x/2) + C. 
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35. 


A Bx + C 


l=A(x^+x + l) + (Bx + C)(x- 1). Take 


x^ - 1 (.X - 1) (;c2 4 , x-I~^x^+x + l 

X = 1 to get yT = 5 . Equating coefficients of x^ and then comparing the constant terms, we get 0 = j + B, 
1 = 5 — C, so B = - 5 , C = —I => 




x + 2 
x^ +x + 1 


dx 


(3/2) dx 


x2+x + l 3j (x +1/2)2+ 3/4 


= iln|x-l|-iln(x2+x + l)-i(^)tan->|^^j+^ 


= 5 ln|x - 1 | - 3 In (^x 2 + x + 1 ^ - ^ tan ' ( 2 x + 1 )^ + .Si 


36. 


(x3 + 1) - I 


= 1 - 


= 1 


/ ^ 4- C \ 

\x + 1 ^ — X -\-\) 


;c3 + 1 x^ + I * + 1 \x + 1 x^- 

1 = .4 (a:^ — x + 1 ) + (Bx + C) (:c + 1). Equate the terms of degree 2, 1 and 0 to get 0 = 4 + 5, 
0 = —A + j 5 + C, 1 = 4 + C. Solve the three equations to get 4 = j, 5 = —and C = |. So 




i iv _ 2 

1 _+ _1_ 

X + 1 x2 -X + 1 


dx 


iln|x + 1 | + 7 


2 x - 1 


• dx 




dx 


+ l 


-x + i 2J 

= x - 5 ln|x + 1| + 5 In (x2 - X + l) - ;;j|tan“' (4 “ 1)) 


37. Let u = x^ 3x^ 4- 4. Then du — 3 (;c^ 4- 2.x) dx 


[ - 5 /” f - i II" .C = i (l« 204 - ,"24) . 5 


.# = iln;? 


38. Let « = x'* + 5x2 _j_ 4 du = (4x2 _|_ dx = 2 (2x2 < 


/■- 

Jo x 


2 x 2 5 ^ 


+ 5x2 + 4 


dx = 


= '/ 
2i4 


du 


i[lnl«|]J" = i(lnlO-ln4) = ilnf. 


39 . 


1 1 A B C w , u 2 / " 

= , 2 = 7 + ? + ^^ + ^- Multiply by x2(x-i)(x + l) to get 

1 = 4x (x - 1) (x + 1) + j 5 (x - 1) (x + 1) + Cx2 (x + 1) 4- Dx’^ (x - 1). Setting x = 1 gives C = \, taking 
X = — I gives D = — 2 - Equating the coefficients ofx^ gives 0 = A-\-C + D = A. Finally, setting x = 0 yields 


B = -1. Now 


/?^=/ 


-1 1/2 1/2 
x2 X - 1 X + 1 


rfx = —h 4 In 


x + 1 


+ C. 
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x'* 1 1_1_ A B Cx + D 

' - 1 x'* - I ^ Jt'* - I (jc - 1) (x + 1) (ji:^ + 1) X - I JC + 1 x^ +l 

\ = A (x + \) [x^ + \) + B {x — \) [x^ + l) + D){x — 1) {x + 1). Set 

;c = 1 to get /I = |, and set ;c = — 1 to get B = — j. Now take jr = 0 to get 

l=A — B — D = —D + j, so that D = - j. Finally, equate the coefficients to get C = 0. Now 


41. 


f x^dx f 

J 

/ 


r 1/4 _ 1/4 _ 1/2 1 

a 

4 

11 

X — 1 

A - 1 A + 1 A^ + 1 _ 

i 

A + 1 


X — 3 


7 dx 




x-3 


- dx = 


(x^ + 2x + 4Y J [(;c + 1)2 + 3]^ J («2 + 3)' 


J (u- 


t/-4 


■ J tan ’ X + C. 


du (with « = j; + 1 ) 


r udu r du I P dv C -/iseo^ddO 

J («2 + 3)^ J («2 + 3 )^ ~ 2 7 ^ “ J 9sec*e 


(«2 + 3) 

= Jcos^0dd = 


(«2 + 3)" 

-1 A~Jl 


'« = + 3 in the first integral;' 

li = a/ 3 tan B in the second 


2 (ii2 + 3) 9 


'l'\/3 

—— (8 + sin 9 cos d) + C 


-1 

2 (a:^ + 2.* + 4) 

-1 

2 (a:2 + 2a: + 4) 


2 V 3 

tan ^ 

^ (x+\ 

\ 2/2 (a + 1) 

9 

V V3 , 

/ A^ + 2a + 4 

-li 

—— tan 1 


2 (a + 1) 


3 + 2jc + 4) 


+ C 

+ C 


42. 


a'* + 1 


A ^ Bx + C _ Dx + E 

j _ _ ^ ~ |_ 


x‘' + l = A{x^ + 1)^ + {Bx + C)x (a2 + 1) + (Dx + E)x. 


X ( a 2 + 1 )^ ^ A ^ + 1 ^^2 1^2 

Setting A = 0 gives a 1 = 1, and equating the coefficients of a'* gives 1 = /t + B, so B = 0. Now 


C Dx + E 


a‘* + 1 


1 1 


-^ + 1 (A^ + lf a(a^ + 1)^ 


D-. 


-2, and E = 0. Hence, 


J x{x^ + l) J 


a'* + 1 - (a** + 2a^ + 1) 
1 2a 


-2x 


[x^+^r 


{x2 + lf 


dx = ln|Al + 


, so we can take C = 0, 


+ C. 


A^ + 1 


43. Let u = Va + 1. Then x = dx = 2u du => 

f dx f 2udu ^ f du 

J aaAtt^7 («2-i)„ 


w- 1 


VJTT- 1 

« + l 

4 C — In 

■^x 4 1 4 1 


+ c. 


Ba 


44. Let u = Va + 2. Then x = — 2, dx = 2u du => 1=1 , _ 

J a-a/F+2 

u = (« + 1) + B (m - 2) => .4 = |, B = i, so 


r 2udu f udu 

j u^ — 2 —u J u^ — u —i 


and 


a1 B 
■ + • 


u^ — u — 2 u — 2 M + 1 

/ 

= I [^ 21 n |Va 


/ = ? 

3 . 


2 1 

« — 2 + 1 


du = I (2 in |m — 2| + In |m + 11) + C 


• 24 -ln(v.x + 2 + l 


l)]+C 
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45. Let u = so and dx = 2u du. Thus, 




du 


= 2 + 8 


J ^ '^^ 2 ) ('’y P^'^* =2 + 8 —I Inju + 2| + ^ In |u — 2|j 


{u + 2)(u- 2) 
4 
3 


= 2 + [2 In |m - 2 | - 2 In |« + 2|]^ = 2 + 2 


« — 2 


u + 2 


= 2 + 2(ln2-lni) 


46. Let u = i/x. Then x = u^, dx = 3u^ du 
^^3u^du 


" d, == /'= /73„ _ 3 + = r|«2 - 3« + 3 ln(l + «)]' 

h \ + ^ Jo l + « 7o V 1+k/ l2 'Jo 


\ + ifx"" Jo l+u 
= 3(ln2- i) 

47. Let u — J/x^ + I. Then — \,2x dx ~ 3m^ du 

x^dx [ {u^ - 1 ) \u^du 


f x^dx f 

J 


= jJ(u''-u)du = + C 


48. Let u = ,/x. Then x = u^, dx =2udu => 

y/x , f'^ u-2udu ^ du .,r -1 n\ n 

Jl/iX^+X 21/73 «^ + il/73"^+l L Jl/73 

49. If we were to substitute u = v'x, then the square root would disappear but a cube root would remain. On the other 
hand, the substitution u = i/x would eliminate the cube root but leave a square root. We can eliminate both roots 
by means of the substitution u = (Note that 6 is the least common multiple of 2 and 3.) 

Let u = Then x = so dx = 6 k® du and v'ic = u®, J/x = u^. Thus, 

f f ^=6 [ -^du = 6 [ ^du 

J J u^-u^ J u^{u-\) J u-\ 

I 1 ^-{by division) 

= 6 -f 4- M + ln|M - 11^ + C = 2y/x + 3-^ + 6^ + 61n [4^ — l| + C 

50. LetM= v^. ThenX = u^^, dx = \2u^^ du =^> 

f dx f \2u^^du [ u^du f / i f, s 4 ^ 2 1 

/ ^7=-77= = / —7 -^ = 12 / - = 12 / ( + M - 1 H-- I i/w 

+ yw + i JV “ + 1/ 

= |w^ — + 2u^ — y + Sm'* — 4w^ + 6«^ — 12w + 12 in |m + 1| + C 

3^2/3 _ 12 ^ 7/12 2V^ _ ^^ 5/12 ^ 3 ^ _ 4 ^ 64^ _ 12'^ + 12 in (‘4^ + 1) + C 
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51. LetM=:g^. — \nu,dx 

dx 


du 


/ 


f u^idufu) f udu f 

y -f 3w + 2 y (w + 1 ) (m -I- 2 ) J 


-1 2 
W + 1 M + 2 


+ J u^-\-3u +2 J (« + 1) (« + 2) 

= 2 In |m + 2| In |m + 11 + C = In “f” 0j ^ 




52. Let u = sinx. Then du = cosxdx 
cos;c dx 


/ 


sin j: +sin;( 


/(/«_/■ du r' \ 1 ' 

J u^ + u J u{u + l) J _u M + 1 . 


du = In 


« + l 


+ C = In 


1 + sin;c 


+ C. 


53. From the graph, we see that the integral will be negative, and we guess that 
the area is about the same as that of a rectangle with width 2 and height 
0,3, so we estimate the integral to be - (2 ■ 0.3) = —0.6. Now 

1 _1_^ B 

— 2x — 3 (jr-3)(jr + l) ;c-3'*'v + l ^ 

\ = (A + B)x + A - 3B, so .4 = —B and A — 3B = \ » ^ = 5 

5 = — J, so the integral becomes 


0.05 



- 0.35 




dx 


■2x~3 



dx 

:c — 3 

;c-3 
x + \ 


-3|-ln|3c + l|]o 

11 = 1 (ini-Ins) =-|ln3 ss-0.55 


1 _1__ _ A _S C 

x^ — 2x^ x^ (x — 2) X x^ ^ X — 2 ^ 

1 = {A + C) x^ + (B - 2A) X — 2B, so A + C = B — 2A = 0 and 
—25 = 1 => 5 = — J, .4 =-^, and C = J. So the general 

antiderivative of / (jc) = —- is 

x^ - 2x^ 



F{x) 


I 


dx 


x^ - 2x^ 


\ f dx \ r dx I r dx 

47 Vly 7 ^ 




-1 In |j(| - J (-1/3C) + I Inl^r -2| + C 


We plot this function with C = 0 on the same screen as >< = —= -r. 

x^ — 2x^ 


„ f dx f dx f du 

■ j x^-2x ~ J u^-l 


(put U = X — 1) 



u-\ 
u + \ 


+ C (by Equation 6 ) = 2 


x ^-2 

X 


+ C 
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r (2x + l)dx 1 r (%x + \2)dx r 2dx 
J 4x^ + 12X-7 “ 4 y 4;c2 + lie - 7 J (2x + 3f - 16 

= I In \4x'^ + 12jc - 7| - y [put« = 2;c + 3] 

= J In |4;t^ + \2x - l\ - \ \vl\(u - 4) / {u + 4)| + C (by Equation6) 

= i In |4 ;c2 + 12;c - 7| - iln|(2;c - 1) / (2;c + 7)| + C 



(b) cos^ = cos (2 • = 2cos^ — 1 

1 , 2 ,1-'^ 

■ V^/^T72j l+t^ 

sin^=sin(2.0=2sin0cos0 
^ ( 1 _ 2t 

~^y^T^^^/^T72 “ i + t2 

J 2 

(c) - = arctan t => x = 2 arctan t =i dx = --r- dl 

^ ' 2 1 + (^ 
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61. Lei t 


= tan^^y Then, by Exercise 57, 


/« 


dx 


2 sin;c + sin 2 ;c 


ij sii 


dx 


2dt/{\ + t'^) 


sin;c + sin.T cos.x 
(1 + dt 


-\i 


2r/(l + r2)+2r(l-i2)/(l+r2)‘' 


2 I l(l+t^) + t{l-t^) 

= ^ ln|r| + + C = | In |tan + j tan^ ( 5 ^) + C 


dt 


62. — 6 x + 8 = (x — 3)^ — I is positive for 5 < x < 10, so 


r dx r du , r > 

/ 7- 772 —7 = / ^—T u = x-3) = - 

Js (x-3)^-1 J 2 u^-i 12 

Aln|-ilni = i (ln3 -21n2 + ln3) = ln3 -ln2 = ln| 


/in 

« - 1 ■ 

_2 

w + 1 


63. iii. = 1 -I-?_ > 0 for 2 < X < 3, so 

X — 1 X — I 




X - 1 


rfx = [x +2 ln|x - l]]^ = (3 + 21n2)- (2 + 2lnl) = 1 +21n2. 


64. (a) We use disks, so the volume is F = ^ 
integral, we use partial fractions: 


1 


x^ + 3x + 2 


1 


rl dx 

(x + 1)Hx+2)2 

ABC 

+ —+ • 


To evaluate the 
D 


(x + \f{x+2f x + 1 (x + lf 2 C + 2 (x + 2)2 

1 = ^ (x + 1) (x + 2)2 + 5 (x + 2)2 + C (x + 1)2 (x + 2) + D (x + 1)2. We setx = -1, giving B = l, then 

set X = —2, giving D = 1. Now equating coefficients of x^ gives A = —C, and then equating constants gives 

I = AA + A+ 2{—A) + \ => A =—2 => C = 2. So the expression becomes 


-•ft 


■ -2 

1 2 11 
1 1 1 

II 

2 In 

x+2 

1 1 ■ 

_x + l 

(x + l)2 (x + 2) (x + 2)2. 

X + 1 

x + l X + 2_ 


^ [( 2 ln I - i - i) - ( 2 In 2 - 1 - i)] = rr ( 21 n ¥ + f) = X (2 + In 

X dx 

is V ^iTt - 

Jo X 


(b) In this case, we use cylindrical shells, so the volume is V 
We use partial fractions to simplify the integrand: 


+ 3.x + 2 


= 2 ;r 


f 


X dx 


(x^ + 1) (x + 2) 


A B 
+ ■ 


(x + l)(x + 2 ) x + l xH -2 
X = (A + B)x +2A + B. So /f + 5 = 1 and 2^+ 5 = 0 => A = - I and 5 = 2. So the volume is 


2 ;r 


/[ft 


+ 1 X + 2 


5x = 2 ;r [— In |x + 1 | + 2 In |x + 2|]o 


= 2;r(-ln2 + 21n3 + lnl-21n2) = 2;r (21n3 - 3 In2) = 27r In | 
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65. __= ^ +_^_ 

P [(r - 1) - 5] P (r-\)P-S 


P + S = A[(r - \) P - S\ + BP = [(r - A + B}P - AS 


-I 


(r-l)A + B = l,-A = l 
P + S 


A — — B = r.'Now 


P[{r-l)P- S] 


-dP = 


m 


{/• - 1 ) P - s 


dp = 


f dP r f 


r - 1 


(r - 1) P - S 


:dP 


.lnP +-ln|(/- - 1)P -S| + C. Here/- = 0.10 and S = 900, so 

r - 1 


, = _ In p + ^ In I-0.9P - 9001 + C = - In P - | In (|-11 |0.9P + 900|) = - In P - i In (0,9P + 900) + C 

When r = 0, P = 10,000, so 0 = - In 10,000 - i In (9900) + C. Thus, C = In 10,000 + ^ In 9900 [« 10.2326], 
SO our equation becomes 

, , 10,000 1 , 9900 

t = In 10,000 - InP + i In9900 - i ln(0.9P + 900) = In —^ + - In 

10,000 1 , 1100 , 10,000 1 , 11,000 
^ P 9 " O.IP + 100 P “^O^PT 1000 

66 . If we subtract and add 2x^,wo get 

x'' + + 2x^ + l-2x^ = (x^ + -2x^ = (x^ + i)^ - (F2xy 

= ^^x^ ~ 0 ~ - F2x + 1 ^ (x^ -f Fix + 1 ^ 

1 Ax B Cx D 

So we can decompose —;-- = --1—- 7 =- => 

x'' + \ x^ + F2x + \ x^-F2x + \ 

I = (Ax + B) (x^ - Fix + 1 ) + (Cx + D) (x^ + Fix + 1 ). Setting the constant terms equal gives 

B + D = I, then from the coefficients of we get /( + C = 0. Now from the coefficients of we get 
^ + C + (S-£1)72 = 0 <=> [(!-£))-£)] 72 = 0 => D = \ => B = i, and finally, from the 

coefficients ofx^ weget\^(C — A) + B + D = 0 => ~ ^ ~ ^ C = —^ and A = ^. So we 

rewrite the integrand, splitting the terms into forms which we know how to integrate: 


4x + ^ 


-^x + ^ 


x‘' + i x^ + Fix + i x^-Fix + \ 472 


2 j: + 272 


2x-2Fi 


x^ + Fix + \ x^-Fix + \ 


72 

' 2x + 72 2x-Fi ' 

1 

1 1 

8 

x'^ + ■JZx + 1 — -J2x + 1 

+ _ 

.(^ + 72 ) +5 + 5 . 


Now we integrate: 


7 


dx Fi. /x^ + Fix + \\ Fi 
FTi T'^Xx^ - ^x + \ )^ 'F 


tan ' (Fix + 1 j + tan ' ^72* - 1 ^ j + C. 
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67. (a) In Maple, we define / (x), and then use convert {f, parfrac, x) ; to obtain 
,., 24,110/4879 668/323 9438/80,155 (22,098 jc + 48,935)/260,015 

“ 5;t + 2 2.1 + 1 3.x - 7 x^+x + S ' 

In Mathematica, we use the command Apart, and in Derive, we use Expand. 

(b) j /(x)rfx = ^.iln|5x + 2|-|f.iln|2x + l|-^.lln|3x-7| 

1 r 22,098 (^ + j) + 37,886 
0,015/ 


260,( 


• dx C 


(x + i) 

^.lln|5x + 2|-fff.iln|2x + l|-^.lln|3x-7| 


260,015 


22 . 


:,098 . i In (x2 + X + 5) + 37,886 • T^tan-' (x + i)) 

= giln|5x + 2|-|Mln|2x + l|-^ln|3x-7| + ^ln(x2+x + 5) 

+26o,oi7^*™~' [;;t9 
Using a CAS, we get 

4822 In (5x + 2) 334 In (2x + 1) 31461n(3x-7) 


+ C 


4879 


323 


80,155 


ll,0491n(x2+x + 5) 3988719 

260,015 260,115 


719 

19 


( 2 x + 1 ) 


The main difference in this answer is that the absolute value signs and the constant of integration have been 
omitted. Also, the fractions have been reduced and the denominators rationalized. 

68 . (a) In Maple, we define /(x), and then use convert (f, parfrac, x} ; to get 

^28/1815 59,096/19,965 2(2843x + 816)/3993 (313x - 251)/363 

^ (5x-2)2 5x- 2 2x2 + 1 (2x2 + 1)^ 

In Mathematica, we use the command Apart, and in Derive, we use Expand. 

(b) As we saw in Exercise 67, eomputer algebra systems omit the absolute 
value signs in / (1/y) dy = In \y\. So we use the CAS to integrate the 
expression in part (a) and add the necessary absolute value signs and 
constant of integration to get 


I 


f (x) dx = 


5828 59,0961n|5x-2| , 2843 In (2x2 + l) 

’ 9075 (5x - 2) 99,825 7986 





1 1004x + 626 

2904 2x2 1 


+ C 


(c) From the graph, we see that / goes from negative to positive at x -0.78, then back to negative at x »:! 0.8, 
and finally back to positive at X = 1. Also, lim / (x) = oo. So we see (by the First Derivative Test) that 

x->0.4 

/ / (x) rfx has minima at x —0.78 and x = I, and a maximum at x 0.80, and that / / (x) dx is 
unbounded as x -> 0.4. Note also that just to the right of x = 0,4, / has large values, so / / (x) rfx increases 
rapidly, but slows down as / drops toward 0 . / / (x) rfx decreases from about 0.8 to 1, then increases slowly 
since / stays small and positive. 
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69. There are only finitely many values of where Q(x) = Q (assuming that Q is not the zero polynomial). At all 
other values of ;c, F (x)/Q{x)=G (;c) /g (^), so f (v) = G {x). In other words, the values of f and G agree 
at all except perhaps finitely many values of x. By continuity of F and G, the polynomials F and G must agree at 
those values of .x too. 

More explicitly: if a is a value of x such that Q (a) = 0, then g (x) 5 A 0 for all x sufficiently close to a. Thus, 

F (a) = Urn F (x) (by continuity of F) = Urn G (x) [whenever Q (x) # 0] 

^ ' x-*a 

= G (a) (by continuity of G). 


/(^) 

70. Let / (x) = ax^ + bx + c. We ealculate the partial fraction decomposition of ~ 

/ (x) ax^ + 6 x + l A B C D E 


must have c = 1 , so ■ 


ax^ A-bx + \_A B - _ 

vTCvj-nS "^x x^ x + 1 (x +1)^ 


(X + 1)3 


. Now in order for 


x^(x + 1)3 x^ (x + 1)3 
the integral not to contain any logarithms (that is, in order for it to be a rational function), we must have 
^ C = 0 , so ax3 + hx + 1 = F (x + 1)3 + Dx 3 (x + 1) + Ex^. Equating constant terms gives F = 1, then 
equating coefficients of X gives 3B = 6 => fe = 3. This is the quantity we are looking for, since / (0) — h. 


Strategy for Integration 


1. Let« = sinx 
h cosx 


Then f = tan ' « + C = tan ' (sinx) + C. 

J l + sin^x y l + «3 


T IjT^co^ _ y _ [n |cscx — cotx| + In |sinx| + C — In|1 cosx| + C. 

J sinx J 

Tl+cosx f l-cos^x , f sinxdx . „ 

Or / ^ dx = / ^-r dx = / -- = ln|l - cosx| + C. 

J sinx J smx(l-cosx) J 1 -cosx 


dy /■' ^ r'^ „ , _ r _ ,/4 _ ^-*/4 

3. Let M = arctany. Then du = ^ ^2 ^ J ^ 1 ^ 2 ~ J ~ J-)r/4 ~ ® ^ 

4. Integrate by parts with u = Inx, dv = x^ dx => du = dx/x, v = x^T: 

/3x3 Inx rfx = [ix3 Inx]' - i /i3x3 rfx = 41n2 - ^ [x**]^ = 41n2 - |f. 

5 . / sin^ X cos3 X rfx = / sin^x (1 - sin^x) cosx dx = f (I - u^)du (put u = sinx) 

= J(u^- u"*) du = - ^u^ + C = ^ sin3 x - i sin^ x + C 

6 . Let u = cosx. Then du = -sinxdx => 

f sinx eos (cosx) dx = — J cos u du ~ — sin m + C = — sin (cosx) + C. 

7. Let u = V9 -x3. Then u^ = 9 - x^,udu = -x dx => 

■49^ 




9 — 


du 


f du 9 


M — 3 


M + 3 


+ C = \/9-x2 + -ln 


V9 - x2 - 3 


= 49 -x^ + ^ In 


l,„(V^.^ + C = v/r:^ + 31n 


3 - V9 - x3 


79 - x2 + 3 
+ C 


+ C 


Or: Putx=3sin^. 



SECTION 8.5 STRATEGY FOR INTEGRATION □ 587 


8 . Let u ~ x^. Then du — 2x dx 


X dx \ f du 1 . _i w _ 1 . _i - ^ 

. = “ / — 7 === = - sin ^ — 7 = + C = - sin ‘ —= + C. 

Vs — x^ 2 J Vs “ 2 Vs 2 Vs 


9. Let M = 1 • 


= —2x dx. Then 


10 . 


r TCT =-\lT i =5 £ = [My. =1 • 

r-/i/2 ^2 Sin^e 

io 


2 


COS0 


cosO dd [x = sin 0 , rfA: = cos^rf^] 


= i (1 - cos 2 ^) de = \[e-\ Sin 2 ^]^ = J [(t - 2 ) - (0 - 0)] 

"■i ^ 7^‘^'=/_3 = = =/_^ Q + -^)du = [2ln\u\- 


12 . 


;c - 1 


= (21n 1 + 6 ) - (2ln3 + 2) = 4 - 21n3 or 4 - ln9 
a: - 1 


___ A B 

x'^ — 4x — 5 (:v — 5) (jc + 1) :c — 5 ;c + 1 


a: — I = ^ (;c + I) + 5 - 5). Setting a: — -1 gives 


—2 = —6B, so B = Setting ;c = 5 gives 4 = 6A, so A = Now 
/’4 V _ 1 /•4 


= I In 1 + i ln5 - I ln5 - I In 1 = -| ln5 


13. / 

14. / 


a: — 1 


, dx = f -— dx = f ( - 1 —du [u = X — 2, du = dx] 

c2-4a: + 5 J (:c-2f + l J W + 1 + \ J 

= 5 In (u^ + 1) + tan”’ « + C = j In - 4 a: + 5) + tan~’ (a - 2) + C 


x^'+x^ + l 


- dx = 


= [ 2 ^“ 
J + U + 


+ 1 




\u = x^, du = 2 ac dx^ 


u 


du 


(-V 

V3 4 


’ + 1 ) 


dv 

TT 


= ;^tan >„ + C=^tan > + i)) + C 

15. Let u = e^. Then f dx = f dx = f e" du = e" + C = e‘’' + C. 

16. Let u = Then x = => Jdx = Je" ■ 3u^ du. Now use parts: let to = u^, dv = e" du =» 

dm = 2u du, v =e‘‘ => 3 J e“u^ du = 3 (u^e" — 2J ue" du). Now use parts again with w = u, dv = e“ du 

to get / e“ 3u^ du = e“ (3 m^ — 6 « + 6 ) + C = 3e^ (x^/^ — 2lfx + 2) + C. 

2a 

17. Use integration by parts: m = in (l + a^), rfo = rfA => du = - j-p ' " dx,v =x,so 


J in ^1 + A^^ Ja = A in ^1 + A^^ y .^^2 = tc in ^1 + a^^ J ' ~ 


1 +x^ 

= A in ^1 + A^^ - 2a + 2tan”’ a + C 


1 +A^ 


dx 
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18. Let u = ln;c. Then du = dx/x 
f Vl + Injc , f VT+~m 


- _ f —LiLii t/y = / —- 2v dv [put V = Vl + M, u = du — 2v dv] 

J u J v^-\ 

f / 1 \ u — 1 J - / VI + inx — 1 ^ 


19. Integrate by parts three times, first with u = t^,dv =e df. 

dt = + i /3t2e-2'* = - |tV2' + i /3te-2' dt 

= [j'" + I'"] - + I / dt = [j'" + + i] + C 

= (4^^ + 6/2 + 6r + 3 ) + C 

20. Integrate by parts: u = sm~^ x, dv = x dx => = ^1 /VT^-^) so 


Vc sin ^ xdx = \x^ sin ^ x 


I /■ x^dx 


~ = Irx^ sin' 
2 2 


--t/ 


1 fsia^dcosddd f where a: = sin S 


where a: = sin d 
for - I < 61 < f. 


sin ' X - \ J (,l - cos 26*) <661 = jx^ sin ' x - \(6 - sin 61 cosd) + C 


1 - ;c2] + C = i ^{ix^ - l) sin-' jr +x/r^J + C 


21. Let M = 1 + v^x. Then x = {u — \)^, dx = 2{u - \) du 


(1 + dx = u^-2(u-\)du = 2 /,' (u‘> - n") du = [iu'" - 2 ■ !«»]' 


1024 1024 1 1 2 _ ^ 

5 9 5 9 "■ 45 


22. Jq Vz (z + 4/z) r^z = /o' du [u = ^,u^ = z, dz = 6 m^ du\ = 6 fg (h''' + m'“) du 

-”[T5" + TT" ° 1^15 + 11 j - ^ 165-55 

(Note that this integral can also be evaluated without substitution.) 


23 3x^-2 _ 6 x+22 _^ ^ 

x2-2x-8 (x-4)(x+2) ^x-4^x + 2 


6x + 22 = .4 (x + 2) + B (x - 4). Setting 


X = 4 gives 46 = 6A, A = y. Setting x = -2 gives 10 = -6B, so B = - j. Now 


f 3x2-2 ^ / /, , 23/3 5/3 \ 

J x2-2x— s‘‘^ = J(^^—4-7ir2)d^ = 


= 3x + ^ In |x - 4| - f In |x + 21 + C. 


24. [ -25Lzl^dx= f — [« = x3-2x-8,d« = (3x2-2)dx] = In |«| + C = In jx^ - 2x - 8| + C 

2x—8 J u 

25. Let« = In (sinx). Then du = cotx dx ^ J cotx In (sinx) dx = J udu = ju^ + C = j[\n (sin x)]^ + C. 


26. / sin Vatrft = J sinu ■ ^u du [u = -/at, 2u du = adt, u^ = at] = | J usinudu 

= ^ [—M cost/+ sinn] + C [integration by parts] =^ sin,/^ + C 
= —2^^ cos + I sin Vat + C 
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27 . /ij \x^ + — 2x\dx = /^3 \ (x + 2)x(x — \)\dx 

= — /_ 3 ^ (:>c^ +x^ — 2x) dx + J ^2 + x^ — 2x) dx — [x^ +x^ — 2x) dx + {x^ + x^ — 2a:) dx 

Let / (a) = ^x‘* + jA^ - A^. Then /' (a) = a^ + a^ - 2a, so 

fl3\x^+x^-2x\dx = -/(-2) + /(-3) + /(0)-/(-2)-/(1) + /(0) + /(3)-/(1) 

= /(-3)-2/(-2)+ 2/(0)-2/(1) + /(3) = |-2(-f)+2.0-2(-^) + ^ = f 

28 . Let A — 5 = ^u. Then dx = ^ du, « = ^ (2a - 1) => 


f Vl+A—A^J a = / y|-^A — rfA = f / Vl — c/m = I / COS0COS0i/0 


: I (0 + sin ^ cos <)) + C = - 
8 


2x — 1 2 r - - 

+ -F-^V1 +A -a2 


V5 V5 

= I sin-' (2 a - 1)) + I (2a - 1) \/1+a-a2 + C 


+ C 


29 . As in Example 5, 




Vl+x vr+3c 


dx 


■! 


l-\-x 

Vl — 


”7 


' VT+I 
= sin”’ A - 7l - A^ + C 
Another Method: Substitute a = V(1 /(I 

« = V2a - 1, 2a + 3 = «^ + 4, 


dx — 




X dx 


TT 


V2a - 1 
2a + 3 




7 


u ■ udu 
m2 + 4 


m 2 = 2x — 1, M <iM = 




= H —4.jtan ' ^+ C = V2 a — I — 2tan ’ ^j\/2a — + C 

/* ^ 3 7/) 1 ^ *7 ^ 

31 ./ dw= / (3 - -)rfto = [3!o-71n|u) + 2|]^ = 15-7ln7 + 7ln2= 15-71n2 

Jr, w + 2 Jo \ w + 2) ™ 


32 . 


£/;c 


__ [ 

■ 1/12 

a/12+1/3 ■ 

dx = ^( 

12 j 

■ 1 

A +4 

8 J 

.A -2 ' 

a2 + 2a +4_ 

.A -2 ' 

a2 + 2a + 4_ 




= Jjln|A-2|- 


24 


/t 


2a: + 2 


2 + 2;c + 4 


dx 


7 


c/a: 


(;c + ir+3 


= -R In |a - 2| - i In (a^ + 2a + 4) - ^ tan ' (a + l)j + C 

u = , dv = sin 3a dx. 


33 . != f sin 3a: i^ac — — cos 3jc + | / cos 3a: dx 


du = 2^2^, V = —^ cos3a: 


cos 3a: + I sin 3x - j f sin 3a: t/jc j 


‘1/ = dV = cos 3a: dx,' 

_dU = 2e^, V = j sinSA: _ 

So / = — cos3a: + |e2j: sinSA: — |/ => {2sin3x — 3 cos 3a:) + Ci and 

/ = {2 sin 3x — 3 cos 3ac) + C, where C = Ci. 

34 . Let M = cos^Ac => du = -2cosa: sinAcc/AC = — sin2A:r7A: 

/ = / 7CT = ~ (i“) + ^ = - (7 + C- 

35 . Because / (a) = a* sin a is the product of an even function and an odd function, it is odd. Therefore, 
/2j A* sinA dx = 0 [by (5.5.6)(b)]. 
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36 . sin4;c cos3x = j (sinjc + sin7x) by Formula 8.2.2(a), so 

/ sin4;ccos3;crfx = j f (sitiA: + sin7:)()dn: = 5 [^-cosx - ^ cos7:>cj + C = -jcosx - cos7ji: + C. 

37 . cos2 0 tan2 0d0 = sin^ 0 = /*'"' i (1 - cos 20) dO = - 1 sin2(?]*''‘* 

= (f-T)-(0-0) = f-| 

38 . LetM = tanjc. Then 

tan sec'' xdx= tan^ x (tan^ rc + 1 ) sec^ x dx = (u^ + \)du = /J {u^ + u^)du 

_ ri„6 , i„4]' _ i , i _ J. 

- [6^ + 4 “ Jq “ 6 + 4 — 12 

39 . Let M = 1 — x^. Then du = —2x dx 


j- 


X dx 


:2 + N/r 


. = _!/' —(u = V«, U = v^, du = 2u do) 

2j u + ^ J u^ + u 

= — J —— In |t) 4 -1| + C = — In + FT 


40. — 4y — 3 = {2y — 1)^ — 2^, so let m = 2>’ — 1 =i du = 2 dy. Thus, 

dy f dy 


/ 


^4y^-4y-3 / ^(2y - 1)2 - 2- 


92 ^ J v — 


22 


= i In Ik + %/k 2 - 2^1 (by Formula 20 in the table in this section) 


= 4 In 


2y - 1 + ^4^2 - 4y - 3 


+ C 


41. Let u = 0,dv = tax?OdO = (sec^ S - 1) oftl => du = dO and n = tanS - 0. So 

j 0 tax? e dO = 0 (tzxiO - 0) - S (Xand - 9) dO = etaxtO - e'^ -\n |sec 0 | + \9^ + C 
= 9taxid - \9^ - ln|sec0| + C 

42. / tan2 4xdx — f (sec^ 4:t - 1) rfx = j tan 4 j; - ;c + C 

43. Let t=:x^. Then dt = 3x^dx => / = / x^e-^^ dx = \ J te"' dt. Now integrate by parts with u = t, 

dv = e-‘df. / = -\te-' + \Se-‘dt = -\te-‘ - ie"' + C = {x^ + 1) + C. 

44. Let u = e’‘. Then a: = In m, rfjt = du/u => 

J \-e^ J (\-u)u J (u-l)u J \u - \ u) 

= ln|K| -21n|M- 1| + C = lne^ -21n|e^ - 1] + C = :>: -21n|e'' - 1| + C 

45. f = \ f + “ / 2 j! " 2 = 5 In a . i tan"' + C 

J x^ + a^ 2,1 x^ + a^ J + a? ^ \ > a ^a! 

= InVjc^ -y-c? +tan“’ (jc/a) + C 

46. Let u = .x^. Then du = 2x dx ^ 


f X dx f \du ^ \ 

j x^-a^~ J\2 _~(a2)^ ~ 4^ 


In 


« + 


+ C = 






+ C. 
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47. / sin^ MX cos'* mxdx = / j (1 - cos2!r:ir) (1 + cos27rx)j dx, 

= I / (1 — cos licx) (1 + 2 cos 2mX + cos^ 2mx) dx 

= 1/(1 + 2cos2;rJc + cos^2ff;c — cos.2mx — 2cos^ 2m x — cos^2;rAr) dx 

= j J (1 + cos2;rjc — cos^ 2mx — cos^ 2mx') dx 

= j J 1^ 1 + cos 2mX — j (1 + cos 4;rA:) j d;[ — I / cos^ 2m x dx 

= I J (j + cos2ffjr — j cos4ffA;^ dx ~ ^ f (l — sin^2s'jc) cos2;rjc dx 

= I + 2 j sin2!r;t - sin4;r;i:^ “ 5 / (' “ "^) S' [" = sin2;rj:, du = 2 m cos2;r;i: rfjc] 

= + T5F m (a - + C 

— sin2®jr + sin^ 2m x + C 


6SSin4;r.r 
jfc sin^ 2m: 

48 . Integrate by parts with u = tan"’ jc, dv = x^ dx 


= j6^ + m S'n2tr^ - 64? —- T6? 
= - 64? sin4;rjc + sin^ 2mx + C 


du = dx/ (1 +x^), V = ^x^ 


J 


tan ^ x dx = \x^ tan' 


"'-/l 


dx 


3 1 +;c2 3 


= {x tan 


-u 


x^-\-] 


dx 


= ^x^ tan ’ jt - + 6 In + 1^ + C 


49 . Let u = ^Ax + 1 => = 4jr + 1 => 2udu = A dx 

|V4JTT- 1 


dx = ju du. So 


a- 1 


a + 1 


+ C (by Formula 19) 


= In 


IV47+T+ 1 
50 . As in Exercise 49, let a = V4x + 1. Then 
1 1 A 


+ C 


[ dx _ f \udu t^a 

J xV4x +1 J J {u^-\f 


Now 


C 

■ +-r + ■ 


(„ 2 _i )2 (a+l)2(«-l)2 a + 1 (a+ 1)2 a-1 (a - 1)2 

l= + (a+l)(a-l)2 + B(a-l)2 + C(a-l)(a + l)2 + D(a + l)2. a = l => D = i,a = -1 => 

B = \. Equating coefficients of a^ gives A + C = 0, and equating coefficients of 1 gives \ = A + B — C + D 


J 


’ 4 
dx 


1 - 

2 - A 


■ C. So /I = T and C = -1. Therefore, 


x'^^/4x + 1 


'/ 


1/4 


1/4 


-1/4 


+ ■ 


1/4 


■J 


[a-Fl (a+ 1)2 a-1 (a-l)2J 

—— + 2 (a + 1) 2-- q- 2 (a — 1) 

a + 1 a — 1 


du 


du 


= 21n|a + ll-—— 
a + 1 

= 21n(V4x + l + l)' 


-21n|a-l|- - + C 

a — 1 


VSTTT+i 


-21n V4x + 1 - 1 - 


V4F+T- 1 


+ C 
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51. Let 2x = tan0 
dx 


X = \ imO,dx ~ \ sec^ 0dO, ^Ax'^ + 1 = sec 9, 


dO = f CSC OdO 


J x-jAx^ + 1 J jtanSsecS J tan^ J 

= — In |csc0 + cot^l + C [or In |csc(? — cot6)| + C] 


= - In 


52. Let u =x^. Then du = 2x dx 


‘Lc 

or In 

V4;c2 + 1 

1 

+ C 

2 x 2 x 1 


2 x 

~ 2 x 




i ;c(;t'' + l) J x^{x‘> + l) 2j u{u^ + \) 2 J [u u^ + \\ ^ ^ V / 

= J >" i In (^‘' + l) + C = I [in (;('•) - In {x^ + l)] + C = ^ In + C 


+ C 


Or: Write I — 


ite/ = /. 


x^ dx 


and let u = x^. 


v4 (^4 + 1) 

53. / x'^ sinh (mx) dx = ^x^ cosh (mx) — ^ J x cosh (mx) dx 


u = x^, dv = sinh (mx) dx, 

[_du = 2x dx,v cosh (w^)J 

U — x,dV = cosh {mx)dx. 


\_dU = dx, V = ■^ sinh (mx)} 


= ~x^ cosh (mx) — ^ sinh (mx) — ^ J sinh (m:t) dx^ 

= ~x^ cosh (mx) — -^x sinh (m^r) 4- ^ cosh (mx) + C 
54. / (x 4- sinx)^ dx — / (x^ + 2x sinx + sin^x) dx = jx^ + 2(sinx — x cosx) + ^ (x — sinx cosx) 4- C 
= |x^ 4- 5 X 4- 2sinx — ^ sinx cosx — 2x cosx 4- C 


55. Let u = y/x 4- L Then x = 

- 1 => 


f dx f 

2udu f, 

■ -1 3 ■ 

J X+4 + TVjc + 1 J 

+ 3 + 4j< j 

w 4" 1 u "1“ 3 


du 

= 3 In |m + 3| - In |m + 1| + C = 3 In (vTTT + s) - In (Va: + 1 + l) + C 
56. Let t = -Jx^ — 1. Then dl = (x j-Jx^ — 1 ^ dx, x^ — \ = t^,x = Vt^ + 1, so 

/ = y ^ dx = J Xnyffi^^dt = ^ J In (t^ + 1^ dt. Now use parts with « = In (l^ + l), dv = dt: 


/ = i(ln(t2 + l)-y -^*=l(ln (f2 + l)-y 


t^ + l 


dt 


= ^Mn f + tan ^ t -\-C = Vx^ — 1 Inx — x/x^ — 14- tan * y/x'^ — \ + C 

Another Method: First integrate by parts with u = Inx, do — {x j Vx^ — dx and then use substitution 
^x — sec0 or w = Vx^ — 1^. 

57. Let u = 4^x + c. Then x = — c 

f X ^x -\-cdx = / (w^ — c) M - 3 m^ du — 3 f (u^ — cu^) du ~ ju'^ — 4- C 

= f (x4-c)^''^--|c(x + c)^/3 + C 
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58. Integrate by parts with m = In (1 + x), dv = dx =» du = dx/ (\ + x), v = ^x^: 

j x^ In (1 +x)dx = Ix^ ln{l+x)- j ^ = ^x^ ln{l + x) - ^ j - ;c + 1 - dx 


1 

59. Let u = e^. Then x — \nu,cix = duju 
dx f duju 


1 V.3 , iv2 _ i, 

6^ 


f dx f duju C du f 

y g3x _ gj: J u^~u J (m— 1)m2(m+I) j 


u 2 


u - 1 


u + \ 


+ C — e ^ + — In 


1/2 _ J _ _ 1/2 

M — 1 W + 1 

e=‘ - 1 


du 


e” + 1 


+ C 


60. Let M = 4^- Then x = u^, dx = 3u^ du 
' 3u^ du 3 f 2u du 




«^ + 1 ^ 

61. Let u = x^. Then du = 5x* dx => 


\du 


62 . Let u = x -{■ \. Then du = dx 

= + 7““’ - + 5M“^ + C 

= (x + 1)-" [-i (x + 1)3 + 2 (x + 1)3 _ I (;t + 1) + l] + C. 

63 . Let u = csc2:c. Then du = —2 cot2:c csclxdx ^ 

/ cot^ 2 jc csc^ 2x dx = j csc^lx (csc^2jc - l) cot 2.x csc2x tix = J (u^ “ 0 (“2 




64. LetM = tanx. Then 


“ 7 : 


dx 


In (tan x)i/x In(tanx) •> Inw 

/ —:-= / - sec xdx= - 

y;r /4 sinxcosx Jjr /4 tanx 7] u 

= [l(ln«)3]y=i(lnV3)^ = |(ln3)3 
-J (vTTT-v^)rfx = j[(x +1)3/3-x3/3]+C 




w2 + l 


(m — 1) u ^ 


du = 


7 r 2 1 11 1 

u+ I -X 4/M=w + 21n|M-ll — In|M| + - 

J lu — I u u^ j u 


Thus, 


y ^-u 2 « + 21n(K-l)-lna + 7 = (3 + 2 ln2 - ln3 + |) - (2 + 2 In 1 - ln2 + i) 


= l+31n2-ln3- 


l + ln| 


+ C, 
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67. Let u = Vt. Then du = dtj (2Vt) 
' arctanVt 


I 


41 


- dt = 




u2du = 2wtan 


, f 2udu - 

'u- ——^ (byparts) 

J \ + u^ 


= 2Mtan * « — In ^1 + + C = 2\/?tan ’ Vt — In (1 + 0 + ^ 

68. LetM = . Then x = \nu,dx = duju => 


/ 


dx 


■J 


duju 


f du f 2/3 

J 2w2 + w — 1 J 2u — \ u 


\ll_ 

+ 1 


du 


1 +2e^ - y 1 + 2 m - 1/m 

= ^ In |2m — 1| — 5 In |m + 11 4- C = ^ In |(2e^ — l) / + l) | + C 

69. Let u ~e^ . Then ;ic = In m, = du/u => 

[ J^dx= j j -^du= ( (x--^)du 

Jl+e* J \ + u u J \ + u J \ \ + u) 

= «-ln|l + w| + C = e^-ln(l+e*) + C 

70. Use parts with m = In (tc + 1), dv = dx/x^-. 


f ^4l4^dx = --lnix + l)+ f ="--'n(x + l)+ f 

J x^ X J x(x + \) X J 


]_ _1_ 

X X + 1 


dx 


= -i In (x + 1) + In |x| - In(x + 1) + C = - (l + j) In (x + 1) + In |x| + C 


71. 


Ax B ^ Cx D 


t + 4^2 + 3 + 3) (;,2 + 1) ;,2 + 3 ;,2 + 1 

X = (^x + B) (x^ + l) + (Cx + D) (x^ + 3 ) = (ax^ + Bx^ + .4x + s) + (Cx^ + Dx^ + 3Cx + 3Dj 
= iA + C)x^ + (B + D) x^ + (^ + 3C) X + (B + 3D) => 

/t + C = 0, B + D = 0, .4 + 3C = l, B + 3D = 0 =» .4 =C = |, B = 0, D = 0. Thus, 


/: 


4 4 _ 4jf2 _J_ 3 


dx 


= -i in (x^ + 3 ) + i In (x^ + 1 ) + C or i In (^ 2 ^) + C 


72. Let u = Then t = m^, dt = 6m^ du 
^tdt 


j \ + 4i J l + u^ J u^ + \ J \ 4 + \; 

= 6 (i«^ - - « + tan-' u) + C = 6 (it’''" - + l('/2 - t'/<' + taif' 4^) + C 



SECTION 8.6 INTEGRATION USING TABLES AND COMPUTER ALGEBRA SYSTEMS □ 595 


•J2, -—-- = -- -]---— => 

{x-2)(x^ + 4) X-2 x^ + 4 

\ = A{x'^ + 4) + (Bx + C) (a: - 2) = (^ + B)x'^ + (C-2B)x + (4A - 2C). So 0 = ^ + B = C - 2B, 
1=4/1 — 2C. Settings = 2 gives A = j => B = - \ and C = — So 


/ (a-2)(a2 + 4) 


dx — 


/( 


i _lv _ 

8 , 8 -^ 

;c -2 x2 + 4 


i 

4 



dx 

X — 2 


1 f lx dx 

Tei x2 + 4 


= j In Ia - 2| - In + 4^ - I tan * (x/2) + C 


\ t dx 

4 J x^ + 4 


74. Let u = . 



Then x = \nu, dx = du/u - 
r dx f u du 

J \ J — I u 



1 

2 


u - 1 

M + 1 


+ c = 



+ c. 


75. f sinA sin 2 Ar sin 3a dx = J sinx ■ ^ [cos (2a — 3a) — cos (2a + 3a)] dx = j f (sin a cos a — sin a cos 5a) dx 
= ^ f sin2x dx - ^ f j [sin (a + 5a) + sin (a - 5a)] dx 

= — I cos 2a — I / (sin 6a — sin4A) iIa = — j cos 2a + ^ cos 6a — -j^ cos 4a + C 


76. f (a^ — 6a) sin2A dx = —5 (a^ — 6a) cos2a + 5 / (2a — 6) cos2a rfA 

[n = A^ — 6a, dv = sin 2a dx, du = (2a — 6 ) dx, t> = — 5 cos 2a] 
= - j (a^ - 6a) cos2a + j (2a - 6) sin 2a - f sin 2a tlAj 

[C/ = 2a — 6, dV = cos2a Ja, dU = 2dx, V = j sin2 a] 

= — j (a^ - 6a) cos 2a + I (2a - 6) sin 2 a + | cos 2 a + C 


si® Integration Using Tables and Computer Algebra Systems 

Keep in mind that there are several ways to approach many of these exercises, and different methods can lead to different forms of the 
answer. 


1. We could make the substitution u — 'Jlx to obtain the radical ^1 — u^ and then use Formula 33 with a = V7. 
Alternatively, we will factor -s/l out of the radical and use a = 


/ 


J X 


‘ dx = -Jl 


-Wi- 


~ sin —= 

yi. 


+ c 


= —- \/7 — 2A^-v^sin ’ ^y^A^ + C 


2 . f^E=dx=3 f , _ 

J V3 -2a j V3 + (-2)a 


rfA =3 


L3(-2)- 


(-2a -2-3) v/3 + (-2)a 


+ C 


= i (-2 a - 6 ) V3 -2a + C = - (a + 3) V3 - 2a + C 
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3. Let u = nx => du — n dx, so 

/sec^ {7tx)dx = ^ Jsec^udu = ^ (i sec« tana + i In |sec« + taniil) + C 
= jL xzuxtmitx + 2 ^: In|sec;rA: + tan7ix\ + C 

/ 20 

sin W dO = ^ (2 sin 39 — 3 cos 39) + C = sin 39 — cos 39 + C 

'■f'- 


5. / 2x cos ^ X dx^l 


Ix"^ — 1 _1 Xy/\ — x'^ 

- cos X - 


= 2 [(i.o-o)-(-i.f-o)] = 2 (|) 


6. [ . .. dx —2 [ -=== [u = 2x, du = 2dx} = 

A x^^Ax^ - 7 A 

i _ J.'i _ _ i. 

Itj — - 


■Ju^ — 1 
Tu 


7. By Formula 99 with a — —3 and b = A, 

/ e““ cos4jr dx = -=-r (-3 cos 4a: + 4 sin 4a) 4- C = -(-3 cos 4a + 4 sin 4a) + C. 

J (-3)2 + 42 25 ' 

8. Let u = X/2, so dx = 2 du, and we use Formula 72: 

f csc^ (x /2)dx = 2f csc^ udu = — cszu cot w + In |csc m — cot m | 4- C 
= - csc{x/2) cot(x/2) + In |csc(x/2) — cot(x/2)| + C 

9. Let u = x^. Then du = 2x dx, so 

f X sin“^ (x^) dx — ^ J sin~^ udu = ^(u sm~^ u + V1 — + C 

= 5 ^x^ sin”' ^x^^ + \/1 — x"*^ + C 

10. Let u = x^. Then du = 2x dx, so 


3 i f „ „ j,. 90 2»2-l ^ ^ »Vl-»2 


J A^ sin * (a2) dx = ^ f usin ^ udu = 
2a'' 


+ C 


8 


■ -\ I 2\ X^s/x - X‘* 
m (a) +-^-+C 


11 . j° l^e-'dt = 



0 

2 of^ ! 

- 7 / te~^dt — e + 2 / te~'dt — e + 2\ 

2 (-t - l)c ' 

-1 

-1 

-1 7-1 7-1 

L(-l)^ J 


= e + 2 {-e° + 0] = e - 2 
12. Let u = 3x. Then du =3 dx, so 

/x^ cos 3x dx — ^ J cos u du = ^ [u^ s'mu — 2 f u sin u du) 

^ jx^ sin 3x — ^ (sin 3x — 3x cos 3x) + C 
~ "h cos3xj + C 

Thus, Jq x^ cos3x dx ~ ^ [(9x^ — 2) sin3x + 6x cos 3 x]q = ^ [(0 + 6n (—1)) — (04-0)] = —^ 



SECTION 8.6 INTEGRATION USING TABLES AND COMPUTER ALGEBRA SYSTEMS □ 597 


13. Let u = 'ix. Then du = 3 dx, so 




\/ m ^ — 1 du 

T 

V9x2 - 1 


+ 3 In 


J H I I 

|3jc + 79^2 - 1 +C 


14. By Formula 32, 
V4 - 3;t2 




c/a: : 


fy/4 — u'^du r- r; j s f 

/ - 7 =- 7 = (m = v3x, = V3= / - 

J w/V3 V3 ' J u 


W/V3 V3 

: yj ^ — 21n 


- 


2 + V4 — 


+ci=yr^-2in 


+ c, 


= 74 - 3x2 _ 2 In 


2 + V4 - 3;c2 


+ C 


15. Let« = e*. Then rfu = dx, so 

/e-'sech {e’‘)dx = J sech udu '= tan“* |sinh!/| + C = tan~* [sinh(e^)] + C 


16. 


/ 


sin0 


1 + 2 cos 0 


dd 


1 f 1 

= “X / - [« = 1 + 2cost?, du = —2sin0d0] = - i ln|«| + C = - i In|l + 2cos0| + C 

2Ju ^ ^ 


17. /ijTs — 4x — x^ dx = f ^2 ^5 — (x^ + 4.x) = f ^2 + 4 — (jc^ + 4;c + 4) c/x 

= /_l 2 ^9 — (a: + 2 )^ dx — Jq \/3^ — du [u = x + 2, du = dx] 

= [!-'^+fsin'lf]o = [(o+f'l)-(0 + 0)] = ^ 

18. Let u = x^. Then du = 2x dx, so by Formula 48, 

= 1 [(.*2 + n/ 2)2 - 4^^(;c2 + 72) + 4 In (x^ + 72)] + C = \x‘'- -^x^ + \nix^ + 72) + K 

Or: hetu=x^ + ~/2. 

19. Let u = sinx. Then d« = cosxdx, so 

f sin^ JT cosjc In (sin.!) dx = f In u du (3 ln« — 1) + C = 5 sin^ x [3 In (sinjr) — 1] + C. 

20. Let u = g*. Then jc = ln«, djr = du/u, so 

+ C = -g-* + 2 In {e~^ +2) + C. 


/ 

‘'■I 


dx 


(1 + 2 e^) 


r du/u ^ f 

J uil +2u) J u 


7J_l+2ln 


1 + 2 « 


^(l + 2«) 


71+ 3 cosx tan;c dx 


=-/ 


72~+Tcos3c 


(— sin;c dx) ■■ 


J ■\j2 + 3m 


du (m = cosa:, du = — sinx dx) 


-2V2 + 3U-2 [ - 

J u 


du 


, _= -272T3« - 2 ■ In 

V2 + 3« 72 


72T3U-72 


V^2 + 3w + 72 


+ C 


= —2-J2 + 3 cos;c — 72 In 


72 T 3 I 




V2 + 3 cos;c + y/2 


+ C 
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22. Let u= X — 2. Then 


j' X dx _ j' (x — 2) + 2 ^ _ j' udu f 

J Vjc^ — Ax J ^{x — 2)^ — 4 J V«^ — 4 J -Ju^ — I- 


^{x — 2 )^ — A J Vk^ - 4 

= - f dv + 2 f (v = u^ — 4, do = 2u du) 

2- J J y/u^ — 4 

2^3 u '/2 _|_ 2 In |« + \/«2 _ 4 | + C = 'Jx'^ — 4x + 2 In |;( — 2 + — 4 jc| + C 

23. / sec^ X dx = jtanjjsec^jt + |/ sec^ xdx = |tanjrsec^A: + | ^jtanA-secj: + 5 / secxdx^ 

= J tanj; sec^.* + | tanjc secj; + | In |sec;c + tan;c| + C 

24. Let u = 2x. Then du =2 dx, so 

/ sin* 2xdx = ^ f sin* udu = 5 j sin* « cos m + | / sin'' udu'j 

= —sin* u cos M + sin* « cos « + | / sin* u du^ 

= sin* « cos« - ^ sin* hcosm + ^^j«-j sin2«^ + C 

= — sin* 2a: cos 2x — ^ sin* 2a cos 2a — ^ sin 4a + j^x + C 

25. JJ''’* cos* A^A = J [cos'* A sinAjp'^^ + | cos* AdA=0+|j^j(2 + cos* a) sinA^^^ = .^ (2 - 0) = -^ 

26. Since 

/ x*e~’^ dx = -x‘^e~^ + 4/A*e"-' dx = -A''e“-' + 4 (-A*e“'' + 3 /A*e“-' (/a) 

S - (a'* + 4a*) + 12 (-A*e-^ + 2/Ae"^ Ja) 

= - (a'* + 4a* + 12a*) e-^ + 24 [(-a - 1) «-*] + C 
= - (a"* + 4a* + 12a* + 24a + 24) e”"' + C 

we find that /J a^c""' ^a = - (1 + 4 + 12 + 24 + 24) e"' + 24e“ = 24 - 656“'. 

27. Let u = e’‘ 


Inn = A 
' Vm* — 1 


dx = Then 


J y/e^ — \ dx = J — - -- rfa = -v/«* - 1 — cos * (l/«) + C = \/e*^ — 1 - cos * (e *) + C. 


28. Let u = at — 3 and assume that a ^4 0. Then du = adt and 

/ e' sin (at — 3) dt = ^ f e(“+*)/“ sin udu = sin « du 




(l/a)« 


• 1— Sinn — COS « I 


+ C 


a (1/a)* + 1* 

a* /1 \ 1 

--A I “ sinn — cosa 1 + C =-^g("+3)/“ (sina — a cosa) + C 

1 +a* \a / 1 +a2 * 




= —e'e' 


1 +«* 


e' [sin (at - 3) - a cos (at — 3)] + C 
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29. Let u = x^, du = dx. Then 
x^ dx 


f ^^ = 1 f + +C = iln +^^^2 +C. 


30. Using Formula 95 with n = 2, 


f 


tan ^ xdx- 


1 


= — tan' 
3 


f x^dx'\ \ [ ( X \ 

■'a; —-—+ - / — [a = Ac^ + 1, so rfw = 2a; (/at] 

3 2 6 J u 


dx 


ja;^ tan ' a; - + j in + x^^ + C 


31. Volume ^ 


= /' 


2nx , 51 

; dx =2lt 


(H-5JC)" 

= i(ln6-|) 


L25(1+5x) 25 


+ ^ In 11 + 5 jc I 


= g(i+ln6-l-lnl) 


!. Volume = k tan'' xdx^= k j tan^ x tan^ x dx^ = 't ^ j tan^ x — tanx + 

= tr(i-l + |)=.(f-|) 

ba^ 


32. 




ff/4 


d r 1 


— 2a In \a + bu \) 4- C 


) 


b + - 


2ab 


bi 


(b) Let t —a + bu 


1 f h (a + ha)2 + ba^ — (a + bu) 2ab _ 1 

J 


/ 


du 


(a + buf 
> dt = bdu. 

1 fit-a) 


(a + 6a)2 (a + hu)J 

i,3„2 „2 


(a + buy J (a + bu) 


ia + buf b2 




+ C 




0^ \ 

_j. -J- 2a In \a-\- bu\ \ -^C 

a bu } 




\ {2u^ - a^) ^ sin-' - + cl 

8 8 tz J 

= [1 (2a2 - u2) + ^ (4a)] + ^ (2a2 - 

= v^5-r^ 


2u^ - ^ a^l a2 (2a2 - ^ o'* 

8 2 _ SVu^ — u2 8Va2 — u^ 


= ifa2-a2)-‘/^ 


i (a2 - „2) (2a2 - «2) + „2 (^2 - a2) _ iL (2„2 -a^) + °- 


= 1 (a2 _ „2)-1/2 r2„2^2 _ ja'*] = 



600 3 CHAPTERS TECHNIQUES OF INTEGRATION 


(b) Let u = asinO => du = a cos 9dd. Then 

f du = f sin^ 0 aV 1 — sin^ t? a cos t? = < 2 "* / sir? 9 co^ 9 d9 

= o'* / ^ (1 + cos 261) i (I - cos2t;) d9 = la‘' J {I- cos^ 29) d9 

= ?«'' / [1 - 5 (1 + cos461)] d9 = \a‘* (^61 - j sin40) + C 

= la"* ^^9 — |2sin20 cos20^ + C = \a^ ~ 5 sin0 cos0 ^1 — 2sin^0^j + C 



= sin ’ (u/a) + \u\l{lu^ — + C 


35. Maple, Mathematica and Derive all give /;c^V5 - x'^- dx = -|a: (5 - + |j;V5 - ^ sin"' 

Using Formula 31, we get / x^\/5 -x'^dx = jx (2x^ - 5) V5 -x^ + | (5^) sin"' + C. But 

— ^x (5 — x^'f^'^ + |jrV5 — x'^ = 5;t\/5 —x'^ [5 - 2 (5 - x^)] = |jt (2x^ — 5) VS — v:^, and the sin"' terms are 
the same in each expression, so the answers are equivalent. 

36. Maple and Mathematica both give Jx^ [l + x^)‘' dx = + jx^ + while Derive gives 

Jx^ (1 + x^)* dx = ^ (x^ + 1 )^. Using the substitution u = I + x^ => du = 3x^ dx, we get 

f x^ (1 +x^)** dx = f u‘* du^ = + C = (1 + C. We can use the Binomial Theorem or a CAS 

to expand this expression, and we get 13(1+ x^)^ + C = + jx^ + |x® + jx'-^ + -rx'^ + C. 

37. Maple and Derive both give f sin^ x cos^ x dx = — j sin^ x cos^ ^ ~ ^ x (although Derive factors the 
expression), and Mathematica gives f sir? x cos^ x dx = -1 cos x - ^ cos 3x + ^ cos 5x. We can use a CAS to 
show that both of these expressions are equal to —5 cos^ x + j cos^ x. Using Formula 86, we write 


/ sin-' X cos^ X dx = - 5 sin^ X cos^ x + 5 J sin x cos^ x dx = -1 sin^ x cos^ ^ + 5 J cos^ xj +C 
= — 5 sin^ X cos^ ^ ■R cos^ x + C 


38. Maple gives f tan^ x sec'* dx = 


1 sin^ X 2 sin "x 


5cos"x 15 cos" x’ 

Mathematica gives f tan" x sec"* dx = - sec" x (-20 sin x + 5 sin 3x + sin 5x), and 


15 cos" X 5 cos" X 


All of these expressions can be “simplified” to 


Derive gives f tan"x sec"* dx = — tanx — 

1 sinx (cos"x — 2cos''x — 3 ) 

— —- 5 - - using Maple. Using the identity 1 + tan"x = sec"x, we write 

1D COS JC 

f tan" X sec'* xdx — j tan" x (I + tan" x) sec" x dx = J (tan" x + tan"* x) sec" x dx. Now we substitute m = tanx 
^ du = sec"x dx, and the integral becomes / (u" + «'*) dw = j«" + ju" + C = j tan"x + 5 tan"x + C. If 
we write sin" x = sin" x (1 — cos" x) and substitute into the numerator of the tan" x term, this becomes 


1 sin"x 1 sin"x (l — cos"x) 1 sin"x 

-+ 7 -- -+C = -—^ + \---\ 


3 cos" X 

the same as Maple’s expression. 


5 cos"X 


/I 1 \ sin"X 
\ 3 5 / cos" X 


•+C=7 


1 sin"x 2 sin"x 


5 cos" X 15 cos" X 


+ C, which is 
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39. Maple gives JxVl + 2x dx = -^ (I + ~ g (1 + Mathematica gives Vl + lx (^^x^ + -^x — 

and Derive gives (1 + Ix'f^'^ (3a: — 1). The first two expressions can be simplified to Derive’s result. If we use 
Formula 54, we get 

/ x~J\+2xdx = (3 ■ 2a - 2 ■ 1) (1 + 2xf^^ + C = ^ (6a - 2) (1 + 2a)^''^ + C 

= i(3^_l)(|+2A)3/2 

40. Maple and Derive both give f sin'* a rfx = — j sin^ a cos a — | cos a sin a + j a , while Mathematica gives 
^ (12a —8sin2A + sin 4a), which can be expanded and simplified to give the other expression. Now 

/ sin"* aiYa = — j sin^ ACOSA + j / sin^ a iYa = — | sin^ a cosa + | ^jx — I sin2A^ + C 
= — j sin^ A cosA - I sinA cosA + |a + C since sin 2a = 2 sin a cos a 

41 . Maple gives f tan^ x dx = ^ tan'* x — j tan^ a + j in (! + tan^ a) , Mathematica 
gives f tan® xdx = ^ [-1 — 2 cos (2a)] sec'* a — in (cos a), and Derive gives 

f tan® xdx = j tan'* a - j tan^ a - in (cos a). These expressions are equivalent, and none includes absolute value 
bars or a constant of integration. Note that Mathematica’s and Derive’s expressions suggest that the integral is 
undefined where cos a < 0 , which is not the case. 

Using Formula 75, f tan® xdx = tan®^’ a — / tan®“^ a cIa = \ tan* x — f tan® a dx. Using Formula 69, 
f tan® A Ja = 5 tan® A + In |cosa| + C, so / tan® a (Ya = 3 tan* a - j tan® a — ln|cosA| + C. 

42. Maple gives J a®Va® + 1 dx = ^a*V1 + a® — f^A®Vl + a® + -[^Vl + a® + |a®V1 + a®. When we use the 
factor command on this expression, it becomes (l + a®)^^^ (15a* — 12a® + 8). Mathematica gives 

Vl + A® ^ jlj - -[^A® + ^A* + jx^^, which again factors to give the above expression, and Derive gives the 

factored form immediately. If we substitute u = Va® + I => a* = («® — l)^, a <Ya = « du, then the integral 
becomes 


/ (k® — 1 ) u{u du) = f (u'* — 2n® + l) u® rfn = — jh® + jM® + C 

^3/2 r, / , x2 


:(a® + i) ' i(A® + l) -|(A®+l) + i +C 


: (a® + 1)^^^ 15 (a® + 1)^ - 42 (a® + 1) 


+ 35 


+ C 


= q|s (a® + 1)^^^ (i5a* - 12a® + 8) + C 


— 1 In f's/2^ — 1 + 2-*^^ 

43. Derive gives / = f 2^V4^ — 1 c/x - -- - immediately. Neither Maple nor 

In 2 2 In 2 

Mathematica is able to evaluate I in its given form. However, if we instead write / as / 2-^ y (2^)^ — I c/x, both 
systems give the same answer as Derive (after minor simplification). Our trick works because the CAS now 
recognizes 2^ as a promising substitution. 

44. None of Maple, Mathematica and Derive is able to evaluate / (1 + In^:) -v/l + (:r ln:r)^ c/x. However, if we let 
u = x\nx, then du = {\ -\-\nx)dx and the integral is simply / Vl + du, which any CAS can evaluate. The 
antiderivative is \ In (x In^ + Vl + (x ln:c)^^ + jx lnjc\/l + (x Injc)^ + C. 
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45. Maple gives the antiderivative 

v2-l 


F(x) = 


I 


X^+X^+l 


- dx 


= — j In + 5 In ^x^ — x + 1^ 



We can see that at 0, this antiderivative is 0. From the graphs, it appears 
that F has a maximum at x = -1 and a minimum at x = 1 [since 
f (^) = / (x) changes sign at these x-values], and that F has inflection 
points at X — 1.7, x =0 and x 1.7 [since / (x) has extrema at these 
x-values], 

46. Maple gives the antiderivative which, after we use the simplify command, becomes 

Jxe“X dx = — (cosx -H x cosx -H x sinx). At x = 0, this antiderivative has the value ■ 
F (x) = - (cosx -Hx cosx -l-x sinx) -H j to make F(0) = 0. 


■ j, so we use 


20 




From the graphs, it appears that F has a minimum at x = -3.1 and a maximum at x =« 3.1 [note that / (x) = 0 at 
X = ±)r], and that F has inflection points where /' changes sign, atx -2.5, x = 0, x =« 1.3 andx «= 4.1. 

47. Since / is everywhere positive, we know that its antiderivative F is increasing. Maple gives 
/ sin''x cos^x dx = - sin^ x cos^ x - ^ sinx cos^x + jgj; cos^x sinx 

cos^x sinx -f ^ cosx sinx -f ^x 

and this is 0 at x = 0. 


0.04 



48. From the graph of /, we can see that F has a maximum at x = 0, and 
minima at x ^ ±1. The antiderivative given by Maple is 
F (x) = -i In (x2 + 1) + i In (x'' - x^ -|-1), and F (0) = 0. Note that / 
is odd, and its antiderivative F is even. 



- 0.4 
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Discovery Project o Patterns in Integrals 


1. (a) The CAS results are listed. Note that the absolute value symbols are missing, as is the familiar “ + C”. 
1 


(«)/ 

mf 


(x + 2) (.X + 3) 

1 

(x + 1) (x + 5)' 
1 


dx = In (x + 2) — In (x + 3) 
ln(x + 1) In (x + 5) 


■ dx 


■ dx : 


4 4 

In (x — 5) In (x + 2) 


(iv) 


(x + 2) (x - 5) 7 

1 


J (^ + 


—- dx — - - 
If x+2 


(b) If a # t), it appears that In (x + a) is divided by ft — a and In (x + ft) is divided by a — ft, so we guess that 

1 , In (x + a) In (x + ft) 


/: 


(x + a) (j: + b) 

If a = 6, as in part (a)(iv), it appears that 


■dx — ■ 


b — a 


a — b 


•+C 


f — 

J {x + 


-r dx = -1- C 

(x + a)'‘ x + a 


(c) The CAS verifies our guesses. Now 

1 A 


B 


\ = A{x + b) + B {x + a) 


(x + a) (x + ft) x + a X + ft 
Setting X = —ft gives B — 1/{a — b) and setting x = —a gives + = 1/ (ft — o). So 

1 


/ 


{x + a) (x + b) 


dx 


=/ 


l/(ft-a) ^ l/(a-ft) 

X -{-a X + b 


, Injx+al , ln|x+6| , ^ 
-1-;-h C 


b — a 


and our guess for a ^ 6 is correct. 
\fa — b, then - 


= (:c + a) Letting u = x +0 


a — b 


du = dx, we have 


r(jt+a) ^ dx ~ f u ^ du = C = -^-h C, and our guess fora — b is also correct. 

u X -i-a 
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r ■ ^ , COSJC COSSjC 

Z. (a) (i) J sin;c coszx d;i: = —--— 

2 6 


(ii) / sin 3x cos lx dx = 

(iii) / sin 8j: cos 3^ dx = 


cos4j; cos 1 Ox 


8 20 
cos 1 lx cos 5x 


22 10 

(b) Looking at the sums and differences of a and b in part (a), we guess that 


/ 


cos ((a — b) x) cos (a + b)x „ 
smox cos bx dx = —--rr-h C 


2(b-a) 2(a + b) 

Note that cos ((a — b)x) = cos ((6 — a)x). 

(c) The CAS verifies our guess. To integrate directly, we can use Formula 2(a) from Section 8.2, 

/sin ax cos bxdx = / {j [sin (ax - 6x) + sin(ax + 6x)]j rfx = j / [sin ((a - 6)x) + sin ((a + b)x)]dx 


/ ■_ 
2 “ 


cos((a-fe)x) cos((a + i))x)' 


2 I b-a 
Our formula is valid for a ^ b. 


a + b 


, ^ cos((a-6)x) cos(a + 6)x , ^ 


2(b-a) 


2(a + 6) 


3. (a) (i) / Inx rfx = X Inx — X 

(ii) /X Inx dx = jx^ Inx — jx^ 

(iii) f x^lnx dx = jx^ Inx — jx^ 

(iv) /x^ Inx dx = ^x"* Inx — ^x'* 

(v) /x’ Inx dx = |x® Inx - ^x* 

(b) We guess that f x" Inx dx = —^—x""*"’ Inx ■ 
n + 1 

dx 


1 


(n + 1)^ 
1 




(c) Let u = IriAT, dv —x^dx =» du ~ —, o = —-— 

X « + I 

Then 


[ jc" In;? ln;c-!— [x" dx 

J n + \ n + l J 


: -In;?-- 

«+l «+l/2+l 


which verifies our guess. We must have n + <=> n ^ — 
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4. (a) (i) / xe^ dx =e^ (x — 1) 

(ii) / x^e^ dx = e* {x^ -2x + 2) 

(iii) / x^e^ dx = [x^ - Tix^ + 6;c - 6) 

(iv) ^x‘'e^ dx = (x‘^ - Ax'^ + \2x'^ - 2ix + 24) 

(v) dx = (a:5 - 5x‘' + 20x^ - 60x^ + 120x - 120) 

(b) Notice from part (a) that we can write 

fx‘*e^ dx =e^ (x'^-4x^+4-3x^-4-3-2X + 4-3-2'1) 

and 


Jx^e^ rf;c = e"' (;c5 - 5;t'' + 5 ■ 4;t3 - 5 • 4 • + 5 ■ 4 ■ 3 ■ 2;c - 5 • 4 • 3 • 2 • 1) 

So we guess that 

fx^e^ dx=e^ ^x^ -6x^ + 6-5x‘' -6-5-4x^ + 6-5-4-3x^-6-5-4-3-2x + 6-5-4-3-2 - I'j 
= (a* - 6a:^ + 30a:‘' - 120^^ + 360a^ - 720x + 72o) 

The CAS verifies our guess. 

(c) From the results in part (a), as well as our prediction in part (b), we speculate that 

Jx"e^ dx = c* [a" - nx"-' + n (n - 1) -«(»-!)(«- 2) + ■ • • ± uIa t «!] 




(We have reversed the order of the polynomial’s terms.) 

^ n! 

(d) Let S„ be the statement that f x^e^ dx = c* ^ (-1)" ' ■ 

1=0 ' • 

S'! is true by part (a)(i). Suppose Sk is true for some k, and consider . Integrating by parts with u = , 

do=e’‘dx => rf« = (t+l)A*ifA, u = e*, we get 

/A*+‘c^ dA = A*+>C^ - (A + 1) /aV dA 


= a‘+‘<!* - (i+ 1) 




v*+l 


-(i + l)S (-!)*■'77^' 


1=0 


,^+l+^(_l)*^-' + l MM;,- 

1=0 


/! 


1=0 * ■ 

This verifies 57 for « = A + 1. Thus, by mathematical induction, S„ is true for all n, where « is a positive 
integer. 
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Approximate Integration 


1 . (a) i 2 


Ri 


M2 


(b) 


2 

= / (jro) ■ 2 + /(x,) • 2 = 2 [/(O) + /(2)] = 2 (0.5 + 2.5) = 6 

/=! 

2 

2:/(^/)Ax=:/(:^i).2 + /(^2)-2 = 2[/(2) + /(4)] = 2 (2.5 + 3.5) = 12 

7 = 1 
2 


= Z /Cf/) = /Cf,) ■ 2 + f(x 2 ) • 2 = 2[/(l) + /(3)] =« 2(1.7 + 3.2) = 9.8 



7,2 is an underestimate, since the area under the small rectangles is 
less than the area under the curve, and is an overestimate, since the 
area under the large rectangles is greater than the area under the 
curve. It appears that M 2 is an overestimate, though it is fairly close 
to /. See the solution to Exercise 43 for a proof of the fact that if / is 
concave down on {a, b), then the Midpoint Rule is an overestimate of 


(c) T 2 = (i A 2 c) [/(vo) + 2/(X|) + /(«)] = § [/ (0) + 2/(2) + /(4)] = 0.5 + 2 (2.5) + 3.5 = 9. 

This approximation is an underestimate, since the graph is concave down. See the solution to Exercise 43 for a 
general proof of this conclusion. 


(d) For any n, we will have L„ < T„ < I < M„ < R„. 


2 . 



The diagram shows that ia > 74 > f {x) dx > R 4 , and it appears 
that M 4 is a bit less than fg f (x) dx. In fact, for any function that is 
concave upward, it can be shown that 
L„ > T„ > Jg f (jr) dx > M„ > R„. 

(a) Since 0.9540 > 0.8675 > 0.8632 > 0.7811, it follows that 
L„ = 0.9540, T„ = 0.8675, M„ = 0.8632, and R„ = 0.7811. 

(b) Since M„ < Jg f (x) dx < T„, we have 
0.8632 < f (x) dx < 0.8675. 


3. / (x) = cos (x^). Ax = -Lr = i 

(a) 74 = jL [/ (0) + 2/ (i) + 2/ (2) + 2/ (2) + / ( 1 )] 0.895759 

(b) M 4 = 2 [/ (i) + / (I) + / (I) + / (7)] 0.908907 


I 



The graph shows that / is concave down on [0, 1]. So 74 is an 
underestimate and M 4 is an overestimate. We can conclude that 
0.895759 < cos (x^) dx < 0.908907. 


0 


1 
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(a) Since f is increasing on [0, 1], Li will underestimate I (since the 
area under the small rectangles is less than the area under the 
curve), and R 2 will overestimate /. Since / is concave upward on 
[0, 1], M 2 will underestimate / and T 2 will overestimate 1 (the 
area under the straight line segments is greater than the area 
under the curve). 

(b) For any n, we will have Ln < Mr, < 1 < Tn < Rn- 

(C) is = z / (X,_i) A;c = i [/ (0.0) + / (0.2) + / (0.4) + / (0.6) + /(0.8)] 0.1187 

/=! 

R5 = 'tf {xd Ax = ^[f (0.2) + / (0.4) + / (0.6) + / (0.8) + / (1)] === 0.2146 
1 = 1 

Ms = Z/C5^.)A^ = }[/(0.1) + /(0.3)+ /(0.5) + /(0.7) + /(0.9)]ai 0.1622 
1 = 1 

Ts = A;c) [/ (0) + 2/ (0.2) + 2/ (0.4) + 2/ (0.6) + If (0.8) + /(!)]=« 0.1666 

From the graph, it appears that the Midpoint Rule gives the best approximation. (This is in fact the case, since 
/« 0,16371405.) 



u ~ u ii — \j n 

5. /(;c) = :r^sinx, A;c =-= —= - 

n o o 

(a) Ms = I [/ + / (^) + / (^) + ... + / (ig^)] 5.932957 

(b) 58 = 5^3 [/ (0) + 4/ (l) + 2/ (^) + 4/ (f) + 2/ + 4/ (f) + 2/ (f) + 4/ (f) + / (;r)] 

^ 5.869247 


Actual: sin;c dx = [—cosxJq +2 x cosx dx = (”1) — O] + 2 [cosx + .x sinjcJJ 

= ;r2 + 2 [(-I + 0) - (1 + 0)] = - 4 ^ 5.869604 

Errors: Em — actual — M% — x^ sinx dx — M%^ —0.063353 
Es = actual — S?, = fj x^ sinx dx — Sg ^ 0.000357 

6. /(x) = e-v^, Ax = —= i^ = i 
n 6 6 

(a) = (i) + / (A) + / (A) + / + / (^) + / (|i)] ^ 0.525100 

(b) S6 = [/ (0) + 4/ (i) + 2/ (i) + 4/ (I) + 2/ (i) + 4/ (f) +/(!)]« 0.533979 

Actual: ffl e~'^ dx = Jq ^ du [u ~= x, 2u du = dx] = 2 [(w — 1) e“]g * 

= 2 [~2e-^ - (“1^'’)] = 2 - 4e-^ 0.528482 

Errors: Em — actual — Me = Jq e~'^dx — Me ^ 0.003382 
Es = actual - ^6 = /g dx-Se^ -0.005497 
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7. f{x) = VTT^, Ax = i 

(a) Tg = [/(-1) + 2/ (-1) + 2/ (-1) + ... + 2/ (i) + 2/ (|) + / (1)] ^ 1.913972 

(b) Ss = af [/ (-1) + 4/ (-1) + 2/ (-1) + 4/ (-1) + 2/(0) + 4/ (i) + 2/ (l) + 4/ (|) + / (1)] 

Si 1.934766 


8. / {x) = sin (x^). Ax = ^ 

(a) r4 = gij [/ (0) + 2/ (1) + 2/ (I) + 2/ (I) + / (i)] 0.042743 

(b) 54 = [/ (0) + 4/ (1) + 2/ (I) + 4/ (I) + / (^)] =« 0.041478 

a ^ A -njl w 

9. / (JC) = -, Ax = --- = — 

X 6 12 

(a) 76 = § [/ (l) + If (^) + 2/ (^) + 2/ (^) + 2/ (f) + 2/ (J^) + / (;r)] =< 0.481672 

(b) 56 = f [/ (l) + 4/ (^) + 2/ (^) + 4/ (^) + 2/ (f) + 4/ (J^) + /(a:)] 0.481172 

7z:/ 4 — 0 n: 

10. f \x) — X tan X, Ajc =- - -= — 

(a) 76 = i [/ ( 0 ) + 2/ (i) + 2/ (i) + ... + 2/ (If) + / (|)] =« 0.189445 

(b) 56 = ^ [/ (0) + 4/ (^) + 2/ (i) + 4/ (l) + 2/ (l) + 4/ (g) + / (f)] 0.185822 


11. /(^) = 

(a) Tio : 

(b) Mio 

(c) 5io 


, Ajc = 


1-0 

10 


Jl^ 

To 


= [/ (0) + 2/ (0.1) + 2/ (0.2) + ... + 2/ (0.8) + 2/ (0.9) + / (1)] 0.746211 

= i [/(0.05) + / (0.15) + /(0.25) + .. ■ + / (0.75) + / (0.85) + / (0.95)] « 0.747131 
= To4 [/ (0) + 4/(0.1) + 2/ (0.2) + 4/ (0.3) + 2/ (0.4) + 4/ (0.5) 

+ 2/ (0.6) + 4/ (0.7) + 2/ (0.8) + 4/ (0.9) + / (1)] 0.746825 


12. f(x) = 

(a) Tio 

(b) Mio 

(c) 5io 


, Ax = 


2-0 


VTTT?’ 10 

= ri [/(O) + 2/(0.2) + 2/(0.4) + ... + 2/ (1.6) + 2/ (1.8) + /(2)] 1.401435 

i [/(O.l) + /(0.3) + /(0.5) + ■■• + / (1.7) + /(1.9)] « 1.402558 
rj [/ (0) + 4/ (0.2) + 2/ (0.4) + 4/ (0.6) + 2/ (0.8) + 4/(1) 

+ 2/ (1.2) + 4/ (1.4) + 2/ (1.6) + 4/ (1.8) + / (2)] 


1.402206 


13. / (0 = sin (e'/2), Al 

(a) Tg : 

(b) Mg 

(c) 58 : 


1 / 2-0 

8 


Te 


= T^[/(0) + 2/(t^)+2/(^) + . 

= 11 [/ (s) + / (a) + / (a) ^ 

= tA3[/(0) + 4/(A)+2/(^) 


+ 2/(^)+/(i)]=« 0.451948 
-/(M)+/(M)]==^ 0.451991 

+ 4/(A) + /(5)]=“0'*5’^^^ 
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14. f{x) = 

(a) Tio ^ 

(b) Mio 

(c) Sio ■ 


' A 3-2 

= -IT 


t lu 10 

[/ (2) + 2/ (2.1) + 2/ (2.2) + ■ ■ ■ + 2/ (2.9) + / (3)] 1.119061 

= jL [/ (2.05) + / (2.15) + / (2.25) + ■•• + / (2.85) + / (2.95)] 1.118107 

= [/ (2) + 4/ (2.1) + 2/ (2.2) + 4/ (2.3) + 2/ (2.4) + 4/ (2.5) 

+ 2/ (2.6) + 4/ (2.7) + 2/ (2.8) + 4/ (2.9) + / (3)] 1.118428 


15. f{x) = e'/\Ax = 

(a) 74 . 

(b) M4 

(c) 54 ^ 


2-1 1 


= 4^ [/(I) + 2/(1.25) + 2/(1.5) + 2/(1.75) + /(2)] =« 2.031893 
^ [/ (1.125) + / (1.375) + / (1.625) + / (1.875)] 2.014207 

-*3 [/ (1) + 4/ (1.25) + 2/ (1.5) + 4/(1.75) + /(2)] ^ 2.020651 


■ 4.3 

16. fix) = ln(l +e^). Ax = 
(a) Tg 


1-0 1 


(b) Mg : 
(C) 58 = 

17. fix) = 

(a) 7-10 = 

(b) Mio 

(c) 5io ; 

18. fix) = 

(a) 78 = 

(b) Mg 

(c) 58 = 

19. /(y) = 
(a) n 
ib)M6 
(c) 56 ^ 


jL [/ (0) + 2/ (i) + 2/ (1) + 2/ (I) + 2/ (i) + 2/ (I) + 2/ (|) + 2/ (l) + / (1)] 

0.984120 

^ I [/ (li) + / (b) + / (b) + / (ti) + • ■ ■ + / (b)] 0-983669 

8B [/ (0) + 4/ (i) + 2/ (1) + 4/ (I) + 2/ (1) + 4/ (I) + 2/ (|) + 4/ (l) + /(!)] 


; 0.983819 


x^e^, Ax = 


1 -0 

IF 


10 


= -nrz [/ (0) ■+ 2/ (0.1) 4- 2/ (0.2) + • ■ ■ + 2/ (0.9) -4 / (1)] « 0.409140 
= i [/ (0.05) 4 / (0.15) 4 / (0.25) 4 • ■ ■ 4 / (0.95)] 0.388849 

= [/ (0) 4 4/ (0.1) 4 2/ (0.2) 4 4/ (0.3) 4 2/ (0.4) 4 4/ (0.5) 

4 2/ (0.6) 4 4/ (0.7) 4 2/ (0.8) 4 4/ (0.9) 4 / (1)] 0.395802 


V^sin;^, Ax ■ 


4-0 1 


2 ^ {/ (0) 4 2 [/ (i) + / (1) 4 / (3) 4 / (2) 4 / (I) 4 / (3) 4 / (|)] 4 / (4)} 1.732865 

4[/(?) + /(l) + /(f)+/(l) + "- + /(T) + /(T)]=^'-’87427 
2 B [/ (0) 4 4/ (i) 4 2/ (1) 4 4/ (3) + 2/(2) + 4/ (§) 4 2/ (3) + 4/ (2) + / (4)] 1.772142 


1 . 3-0 1 

1 4 ^ ~ 6 ~ 2 


- T1 


^ [f (0) 4 If (i) 4 2/(1)4 2/ (f) 4 2/ (|) 4 2/ (|) 4 / (3)] 1.064275 

= i [/ (I) 4 / (I) 4 / (f) 4 / (2) 4 / (I) 4 / (^)] 1.067416 
= 2B [/ (0) 4 4/ (2) 4 2/ (I) 4 4/ (I) 4 2/ (3) 4 4/ (I) 4 / (3)] 1.074915 
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20 . f(x) 


4-2 _ 

10 “ 5 

(a) Tio = {/ (2) + 2 [/ (2.2) + / (2.4) + / (2.6) + ••• + / (3.8)] + / (4)) 14.704592 

(b) Mio = i [/(2.1) + /(2.3) + /(2.5) + /(2.7) + ■ ■ • + /(3.7) + /(3.9)] =« 14.662669 

(c) Sio = 5 ^ [/ (2) + 4/ (2.2) + 2/ (2.4) + 4/ (2.6) + ... + 2/ (3.6) + 4/ (3.8) + / (4)] =« 14.676696 

21. f(x) = e-^\hx = ^^='^- 

(a) 7-10 = 5 ^ {/ (0) + 2 [/(0.2) + / (0.4) + ■■• + / (1.8)] + /(2)] 0.881839 

M,o = ^ [/ (0.1) + / (0.3) + / (0.5) + ■ ■ ■ + / (1.7) + / (1.9)] 0.882202 

(b) / (x) = /' (;c) = -2xe-^^, f" (x) = {ix^ - 2) /"' (.i) = 4;t (3 - 2x^) e-’‘\ /"' (;t) = 0 

= 0 or = ±y§. So to find the maximum value of | /" (x) | on [0,2], we need only consider its values at 


X =0,x =2,andx = y§. |/"(0)| =2, |/"(2)| 0.2564 and |/" 

a = 0, b = 2, and n = 10 in Theorem 3, we get \Et\ < 2 ■ 2^/(l2 • 10^) = ^ = 0.013, and 
\Em\ < \Et\/'2 < 0.006. 


0.8925. Thus, taking K = 2, 


(c) Take = 2 [as in part (b)] in Theorem 3. \Er\ < 


K(b- af 


< 10 - 


2 (2 - 0 )^ 


< 10 - 


12«2 \2rp- 

> 10^ » «> 365.1... <=> n > 366. Take n = 366 for r„. For £m, again take 7T = 2 in 

Theorem 3 to get \Em\ < 10-^ <=> \rp- >10® o n > 258.2 => n > 259. Take n = 259 for M„. 

22. (a) Ts = gij {/ (0) + 2 [/ (1) + / (I) + ... + / (I)] + / (1)} 0.902333 

^8 = 5 [/(k)+/(b)+/( n)+ •■• + / (H)] = 0-905620 


(b) / (x) = cos (x^), /' (x) = —2x sin (x^), /" (x) = —2 sin (x^) — 4x^ cos (x^). For 0 < x < 1, sin and cos are 
positive, so |/" (x) j =2 sin (x^) -T 4x^ cos (x^) <21+4-l-l=6 since sin (x^) < 1 and cos (x^) < 1 for 
all X, and x^ < 1 for 0 < x < 1. So for n = 8, we take K = 6, a = 0, and i = 1 in Theorem 3, to get 

|£rl < 6 • 1 V(12 ■ 8^) = TS = 0.0078125 and \Em\ < = 0.00390625. [A better estimate is obtained by 

noting from a graph of /" that \f" (x)| < 4 for 0 < x < 1.] 

(c) Using if = 6 as in part (b), we have \Et\ < 6 ■ l®/(12n^) = 1/ (2«^) < 10“® => 2rp- > 10® => 
n > ^5 ■ 10® or « > 224. To guarantee that \Em\ < 0.00001, we need 6 • 1®/(24n®) < 10-® =» 

4n2 > 10® => n > ■ 10®orn > 159. 

23. (a) Tio = {/ (0) + 2 [/ (0.1) + / (0.2) + ■■■ + / (0.9)] + / (1)) 1.71971349 

•Sio = [/(O) + 4/(0.1) + 2/(0.2) + 4/(0.3) + ■ ■ ■ + 4/(0.9) + /(!)] =« 1.71828278 

Since I = /J e=‘dx = [e*]i = e - 1 1.71828183, Et = I - Tiq ^ -0.00143166 and 

Es = I- Sio =« -0.00000095. 


(b) / (;t) =e^ => /" (;c) = < e for 0 < ;c < 1. Taking K = e, a = 0, b = \, and n = 10 in Theorem 3, we 

get I^T-j < e (1)^/(12 - 10^) 0.002265 > 0.00143166 [actual l^rl from (a)], (.x) = < e for 

0 < < 1. Using Theorem 4, we have \Es\ < e (1)^/(180 ■ 10“*) 0.0000015 > 0.00000095 [actual 

from (a)]. We see that the actual errors are about two-thirds the size of the error estimates. 
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(c) From part (b), we take K = eXo get \Et\ < ^ < 0.00001 

K(b- af 


n > 150.5. Take n = 151 for T„. Now \Em\ < 

M„. Finally, \Es\ < ^ < 0.00001 

(since n has to be even for Simpson’s Rule). 


24n2 


< 0.00001 


.( 1 ^) 


180 (0.00001) 


> - => 

- 12(0.00001) 

> n > 106.4. Take n = 107 for 
=» n > 6.23. Take « = 8 for S„ 


24. From Example 7(b), we take K = 76e to get < 76e (1)^/(180«‘*) < 0.00001 => 

n'' > 76e /[180 (0.00001)] => n > 18.4. Take « = 20 (since n must be even.) 

25. (a) Using the CAS, we differentiate / (x) = twice, and find that /" (x) = (sin^ x — cosx). From the 

graph, we see that the maximum value of j/" (x)| occurs at the endpoints of the interval [0,2;r]. Since 
f" (0) = —e, we can use K = e or K =2.8. 


1.2 



(b) A CAS gives M]o ^ 7.954926518. (In Maple, use student [middlesum].) 

(c) Using Theorem 3 for the Midpoint Rule, with K =e, we get \Em\ < ——10^ ^ 0.280945995. With 

2.8 (2n - 0)3 

K = 2.8, we get \Em\ < ' = 0.289391916. 

(d) A CAS gives I ^ 7.954926521. 

(e) The actual error is only about 3 x 10“^, much less than the estimate in part (c). 

(f) We use the CAS to differentiate twice more, and then graph 

/U) (x) = (sin‘’x - 6sin^xcosx + 3 - 7sin^x +cosx). From the graph, we see that the maximum 
value of 1/^'*^ (x)| occurs at the endpoints of the interval [0,2;r]. Since (0) = 4e, we can use Ai = 4e or 
K = 10.9. 



(g) A CAS gives Sio ^ 7.953789422. (In Maple, use student [simpson].) 


(h) Using Theorem 4 with K = 4e, we get |£sl < 


4e (2tr — 0)’ 
180-10'' 


i 0.059153618. With K = 10.9, we get 


|£sl < 


10.9(2® -0)’ 
180- 10'* 


= 0.059299814. 
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(i) The actual error is about 7.954926521 — 7.953789422 0.00114. This is quite a bit smaller than the estimate 

in part (h), though the difference is not nearly as great as it was in the case of the Midpoint Rule. 

4c f27rl^ 4c 127rl^ 

(j) To ensure that |£s| < 0.0001, we use Theorem 4: |£s| < -^ < 0.0001 => => 

180-n'* “ 180-0.0001 “ 

n* > 5,915,362 •» n > 49.3. So we must take « > 50 to ensure that |/ — S„| < 0.0001. {K = 10.9 leads to 
the same value of n.) 



-2.5 


From the graph, we see that |/" (.)r)| < 2.2 on [—1, 1]. 

(b) A CAS gives M}o ^ 3.995804152. (In Maple, use student [middlesum].) 

2.211 - (-ni^ 

(c) Using Theorem 3 for the Midpoint Rule, with K = 2.2, we get \Em\ < - ——^ 0.00733. 

(d) A CAS gives / =« 3.995487677. 

(e) The actual error is about —0.0003165, much less than the estimate in part (c). 


(f) We use the CAS to differentiate twice more, and then graph (x) = ■ 


(4-x^y 



From the graph, we see that (;c)[ < 18.1 on [—1, 1]. 

(g) A CAS gives .Sio 3.995449790. (In Maple, use student [ simpson].) 

(h) Using Theorem 4 with K = 18.1, we get |£ 5 | < ^ ^ 0.000322. 

(i) The actual error is about 3.995487677 - 3.995449790 0.0000379. This is quite a bit smaller than the 

estimate in part (h). 

18 1 (2^^ 18 1 (2^^ 

(j) To ensure that |£.sl < 0.0001,we use Theorem 4: |£s| < —^-j- < 0.0001 => < n'* => 

' - 180-n'’ ■ 180-0.0001 “ 

o'* > 32,178 => n > 13.4. So we must take n > 14 to ensure that | / — S„| < 0.0001. 
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«‘+(i)’+a)’+(o’ 


n=4: L^ = \ 

«4 = ? 

? 4 = 4 ^ 

M4 = I 


= 0.140625 


= 0.390625 

3 


0^+2(i)' + 2(i)’ + 2(|)%l 

a^(i)V(i)^(i) 


= 0.265625, 
= 0.2421875, 


£i = / - 7,4 = 1 - 0.140625 = 0.109375, Er = \- 0.390625 = -0.140625, 
Et = \- 0.265625 = -0.015625, Em = \- 0.2421875 = 0.0078125 
n = 8: ig = 1 [/ (0) + / (1) + / (I) + ... + / (I)] =« 0.191406 

^8 = I [/ (1) + / (i) + ■ • ■ + / (J) + / (1)] 0.316406 

78 = 8^ {/ (0) + 2 [/ (1) + / (I) + ■ • ■ + / (i)] + /(1) j =» 0.253906 
"8 = I [/(t^)+ /(^)+ ••■ + /(H)+/(H)] = 0.248047 
El^\- 0.191406 0.058594, Er^\- 0.316406 -0.066406, 

£r =» I - 0.253906 -0.003906, Eu^\- 0.248047 0.001953. 

„ = 16: (0) + / (^) + / (^) + ... + / (15)] ^ 0.219727 

«16 = [/ (A) +/ (^) + ■•■ + / (H) + / (1)] =« 0.282227 

Tm = to {/(O) + 2 [/ (t^) + / (^) + ■ • • + / (H)] + /(!)) 0.250977 

^16 = li [/ (s) + / (A) + ■ ■ • + / (S)] 0.249512 

El^\- 0.219727 R4 0.030273, Er^\- 0.282227 -0.032227, 

Et^\- 0.250977 Si -0.000977, Em^\- 0.249512 0.000488. 


n 

El 

Er 

Et 

Em 

4 

0.109375 

-0.140625 

-0.015625 

0.007813 

8 

0.058594 

-0.066406 

-0.003906 

0.001953 

16 

0.030273 

-0.032227 

-0,000977 

0.000488 


n 

Er 

R„ 

T„ 

Mr 

4 

0.140625 

0.390625 

0.265625 

0.242188 

8 

0.191406 

0.316406 

0.253906 

0.248047 

16 

0.219727 

0.282227 

0.250977 

0.249512 


Observations: 

1. El and Er are always opposite in sign, as are Er and Em- 

2. As n is doubled, £/, and Er are decreased by about a factor of 2, and Et and Em are decreased by a factor of 
about 4. 

3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation. 

4. All the approximations become more accurate as the value of n increases. 

5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations. 
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28. fg dx = [e^]l = e^ 6.389056. / (x) = 

« = 4: Aa = (2 - 0) /4 = i 

i4 = 5 [e“ + + gl + g3/2j ^ 4 924346 

Ri, = H-gl +e3/2 + e2j pg 8,118874 

74 = 2^ [«“ + 2e'/2 + 2e' + 2e2/2 + gZ] 6.521610 
M^ = \ [e'/'' + + e^/T + g7/4j 6.322986. 

El 6.389056 - 4.924346 1.464710, Er 6.389056 - 8.118874 =-1.729818, 

Et ^ 6.389056 - 6.521610 -0.132554, Em ^ 6.389056 - 6.322986 = 0.0660706. 

n = 8: Aj: = (2 - 0) /8 = I 

7.8 = 4 [e° + e'/i + e’/2 + g3/4 + gl + gS/4 ^ ^3/2 ^ g7/4j ^ 5 623666 

7?8 = ? [e'^‘' + + e' + 6^/4 + g3/2 ^ ^,7/4 g2j 7.220930 

78 = 4^2 + 2e'/^ + 2^3/'' + 2e' + 2e3/4 + 2g3/2 + 26^'^ + e^] « 6.422298 

Mi = 7 [e‘/s + e3/« + e^/s g7/8 ^9/8 ^ii/8 ^i3/8 + gl5/8j 6.372448 

El 6.389056 - 5.623666 ss 0.765390, Er ss 6.389056 - 7.220930 -0.831874, 

Et 6.389056 - 6.422298 =« -0.033242, Em ^ 6.389056 - 6.372448 % 0.016608. 
n = 16; Atc = (2 - 0)/16 = j 

7i6 = 1 [/ (0) + / (1) + / (I) + ... + / (M) + / j 5.998057 

^>6 = I [/ (s) + 7" (i) + / (I) + ■ ■ ■ + / (f) + / (2)] 6.796689 

T-ie = 8^2 (/ (0) + 2 [/ (i) + / (i) + / (I) + • • • + / (^)] + / (2)) 6.397373 

"16 = 1 [/ (i) + / (i) + / (A) + ... + / ^ ^ j ^ 6 384399 

El ^ 6.389056 - 5.998057 ^ 0.390999, Er % 6.389056 - 6.796689 =« -0.407633, 
Et ^ 6.389056 - 6.397373 ^ -0.008317, Em ^ 6.389056 - 6.384899 ^ 0.004158. 


n 

El 

Er 

Er 

Em 

4 

1.464710 

-1.729818 

-0.132554 

0.066071 

8 

0.765390 

-0.831874 

-0.033242 

0.016608 

16 

0.390999 

-0.407633 

-0.008317 

0.004158 


Observations: 

1. El and Er are always opposite in sign, as are Ej and Em- 

2. As n is doubled, El and Er are decreased by a factor of about 2, and Et and Em are decreased by a factor of 
about 4. 

3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation. 

4. All the approximations become more accurate as the value of n increases. 

5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations. 
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29. = i (8 - 1) = 4.666667 

n = 6: Ajc = (4 - 1) /6 = ^ 

76 = 2^2 [VT + 2s/0 + 2^/2 + 2^/0 + 2v^ + 2 VI 5 + vs] 4,661488 
Ms = ^ [vT^ + VTTS + ^^35 + VI^ + VT 25 + VITs] 4.669245 
Se = 2 ^ [VT + 4VO + 2V2 + 4^;5 + 2V3 + 4Vl5 +vs] =» 4.666563 
£j. =» M _ 4.661488 Ri 0.005178. £m =« f - 4.669245 Rs -0.002578, 

£.5 R< y - 4.666563 » 0,000104. 
n = 12: Ax = (4-1)/12 = i 

7’i2 = 4^ (/ (1) + 2 [/(1.25) + /(1.5) + ••■ + / (3.5) + / (3.75)] + / (4)) R« 4.665367 
Mu = 4 [/(1.125) + /(1.375) + /(1.625) + ■■■ + /(3.875)] « 4.667316 
Su = o[/ (1) + 4 / (1.25) + 2 / (1.5) + 4/ (1.75) + .. ■ + 4 / (3.75) + / (4)] Rs 4.666659 
£j. =4 ^ - 4.665367 R4 0.001300, Em ^ y - 4.667316 » -0.000649, 

£s K4 H _ 4.666659 % 0.000007. 

Note: These errors were computed more precisely and then rounded to six places. That is, they were not 
computed by comparing the rounded values of T„, M„, and S„ with the rounded value of the actual definite integral. 


n 

Ef 

Em 

Es 

6 

12 

0.005178 

0.001300 

-0.002578 

-0.000649 

0.000104 

0.000007 


n 

Tn 

M„ 

s„ 

6 

12 

4.661488 

4.665367 

4.669245 

4.667316 

4.666563 

4.666659 


Observations: 

1. Et and Em are opposite in sign and decrease by a factor of about 4 as « is doubled. 

2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and 
seems to decrease by a factor of about 16 as n is doubled. 


30. I = S\xe^dx = [xe'' -c^]i, =e2 +2/e Ri 8.124815. f(x)=xe\ 
n — 6: Ax = [2 — (—1)] /6 = j 

76 = jlj (/(-1) + 2[/(-0.5) + /(0) + ■■• + /(1.5)] + /(2)} Ri 8.583514 
Ms = \[f (-0.75) + / (-0.25) + • ■ ■ + / (1.75)] R^ 7.896632 

S 6 = 2^3 [/ (-1) + 4/ (-0.5) + 2/ (0) + 4/ (0.5) + 2/ (1) + 4/ (1.5) + / (2)] R^ 8.136885 
£ 7 . Ri 7 - 8.583514 Rs -0.458699, Em ^ I - 7.896632 Ri 0.228183, 

Es^I - 8.136885 Rs -0.012070. 
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« = 12: Ax = [2-(-1)]/12 = i 

^12 = 4^2 {/ (-1) + 2 [/ (-0.75) + / (-0.5) + ■•■ + / (1.75)] + / (2)) =« 8.240073 
M2 = i [/ (-1) + / (-1) + • • ■ + / (f) + / (f)] « 8.067259 

‘S'12 = 4^3 [/(-1) + 4/ (-0.75) + 2/ (-0.5) + ... + 2/ (1.5) + 4/ (1.75) + / (2)] « 8.125593 
Et^ I- 8.240073 -0.115258, Em ^ I - 8.067259 0.057556, 

Es^l - 8.125593 -0.000778 


Observations: 

1. Et and Em are opposite in sign and decrease by a factor of about 4 as n is doubled. 

2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and 
seems to decrease by a factor of about 16 as n is doubled. 


n 

Ej 

Em 

Es 

6 

12 

-0.458699 

-0.115258 

0.228183 

0.057556 

-0.012070 

-0.000778 


n 

T„ 

M„ 

s„ 

6 

8.583514 

7.896632 

8.136885 

12 

8.240073 

8.067259 

8.125593 


31. Ax = (4-0)/4= 1 

(a) r 4 = 2 [/ (0) + 2/ (1 ) + 2/ (2) + 2/ (3) + / (4)] i [0 + 2 (3) + 2 (5) + 2 (3) + 1] = 11 .5 

(b) = 1 • [/(0.5) + /(1.5) + /(2.5) + /(3,5)] =« 1 + 4.5 + 4.5 + 2 = 12 

(c) S'4 = i [/ (0) + 4/ (1) + 2/ (2) + 4/ (3) + / (4)] i [0 + 4 (3) + 2 (5) + 4 (3) + 1] = 11.6 


32. If X = distance from left end of pool and w = w{x) = width at x, then Simpson’s Rule with n = 8 and Ax = 2 
gives Area = lu rfx |[0 + 4 (6.2) + 2 (7.2) + 4 (6.8) + 2 (5.6) + 4 (5.0) + 2 (4.8) + 4 (4.8) 4- 0] 84 m^. 


33. (a) ydx^^ [4.9 + 2 (5.4) + 2 (5.8) + 2 (6.2) + 2 (6.7) + 2 (7.0) 

+ 2 (7.3) + 2 (7.5) + 2 (8.0) + 2 (8.2) + 2 (8.3) + 8.3] = 15.4 


(b) -1 < /" (X) < 3 


\Et\ < 


3(3.2- 1)^ 
12 ( 11)2 


\f" (x)| < 3, so use A1 = 3, a = 1,6 = 3.2, and « = 11 in Theorem 3. So 
0 . 022 . 


34. We use Simpson’s Rule with n = 10 and Ax = j: 

distance = u (t) dt =^510 = ^3 [/ (0) + 4/ (0.5) + 2/ (1) + • • • + 4/ (4.5) + / (5)] 

= i [0 + 4 (4.67) + 2 (7.34) + 4 ( 8 . 86 ) + 2 (9.73) + 4 (10.22) + 2 (10.51) 

+ 4 (10.67) + 2 (10.76) + 4 (10.81) + 10.81] = i (268.41) = 44.735 m 

35. By the Total Change Theorem, the increase in velocity is equal to a (t) dt. We use Simpson’s Rule with « = 6 
and = 1 to estimate this integral: 


a (t) dt=^S6 = -^[a (0) + 4a (1) + 2u (2) + 4a (3) + 2a (4) + 4a (5) + a (6)] 

^ [0 + 4 (0.5) 4- 2 (4.1) + 4 (9.8) 4- 2 (12.9) 4- 4 (9.5) 4- 0] = i (113.2) = 37.73 ft/s 
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36. By the Total Change Theorem, the amount of water leaked is equal to Jq r (t) dt. We use Simpson’s Rule with 
« = 4 and Ar = 1 to estimate this integral: 


/■ (t) rfr S 4 = yL [r (0) + 4/- (I) + 2r (2) + 4r (3) + r (4)] 

=» i [6 + 4 (5.7) + 2 (5.1) + 4 (4.1) + 3] = i (58.4) = 19.46 L 

37. By the Total Change Theorem, the total percentage increase is equal to r {/) dt. We use Simpson’s Rule with 
n = 10 and Ar = 1 to estimate this integral: 

r- (r) dt RT Sio = I [r (1987) + 4r- (1988) + 2r- (1989) + • ■ ■ + 4r- (1996) + r (1997)] 

Ki I [4.0 + 4 (4.1) + 2 (5.7) + 4 (5.8) + 2 (3.6) + 4 (1.4) + 2 (2.1) + 4 (2.3) + 2 (2.8) + 4 (3.2) + 2.6] 
= i (102.2) = 34.06% Ri 34.1% 

38. By the Total Change Theorem, the energy used is equal to P (r) dt. We use Simpson’s Rule with n = 12 and 
Ar = 1 to estimate this integral: 

fo'^ P it) dt « Si2 = 1^3 [P (0) + 4/> (1) + 2/> (2) + • ■ ■ + 2R (10) + 4/> (11) + 7> (12)] 

Rs i [4182 + 4 (3856) + 2 (3640) + 4 (3558) + 2 (3547) + 4 (3679) + 2 (4112) 

+ 4 (4699) + 2 (5151) + 4 (5514) + 2 (5751) + 4 (6044) + 6206] 

= 5 (164,190) = 54,730 megawatt-hours 

39. Volume = rr ^4^1 -p dx =n fg (1 dx. F Rr rt ■ 5io where / (x) = (l and 

Aa: = (2 - 0) / lO = i. Therefore, 

F Ri rr . .Sio = rr ^ [/ (0) + 4/ (0.2) -R 2/ (0.4) -R 4/ (0.6) -R 2/ (0.8) + 4/(1) 

+ 2/(1.2) + 4/(1.4) + 2/(1.6) + 4/(1.8) + /(2)] Ri 12.325078 

40. Using Simpson’s Rule with n = 10, Ajc = L = \,0q = ^ radians, g — 9.8 m/s^, = sin^ ( 5 ^ 0)1 and 

/ (;c) = 1 j Vl — ^2 sin^ jc, we get 




(■Till 

Jo 


dx 





= ( 1 ^) [/(O) + 4 / (li) + 2 / (^) + ■ • ■ + 4 / (^) + / (f)] R 2.07665 


41. / (9) = ^ where k = N = 10,000, d = lO"'*, and 2 = 632.8 x 10“®. So 


(l0‘')^sin2A 


rr (10'*) (lO-'')sin0 10“ 

where k = —^—. Now n = 10 and /S.G = - 

632.8 X 10-s 


*2 ’.. 632.8 x 10-5 .. “ 10 

M,o = 2 X 10-2 [y (-0.0000009) + I (-0.0000007) + ■■■ + / (0.0000009)] Rr 59.4. 


(- 10 -*^) 


= 2x 10- 
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42. / {x) = cos (tcx). Ax = =2 => 

Tio = I {/(O) + 2[/(2) + /(4) + ... + /(18)] + /(20)) 

= 1 [cosO + 2 (cos2;r + cos4;r H-h cos I8sr) + cos20;r] 

= l+ 2(l + l + l + l + l + l + l + l + l) + l=20 

The actual value Is /q^° cos i7rx)dx = ^ [sin wxff = j (sin 20;r — sin 0) = 0. The discrepancy is due to the fact 
that the function is sampled only at points of the form 2 n, where its value is / (2n) = cos (2nji) = 1. 

43. Since the Trapezoidal and Midpoint approximations on the interval [a, 6] are the sums of the Trapezoidal and 

Midpoint approximations on the subintervals [x, _i, x, ],; = 1,2,... , n, we can focus our attention on one such 
interval. The condition /" (x) < 0 for a < x < b means that the graph of / is concave down as in Figure 5. In that 
figure, T„ is the area of the trapezoid /j" / (x)dx is the area of the region and M„ is the area of 

the trapezoid ABCD, so T„ < / (x) dx < M„. In general, the condition /" < 0 implies that the graph of / on 

[a, b] lies above the chord joining the points (a, f (a)) and (b, f (6)). Thus, /j’ / (x) dx > T„. Since M„ is the 
area under a tangent to the graph, and since /" < 0 implies that the tangent lies above the graph, we also have 

> la f (^) Thus, T„ < /* / (x) dx < M„. 

44. Let / be a polynomial of degree < 3; say / (x) = Ax^ + Bx^ + Cx + D. It will suffice to show that Simpson’s 
estimate is exact when there are two subintervals (n = 2), because for a larger even number of subintervals the sum 
of exact estimates is exact. As in the derivation of Simpson’s Rule, we can assume that xo = —h, x\ =0, and 

X 2 = h. Then Simpson’s approximation is 

J-I,f(x)dx^lh [f i-h) + 4/(0) + / (A)] 

= \h^-Ah^ + Bh^ - C/i + d) + 4D + (^Ah^ + Bh^ + C/t 4- £>)] 

= \h ^2Bh^ + 6Dj = jBh^ + 2Dh 
The exact value of the integral is 

/*/, + Bx^ +Cx + D)dx=2 (Bx^ + D)dx = 2 + Dx]* = + 2Dh 

Thus, Simpson’s Rule is exact. 

45. r„ = 1 Ax [/(xo) + 2/(xi) + • ■ ■ + 2/(x„_,) + /(x„)] and 

= Ax [/ (xi) + / (X 2 ) H-h / (x„_i) + / (x„)], where x/ = i (x/_i + x,). Now 

T 2 „ = 5 (jA^) [/ (^o) + 2/(xi) + 2/ (x,) + 2/ (X 2 ) + 2/(x 2 ) + • ■ ■ 

+ 2/ (x„_i) + 2/ (x„_i) + 2/ (x„) + / (x„)] 

SO 

5 {Tn + Mfi) = jTa A- jMj 

= i Ax [/(xo) + 2/ (Xi) + . ■ • + 2/ (x„_i) + /(x„)] 

+i Ax [2/(xi) + 2/(^2) + ••■ + 2/(x„_,) + 2/Cx„)] 

= 72„ 
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nn 


/ (^o) + 2 ^ / (;c, ) + f (x„) 
»=1 


and Mn — 


12 1 A;c 

“ 7)7 + j (^M + 2A/„) = j 


«-l ” / 2\:c\ 

+ 2V/(x,) + /(^n) + 4^/(;c, - — ) 
/=l /=l ' 


where Ajc = -—Let ^jc =-. Then Ajc = 2dx, so 

n In 


1 0 Sx 


/ (;to) + 2 ;^ / (^,) + / (;c„) + 4 ^ / (x, - Sx) 


= [/ (^ 0 ) + ^f{x\- Sx) + 2/ (xi) + 4/ (^2 - Sx) 

+ 2/ ( 21 : 2 ) + ■ ■ * + 2/ (^Trt-l) + ( 2 :^ — Sx) + f (jTn)] 


Since ;co,;ci -Sx,x\,X 2 -Sx,X 2 . x„-\,x„ - Sx,x„ are the subinterval endpoints for 52„, and since 

Sx = -—- is the width of the snbintervals for S 2 n, the last expression for \ T„ + jM„ is the usual expression for 
2n 

Sin. Therefore, \ T„ + \M„ = Sm- 


Improper Integrals 


1. (a) Since /j°° x^e *"* dx has an infinite interval of integration, this is an improper integral of Type I. 

(b) Since y = secx has an infinite discontinuity atx = f, secx dx is a Type II improper integral. 


{x -2){x- 3) 


has an infinite discontinuity at x =2. 




5x + 6 


dx is a Type II improper 


(c) Since y = 
integral. 

/■O 1 

(d) Since / -r; - dx has an infinite interval of integration, it is an improper integral of Type I. 

y_oo x^ + 25 

2. (a) Since y = 1 /(2x — 1) is defined and continuous on [1,2], the integral is proper. 

1 \ 

(b) Since v =-has an infinite discontinuity at ^ = 4, / r-r dx is a Type II improper integral. 

2x - 1 ^ Jq 2 x - \ 

sin X 

-j dx has an infinite interval of integration, it is an improper integral of Type I. 

-00 1 4 " ^ 

(d) Since y = In (x — 1) has an infinite discontinuity atx = I, In (x — 1) dx is a Type II improper integral. 

3. The area under the graph of y = 1/x^ = x~^ between x = 1 and x = r is 

A (r) = x”^ rfx = 1^—= 5 - 1 /(2/^). So the area for 1 < x < 10 is .4 (10) = 0.5 — 0.005 = 0.495, 

the area for 1 < x < 100 is /I (100) = 0.5 - 0.00005 = 0.49995, and the area for 1 < x < 1000 is 

A (1000) = 0.5 - 0.0000005 = 0.4999995. The total area under the curve for x > 1 is 

lim A(t) = lim — 1 /(2(^) 1 = y . 
l->oo !->co L^' ' ' J ^ 
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4. (a) 





V 



' 

'-s 

10 TT 



(b) The area under the graph of / from = 1 to ;c = r is 

^(0 = fl f{x)dx = Jlx-'-'dx = [-oT^“° '], 
= -10 ‘ - i) = 10 (i - 

and the area under the graph of g is 

G (0 = HgMdx = f' x-^^dx = [oT-^” '], 

= 10 (r“ ’ - l) 


t 

Fit) 

Git) 

10 

2,06 

2.59 

100 

3.69 

5.85 

lO'* 

6.02 

15.12 

10* 

7.49 

29.81 

10>° 

9 

90 

102» 

9.9 

990 


tc) 1 ne total i 




~ o*—r** j * 


T—2 0U 


The total area under the graph of g does not exist, since lim G (I) — lim 10 ’ — l) = oo. 

/—>(X) i—>oo ^ ' 




1 


- X dx = lim / -: 

{3x + lf '^«=yi (3x + l) 

- 3(+l j 

= T lim 

,4 3/^00 


1 


j : 

■ litaLil 

3 /^oo 


dx = lim ~ 


1 1 
‘3( + 1 4 


• ~du [w = 3x + 1, t/w = 3 dx^ 


: 5 (o + 5 ) = Convergent 


1 

6 . / --r dx 


— lim [ ^ , dx — lim riln|2x-5ll — lim [4 In5 — 4 ln!2; - 5|1 = ■ 

t^-oojf 2x-5 /^-ooL2 ' 'J/ f^ooL^ 2 'J 

/ dm — lim [ ,_ dm = lim \—2y/2 — ujl [u = 2 — w, du = ~dw] 

-CO a/2 — w ■\J2 — w i^-ool Ji 


Divergent 

.-1 1 


•oo. 


= lim 
r—»-oo 


- 2 V 3 4 - 2 V 2 ^ = OO. Divergent 


'~j: 


^Jl 


dx 


- lim 
>00 


-2 2 _ _ _ 

ATI VsJ “ vA 


(;, +3)3/2 }}^]^ (x-1-3)3/2 

9 . /n°° e~’‘ dx = lim fl dx = lim [—e“^ln = lim (—e~' + 1) = 1 

10 . e”2' rfr = lim [r^ e~^'dt = lim r-Ae” 2 il _ ijjj, [—1^2 Ig-TAl _ qq Djvgfggnt 

i->“0o'"’ i^-ooL 2 J(, i_>_ooL 2 2 J 


11 


dx + /g“;f3 hut f^^x^ dx = ^ lim ^ lim = —°o- Diverger 
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/■°“ I , r° dw r’’ dw dm ,, dm 

12. / = / ,,.— dw = lim / + lim / ,, ' - + lim / + lim / . 

i-oo Vlf - 5 </w - 5 b-*5-Jo vti) - 5 c->5+Jc i/W-5 d->oo Jio -(/w - 5 

(The values 0 and 10 could be any pair of values surrounding 5.) If any one of these four integrals diverges, then I 

diverges, and (for example) Jim J ^ = Jim j^| (w — 5)^^^ j = Jim |^| (<f — 5)^^^ — | (5)^^^ j = oo. 

Thus, / is divergent. 

13- dx = f!^^xe-^^ dx + /o°°xe-*' dx. dx = ^_Hm^ (-i) 


lim 


?c.(-5) ('-"■'') =-5- 


and 


/o°° xe dx = ^hin (-i) [e = ^lim (-l) (e - l) = i. Therefore, /^xe ^"dx = -^ + ^=0. 


14. /_“ x^e-^ dx = dx + 


"'1! = "5 + 5 = oo. Divergent 

i. r 7-1--^ = l™ /' - -m •- ['n = lim L f i±|) - in fl 

Jo (JJC + 2) (j^: + 3) [x+l x-\-3} /-»oo [ V^ + 3/Jo '->oo [ \^ + 3/ \ 


= In 1 - In 4 = — In 4 


16. r 

Jo 


X dx 


(a: + 2) (a: + 3) 


L 


' -2 3 

X + 2 X + 3 


rfx = lim [3 ln(x + 3) - 21n(x + 2)];, = 


lim 

/->00 


In 


(t + 3)^ 
(t + 2)2 


■ In - 


: oo. Divergent 


17. fn“ ’cosat^/a = lim [sinAlf, = lim sin/, which does not exist. Divergent 

/-»0O ^ t-^QO 

18. sin 26 dO = lim sin 26 d6 = lim [-4 cos 2^] ^ = lim (4 + 4 cos 2/). This limit does not 
exist, so the integral is divergent. 

19. S^Q^xe^^ dx ~ ^ lim xe^ dx — ^ lim (by parts) 

= ,i!?oo + T«^'] = - 0 + 0 = ie2 


since lim te^' = lim —^ S lim 

t-^-OO 


..... —J-— ..... ——lim -je2 '=o. 

/—»—OO 6“-*' /-»-oo —/—»-oo 


20. xe ^ dx = lim \—xe ^ — e ^11= lim [l — (/ + l)e M — 1 — lim —^ Si- lim — = 1 — 0 — 1 
1^00^ /-^oo*- J r->oo e' /-»oo e' 




' InA 


Ja = lim 
/—>00 


(lnx)2 


= hm —-— = oo. Divergent 
/->oo 2 


22- C dx = dx + fo°° e ^ dx, dx = ^_hm^ [e^f, = ^_hm^ (1 - c') = 1, and 

iiA = lim f—= lim (l — e“’) = 1. Therefore, £;^a = 1 4- 1 = 2. 

/*°° A dx xdx 

■ J-oo 1 + x^ /_oo 1 + x^ io 1 + x2 “ 

[ j '" (* + 2^')]! = ,i'?oo [o - j I" (‘ + '0] = - 


■ 00 . Divergent 
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24. Since / (r) = 


+4 


/ OO /‘OO /•I 1 

f(r)dr =2 f (r) dr = 2 lim / ^- dr = 2 lii 

-oc^ Jo ^ ’ r^+4 

( t \ n 

I arctan-0 I = — 

>V 2)2 


lim 
r —>00 


- arctan - 
2 2 


lim I arctan-0 I = • 

t-^Qo\ 2/2 

25. Integrate by parts with u = lnx,dv = dx/x^ 
' Injc 


i: 


-- dx — lim 
r->oo 


f‘ In 
J\ X 


^ dx = lim 

/—>oo 


du = dx/x, V = —\/x. 
Inj: 1 


= lim -- + 0 +l) 

J t^oo \ t t ) 


- 0-0 + 0 + 1 = 1 


r H 1/1 

Since lim — = lim —— = 0. 

/—>oo t l-*oo 1 


26. Integrate by parts with u = \nx, dv = dxjx^, du = dx/x, v = —X) {2x^): 

f°° \nx ^ f \nx , /r ' , T • /' 1 . \ 

/ —r dx = lim / — 5 - dx = hm I ^ ln;c + / ~^dx\ 

Jl X^ MOO 7, Moo\[ 2x^ J, 2ji ) 

/ llnr 1 1 \ 1 


= lim 
?->oo \ 


since, by I’Hospitai’s Rule, lim ^ = lim — = lim -Xr = 0. 

/->oo H /->oo 2/ r->oo 2t^ 


27. / —= ~ lim f —)=— lim [2v^f = lim — 2-\/f) ~ 2^3 

Jq ^ t-*o+Jt y/x r^o+‘- ■" /^o+V / 

^3 


dx dx r- 2 V -2 2 

I. / — -pz = lim / —r-rr = lim - 7 = = —p + lim — = 00 . Divergent 

/o x^x x^!^ ^^ 0 +Lv-^J, v3 f->o+vr 


dx r-ir r 1 1 

L / —r = lim / —r- = hm — = lim-1- 

j-\x^ t-^o-J-ix^^ /->o-L ^ “I 

fjL== lim r^= lim iK.-9)2/5]'= 

Jl »->9-L2 Jl ,_,9- 


00 . Divergent 

+<-9)2/5 -6 


= -6 


31.csc2 r dr = lim csc^ t dl = lim [-cotrjJ^''= lim [—cot t + cots] = oo. Divergent 

.v->0+ ■ .y->0+ 5^0+ 


32. [ 

Jo 


cosx dx 


[’^^‘^cosxdx r -1?r/4 / r-r- ^ r- —\ 

= hm / — = hm 2Vsin;c = lim 2../-4= — 2vsin/1 

sin:r vsin;c /^o+L Ji 1 ^ 0 +^ ^ '^2 


- 2 /X _ ^ _ 23/4 

-^yj V2~ 21/4 


= lim 
_2 > 0 “ 


J_^ 

'3/5 24 


33. / -T = / -ir+ I -T,but / — = hm 

J -2 J -2 x‘' Jo x‘' J _2 x‘' ,->o- 

34. f (y) — \/ (4y — 1) has an infinite discontinuity aty = \ . 

f - - dy = lim [ - dy = lim f 7 In |4y — 11] 

il/4'ty - 1 i->nm+J, 4y-l ,-,(1/4 )+Jr 

= lim [j In3 - 7 In (4r — 1)] = cx) 

/^(l/4)+ L' ’ J 

/■' 1 /■' 1 

SO / - dy diverges, and hence, / - dy diverges. 

71/4 4y - 1 /o 4y - 1 


: 00. Divergent 
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35. Jo secxcix= Jq SQCxdx-h jQ^^5Qcxdx= lim 

l^TZjl- 

= lim [ln|sec;c+tanj:|]Q = lim ln|secf + tan/| = oo. Divergent 

»;r/2“ 


36 . [ 

Jo 


dx 


f 


dx 


0 x'^ + x — 6 Jo (:»: + 3) - 2) 


/•2 dx r‘' 

Jo (x - 2) (;r + 3) A 


dx 


(x -T){x + 3) 


, and 


f 


dx 


(x -2){x + 3) /-»T- 


■ 1/5 1/5 ■ 

dx = lim 

[lln 

:t -2 ■ 

X — 2 .X + 3 

/->2- 

.5 

X + 3 _ 


= lim - 
/^2- 5 


t-2 


t + 3 


-In? 


37 . 


dx r ' dx T® dx /■' dx f 

J-2 x^ - I J-2 x^ - I ^ J_i x^ - I ^ Jo x^ - I ^ Ji 

f dx f dx 

^ J x^^ j (x-]){x+ 1) 

dx 

Jo 


= — 00 . Divergent 


dx 




0 

X — 1 

x + 1 


2 - r 


-t" C, so 


: lim 

t^\- 


riln 

X — 1 ' 

[2 

JC-l-l . 


= lim - In 
, 2 


= -oo. Divergent 


- 3 , x-3 , <■2 

dx — I z -r dx + 


f x-3 , I r2x-6 , 

J 27 ^“'" = 2 / 27 ^ 1 ^"^ 

X 


2^-3 


■I 


3/2 


/ 


1-3 
2x -3 


dx and 


1 - ■ 


2jc-3 


rfx = jjr — I In|22r — 3| + C, so 


jc - 3 

- - -dx= lim j [2.1 — 3 In |2 jc — 3|]q = 00 . Divergent 


39 . / = f„ Inzdz = lim ffz^lnzdz = lim 

/^0-^ ■” l~iO+ 


^ (31nz- 1) 


= lim [§ (31n2-1)-it3(3in< _ 1)1 = I ln2-I - i lim [/^ (3In/- 1)1 = | ln2 
/^O+L’ ’ J ^ ^ (-> 0 + 


Now i = lim f/2 (3 In/— 1)1 = lim 
/ = fln2-|. 


3 In r — 1 H 


3// 


= lim . . 

,_^o+ -3/d^ /-»o+ 


= lim (—= 0. Thus, L = 0 and 


40 . Integrate by parts with u = \nx, dv = dx j Jx, du = dx/x, v = 2jx\ 

f ^^dx= lim [ dx = lim (l2^\nx]l —2 [ | = lim (—2\/7ln/— 4 

Jo 4x 1 ^ 0 +J, 4x no+V^'- -*( Ji t-> 0 +\ '■ ^‘2 


= lim (—2V/In/— 4-p4V/) = —4 
/^o+ V J 


since, by rHospital’s Rule, lim V/ln/ 
/^o+ 


In/ ,. I// 

lim —n=r = hm - 77 =— 

/-> 0 + / */2 l -> 0 + —/ 2 / 2/2 


; lim 

/-70+ 


(-2V7) = 0. 



624 □ CHAPTERS TECHNIQUES OF INTEGRATION 



= e — lim e' =e 
r—oo 



- 0.1 


We integrate by parts with u = \nx, 
dv = (l /x^) dx, du = dx/x, v = —1/a:: 


/ In' I , 

= lim 1- 1-1 I = 1 

<->oo\ t t ) 




Jg tanx secxdx = tan;c secxdx + tanj; sec;c dx. 
f^^^tanx secx dx = lim fitanxsscxdx 

= lim [sec^lo = lim (secr-1) 
= oo. Divergent 




lim lly/x — 3 ] 
/->3+ L J/ 


= 4 - lim 2Vr^ = 4-0 = 4 

?-» 3 + 


0 
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47. (a) 


t 

// g (if) dx 

2 

0.447453 

5 

0.577101 

10 

0.621306 

100 

0.668479 

1000 

0.672957 

10,000 

0.673407 


g(x) = — . It appears that the integral is 
convergent. 



Since /j°° / (;c) dx is finite and the area under g (v) is 
less than the area under / (x) on any interval [1, r], 
/i°° g U) dx must be finite; that is, the integral is 
convergent. 


sin^.x: 1 /■°° 1 

(b) -1 < sinjc <1 => 0 < sin^^ <1 => 0 < —j— < —. Since / -^dx is convergent (Equation; 

X J\ ^ 

r®® sin^ X 

with p ~2> 1), / —^ dx is convergent by the Comparison Theorem. 

J\ 


48. (a) 


t 

si g (it) dx 

5 

3.830327 

10 

6.801200 

100 

23.328769 

1000 

69.023361 

10, 000 

208.124560 


gU) = 


1 

^ — 1 


It appears that the integral 


is divergent. 



Since /(x)dx is infinite and the area under g (x) is 
greater than the area under / (x) on any interval [2, (], 
g (x) dx must be infinite; that is, the integral is 
divergent. 


(b) For jc > 2, ~/x > Vv — 1 

rco 1 


1 1 /■'” 1 

=> —= < —=-.Since / — is divergent (Equation 2 with 

^ ,/x -1 h -Jx 

dx is divergent by the Comparison Theorem. 


49. For jc > 1, - 


1 


j_ r 


l+x2 - 1 +x2 
convergent by the Comparison Theorem. 


dx is convergent by Equation 2 with p = 2 > 1, so 


/■ 


1 +:c2 


■ dx is 


1 1 dx dx 

50. , < on [1, oo). / —rpr converges by Equation 2 with p = \ > 1, so / converges by 

•Jx2 +1 ' J\ ^ ' 21 + 1 

the Comparison Theorem. 
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1 1 -7 

51. Forjc > l,x + 6^^ > > 0 ^ = e " on [1, oo). 

f,°° dx = lim [-4e-2^T = Therefore, /,°° dx is convergent, and by 

r°°dx. 

the Comparison Theorem, J ‘S also convergent. 


52, 


1 + y/x 1 


1 r°° dx 1 , \/i + y* 

— on ri, oo). / —P is divergent by Equation 2 with p = j < 1, so / -= 

h y/x 


dx is 


yfx yfx 

divergent by the Comparison Theorem, 


^ 1 1^ /Vv fix TT n 

[ - > - on (O, f 1 since 0 < sinjv S I — = lim / — = Hm [Inx], . 

xsinA:^.! ” Jo x ,^o+J, x m0 + 

pir/2 ^y. f 

0-^, so / — is divergent, and by the Comparison Theorem, 

Jo X Jo 


dx 


But In / —oo as t —> 

divergent. 


is also 


54. e * < 


1 =e. -— < — for 0 < -x < 1, and f dx = lim / dx — lim — l-Zt^ — 2 is 

^ Jo yfi 1-^0+J, yft /^o+V } 

convergent. Therefore, / —= dx is convergent by the Comparison Theorem. 

Jo y/x 


55. 


/' lim r_^+iim 

7o y/x(\+x) Jo yj^{\+x) Jl ^(\+x) l-yO+Jl ^(\+x) M°°7, ^{\+x) 

r' Idu ,. 2du 

= lim / -- 5 - + lim / 

r-t0+J^\ + u^ 


1 + «" 


(w = X — u^) 


= lim [2tan“'M]Jy^ + ^Um [2tan ■ h]^ 


yd 


= lim \2 (f) - 2tan ' VH + hm [2 tan ' y/i -2 (f)] = |- 0 + 2(j) 2 

^ -■ 1^00^ 


poo 

Jl X\ 

f =f 

J Xy/x^ — 4 J 



dx 

r lim , 

t/jc 

f -- 4- lim i 

f‘ ^,and 

■4 ^ J 

1 1 

2 Xy/x^ - 4 J 

3 xVx^ — 4 /^2+ J 

, Xylx^-4 '^°°j 

3 xy/x^ - 4 


[' (h)]! + A" [1 (b)]. 


I 
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57. If p = 1, then 


f 


dx 

7p 


lim [ln;ic]J = oo. Divergent. If ^ 1, then 
/-»o+ 


f 


dx 


/■' dx 


= lim 

/ — < 


/-»o+, 

/( xP 



r x-A+i 


= lim 



— lim 


1 


(-> 0 +[-p+lJ, (-> 0+1 -p 


1 - 


(P-i 


If p > 1, then p — 1 > 0, so —> oo as t ^ 0+, and the integral diverges. Finally, if p < 1, then 


dx _ 1 

Jo xP I - p 
1 


lim {\-t^-P\ 
i->o+ V / 


1 -p 


Thus, the integral converges if and only if p < 1, and in that case 


its value is ■ 


1 -p 


58. Let K = ln;c. Then du = dxjx 
p > 1 and diverges otherwise. 


f°° dx /■““ du 1 

/ -= / — .By Example 4, this converges to-- if 

X x{\vix)P h UP ^ ^ P-1 


59. First suppose p = — 1. Then 


f x^lnxa'x= f dx = lim f dx = lim TjOnx)^] =-4 lim (Int)^ 
Jo Jo X (->0+7, X r^o+L‘^ J( ^(^0+ 

the integral diverges. Now suppose p 5 ^—1. Then integration by parts gives 


= — 00 , so 


r xP'^‘ f xP 

/ xP Inx dx =-- Inx — / -- dx = 

J p +1 J p +1 


^ ln:ic dx — lim 


jP+i ^(>+1 

- In^: • 


(.^6+Lp+i (p + i)^J( (p + 

If p > — 1 , then p + 1 > 0 and 


XP+l j;P+l 

-Inx-:r + C. If p < -1, then p+1 < 0, so 

P+1 (p+1)^ 

M HmU>(lnr-^)l = 

1) Vp+1/'->o+L V P+l/J 


f 


xP\nxdx = ■ 


(p+ 1 )- 


VP + 1 / (-v0+ 


■l/(p+l)H -1 


lim = 


(-(p+1) 

-1 


(p+ 1 )' 


-(pir) 


lim 


l/( 


(-> 0 + - (p + l)t 1 a+ 2 ) 


(p+ 1 )^ (p+l)^/^ 0 + (p+ 1 )^ 


Thus, the integral converges to — 


1 

(p+ 1 )" 


if p > —1 and diverges otherwise. 
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60. For n a nonnegative integer, integration by parts with u = a"''"*, do = e ^ dx, gives 

dx = + (« + l)fx"e-^ dx, so 

fg°°x"-<-'e-^ dx = ^Hm /J dx = ^liin + (« + !) dx 

fTl+X 

= ^liin^ —-H (n + 1) x"e~^ dx = (n+ 1) x"e~‘ dx 

Now x^e~’‘ dx = lim dx = lim = 1, so rfA: = 1-1 = 1, 

Jq°“ dx = 2 ■ \ = 2, and Jq°° x^e~^ = 3 • 2 = 6. In general, we guess that 

J^x^e-^ dx = n\ = \- 2-3 . n, when nisa positive integer. (Since 0! = 1, our guess holds for « = 0 too.) 

Our guess works for n < 3. Suppose that x^e~^ dx = k\ for some positive integer k. Then 

dx — {k -\- \) x^e~^ dx ~ (A + 1) A! = (A + 1)!, so the formula holds for A 4-1- By induction, 

the formula holds for all integers « > 0. 

61. (a) j^^xdx = dx + xdx, and xdx = ^lim JqX dx = ^lim “ 2 (0^)j = oo, so the integral 

is divergent. 

(b) = 0, so lim j t/.x = 0. Therefore, r°L;c ^ lim f‘xdx. 


M _ 4 

62. Let A = - so that v — — 

2RT ^ 


I /‘OO 

Ua3/2 / 0 

TT io 


^ It ^ 

e"" do. Let / denote the integral and use parts to integrate I. Let 


a = o^,dB = ve do, da = 2d do, B = ——e 

2k 


I = lim 


+ \( ve dv = lim (p-e + 7 lim 


t-)00 

2k 

0 A 7o 2 A \ / A t-^oo 

2k 


Thus, 0 = • tTTT = ^ 


2y/2yfWf j SRT 
^ nM 


2e [!rM/(2«7’)]‘''2 

/■°° /1 dx r 1T / i\ 

63. Volume =/ ir( — | dx = n lim / ^ = a- lim — = ;r lim ( 1 -1 = 

J\ \x) x^ (->ooL X (->oo\ ij 

= GMm lim 


... , GMm , ,. r‘ GMm 

64. Work = / — I — dr = lim / —=— dr = hm GMm 

Jr '^<=^Jr 


R 


-1 


im + = 

.»oo y r Rj 


GMm 
R ’ 


where A/ = mass of earth = 5.98 x 10^'* kg, m = mass of satellite = 10^ kg, R — radius of earth = 6.37 x 10* m, 

and G = gravitational constant = 6.67 x 10"" N-m^/kg. 

, „ 6.67 X 10“" ■ 5.98 x lO^"* ■ 10^ 

Therefore, Work =-r- 6.26 x lO'® J. 

6.37 X 10* 

65. Work = f Fdr = lim [ — \im GmMx -—t | — GmM -j-ijg gngjgy pj.ovi(jg 5 

Jr '-^^Jr r^ \R tj R 


the work, so jmOg = 


GmM 


2GM 



SECTION 8.8 IMPROPER INTEGRALS □ 629 


66 . y (s) = 


/•/? 2r 

/ , , , ^ ('•) dr and;((r) = i (fi - r) 

Js 


1= lim f 
l->s+ Jt 


fR r'i - 2Rr^ + R^r , 
dr = hm / - ■■■== -dr 


Jyl _ 


= lim / , - 2i? / 

LJ/ — 5 ^ Ji 

= lim f/i - 2^/2 + ^^/3') = 
/-♦J+ V / 


;lJl=+r^ 

.2 ZT2 


r’’ rdr ' 

Ji Vr^ — 


For /i: Let M = Vr^ - => =r^ - s^, r^ = u^ + s^, 2r dr = 2m dii, so, omitting limits and constant of 

integration, 

Il= J ^ _ J ^^2 +5^^ _j_ 52 y _ ly ^y2 

= - ^2 ^^2 _ ^2 ^ 3^2^ _ iy^2 __y2 ^^2 2_y2^ 

f. _ _y2 _^ 

For I 2 : Using Formula 44, 12 = -V?*^ — 5^ + y In |r + V/*^ —. 


For /s: Let u —r^ — du — 2r dr. Then /s 


= i /■ = > . 2VS = , 

27 > 2 


Thus, 



L = lim 

/-^i+ 

i\/r2-s2p + 2s2) 

-27t(^ 

= lim 


)-2«(- 


— lim (/■ 

/^5+L 

^+25^)- 


i2 + y In j« + \/«2 -j2|^ + R^/W^ 


.ln|t + Vt2-i2 +T?Vt2-52| 


= iyi?2 - *2 In fe + Vr 2 _ s 2 _ _i?i2|n|s| 




(^R^ + 2s^^ -.Ri^ln^ 



R + j 

(b) r (/) = F' (t) is the rate at which the fraction F (t) of 
bumt-out bulbs increases as t increases. This could be 
interpreted as a fractional burnout rate. 

(c) rn°° r (t) dt — lim F (x) = 1, since all of the bulbs will 

■'a jc->oo 

eventually bum out. 


7 = 2 t/'dt=;jm [l(tt-l)e‘']^ (Formula 96, or parts) = ^lim - (-p)]. 

Since ^ < 0 the first two terms approach 0 (you can verify that the first term does so with THospitaTs Rule) so the 
whole expression is equal to \/k^. Thus, M = ~kl = —k(\/k^) = — \/k = —1/ (—0.000121) ^ 8264.5 years. 
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poo j 1 r / \ 

69. /= / =;- dx = lim / - dx = lim tan“’jc = lim (tan"* ( — tan“'a) = f — tan“’a. 

Ja X^ + i x^+\ nooL Jo (.^ooV / ^ 

/ < 0.001 => I - tan"* a < 0.01 => tan"* a > f - 0.001 => a > tan (| - O.OOl) 1000. 

70. f(x) = and A;c = ^ = i. 

f* f (;c) dx^Ss = ^,[f (0) + 4/ (0.5) + 2/ (1) + ■ ■ • + 2/ (3) + 4/ (3.5) + / (4)] 

=«^ (5.31717808) =» 0.8862 

Now a: >4 => -a-a<-a. 4 =» < e"'** => e~’‘^ dx < f^e~‘*^dx. 

/(““e"'** dx = ^lim = -?(<'“ 0.0000000281 < 0.0000001, as desired. 


71 . (a)F(s)= / /(t)e dt = I e dt = lim 

Jo 


= lim 
«—>oo 


r fit) e-^Ut= f 
Jo Jo 

if 5 > 0. Therefore F (s) = - with domain {s | ^ > 0). 
s 

/•CO pCO I'll 

(b)F(s)= / f{t)e~^^dt= / e*e~^‘dt= lim / dt = lim 

Jo Jo 

n^co \ 1 — 5 t — S / 

1 

This converges only ifl—5<0 => 5>l,in which case F (s) = 


(—+ 7 )- 


converges to - only 


Jii-s) 


s — 1 


1—5 


with domain {5 | 5 > 1). 


(c) F ( 5 ) = J^fit)e dt = lim Jq te '^‘dt. Use integration by parts: \ctu = t,dv = e dt 


du — dt, t) = —- 


Then F (s) = lim 

n—>00 

1 


t 

—e 


= lim 


/ _i_ 

\5e'^” 5^e^" 5^/ 5^ 


only if 5 > 0. Therefore, F (s) = —r and the domain of F is {5 1 5 > 0}. 


72 . 0 < / (/) < Me^‘ => 0 < f it)e < Me^'e for t > 0. Now use the Comparison Theorem: 


f 


pn 

Me^‘e~^‘ dt = lim M / dt = M ■ lim 

n-»oo Jq «—>00 


J(a-s) 


= M • lim 


Mas) 


n-*co cr — 5 I 


-•] 


This is convergent only when a — s < 0 =» s > a. Therefore, by the Comparison Theorem, 
F ( 5 ) = /q°° / (0 dt is also convergent for s > a. 


73. G (5) = /q^ f (0 e dt. Integrate by parts with u = e dv — f {t) dt du = —se ”, u = / (/): 
G(s)= lim [f(t)e-^%+sJ^ f(t)e-^'dt^ lim / (n) a"™ - / (0) + sF (^) 

But 0 < f (t) < Me”' => 0 < f (1) e~''' < and ^lim = 0 for s > a. So by the Squeeze 

Theorem, lim / (t) e"®' = 0 for s > o ^ G (j) = 0 — / (0) + sF {s) = sF {s) — f (0) for s > a. 
r—»oo 
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74. Assume without loss of generality that a < b. Then 

/“oo f(x)dx + f{x)dx = /“ / (;c) dx + /" / (x) dx 

= ,4?oo ^ [•^“ f{x)dx + f{x)dx^ 

= lim J“ f (x) dx + jj" / (^) rfjr + lim /j / (jc) d;c 

= ,4?oo ^ 

=, f{x)dx = jtoo f (^) + /” / 


75. We use integration by parts: let u = x,dv = xe dx, du ~ dx, v = So 

/o°° dx = ^lim [-+ J /o“ -t! ( 2 «'") + \ fo°° dx = \ e 

(The limit is 0 by THospital’s Rule.) 


.2 


dx 


«■ r^- rfA: is the area under the curve y — e ^^forO<^<oo and 0 < y < 1 ■ Solving y = e for j, we get 

y = => In^' = —x^ => —\ny = x^ => a: = ±V— ln>'. Since x is positive, choose x = ./^^Iny, 

and the area is represented by fg -J— Iny rfy. Therefore, each integral represents the same area, so the integrals are 
equal. 


77. For the first part of the integral, let v: = 2 tan 0 => dx = 2 sec^ 6 dO. 

/ ■ ,L rfr = (sect? = In|sec^ + tan0|. But tan(? = Ajt, and 

Vx^T4 J 

sec0 = V1 + tan^ 9 = + \x'^ = + 4. So 


n l _ 

+ 4 JC + 2/ 


■Jx^ 4- 4 :c 

c;^;c = lim t In I---h - - Cln4-2| 

/-^oo 112 2 


= lim In 
/->c» 


/ Vt^ + 4 + t \ 
V 2(t + 2)C J 

y-^oo (r + 2)C J 


(Inl -Cln2) 


+ ln2‘^-‘ 


By I’Hospital’s Rule, lim 
/->00 


t + Vt^ + 4 

(t + 2f 


lim 

/—»oo 


1 4- t/Vt^ + 4 
C(f+ 2)C-> 


2 

C lim (t + 2) 
/—)00 


C-1 • 


If C < 1, we get oo and the interval diverges. If C = 1, we get 2, so the original integral converges to 
In2 + ln2'> = ln2. If C > 1 , we get 0, so the original integral diverges to —oo. 
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78 . 






Clearly the integral diverges for C < 0. For C > 0, we use I'Hospital's Rule and get 



r/V?^ \ 


For C/3 <1 C < 3, the integral diverges. For C = 3, In ^ j lim |^ = In For C > 3, the limit is 0, so the 
integral diverges to —oo. 


Review 


CONCEPT CHECK 


1 . See Formula 8.1.1 or 8.1.2. We try to choose u = /(jt) to be a function that becomes simpler when differentiated 
(or at least not more complicated) as long asdv = g' (x) dx can be readily integrated to give n. 

2. See the Strategy for Evaluating / sin" x cos" x dx on page 514. 

3. If n/<jF _ occurs, try X = 0 sinS; if -Ja^ + .x- occurs, try x = cr tanfl, and if -Jx^ — occurs, try x = a secO. 
See the Table of Trigonometric Substitutions on page 518, 

4 . Sec Equation 2 and Expressions 7, 9, and 11 in Section 8.4. 

5 . See the Midpoint Rule, the Trapezoidal Rule, and Simpson’s Rule, as well as their associated error bounds, all in 
Section 8.7. We would expect the best estimate to be given by Simpson’s Rule. 

6. See Definitions 1(a), (b), and (c) in Section 8.8. 

7. See Definitions 3(b), (a), and (c) in Section 8.8. 

8. See the Comparison Theorem on page 564. 


TRUE-FALSE QUIZ 


1 . False. Since the numerator has a higher degree than the denominator. 



2. True. In fact, A = B = C = i. 



art TU f . A Bx +C 

4. False. The form is —F —-. 

X x^ + 4 
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5. False. This is an improper integral, since the denominator vanishes atx = 1. 



So the integral diverges. 

6. True by Theorem 8.8.2 with p = y/2> 1. 

7. False. See Exercise 61 in Section 8.8. 

8 . False. For example, with n = 1 the Trapezoidal Rule is much more accurate 

than the Midpoint Rule for the function in the diagram. 


lim I In - 1 = oo 
r^l- 



9. False. Examples include the functions / (x) = g (x) = sin (x^), and/i (x) = 

X 

10. False. /q°° / (x) dx could converge or diverge. For example, if g (x) = 1, then / (x) dx diverges if / (x) = 1 
and converges if / (x) = 0. 


EXERCISES 


1. j “ 3^^) = 2^ - 3 • 5 In |3x + 2| + C = 2x - In |3x + 2| + C 

2. Letu~x,dv = cos3xdx u = ^ sin3;c. Then 

f X cos 3x dx — 5^: sin 3x — ^ f sin 3x dx = ^;c sin 3;c + ^ cos 3 a: + C 

3. f cot^ X dx = J (csc^ a: — l) = — cotA^ — x + C 
‘ sec^^d& 


4. Let u = tan 0. Then 


, -inji-„| + C =-ln|l-tan6>l+C. 

J I - If 

du — dxjx, V = x^/5: 


1 - tan El 

5. Use integration by parts with « = Inx, dn = x'* dx 

f x^ Inx dx = |x^ Inx — J Jx"* dx = |x^ Inx — ^x^ + C = ^x^ (5 Inx — 1) + C 

1 1 


__ A B 

y2_4y_j2 (y_6)(v + 2) y-6^y + 2 


I = A (y 2) + B (y — 6). Letting y = -~2 


5 = — ^ and letting = 6 => = |. So 

/^2_4^_12‘^3' = /(^ + ^)^3'=iln|y-6|-iln|y + 2H-C 
7. LetM = secA. Theniiw = secAtanAt/A, so 

/ tan^ A sec^ A Ja = / tan^ a sec^ a sec a tan a dx — J {u^ — du ~ f [u^ — 3u^ + 3u‘^ — u^) du 

= 4- C = I sec^A — ^ sec^ A + j sec^ a — j sec^ a + C 
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8 . Let A- = tan 0, — I < 0 < Then 


f dx f stc^ Odd f secOdO fcosOdO fdu . 

7 w-y w-y if 

._I+C.-L + C.-55±5 + C 

u sin u X 

9. Let u ~ x^. Then du = 2x dx, so / a: sin c/jt = 5 / sin w ^ cos w + C == — 5 cos (a:^) 4- C. 

10. Integrate by parts twice, first with u = dv = dx =» du = 2x dx, v = : 

f x^e~^^ dx = -\x^e'~^^ + I /= -\x'^e~^^ dx + \ + I / 

= “ ( 1 ^^ + + a) ^ 


/to 

12 . J ^ dx = j — 2 H-^72^ dx = jx^ - 2x + 6 In l.r + 2| + C 


13. J siv? 0 cos^ 0 dO = f sin^ 0 (cos^ 0)^ cos Odd = / sin’ty (1 - sin^ 61) cosOdO 

= J du [u = s'mO, du = COS0 dO] = f u^ (1 — 2u^ + u‘*) du 

= J [u^ - 2u‘* + u^)du = jh’ - jK^ + In’ + C = 5 sin^S - | sin^6l + | sin’^ + C 


14. Letn = cos:^. Then 


f sin^ , _ f 
J cosx ^ J 


(l - cos^;c) sin;c 


dx = — J - du = J -^ du = ~— In |ul 4- C 


= 5 cos^ a: — In [cosjc] 4- C 


15. Integrate by parts with w = a:, = sec a: tan jc => du ~ dx, u = sqcx: 

f X secx tanx dx = .x sec;c — f secx dx = x secx — In Isecx' + tanx] 4- C 


-1 1 1 

- 4- 


dx = ■ 


4“ In I-- 4" C 


f — f — f 

'■ J x3 -2 x2 4-x ~ j (x - 1)2X J 1 - 1)^ ' X - 1 ' ‘"|x - 1 I 

- J.. 2^ ~ j ^ ^ § (arctanx)^ 4- C. 

f-^ - =[ - ,- - d L - fJ^=L,,2,dt = t.n, + C 

J sin^ t 4- cos 2t J sin"^ t 4- (cos^ t - sin"^ M J cos^ t J 
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dx 


J ^/{x—ly 


/: 


dx 


-22 


2 sec d tan Odd 
2tan^? 


X — 2 = 2sec0, 
dx = 2 sec 9 tan 9 dO 


■I 


= / = In|sec/? + tan^^l + Cl 


X - 2 •Jx'^ — 4x 

2 2 


-fCi=lnx—2 + \/;c2 _ 4j _)_ where C = Ci — In 2 


20. Let ti = jc + 1. Then 




« 2 - 3«2 + 3„-1 


du 


= f (it 2 — 3m * + 3m ^ — m '°)dM = —gM ^ + |m ’-|m * + 5M ^ + C 


-1 3 

■ + ■ 




6 (x + 1)^ 7 (x + 1)^ 8 (x + I)^ 9 (x + I)^ 

21. Let w = cot4x. Then c/w = —4csc^ 4x c/x => 


/esc'* 4x (^x = / (cot^ 4x + l) csc^ 4x dx = J (u^ + \) 

= + + ^ = ~J 2 (cot^ 4x + 3 cot4x^ + C 


22. Let w = 2x. Then 

JX sin^ X dx = ^ JX (I — cos2x) dx = |x^ — | J 2x coslxldx = ^x^ ” | ^ cosudu 

= ^x^ - I (w sinw + cosw) + C = |X^ - jx sin2x - | cos2x + C 

23. Letw”lnx. Then J — ^dx = J Inudu. Now use parts with lo = In h, t/o = Jw => dw = dutu, 

V = u => /In wi/w = M Inw — M + C = (Inx) [In (Inx) — 1] + C. 

24. Let u = cosx, dv — dx ^ du = — sinx c;^x, u = (*) / = /e^ cosx dx = cosx ~\- jsmxdx. To 

integrate f sinx t/x, let U = sinx, dV = dx => dU — cosx dx, V = e^. Then 

/sinx i/x = sinx — Jcosx dx = sinx — I. By substitution in (*), I = cosx + sinx — / => 
21 — (cosx + sinx) (cosx + sinx) + C. 
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3x^ — + 6x — 4 Ax + B Cx + D 

25. -rr- = . +- 


-= -^;-^ 3x^-x'^ + 6x-4 = (Ax + B){x'^ + 2) + (Cx + D){x^+\). 

{x^ + l){x^ + 2) x^ + 1 x 2 + 2 y J 

Equating the coefficients gives A + C = 3, B + D = —l,2A + C — 6, and 2 j3 + £> = —4 => A = 3, C = 0, 


B = -3, and D = 2. Now 

' 3x^ — ;c^ + 6;c — 4 


/ 


[x^ + 1) (jir^ + 2) 


= I In + 1^ — 3tan“’:« + V2tan 


dx 

x^ + 2 


26. LetM = e*. Then x — \nu,dx 


du 


f dx f du/u _ f 

J \+e^^ j \+u~ } 


27. Let u = I 


M_1_ 

u u + 1 

= — In (1 + + C 

i du = 2^" dr. 

„2r 


t/w = Inu — In (m 4- I) + C = Ine^ — In {l + e^'j + C 


r , \ f du \ [ 

] ■?^x‘‘'- = 2j ^1=2] 


1 


1 


= - In 
4 


u — 1 


u 4 1 


4 C = - In 
4 


2(m-1) 2(«4 1) 

e^' - 1 


du 


e'^’- 4 1 


+ C 


28. Let u = 4^. Then x = u^,dx = 3u^du => 

= + 3w^ + 6M + 61n|M— H + C = X + + 6^ + 6 In | — 11 + C 

29. Let a: = 2 sin 0 => (4 ~ ~ (IcosO)^, dx = 2cos6 dO, so 

= tanS — 04C = ^ — sin“' (t) + C 

.»/d. — v2 \ 2 z 





30. Integrate by parts twice, first with u = (arcsin jc)^, dv = dx : 

I = [ (arcsina:)^ dx = x (arcsinA:)^ - 


jlx arcsinx 



Now let U = arcsinAT, dV = dx dU = , —- dx, V =— . So 

Vl Vi -a^ 

/ = A (arcsinA)^ - 2 j^arcsinA (-Vl -a^) + Jdx^=x (arcsinA)^ 4 2 V 1 - A^arcsinA - 2 a 4 C 

31. / (cos A 4 sin a)^ cos 2xdx = J (cos^ a 4 2 sin a cos a 4 sin^ a) cos 2a dx 

= / (1 4 sin 2a) cos 2x dx = J cos 2 a Ja 4 5 / sin 4a dx = j sin 2a — 5 cos 4 a 4 C 
Or: f (COSA 4 sin a)^ cos 2 a dA = / (cosa 4sinA)^ (cos^a -sin^A)dA 
= / (cosa 4 sinA)^ (cosa — sinA)dA = ^ (cosa 4 sinA)'' 4 Ci 
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32. Let « = (tan ^x) ,dv=xdx => da = 2 (tan ^ x) / [\ + x^) dx,v = \x^. Then 

\2 1 1 tx^\m~^x , 

tan xj dx = jx (tan xj — I ^ _^_^2 

Now let to = tan~’ x, dw = 1/ (1 + dx, and x^ = tan^ to. So 

I = jx^ ^tan“' x^ — f totan^ wdw — jx^ (tan"' x)^ - /to sec^ todto + f wdw 

= ^x^ ^tan"' x^ - [xtaxC^ X - \n\/x^ + + j ^tan"'[parts with a = w,dv — sec^ wdw] 

= j (jc^ + l) (tan"';c) — x tan”' x + ln\/x^ + I + C 

or j (x^ + (tan"' .tc^ - x tan”' rc + j In {x^ + + C 

pOQ 1 \ 

33. / - xdx= lim / - t dx = lim / ( (it + 1)"^ 2djc 

Jl (2.1+ 1)5 (2a:+ 1)5 5 


lim 


1 ] 

'=-i lim 

1 r 

4(2a + 1)5J 

j 4 t^oo 

.(2t + l)5 9. 


34. 


f 


dx 


= lim 


/' 


1 


1 


(a + 1)5 (a + 2) '-->o°yo \_x+2 A + 1 (a + 1) 

= 1 - ln2 


4V 9/ 36 

L_^lrfA= lim 

|-1)5J '^°°L V^^ + l/ Jt + lJo 


35. f dx = lim / dx = lim f2v^ InA — 4 Va]^ 
Jo -Jx 1 ^ 0 +J, Va M 0 +' ■" 


= lim r(2-21n4-4-2)-(2V(lnt-4V7)l”(41n4-8)-(0-0) = 41n4-8 
t->o+ '■ 

(») Let a = InA, rfo = Ja => rfa = - dA, t) = 2v'a. Then 
Va a 


[ Ja = 2v'a InA - 2 f = 2v^InA - 4 Va + C 

y V V2t 

(**) lim (2Vtlnr) = lim S lim —p-^TT = hm (-4Vt) =0 
^->0+' ' ,_>0+t-'/5 ,_>o+ -ir-3/2 /^0+' ^ 

1 dx f ^ 

36. Let u = -. Then du =- j, so / —~ dx~ du = 

JC J \/A 


38 t5 + i _ (r5-l)+2 2 

t2-l t2-l (r + l)(t-l) 


. Now - 


+ B 
■ + ■ 


(r + 1) (r - 1) t + 1 t - 1 

2 = +(r - 1) + B (/ + 1). Letting t = 1 => B = 1 and letting4 = -1 => + = -l.So 


Jo ~ ^ Jo \ f + 1 t — \) 6-) 


lim [? - In [/ + 11 + In 1/ - 1 |]g 
6 ^ 1 - 


I* r/ 

b~\ \ 1 

= lim I 6 + In 

1-0 + 0 

Jo *->1" L\ 

6 +1 y j 


-oo. Divergent 
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= lim - i — + 'it '^^1 = 00. Divergent 

(->0+ ^ J 
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47. lac?6 6 dO — Jq u^du [u = tanS, du = se?dd9] = ^ = J “ ® = J 


«• /-3 x^l + i?<^jc =: 0, since the integrand is an odd function. 


, Let u = 2x Then 


dx 


_ \du _l f° du I _ 

j-oo + 4 2 y_oo u^ + 4^ 2 Jo U- 


du 


I-x 4x^ + 4j( + 5 y_oo + 4 2 y_oo + 4 ^ 2 io + 4 

=j [i (2“)], + 2,1™ [2 (2“)]! 

=?[o-(-f)]+Uf-o] = f 


„ tan * jc , /■' tan ' j: , 

50. / ;;— dx = lim / =— dx 


J 


tan ^ X 


dx = - 


Integrate by parts: 
tan"' X f \ dx 


7; 


tan 


j; 1 + ;t2 X 

■ + In |;j I - j In + 1^ + C 


J 


+ 1 


dx 


- tan ^ 7c 1 , x^ 


+ C 


Thus, 


j: 


tan 


- dx ■■ 


■■ lim 
1^00 


tan" 


^ 1 , 

-1- r In 

2 ;c2 


+ 1 


= lim 

r->oo 


tan" 


h 1, ? 


= 0T-ilnl + ^4*lln2 — ^ 4 - 2 



51. We first make the substitution f = ;c + 1, so In + 2:>c + 2) = In [(x + 1)^ + l] = In {? +■ l). Then we use 
parts with « = In + 1), dv = df. 


y'ln(7+l)rfr = rln(7 + l)-|i|;^=rln(7 + i)-2y^ 

= i In^/^ + 1^ - 2 j ^1 - rfr = tin + 1^ - 2t + 2arctant + C 

= (jt + 1) In + 2 a: + 2^ — 2jc + 2 arctan (at + 1) + where K = C — 2 


[Alternatively, we could have integrated by parts immediately with 
M = In (rt^ + 2 a + 2 ).] Notice from the graph that f — 0 where F has a 
horizontal tangent. Also, F is always increasing, and / > 0. 



-2 
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52. u = + I => = u — \ and xdx = ^ du, so 

= ^ (|«3/2 _ 2„i/2^ + c = i + 1)'/" - [x^ + \f^ + C 
= \~Jx^{x'^ -2) + C 



53. From the graph, it seems that Jg” cos ^x sin^ x dx — 0. To evaluate the 
integral, we write the integral as / = cos^ jc (l — cos^ x) sinA: dx and 
letw = cos;c =» ii/w = —sinjc Thus, 

^ = // (* - (-'/“) = 0 



54. (a) To evaluate / x^e ^ dx by hand, we would integrate by parts repeatedly, always taking do = e ^ and starting 
with M = AC*. Each time we would reduce by 1 the degree of the a- factor. 


(b) To evaluate the integral using tables, we would use Formula 97 (d) 

(which is proved using integration by parts) until the exponent of 
AC was reduced to 1, and then we would use Formula 96. 

(c) /Ac*e”^ dx = — (4ac* + IOac'* + 20x* 

-F30x^ + 30 a -H5) +C 

-2 

55. M = e* => du =e^ dx, so 

/c-'Vl — dx = J -JX —u^ du = jaVl - u^ + j sin“' « + C = j j^e^Vl — + sin“* (e^)j + C 

56. / csc^ t dt = — I cot (CSC* ( + | / csc^ tdt = - j cot (esc* ( + | j^—j csc( cot( + 5 In |csc( — cot(|j -F C 

= — I cot ( CSC* ( — I CSC (cot ( + I In |csc / - cot (I -F C 

57. « = AC + j => du = dx, so 



58. u = sin AC => du = cosxdx,so 



J 


/I + 2 sin;c 


57 with - - . -:— 

/ du a=\,b=i, v1 + 2m- 1 ^ , vl+2sin;c-l ^ 

/ — ■ ■ = In . - + C = In ■ ; ■■■ = - + C 

J w-v 1 "h 2w -j- 2w -{-1 •>/l T 2 sin.x -I- 1 
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59. (a) ^ 
du 


— — y/a^ — m 2 — sin ^ { 

-) + c 

u V 

M/ 


1 -^ 1 1 1 

= _!— - - , r • — 

yj\ — u^ja^ Q 


= (a^-u^y'‘^ 


■ (a^ - «2) + 1 - 1 


•Ja^ — u^ 


(b) Let M = a sin (? du = aco^O d9, {\ — s\r^ 0) = 8. 


f -Ja^ - , r cos2 8 [ \ - stf 8 f / j ^ ^ 

/ - 5 - du= — -=— d8 — -=- d8= (csc^O — \ ) d9 = — cot^ — 9 + C 

} J a^sin^e J s\!?8 7 ^ ' 


sin^e 


sin^ 8 
~Ja^ — u^ . _| 


sin^6i 

0-- 


60. Work backward, and use integration by parts with U = u *" and dV = (a + bu) du 


dU = ———anj F = Y Vo + bu, to get 
u" b ® 


/--^L=== f UdV = UV- f VdU = 

J w” ^'s/a -{■ bu J J 


2y/a + bu 2{n — \) f ^a + bu 


bu'^ ^ 

2sja + bu 2{n — \) f a-\-bu 


f ^/a + l 

J M” 


- du 


bu” 


■ + - 


7 - 

J u” 


■s/a + bu 


du 


2s/a^bu f du 2a{n~\) f du 

= bu”-^ +2(«-i)y - j 


+ bu 


Rearranging the equation gives 
du 


2a {n ~ 1) 


h 


du 


2s/a + bu 


h 


"y/a + bu bu’'-' 

-\Ja + bu b (2« — 3) 


-Ja + bu a («-!)«" * 2a (n — 1) 




(2« - 3) 
du 


f du 

J u”~^y/a 


+ bu 


s/a + bu 

— f} y” Wv j. r°° y« / 


61. For o > 0, /o°°7c" dx == ^lim {n + 1)]^ — oo. For n < 0 , “ fo 

integrals are improper. By (8.8.2), the second integral diverges if — 1 < « < 0. By Exercise 8.8.57, the first 
integral diverges ifn < —1. Thus, x” dx is divergent for all values of n. 


62. I 


■f 


: lim 

l-^CX> 


. 99 with 

r ^ox 1 

[ e^^cosxdx lim 

Jo 

e 

-(^7COs;r + sin;r) 

_a^ + 1 


• (aCOS / + sin/) ■ 


(a) 


—z - lim Te^Wacos/+ sin/) — fll. 

a2 + l/^ool- ^ J 


I 7 . 1 ' oixuj 7,1 

+ 1 + 1 

For a > 0, the limit does not exist due to oscillation. For ^7 < 0, lim (a cos / + sin /)] = 0 by the Squeeze 

/-.oo ^ .* 

Theorem, because le"' (acost + sinr)| < e" (|a| + 1), so / = ^ 5 -!— (—a) = —o-. 

a2 + 1 a2 + 1 


63. / {x) = vm?,Ax = 


b -a _ \ -0 _ 1 

n ” 10 ^ To 


(a) no = ^ {/(O) + 2[/(0.1) + /(0.2) + ■ • ■ + /(0.9)] + /(!)}«< 1.090608 

(b) Mio = [/ (^) + / (li) + / (^) + • • • + / (§)] =« 1.088840 

(c) 5,0 = To^- [/ (0) + 4/ (0.1) + 2/(0.2) + ■ ■ ■ + 4/ (0.9) + / (1)] 1.089429 

/ is concave upward, so the Trapezoidal Rule gives us an overestimate, the Midpoint Rule gives an underestimate, 
and we cannot tell whether Simpson’s Rule gives us an overestimate or an underestimate. 
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It Q 

64. f(x) = Ajc = ^ 

(a) r,„ = 5 ^ {/(O) + 2 [/ (§) + / (^) + ... + / (H)] + /(§)}=« 1.185197 

(b) M,o = ^ [/ (^) +/ (!l) + / (t) + ■•• + / (^) + / (t^)] « 1.201932 

(c) Sio = [/(O) + 4/ (§) + 2/ (^) + ... + 4/ (2|) + / (l)] ^ 1.193089 


/ is concave downward, so the Trapezoidal Rule gives us an underestimate, the Midpoint Rule gives an 
overestimate, and we cannot tell whether Simpson’s Rule gives us an overestimate or an underestimate. 

65. fix') = (1 f(x) = i (1 (4^3) =2x^ {\ + x'^)~', f" (x) = {2x^ + 6x^) (l A 

graph of /" on [0, 1] shows that it has its maximum at x = 1, so |/" (x)| < /" (1) = \/8 on [0, 1]. By taking 

K = V8, we find that the error in Exercise 63(a) is bounded by ^ 0.0024, and in (b) by about 

^ 12«2 1200 ^ ^ 

\ (0.0024) = 0.0012. 

Note: Another way to estimate K is to let x = 1 in the factor 2x^ + 6x^ (maximizing the numerator) and let x = 0 
in the factor (l 4- x'*) (minimizing the denominator). Doing so gives us 7T = 8 and errors of 0.0067 and 0.003. 


Using /E = 8 for the Trapezoidal Rule, we have |£/.| < 


K(b- af 


\2n^ 


< 0.00001 o 


8 ( 1 - 0 )^ 

12«^ 


1 


100,000 


n > 


800,000 
12 


o n > 258.2, so we should take n = 259. 


For the Midpoint Rule, \Em\ < ^ < 0.00001 


24n^ 


, 800,000 ^ , ,, , 
n^- > - <=> n> 182.6, so we should take 

_ 24 ~ . 


n = 183. 


66 . // ‘idx^S6 = [/ (1) + 4/ (1.5) + 2/ (2) + 4/ (2.5) + 2/ (3) + 4/ (3.5) + / (4)] =« 17.739438 

67. Ar= (^-0)/l0 = i. 

Distance traveled = ndt ^ Sio = [40 + 4 (42) + 2 (45) + 4 (49) + 2 (52) 

+ 4 (54) + 2 (56) + 4 (57) + 2 (57) + 4 (55) + 56] 

= y|o (1544) = 8.57 mi 

68. We use Simpson’s Rule with « = 6 and At = = 4 : 

Increase in bee population = r {t)dt Sg 

= I [r (0) + Ar (4) + 2r (8) + 4r (12) + 2r (16) + Ar (20) + r (24)] 

= I [0 + 4 (300) + 2 (3000) + 4(11,000) + 2 (4000) + 4 (400) + 0] 

= f (60,800) =« 81,067 bees 
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69. (a) / (;ir) = sin (sinx). A CAS gives 

(x) = sin (sin;() j^cos'' x + 1 cos^ ;c — 3 j 

+ cos (sin.x) j^6cos^ j; sinjc + sinjcj 

From the graph, we see that [/('** (;c)| < 3.8 fort: e [0,a:]. 

(b) We use Simpson’s Rule with / (;c) = sin (sintc) and Ate = -jj i 

/* / (^) =« UTT [/ (0) + 4/ (i^) + 2/ (^) + • ■ • + 4/ (^) + / (tr)] =» 1.786721 

From part (a), we know that (t:) < 3.8 on [0, tt], so we use Theorem 8.7.4 with K = 3.8, and estimate the 
error as |£sl < =« 0.000646. 

(c) If we want the error to be less than 0.00001, we must have |£ 5 | < < 0.00001, so 

— 180 ( 0 ^ 00001 ) ^ 646,041.6 => n > 28.35. Since n must be even for Simpson’s Rule, we must have 
« > 30 to ensure the desired aceuracy. 

70. With an t:-axis in the normal position, at t: = 7 we have C = 2iri- = 45 => (2) = . Using Simpson’s Rule 

with n = 4 and At: = 7, we have 


^ = lo^ ^ ^ Mf dx^ S4 = I 


0 + 4. (f + 2. (i)^ + 4. (If)^ + ol = 2 (1^) 4051 em^ 


1 £00 I 

71. ——r < —F =-^ for;c in [I, oo). / -«• is convergent by (8.8.2) with p = 2 > 1. Therefore, 

Jx x^ 


X^ -\-2 X^ 

/•oo .^.3 

- dx is convergent by the Comparison Theorem. 


2 V 2 

0 


72. The line y = 3 intersects the hyperbola = 1 at two points on its upper branch, namely ^—2 V2, 3^ and 

( 2 ^/ 2 , 3^. The desired area is 

A = (3 — ^/x^ + dx = 2 ^3 - ij dx=2 |^3jc - jx^x'^ + 1 — ^ In + Vx^ + l^j 

2\/2 

= [6;c - xx/xm - In (;c + \/t:2 + = 12V^ - 2v^ -3-10 ( 2 V 2 + 3) = 6^2 - In (3 + 2y/2j 

Another Method: A = 2 ^ — 1 dy and use Formula 39. 

73. For:c in [ 0 , I-], 0 < cos^.x < COS.X. Forx in [y, ;r], cosa: < 0 < cos^x. Thus, 

area = (cosa: — cos^ jc) dx 4- ^ “ cos.x) dx 

= l^sinjc — jx — ^ sin2A:j^ + [^ 5 ^ + \ sin2A: — sinA:j ^ 

= [(l-T)-0] + [f-(f-l)]=2 
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74. The curves y = ——;= are defined for x > 0. For .x > 0, 


2 ± y/x 


2 — y/x 2 + y/x 


Thus, the required area is 


f' ( -^=- '—)dx=['(:^ -2n (put « = Vx) =2 f ( - du 

Jo \2 —Vx 2 + y/xJ Jo \2 — u 2 + u) Jo \ u —2 u + 2) 

= 2 —-l + ^)dM=2r21n ?i±^|-2«l'=41n3-4 

Jo \ u — 2 m + 2/ [ w —2| Jo 

75. Using the formula for disks, the volume is 

V ~ n [f dx = TT (cos^ dx = k (1 + cos2x)j dx 

— T + cos^2a: + 2cos2;ic) dx = j |^1 + ^ (1 + cos4x) + 2cos2:xj dx 

= I [i^ + I (? + 2 (5 = 7 [(t + S ■ 0 + 0) - 0] = ^ 

76. Using the formula for cylindrical shells, the volume is 

V = 2.Kxf (x) dx — 2it Jq'^^x cos^ x rfx = 2;r x (1 4- cos2x)j dx = 2 n (x + x cos2x) dx 

= ;r^j^jx^j ^ + j^x ^5 sin2x^ jsinlx dx^ (parts with n = x, rfu = cos2x rfx) 

= ilf + 0 - 5 [-5 ‘:os2x]^^ = 4 + 7 = S ^ 

77. By the Fundamental Theorem of Calculus, 

/“ /' {x)dx= lim /' (x) rfx = hm [/ (t) - / (0)] = lim / (t) - / (0) = 0 - / (0) = -/ (0) 

■d'd t-^QO /—>CO 

78. (a) (tan”'x) = lim —^— f tan”'xt7x= lim {- [x tan”* x — i In f 1 + x^)] 

V /ave /—>00 t — 0 Jo /->co [ t \. ^ V /-lo 


= lim 
/-»00 


y ^Man W - j In (l + = ^lim 


tan * / • 


ln(l+^^) 


2 / 


H 'f 2t/(l T-r^) 71 n 

= — - hm —*-7- ^ = — - 0 = — 

2 t^(x> 2 2 2 

(b) / (;c) > 0 and f (:c) dx is divergent => ^Ih^ Jj / (x) dx = oo. 

/ave= lim ^2jJJ~J^dx= lim (byFTCl) = lim / (x), if this limit exists. 

/->oo t—a t-*oo 1 x^co 

(c) Suppose f ix)dx converges; that is, lim /j f {x)dx = L < oo. Then 


/ave = lim 


(d) 


—^— f / (^) = 1™ —^— '1™ f f {x)dx = 0 ■ L = 0 

t-aJa'^^ \ i->oot-a '->00J^ 

If' /I A / cost 1\ . 1-cost 

(sinxlove = lim - / sinx dx = hm I - [- cosxlT I = hm I -H “ I = hm -= 0 

^ t^OO t Jo (-+oo\t “/ l^oo\ t t) >->oo t 
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79. Let u — Ifx 


x — lju => dx = — {Xju^^du. 


h l+x^ ioo 1 + 1/“^ \ “V iooW^ + l yool + “^ io l+M^ 


Therefore 


f 

JO 


!n:c 


; dx ■■ 


pOO 

Jo T 


ln;c 


:dx =0. 


Jo I + Jo l-\-x‘^ 

, If the distance between P and the point charge is d, then the potential F at P is 


V = W = f Fdr=[ dr = lim 

Jco Joo 4}rEor-‘ i->oc 


g 

4;reo 


id 


-±- lim 
4;r6ro 


im = - 

-»oo \ d t) 


9 


Aneod 
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By symmetry, the problem can be reduced to finding the line x = c such 
that the shaded area is one-third of the area of the quarter-circle. The 
equation of the circle is y — \/49 — x^, so we require that 
= I ■ (7)^ o 

V49 — x^ + y sin“* = jf''' (by Formula 30) o 

jc\/49 — + y sin“* (c/7) = 

This equation would be difficult to solve exactly, so we plot the left-hand 
side as a function of e, and find that the equation holds for c 1.85. So 
the cuts should be made at distances of about 1.85 inches from the center 
of the pizza. 


f 1 f dx f x^ \fdu , 

J x^-x j x{x^-\) J x^[x^-\) 6/ m ( k -1) 

= 2 f Z ('"I" “ ll -ln|"l) + C = 2^A~ -- 

(i J \u — \ u J 6 6 j u 


1, x^-l 

= 7 -c— 

6 


+ C 


Alternate Method: 


[ y!— dx = [ - y dx [u = \ - X du = 6x ’ dx] 

J x^ -X J \-x-^ 

= 7 / —= zln|M|-t-C = iln[l—x“^j-t-C 
6 J u " "I I 

Other Methods: Substitute « = or = sec (9. 


+ C 


3 . The given integral represents the difference of the shaded areas, which appears to 
be 0. It can be calculated by integrating with respect to either x or y, so we find x 
in terms of y for each curve: y = -v/1 — x’' => x = — y^ and y = -v^l — x^ 

=i X = ^1 — y’’, so 

/o' (’5^1 -y’’ - v'l dy = Jo {V\ -x3 - -x’) dx 

But this equation is of the form z = -z. So 

/q* - x’’ - V\ — x^^ rfx = 0 
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4. (a) The tangent to the curve y = f {x)ai.x — xn has the equation y - f (:ro) = /' (jto) (x - r:o)- The y-intercept 
of this tangent line is / (xo) - f (xo) xq. Thus, L is the distance from the point (O, / (a:o) - /' (jco) xo) to the 


point (xo, f (rco)). That is, =xl + [/' (jco)]^ xl, so [/' {:to)]^ =-and /' (jro) ^ 

^0 


for 


each 0 < rro < L. 


dy 




4T?- 


= L I ^ ~ ' dG = L [ (sin6i - 
J sinO J 


—LcosOLcosOdO 


(where j: = L sinG) 


L sinO 

CSC 0) do = —L cos 0 + L\n |csc 0 + cot 6*1 + C 


= + t In^^ + . 


+ C 


When = I, 0 = y = -0 + L In (I + 0) + C, so C = 0. Therefore, 


' = + L In 




5. Recall that cos A cos B = j [cos (A + B) + cos (A — B)]. So 

/ (x) = cos t cos (x -t)dt = \ [cos (t + X - t) + cos (t - X + t)]dl 

= J [cos V + cos (2t - jc)] rft = J 1^/ cos JT + J sin (2t - 

= I cosjc + J sin (2;r — x) — \ sin (-x) = |- cos:i: + ^ sin (—x) — \ sin (-rr) 

= J cosa: 

The minimum of cos;c on this domain is -1, so the minimum value of / (x) is f (it) = 

6. n is a positive integer, so 

/ (Inx)" dx = X (\nx}" - f X ■ n (Ini)""' (dx/x) (by parts) = i (Ini)” - n J (Ini)""' dx 

Thus, 

/o' (Ini)" dx = lirn^ /' (Ini)" dx = lirn^ [i (Ini)"]' - // Oti)""' dx 

= — lim - n f (Ini)”"' dx = —n f (Ini)"”* dx 

(-> 0 + 1/t Jo Jo 

by repeated application of I’HospitaTs Rule. We want to prove that fg (Ini)" dx = (-1)" n! for every positive 
integer n. For n = 1, we have 

/o' (Ini)' dx = (-1) /o (Ini)" dx = - fg dx = -1 ^or /J Ini rfi = ^Uity [i Ini - x]‘ = -1^ 
Assuming that the formula holds for n, we find that 

/o' (lni)"+' rfi = - (n + 1) /o' (Ini)" dx = - (n + 1) (-1)" «! = (-1)"+' (« + •)! 

This is the formula for n + 1. Thus, the formula holds for all positive integers n by induction. 
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7. In accordance with the hint, we let h = (l — dx, and we find an expression for in terms of 4. We 

integrate 4+1 by parts with M = (1=> du = (k + \) [\ - x'^f (-2x), dv = dx => »=x, and 

then split the remaining integral into identifiable quantities: 

4+1 = X (l - ^ + 2 (<: + 1) /„* (1 - X^f dx = (Ik + 2) /J (l - x^f [l - (l - x^)] dx 

= (2k + 2) (4 - 4+0 

So 4+1 [1 + (2k + 2)] = (2A + 2) 4 => 4+i = Now to complete the proof, we use induction: 

2® (0!)^ 

^0 = 1 = —j-j—, so the formula holds for n = 0. Now suppose it holds for n = k. Then 

h , = + ^ j, - + ^ r _ Hk + 1) 2^* (k\f _2(k+\) 2 (A + 1)2^* (k\f 

^ 2A + 3 * 24 + 3 (24+1)! ~ (24 + 3) (24 + 1)1 “ 24 + 2 ' (24 + 3) (24 + 1)1 

_ [2(4+ 1)]2 22* (41)2 22(*+1) [(4 + 1)!]2 

(24+ 3) (24+ 2) (24+ 1)1 ~ [2 (4+1) + !]! 

So by induction, the formula holds for all integers n > 0. 

8. (a) Since — 1 < sin < 1, we have 8 

-/(^) < /(x) sin nx < /(x), and the graph of 
+ =/(x) sinoscillates between f (x) and -/(x). (The 
diagram shows the case / (x) = and n = 10.) As n -> oo, 
the graph oscillates more and more frequently; see the graphs 
in part (b). 

(b) From the graphs of the integrand, it seems 
that lim [} f (x) sin nx dx = 0, since as n 

increases, the integrand oscillates more and 
more rapidly, and thus (since /' is 
continuous) it makes sense that the areas 
above the x-axis and below it during each 
oscillation approach equality. 

(c) We integrate by parts with « = /(x) => du = f (x) dx, do = sin nx dx => „ = 

n 

, r /(x)cosnxl' /■' cosnx „ 

/ f(x)smnxdx= / - f (x)dx 

Jo L « Jo 20 « 

= a (fo oos nxf (x)dx - [/(x) cosnxjj) 

= « [/o oosnxf (x) dx + / (0) - / (1) cosn] 

Taking absolute values of the first and last terms in this equality, and using the facts that |a ± /?| < |a| + |/?|, 
fo /(x)dx < /q 1/(x)|dx, |/(0)| = / (0) (/is positive), |/' (x)| < A/forO < x < 1, and |cosnx| < 1, 

|/o /(x)sinnxdx| < i [|/„' Mdx\ + |/(0)| + |/(1)|] = [M+ |/(0)| + |/(1)|] 

which approaches 0 as « —> oo. The result follows by the Squeeze Theorem. 
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9 , 0 < a < b. Now 


/■' /■* «' 

/ [bx + a {I — x)]' dx= — -- du [put u = bx + a {I - x)] = 

Jo Ja {b - a) 


„'+l 


(t + \){b-a) 
ft'+l _«<+! 1 




^'+1 


■ (t+\)(b-ay 


r b^^^ — ri 

Now 1613 ^ = 11111 --—--- . Then Iny = lim -In , 

noL(l +l)(i-a)J ,^o[/ (< + l)(6-a)J 

is of the form 0/0, so we can apply THospital’s Rule to get 


This limit 


Iny = lim 
»-»o 


h'"*"' Inh — a'"**’ Ini 


h'+' — a'+' 

( j4\l/(*-<!) 

— I 

a") 


1 

' t + 1 


h ln6 — a Ina 


- 1 = 


blnb 
b — a 


a In a 
b — a 


■ In e = In 


jybUb-a) 
g^o/(4-a) ■ 


10 . 


1.2 



From the graph, it appears that the area under the graph of f (x) = sin (e*) on 
the interval [1, r + 1 ] is greatest when t =» —0.2. To find the exact value, we 
write the integral as I — //'*'’ / (x) dx = Jj’*'* / (x) dx — /J / (x) dx, and 
use FTCl to find dl/dt — /(( + !)-/(() = sin (e'"*’’) — sin (e') = 0 when 
sin = sin (e'). 


Now we have sinx = siny whenever x — y = 2kn and also whenever x and y are the same distance from 

(k + ^]t,k any integer, since sinx is symmetric about the line x = tt. The first possibility is the more 

obvious one, but if we calculate e'"’’’ — e' = Ikn, we get t = In (Ikn / (e — 1)), which is about 1.3 for i = 1 (the 
least possible value of k). From the graph, this looks unlikely to give the maximum we are looking for. So instead 
we set e'+'- + i) TT = (A: + rr - e' <=> e'+' + e’ = (2k + \)7i o e' (e + \) = (2k + \)n <t=> 

f = In ((2A; + 1) ;r/(e + 1)). Now A = 0 =?• / = In (;r/ (^ + 1)) —0.16853, which does give the maximum 

value, as we have seen from the graph of /. 


11. We integrate by parts with u ■■ 


!n(l 4-x +0 
V ~ — cost. The integral becomes 


dv — sin t dt, so du~- 


-1 


(l+;c +0 [ln(l+x + 0r 


and 


sintdt 

I = -— -- = lim 

Jo In (1 “1- X r) b—¥(X} 


■f 


cost dt 


j, —cos 6 
b-^co In (1 + x + b) in (1 


ln(l+x+t)Jo Jo (1+x + r) [ln(l + X + 
— cos t dt 1 


1_ r 

+ 2 ;) Jo 


(l+x + 0[ln(l+x+0f ln(l+x) 


+ d 


where J 




• cost dt 


(1 + X + ^) [In (1 -j- X +1)] 



PROBLEMS PLUS □ 651 


Now — I < - cos / < 1 for all (; in fact, the inequality is strict except at isolated points. So 
dt . r'=° dt 


-f 


(l+;c+0 [ln(l+:c + 0r 
1 , 1 


< J < 


/ 


< J < 


o 0 < / < 


(1+x+O [ln(l+x + Or 
2 


ln(l+x) ln(l+x) ' ' 'ln(l+jc) 

12. (a) r„ (x) = cos(narccosx). The domain of arccos is [—1, 1], and the domain of cos is R, so the domain of 71, (x) 
is [—1, 1], As for the range, 7b (x) = cosO = I, so the range of 7b (x) is {1), But since the range of narccosx 
is at least [0, ;r] for n > 0, and since cosy takes on all values in [—1, 1] for y e [0, ar], the range of Tb (x) is 
[-1, 1] forn > 0. 


(b) Using the usual trigonometric identities, Tb (x) = cos(2arccosx) = 2 [cos (arccosx)]^ — 1 = 2x^ 

Tb (x) = cos (3 arccosx) = cos(arccosx + 2arccosx) 

= cos (arccosx) cos (2 arccosx) — sin (arccosx) sin (2 arccosx) 

= x ^2x^ — 1^ — sin(arccosx) [2sin(arccosx)cos (arccosx)] 

= 2x^ - X - 2 l^sin^ (arccosx)j x = 2x^ — x — 2x |^1 — cos^ (arccosx)j 
= 2x^ — X - 2x ^1 — x^^ = 4x^ — 3x 

(c) Lety = arccosx. Then 


1, and 


Tb+i (x) = cos [(n + l)y] = cos (y + ny) = cosy cos ny — siny sinny 

= 2 cosy cos ny — (cosy cos ny + siny sin ny) = 2x T„ (x) — cos (ny — y) 
= 2x7’„(x)-7'„_i(x) 


(d) Here we use induction. 7b (x) = 1, a polynomial of degree 0. Now assume that Tk (x) is a polynomial of 

degree k. Then Tky\ (x) = 2xTk (x) — 7b_i (x). By assumption, the leading term of 7]t is a*x*^, say, so the 
leading term of 7i+i is Ixa^x'' — 2 oix*+', and so 7i+i has degree k+\. 

(e) T) (x) = 2 x 73 (x) — Tb (x) = 2x (4x^ — 3x) — (2x^ “ 0 “ 

Ts (x) = 2 x 74 (x) - Tb (x) = 2x (Sx"* - Sx^ + l) - (ix^ - 3x) = Ihx^ - 20x3 5 ^^ 

Te (x) = 2 x 7-5 (x) - Tb (x) = 2x (idx^ - 20x3 _ g ^2 + 1) = 32x^ - 48x'* + ISx^ - 1, 

Tb (x) = 2x7-6 (x) - Ti (x) = 2x (32x'^ - 48x'' + 18x3 _ + 5x) 

= 64x’ - 112x3 ^ 55^3 _ 


(f) The zeros of T„ (x) = cos (n arccosx) occur where n arccosx = kn + ^ for some integer k, since then 
cos (n arccosx) = cos [kn + 1) = 0. Note that there will be restrictions on k, since 0 < arccosx <m. 'fie 


continue: narccosx —kn + j <=> arccosx = 


kn + ^ kic + J 

- -. This only has solutions for 0 < - — < it 


polynomial of degree n.] So, taking cosines of both sides of the last equation, we find that the zeros of T„ (x) 


kit + J 

occur at X = cos- k an integer with 0 < k < n. To find the values of x at which T„ (x) has local 

n 

—n n sin (n arccosx) 

<=> sin (n arccosx) = 0 <=> 


extrema, we set 0 = (x) = — sin (n arccosx) 


x/T 




n arccosj’c = kit, k some integer <=> arccos;c = kit/n. This has solutions for 0 < /: < «, but we disallow 
the cases ^ = 0 and k = n, since these give x = I and ;c = — 1 respectively. So the local extrema of T„ (x) 
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occur atx — cos {kn/n), k an integer with 0 < k < n. [Again, this seems reasonable, since a polynomial of 
degree n has at most (n — 1) extrema.] By the First Derivative Test, the cases where k is even give maxima of 
T„ (x), since then n arccos [cos {kji/n)] = A:;r is an even multiple of ;r, so sin (n arccosx) goes from negative 
to positive at x = cos (kizIn). Similarly, the cases where k is odd represent minima of T„ (x). 



(i) From the graphs, it seems that the zeros of T„ and T„+\ alternate; that is, between two adjacent zeros of T„, 
there is a zero of T„+\, and vice versa. The same is true of the x-coordinates of the extrema of T„ and ; 
between the x-coordinates of any two adjacent extrema of one, there is the x-coordinate of an extremum of the 
other. 

(j) When n is odd, the function T„ (x) is odd, since all of its terms have odd degree, and so /^j T„ (x) dx = 0. 
When n is even, T„ (x) is even, and it appears that the integral is negative, but decreases in absolute value as n 
gets larger. 

(k) X!, r„(x)c;x = x!, cos (narccosxjiix. We substitute h = arccosx => x=cosu => dx = —sinudu, 

x = —1 => M = 7r,andx = l => u = 0. So the integral becomes 


cos (««) sin u du 


- / i [sin {u — n 

Jo 


u) -|- sin (« -(- nu)] du 


1 r cos [(1 — n) u] cos[(l-F «) h]‘" 

2[ «- 1 n + \ 0 

r 1 r/ -1 -1 W 1 1 M r ■ 

- I - - -r I - I - I if n IS even 2 . „ . 

2 I \n — 1 n-l-1/ \n-l n + lj\ —=- if« is even 

= = — I 

--—'ll ifuisodd 0 if n is odd 

2 [\n - 1 n + \) \n — 1 «-f 1/J 

(1) From the graph, we see that as c increases through an integer, the graph of / gains a local extremum, which 
starts at X = — 1 and moves rightward, compressing the graph of / as c continues to increase. 







Further Applications of Integration 


Arc Length 


^.y = 2-yx => /- = /-2 y ' + ^dy/d.x)^ dx = + (-3)^ dx = ^\\ - (-2)] = 3,/To. 

The arc length can be calculated using the distance formula, since the curve is a line segment, so 


t = [distance from (-2.8) to (l,-l)| = ^[1 - (-2)]2 + [(-l) _ 8p = Vw = 3./io 

, we get 


Z Using the arc length formula with y = v'4 — 


dx 


V4^’ 


= 2 lim^ ^sin"' (-*/2)j = 2 lim^ j^sin*' I — sin"* (//2)j = 2 (y - 0) = t 
T he curve is a quarter of a circle with radius 2, so the length of the arc is ^ {In • 2) = ;r, as above. 


3.^2 = (x-I)5.y = (x-l)3/2 =, g = 3(.,_,)l/2 


'+(§) =I + |U-I). So 


/- = + = S^^.dx = [M {!. - ^ 


dx 




- /'-(I)’ 


f2 



From the figure, the length of the curve is slightly larger than the 
hypotenuse of the triangle formed by the points (1,0). (3,0), and 

“ I* O. /(3)) ^ (3, 15), where >> = f (x) = j (jt^ - This length is 
about V153 +22 w 15, so we might estimate the length to be 15.5. 


y = ? (.x2 - 1)’/^ 


y = (2r2-l)'/^(2v) 


I + (y) = 1 -f- Ax- (.v^ - 0 = 4.t'* - 4.v^ + 1 = {2x^ - I) , so. using the fact that — I > 0 for 1 < .t < 3, 
L = /’ ^(2x^-\fdx = |2.2 -X\dx = /’ {2x^ -\)dx = -x]' = (18 - 3) - - l) = f = 15.3 
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From the figure, the length of the curve is slightly larger than the 
hypotenuse, which is about J + (j) ^ O-b- so we might estimate 


the length to be about 0,7. y = — 

6 2a: 


^22 


l + (.vf = ^ + ^ + ^ = (-^ + ^).so.us 


using the fact that the 


parenthetical expression is positive. 

= (? “ 5 ) ~ ~ ^ 

7. y = } + 2)’^^ => r/y/t/,v = |(x^ + 2)'^^(2t) =x>/x5T2 => 

1 + (rfy/r/x)2 = I + x2 (x- + 2) = (x2 + 1)^ So i = /o' (x^ + |) dx = [^x^ + ^]o = J 
. .. _ ^ dy __ I ^ , /</y V _ .2 ,1 . I ... 


8>' = T-— =" ;*="-4T ^ ' + Uj =" +2 + Ti^ ^ 

f* / 1\, In-'f / 2'n2\ /, In2\ ^ In2 


„ x'' I </v , I 


= I + X* - i = X* + i + -j-T. So 

2 I6x* 2 16x^ 


/. = (x’ + lx-’)r/x = [Ix^ - Ix-^]; = - (1 - •) = m. 

10. X = ^yytv-3) = jy’/2-y'/’ => r/x/r/y = Jy''2 - ^y-'/2 => 

1 + (dx/dyf = I + I (y - 2 + y-') = i (y + 2 + y-') = [i (y'/^ + y-'^^)]\ so 

1 = /o \A + (dx/dy)^dy = ^ (y'l- +y-''’)r/y = ^fim^ /’ J (y'/^ + y-'^^) </y 

= lim + = [(9+3)- (l,’/^ + r'.'’)] = .2-0 = 12 


11. y = In (secx) =» ■ 7 - = 


dy secx IanX 


dx secx 


= tanx => I+ (- 7 -I = I + lan^x = sec^x, ‘ 


L = /o*^^ Vsee’X dx = secxrfx = [In (secx + lanx)|J^^ = In ^\/^+ l) — In (I + 0) = In ^>/2 + l) 

12. y = In (sinx) ^ ^ _ cosx _ ^ 1 ^./^) = I + cot’x = csc’x. So 

dx smx \dx / 

>■ = IH/b <=^<=^dx = |ln (esex - eolx)]'^’ = In (^ - ^) - In (2 - x/j) = In 






SECTIONS ! ARC LENGTH □ 655 


,3., = 1 = ^ 


. 1/2 |+.,2 . 1/2 r 

/. = / --^ d .x= - I + 

Jo I — JT' 70 L 


i + i^) =1 + 


4.= (I + .r2)^ „ 

-T = -r. So 

(i-.f 


(I -.V)(l +JC) 


1 

Jx= - 

J ./o L 


I +.t \-x 


= (-A + ln(l + .X)- ln(I -x)|y^ = -^ + In 4 -In^ -0 = In 3 - ^ 


14 . y = Inx 


dy _ 1 
dx X 




'i\’ x/r+7^ 


dx X V V dx / V 

B = VI + .v^, SO B^ = 1 + and b dn = x dx. Thus 


= :^,so/.= r 

v Jl 


• t/.v. Now let 


'■=/* - Xi (' + 1 't 

Or: Use Formula 23 in the table of integrals. 

15. v = cosh.r =s >■' = sinhx => I + (y')^ = I + .sinh"x = eosh^x. So 

I. = /J coshx rfx = [sinhxJn = sinh I = j (e — I/e) 

16. = 4.x, X = |y2 => %='xy => I + (;^)’ = | + ly2. so 

^ So y/l + j.v’r/.v = Jo Vl + • 2du (u = ^y,dy = 2du) 

= Vl + M- + In |« + Vl + = s/^ + In ^I + V2^ 

17. y = e‘ =» y' = e'' I + (y')^ = I + e-'. So 

I-— J \/l +e^' dx — J yi + u^— [h = e*, sox = Inu, t/x = t/i(/uj 

/■•■ Vl +h2 „ P-- , 

— I - - — n = / --w = V I + so 1)*^ = 1 + u\ I) dn = « du 

J\ u- 7^2 -1 L -I 

.+ J/l _ J/l) . U ' 

Jdi V »-■ » + !/ L 2 n4-lJ,/2 

= /rT75-V2+i|n^^-i,n2^ 

2 /fT?+| 2 V^+I 

= v'l +e-’ - v^ + In (yr+y^ _ l) - | _ )„ l) 


Or: Use I'ormula 23 for / ^Vl + k^/u) du. or substitute « = ianO. 
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18. y = \n = ln{r' + 1 ) — ln(e* ■ 


I) 


-2e^ 


l + (.f=l+ 




e* + I \ -\ 

j ; T + 1 e'+c”' co.sh.t 

VI + O' = -TZ —r = - 17 = ^T—• So 

V aiX _ ] gX ^ a X o,. 


(e-'-l)- 

,„sinh,|J = = In 

Ja sinhx " Vsinha/ \e" - ) 

19. 3 , = ,x’ => y = 3.x’ => 1 + {y'f = I + gx^. So L = fg Vl + 9.x< rf.r. 

20. y = 2' => dy/dx = (2') In 2 => i = /q yr+(ln2)^2^ dx 

21 . 3 ' = e*cosx => y = (cosx — sinx) =» 

I + (y')^ = I + e’' ^cos'x — 2cosx sinx + sin^x^ = I + e^' (I — sinlx) 
So /, = yi + (I - .xinlxlrfx. 


sinhx 


22 . 


x^ y- 
y 62 


= I, y = ±bjl — x2/flT _ ±-y/ai -X-. v = „ 

* a a 


T av 


dy 

dx 


-bx 


a-Ja^ — x2 


dyV 62x2 /■" 

dx) - aUa^-x^y ^ 


1 + 


62 x2 


n '/2 


o2(y-.x2) 


dx 


=ir 

a Jo 


(62 - a^) j 


o 2_,2 


y' 


1/2 


dx. 


23. 3 / = x’ =» I + (y)’ = 1 + (3x2)^ = 1 + 9x‘' => /, = /o' yi +9.x*dx. 

Lci /(jf) = Vl + 9^'*. Then by Simpson's Rule with n = 10, 

^ [/ (0) + 4/ (0.1) 4- 2/ (0.2) + 4/ (0.3) + . - ■ + 2/ (0.8) + 4/ (0.9) + / (I)) |.548. 


I </v I / dy\^ 1 / I 

24. V = - => -f- = —r => 1 + I — I = I + -T. Therefore, with / (.x) = ./1 + -r, 
jr fl.v jr^ \ax / \ x^ 

L = /,Vl + I/x<</x=«5io 

= fe4 I/O) + 4/(1.l) + 2/(l.2) + 4/(l.3) + 2/(l.4) + 4/(l.5) + 2/(1.6) 
+ 4/(l.7) + 2/(1.8) + 4/(1.9) + /(2)J » 1.132104 


25. 3* = sinx. I + (rf3’/rfx)2 = I + cos2x, L= /„' /I +cos^xdx. Let g (x) = /1 + cos2 x. Then 

i ^ [g (0) + 4g (i) + 2g (^) + 43r (^) + 2^ (^) + 4g (^) 

+ 2g(^) +4 s(to) +2s(t) +'*s(to) +.K(’f)] 3.820 

26. >» = ian.v =❖ I + (y)' = 1 + sec^ x. So /.. = V I + sec^ .t dx. I.ei g (x) = Vl + sec^ x. Then 

[«(0) + 4fi (ib) + 2« (^) + 4g + 2g + 4g 

+ 2 «(| 5 ) + 4x(35) + 2 ^ +« (f)] )-278 
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27 . 




Let / (x) = y = — x. TTie polygon with one side is just the line segment joining the poinLs 

(0, / (0)) = (0,0) and (4, / (4)) = (4,0), and its length is 4. The polygon with two sides joins the points 

(0.0), (2, /(2)) = ( 2 , 24 ^) and (4,0). Its length is 


^(2 - 0)2 + ( 2-^2 - 0 )^ 4 - yj{4-2f + (o-2i/2y = 2^4 + 2»/3 


6.43 


Similarly, the inscribed polygon with four sides joins the points (0,0), ^1, ( 2 ,2<y2^, (3,3), and (4,0), 

so its length is 


^\ + {V3f + J\ + {2^-^y + Jl + {3-2V2f + VTT9 


7.50 


(c) Using the arc length formula with ~ =x ^^(4 — :c) l)j + y/A — x — the length of the 

curve is /. = [ 


(d) According to a CAS, the length of the curve is i » 7.7988. The actual value is larger than any of the 

approximations in part (b). This is always true, since any approximating straight line between two points on the 
curve is shorter than the length of the curve between the two points. 
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Let f (x) = y = X -{■ sinx. The polygon with one side is just the line segment joining the points 

(0, / (0)) = (0,0) and (lie, f (In)) = (2k, Ik), and its length is ^(2k - 0)^ + (2a - 0)^ = 2-J2k =« 8.9. 

The polygon with two sides joins the points (0,0), (k , f (k)) = (k ,k), and (2k, 2k). Its length is 

y/(K - 0)^ + (x - 0)^ + y/(2K-K)^ + (2K-K)^ = VSjT + V2)r = 2V^T =» 8.9 

Note from the diagram that the two approximations arc the same because the sides of the 2-sided polygon are in 
fact on the same line, since / (ir) = a = j/ (2a). 

The four-sided polygon joins the points (0,0), (|. y -P I), (a, a^^^ - I^, and (2a, 2a), so its length is 

y/(l? + (f + 'f + )' + (f - ')' + y(f)' + (f - + (f + >)^ 9.4 

(c) Using the arc length formula with dy/dx = I -I- cosx, the length of the curve is 

L = fg’ yi -I- (I +Qosx)^dx = Jg’ ^2 + 2 cos x -I- cos ^xdx 

(d) The CAS approximates the integral as 9.5076. T he actual length is larger than the approximations in part (b). 


dx 


29. .X = ln(l-y»^) => — = 


-2y 




dy I — 

(l+z!)' 


\J (I h 

30. y = x*l'> => dy/dx = \x'l'^ => I + (dy/dxf = I -P ^x^^’ =» 

= It [s" (' + 2«^) VI -Pu^ - I In (« + VT + 

= f§| - ^In3 » 1.4277586 


- -(I) = 

^ f'/2 1 -Py2 

Jo 


I + 


4y^ 


_ (i+>-T 


. So 


rfy = In 3 - i [from a CAS) « 0.599 
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= I=» ^ = (|-x2/3)V2 ^ 

g = 1(1 -;c2/5)'/^(-§x-'/2) =-x-'/3(l => 

(gy = x-2/3 (1 - x^!^) = x-^'^ - 1. Thus 

I. = 4jiJl + (x-Vi-l)dx = 4/; x-'/^dx = 4^lim = 6 



32. (a) 


(b) 3- = ;c2/2 => I + (^)' = 1 + = 1 + So 

i = Jo ^1 + ^x~^/^dx (an improper integral), x = =» 

'+ (^)' = ' + (W = ' + !>'■ 

So '■ = la y* + ^ydy- The second integral equals 5 ' J |^(' + !>') ^ j = T! 

The first integral can be evaluated as follows: 

i 7' +S'-"*-/ 



(c) L = length of the arc of this curve from (-1, I) to (8,4) 

= So y> + + Jo yi + hdy = -T n [^(l -E J.v) Ifrom part (b)] 

= ^ (lO/iO- l) = 13/13 + 80710-16 


33. y = 2x^^ 



y' = 3x'^^ =* I + (y')^ = I + 9jr. The arc length function wfith starting point /’o (1,2) is 

s (x)=yrr^ </r = d+91)5/2]^ = ^ [c+- loyio] 

^(3) = /r['‘ + l/(‘*t-)]r/' 

= [}l’-I/(4/)]' 

= ft5-l/(4.t)-(^-^) 

= ft’- l/(4,x)-i forx > I 
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35. The pre>'hits (he ground when y = 0 <=> l80-5^.x^ = 0 <=> .x^ = 45180 =» x = VSIOO = 90. since 

X must be positive. >■' = — ^x I + (y)‘ = 1 + j|jx^, so the distance traveled by the prey is 

<- = 5^ yl^ + dx = yj\ +u^(^du^ l« = *4. <iu = ^dx\ 

y f j m (., + = ^4 [271?+^ m (4+yn)] 

= 45/17+ fin ( 4 + 71?) !» 209.1 m 

36. y = 150 — (x — 50)’ =» y' = — ^ (x — 50) => I + (y')^ = I + :^ (x — 50)^, so the distance traveled 

by the kite is 

^ = /o*° ^ “ 50)^ dx - VT+h^ (20du) [m = ^ (x - 50), rfu = ^ c/x] 

= 20^jnyi + «^ + j In + \/l + 

= (l + + J\/?~ (“I + 7?) 

= f yn + f 729+ 10ln( j+^^ ) ss 122.81) 

37. T he sine wave has amplitude I and period 14, since it goes through two periods in a distance of 28 in., so its 
equation is y = I sin ^ ^x^ = sin (yx). The width m of the flat metal sheet needed to make the panel is (he arc 
length of the sine curve from x = 0 to x = 28. We set up the integral to evaluate in using the arc length formula 

with ^ = y cos (yx): L = /j* yj\ + [y cos(yx)]^ dx = 2 fj* + [y cos (yx)]^ dx. This integral would be 
very difficult to evaluate exactly, so we use a CAS, and (ind that i ar 29.36 inches. 

38. (a) y = c + acosh(T) => y' = sinh(i) => 1 + (y')^ = 1 + sinh^ (4) = cosh^ (j). So 

'■ = th (l)dx = 2 fo cosh (J) dx = 2 [a sinh (4)jJ = 2a sinh (4) 

(b) At .V = 0, V = c + so c + a = 20. I hc poles arc 50 0 apart, so 

A = 25, and Z. = 51 => 51 = 2«sinh(Z)/a) [from part (a)]. From 

the figure, we see that y = 51 intersects y = 2jf sinh {25/x) at 
.X ^ 72.3843 for x > 0. So a 72.3843 and the wire should be 
attached at a distance of 

y = t* + cosh (25/a) = 20 — a + a cosh (25/o) ^ 24.36 ft above 
the ground. 


too 



=» ^ (byFTCl) =s l + (^/=l + (y^T3T)^=x4 => 

/. = Vx^dx = f^x^l'^dx = I [x’F^]^ = I (32 - I) = f = 12.4 


39. y = /j'y?5^r/r 
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40. By symmetry, the length of the eurve in each quadrant is the same, 
so we find the length in the first quadrant and multiply by 4. 

+y“ = 1 =» = 1 — y = (I — 

(in the first quadrant), so we u.se the arc length formula with 

^ /i 2*\I/I2*) -i / .>/ ■»*-i\ 

= (I _ 

■fhe total length is therefore 


i.l 



l.U = 4jf' yH-[-xT*-l (I-x2*)''''"'-']^</x = 4 yi+.x2(2*-l)(l-x2‘)'^*"^rfx 

Now from the graph, we sec that as k increases, the “comers” of these fat circles get closer to the points (±1, ±1), 
and the "edges” of the fat circles approach the lines Joining these four points. It seems plausible that ask oo, the 
total length of the fat circle with « = 2i will approach the length of the perimeter of the square with sides of 
length 2. This is supported by taking the limit as lE -» oo of the equation of the fat circle in the first quadrant: 

lim (l — x’*V = I for 0 < X < I. .So we guess that lim A 2 * = '*’2 = 8 
*->00 ' *->00 


Area of a Surface of Revolution _ 

1. y = lnx ^ <ls = ^1 + (dy/dx)^ dx -- + (\/x)~ dx => S = //2ff (Inx)yi + (l/xj^r/x [by (7)| 

2. y = sin"x =» ds = ^I + (dy/dx)^ dx = \/\ + (2sinx cosxprfx =» 

.9 = 2k sin^ xv'T+ (2sinx cosx)'r/x (by (7)] 

3. y = seex =» r/x = ^1+ (dy/dx)^ dx — •/\ + (seex tanx)’cFx => 

.9 = 2kx\/V+ (seex tanx)^ dx (by (8)| 

4. y = e' ^ ds = ^ I + (dy/dx)^ dx = V1 + e^‘ dx 

S = /o"’2xxs/l +6-' dx lby(8)]or /,’2)r (Iny) ^7+(l/y)^ rfy [by (6)J 

5. y = x’ y' = 3x^. So 

S = 2KyJ\+ Cv')’ = 2'r /o’ xVl +9x''rfx (« = I + Vx-*, du = .T6x’ dx) 

= = n == 7! (>‘*5VT45- l) 
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6 . The curve ,v’ = 4.v + 4 is symmetric about the Jt-axis, which is the axis of rotation, so we need only 
consider the upper half of the curve, given by y = -jAx + 4 = Then 

I 


dx 




/,+' So 
\dx) V .r + I 


I 1 S 

S = 2ji 2-Jx + I + dx = ^K j ■Jx + 2dx = 4)r [I (.V + 2)’-'^]^ = ^ (lOx/lO - 2x/2j 

Another Method: Use S = 2tty.J\ + (dx/dy)^ dy. where x = ^y^ — I. 


1. y = ^ ^ I + (dy/dx)^ = I 4- [l/(2v5^)]’ = I + l/(4,r). So 



+ 2x^Ji+ 

— dx = 2x 
Ax 

1 yx+idx 

= 2ff 

[i('+ir];->f[i(4«+i)»]; 

*«h« 

II 

- nyr?) 

In.if 

— ='* 

^ _ X __i_ _ x^ 

dx 2 2x ^ ^ \dx / 4 

1 1 

^2 + 412- 

So 



lnx)(x + i 

)dx 


X lnx\ X Ex'* x’ 

+ - - X hx-1 dx = —-1- — 

2 X J 2 L 8 4 

- Y Inx + 

r2 I'* 

Y-^(lnx)=]^ 

f [( 32+4 

_8ln4 + 4-J(ln4)2)-(i + |-0 + 

i-0)] = x 

•[^-8ln2-(ln2)-] 


9. .V = sinx » I + (dy/dx)~ = 1 + cos^x. So 

S = 2ir fg sioxVl + cos-xt/x = 2x Vl +u-du (u = — cosx, du = sinx dx) 

= 4x /o' \/i + u^du — 4x sec^DdO (u = tant/, du = sec^OdO) 

= 2x |sec«tan« + In |secf/ + tanfl|]J^'' = 2)r [v/2 + In + l)] 

10. y = eoslt =» rfx = ^I + (dy/dx)^ dx = -J I + (-2sin2xp</x => 

S = jg^*' 2n cos2.t\/1 +4sin* 2x dx = 2tc Vl + «- du^ [u = 2sin2x. du = 4cos2i rfx] 

= f [|uv/l +h 2 + I In (u + v/l + u2)]y = » . 2 + i In (>/3 + 2)] = + f In (2 + v/3) 

11. _v = coshx ^ I + (dy/dx)~ = I + sinh'x = cosh’x. So 


S = 2ti /o'coshx coshx dx = 2x /„'5 (1 + cosh2x)dx = x ^x + 5 sinh2x 
= X ^1 + j sinh 2 ^ or x |^l + j 



SECTIONS AREA OF A SURFACE OF REVOLUTION □ 663 


12. 2>> = >< = =» dy/dx=x => \ + (dy/dx)^ = I + So 

S = 2ir /* +x~^^^dx — 3x ii^y/\ + \/u^iu~du (u = x^^^,x = ,dx = iu' du) 

= 9x ii’Vh^ + I du = ^ irVu^ + I 2udu = ^- O’ ~ •) v0'<0' {y = + \. dy = 2udu) 

= ¥ I2 - y'^) dy=T = ’- [(^ i - (i • 2V2 _ j. zv^)] 

= 9,t [5>/5 - + = ^ (SOVS - 2y/2j 

13. X = J (>'^ + 2)’^^ =^ dx/dy = i + 2)'^^ {2y) - ysly^ + 2 => 

I + (dxidy'f- = I + (y^ + 2) = (y^ + l)^. So 

S = 2;r(y2 + 1) rfy = 2,r [ly^ + Jy2]’= 2;r (4 + 2 - I - ^) = ^ 

14. X = 1 + 2y^ =» I + (dx/dy)^ = I + (4y)^ = I + I6y^. So 

6 ’ = 2;r j^y/iTW-dy = ^ /,' (I6y2 + l)'/' 22ydy = ^ [§ (I6y2 + 1)’''^]' 

= ^ (65n/ 65- l7>/r7) 

15. y = i/x => .T = y^ =» I + {dx/dy)^ = I + 9y^. So 

.V = 2x x/1 + (dx/dy)^ dy = 2n y Vl + V dy = ^ s/l + 9y<36y3 </y 

= 1^ [j (> = ri (hsTus- loVTo) 

16. y = I - x2 =» I + (dyjdxf = 1+4x2 => 

S = 2x /„' xymrf rfx = f 8 xv'4FTT</x = f (4x2 + = I (sVS - l) 


17. x=e-y => I + (dxjdyf = I + 4e’'>'. So 

5 = 2ff /oe^xyi + (2 c2v)2</v = 2i v/TTi?^ du (u = 2e2>', rf« = 4€2>’ </y) 

= jJ y/l +U^du = ^ +«2+ |ln|i/ + yi +''^|]j (k = tanO or use Formula 21) 

= f [cv^l +4e2 + ^ In (2e + \/l + 4^2) - Vs - ^ In (2 + Vs)] 


2eyrTi? - 2s/5 + In 


18. X = y/2y — j 


dx 


I - V 


dy ^y - y 2 


=> I + I -;- I = I + 

\dy/ 


I -2y + y2 ^_I_ 

2y - y2 2y - y 


:. So 


l = 2x|y^y2(-^^)</y = 2./J</y = 


2;r 



664 □ CHAPTERS FURTHER APR ICATIONS OF INTEGRATION 


19. ^ ^ (>’' - In.v) 


y) " 


So 


= 7 [i-*’'' + iy^ - y' “ 5 On>')^]l = I [/ + V - 2y^ Ini' - (ln>’)^]| 

= I [l6 + 8-8ln2- (In2)- - I - 2j = I [ 2 I - 8 In 2 - (In 2)^] 

20. .t = fl cosh (y/a) I + (dr/c/y)^ — I + sinh^ (y/a) = cosh^ (y/o). So 


S = 2;r J (7 cosh cosh ^ rfv = 4ffay^ cosbr dy = 2jea J |^1 + cosh Jy 
= 2.0 [y + I sinh (^)]" = 2.0 [a + ^ sinh2] = 2.o^ [l + ^ sinh2] or ^ 

21. With/(.) =*Vl6.t^+ I, 

5 = 2. fg I + (4.5)^ i/x = 2. fg x'*Vl6x^ + I Jx 
» 2. ^ (/ (0) + 4/ (0.1) + 2/ (0.2) + 4/ (0.3) + 2/ (0.4) 

+ 4/ (0.5) + 2/ (0.6) + 4/ (0.7) + 2/ (0.8) + 4/ (0.9) + / (I)) « 3.44 


22. With /(x) = tanxv'T+sc?., 

5 = 2. lan.y 1 + (scc-x)' dx 

as 2. ^1/(0) + 4/ (^) + 2/(^) + 4/^^^ +2 /(t]5) 

+ 4/ (I) + 2/ (^) + 4/ (^) + 2/(f) + 4/ (^) + /(f)] 3.84 

23. y = I/.X => ds = J\ + (dy/dx^dx = y]\ + (-l/.x^)’,/. = ^1 + X/x^dx => 


5 = ^ 2. • - ^ i/.x = 2. ^ 

(* 71 + .2 , 24 

= . / -7 

21 K- 


2 v^t^TT 


dx = 2x J — “ 2 ~ ' 1“ = du = 2x dx] 


• du= K 




= . [-4^ + In (4 + v/i?) + 4 ^ - In (1 + V 2 )] = . [V2 - 4^ + In 



24.>,=vpn ^ = 
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dx => 




dx y/x^ + 1 

^ = J 2x-\/x^ + \J\ + = 2ff J yzt^ + 1 rf,t = 2V^;r J Jx^ + rf;( 

ii 2>/2^ + i In (.X + /^)][ 

= 2n/2x ^§^9 + 5 + J In ^3 + J9 + | In ^ j = 2V2x + j I" ^3 + yf^'j + j In 

= 2v/2x [j ^ + I In [iy/2 + 719)] = 3719^ + ^ In (375 + 719) 


25. y = and 0 < v < 1 


' = 3x^ and 0 < x < 1. 


S = /J l!tXy[V+ (3x^)^ dx = In fg 7l + u* J dii (u = 3x^, du = 6x dx] 
— 7 sl 71 + M- du = 7 ^5h7I +u^ + J In (« + 7l + “^)]|j 
= f [^Tlo + ^ In (3 + TTo)] = I [3710 + In (3 + 7io)] 


26. >- = In (x + I), 0 < X < 1. rfi = J I + ( ^ I dx = J \ + \ 




2itxl\ + 


^_d^=l 2;r {u-\)J\ + ^ 


du [w = X + I, du = dx] 

2 7i + 


- j : 

= 2 , f\.:^d,.2n r^^du = 2n f'/VT7^du-2n ^ 
J\ II J\ II J\ J) II 

^4u7l + + 5 ln(« + 7l + H-)j^ - 2x Th- - In^ * ~ ~ ~~ ^j 


du 


■'J^2n 


= 2x [75 + 3 In (2 + Ts) - ^ In (1 + 75)] - 2x [Ts - In (3^) - + In (l + v^)] 

= 2n In (2 + 75 ) + In (^^) + ^ - 5 In (l + V^)] =» 3.694990 


/■°° I tdv\^ I I r /■~ 7x< + 1 

27. S = 2n J .v^ I + 1^1 dx = 2n J —^\ + -^dx = 2n J - 5 — dx. Rather than try ing to evaluate 

this integral, note that 7x‘' + I > 7x^ = x’ forx > 0. Thus, if the area is finite. 

r°° Vx* + I r°° x* f°° I 

S = 2x y ■ ^3 dx > 2x y dx = 2 n - dx 


13ut we know that this integral diverges, so the area S is infinite. 
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28. S = lit y^\ + (dy/dx)^(lx = lit /q°°V l + dx = lit fg Vl + u^du ^ j 

= 27r + w“ + j In |w + Vl 4- [l+ t In ^1 + ~ ^ + In ^I + 


29. The curve 8y^ = .r’ (l - .x^) actually consists of two loops in the region described by the Inequalities |x| < I, 
ly I < ^. (The ma.ximum value of |y| is attained when I 'f I = ^ ■) If consider the loop in the region jt > 0, the 

surface area S it generates when rotated about the .r-axis is calculated as follows: I6y— = 2.x — 4.x^, so 

dx 

(dy\^ /x-lx’\^ x-(I-2.x2)^ x2(1-2x-)^ (I-Zx^)^ 

I I ~ I — O- I ~ -zr~5-= -- ,, -TT = ^ forx yt 0, ±1. The formula also holds 

\dx/ \ Sy ; 64y2 Sx^fl-.x^) «(l-x2) 


for.v = 0 by continuily. I + 


64y2 8 x2(I-,x2) 8(1-x^) ’ . 

(l-2x-)^ 9-12x2+4.x •• (3-2x2)^ 

^dx) ~ +8(1-.x2)“ 8(1-x2) ~8(1-x2) ^ 


5=2. 

Jo iji 2V2vr^ 

= ffjx(3- 2x2) ^ I _ 1^4^ = X (3 _ 1 ) = X 


30. In general, if the parabola y = <jx2, —c < x < e, is rotated about the y-axis, the surface area it generates is 

1 lerc 2c = 10 ft and ac- = 2 ft, so c = 5 and a = ^. Thus, the surface area is 

^=f^[('+-'- 6 ^' 25 r-i]=^[(>+Mr-']=^(n#-') 

= ^ (ll VtT - 125 ) at 90.01 ft- 
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v’ y (dv/dx) X dy b'x 

31- ^2 + p = ' =» p - “p dx ~ a'-y 


(dy^ h^x^ _ h^x^ +a*y- _ b*.r^ + a*b^ (I - x’^/a^) _ a*b^ + b*x^ - Q-fe^x^ 

' ^ \rf.x/ ^ a^y^ a*y- aT/,2 _ j(2^q2J a*b-—a-b^x- 

_ a* + b-x^ - alx^ _ «•* - (a^ - b^)x- 

~ a^- a-x^ flT („2 _ j(2) 

The ellipsoid's surface area is twice the area generated by rotating the first quadrant portion of the ellipse about the 
X-axis. Thus. 

5 = 2/ 2xy,/l + l^l <7x =4x / -d^-x^- - . , . - dx 

Jo V \dx / Jo a ay/a‘-x‘ 

= ^ /“ = '-fjo'^ (u = ^'-- b^x) 


iKb r r. -—' ..s -, , 4XA /-'Va-" 1 -^ -^ dll 

= ^ /o ^ io = 

, . r _ i 

30 4x0 I M /"/-X a . _| M 

=- -da* - + XT sin ^ 

a-da- — fc' L- ^ "'Jo 

4xh r ada^ — b^ rZi ■> / i TTL ■ -i da- — b^ 

= -=== - Ja*-a-(a--ld)-^ — fiin' - =2x i 

L 2 V ^ ' 2 a \ 


I y/a^~—l? 
sin“ - 


32. The upper half of the torus is generated by rotating the curve (x — R)- + y- =r^,y > 0. about the y-axis. 


y^=-^X-R) ^ 1+^^j =1 + — 


dyV . , (X - R)- y^ -Kx - RY _ 


r2 - (X - R)^ 


r “+ ^ 

J-r dr^ — 11- 


/•«+'■ ddvV . . /■«+' rx . . r “+« 

y«_, V V'/'t/ ./R-r yr2 - (X - ^ J-rdr^-u- 

r a dll , „ f' du 
= / 2 :; + 4x fir / =:- 

J-r dr^ - J-r dr^ - td 

= 4xr ■ 0 + 8x ftr f - - - ■ . (since the first integrand is odd and the second is even) 
Jo dr^ - 

= 8x5r j^sin"' ("/'■)]g = fix Rr (|) = 4x^«r 
33. T he analogue of / (x,*) in the derivation of (4) is now c - / (x,*). so 


du (« = .X — R) 


5= lim y 2x [c - / (x,*)] y 1 + [/' (.x/)]^ Ax = / 2x |c -/(x)| ^1 -I-(x)]^ dx 

;»-+oo ^ 
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34. =» y = =» I + (y')^ = 1 + l/4jr. so by fixercise 33, 

•S' = 2ir (4 — y/x) y/l + l/(4x)d.x. Using a CAS, wc gel 

S=2ir ln(yr7 + 4) + f (3ls/r7+ l) w 80.6095 


35. For the upper semicircle. / (.v) = y/r^ — x^, f'(x) = -x/yjr^ — The surface area generated is 


S, = (r - y/r^ - .x^) ^1 + dx = 4n 

For the lower semicircle. J'{x) = -y/r^ - .t^ and f (.t) = -====, so Siz = 4)r / ( y +r]dx. 

y/r‘- x‘ Jo \y/r~-X^ ) 

Thus, the total area is 5 = S'l + .Si — ~ (r )]o ~ ~ 4z-r^. 


r^-x^J\ 


Thus, the total area is .! 


36. Take the sphere x^ + y- + and let the intersecting 

planes bey = c andy = c + It, where - < c < jd - A. 

The sphere intersects the xy-plane in the circle 


x^ + y~ = \d-. From this equation, we gel .r — + y = 0, 

ay 



The desired surface area is 



S = 2ii JX ds — 2n xJT+(dx/dy)^dy = 2x Xy/\ + yVx^ dy — 2 k ■Jx'^ + y^dy 
= 2a = 't£//j!**<!fy = xdh 

yt-\ yt 

37. In ihc derivation of (4), we computed a typical contribution to the surface area to be 2k -^- \P,-iP,\, the area 

of a frustum of a cone. When / (x) Is not necessarily positive, the approximations pi = / (JCf) ^ f (t *) and 
yt-l = /(x,-i) « /(x;) must be replaced by y, = |/(x,)| » |/(x;)| andy,_i = |/(.x,-i)l * I'*"'®. 

|y_| y| a= 2a |/ (x*)| ^1 + [/' (x*)]^Ax. Continuing with the rest of the derivation as before, we 

obtain S = /j* 2a 1/(x)| y]\ + l/'(x)]^rfx. 

38. Since g (x) = / (x) + c, wc have y (x) = /' (x). Thus, 


\ = .C (•*) yj I + [g' (x)]- dx - 2a [/ (x) + c] /l + (/' (x)]" dx 
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Discovery Project □ 


Rotating on a Slant 



In the figure, the segment a lying above the interval [jt/ — Ajt, jt, J along the tangent to C has length 

Ax scc« = Ax\/1 + tan^n = ^1 + [/'(x,)]^ A.r. The segment from (x,, /(x,)) drawn perpendicular to the line 

y = mx + fc has length 


g ( <1) = 1/ U-) - "'■'‘i - *1 cos P = 


/ (x/) - mx, 
seep 


b 


/ (x,) - mx, - b _ /(x,) -mxj -b 
yi +tan^/< v/l + 


Also, cos — «) 


Ah 


Ax sec « 


Au = Ax sec a cos (fi — a) = /\x 


r 1 y-l , 

= A.t -== + -==/(x,) = 

Lvi +m2 y/\ J 


cos /(cos n + sin ^ sin « 
COSO 

1 +m/'(x,) 

Vl + 


= Ax (cos ^ + sin ^ tan a) 
Ax 


Thus, 


^ f (Xi) - mx, — b I+m/'(x,) . 
Area(91L)= lim Vg(x,)AH= lim V- , . - /, v ' 


1 


1 + HI' 


I 1/ (x) - mx - /)] [l + m/' (x)] r/x 
Jn 
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2. I-'rom Problem I. 

Area = Jg” (v + sin r — (j: - 2)| (I + 1(1+ cos4t)l</.t = j (sinx + 2) (2 + Qosx)dx 
= 1 (2sin .r + sinxcosjt + 4 + 2cos.t)r/.r = j j^—2 cosj: + j sin^jc + 4;r + 2sin;tj^ 
= ^ |(-2 + 0 + + 0 ) - (-2 + 0 + 0 + 0)1 = ^ ( 8 ) r ) = 4 t 


3. r = lim X 1p(.V/)]' Am = liin ^ x 


/(.t/) - mx, 






I +mf{xt) 


yrr; 


Ax 


—Tin f 1/ (") ~ '"•* - ' + '"f (■*)) 

m-Y Jp 


4. r = 


(l +m“) ' Jp 

K 


\^'-I 


(.t + sinx — ;r +2)^ (1 + I +cos:r)</x 




(sinx + 2)* (cosx + 2)</x 


C + 'T 

= ^ /„■* (sin’x + 4sinx + 4) (cosx + 2)dx 

— ^ /q"’ (sin’x cosx + 4sinx cosx + 4cosx + 2sin^x + 8sinx + 8)rfx 
” [i sin^x + 2sin-x + 4sinx + x - j sin2x - 8cosx + 8xj^ [since 2sin^x = I — cos2x] 
= l(2x — 8 + 16x) — (—8)1 = ^^x^ 

5. S = 2xg (X) yi+(/'(x)]-rfx = 1/ (^) - - *1 Ji + \r(x)fdx 

6 . From IVobIcm 5 with /(.v) = y/x, p ^ 0,q = 4. m = and 6 = 0, 

2t 


5 = 


\l' + ( 5 ) 




ln(,/n + 4) ^ 37yi7 I 


32 


24 


(from CAS) 


< 8.554 


^2-^ Applications to Physics and Engineering 

1. 1 he weigh! density of water is <5 = 62.5 Ib/ft^. 

(a) /' = A/ * (62.5 Ib/n’) (3 ft) = 187.5 Ib/O’ 

(b) F — I'A =» (187.5 Ib/fl’) (5 ft) (2 ft) = 1875 lb. (+ is the area of the bottom of the tank.) 

(c) As in Kxampic I, the area of the rth strip is 2 (Ax) and the pressure is A'rf = Ax,. Thus, 

+ = /o Ax-2</x ^ ((,2.5) (2) fg X dx = I25[ix2]’= I25(|) = 562.5 lb 

2. (a) P = //gd = 1030(9.8) (2.5) = 25.235 a: 2.52 x lO-* Pa = 25.2 kPa 

(b) F = FA « (2.52 x lO' N/m^) (.50 m-) = 1.26 x 10* N 

(c) F = fg^ pgx ■ 5dx = (1030)(9.8)(5)/(j'* xdx^2.52 x 10“ [x^]^’ =s 1.58 x 10*N 
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In Exercises 3-9, n is the number of subintervals of length A.v and x' is a sample point in the /th subinterval [.x,_i, .v, ]. 


3. In the middle of the figure in the lex!, draw a vertical ,v-axis that incrcasc-s in the downw ard direction. The area of 


the ith rectangular strip is 2^100 - (.t,*)' A.t and the pressure on the strip is i>gx’ |/j = lOIX) kg/m’ and 
g = 9.8 m/s’]. Thus, the hydrostatic force on the ith strip is the product pgx'l<J\W — (x‘)^ Ax. 


= fii^ X Pgx'ym - (x,*)^ Ax = fg pgx ■ 2^100-x^t/.x = 9.8 x lO’ /o s/IOO-x’2x dx 


= 9.8 X «'/’(-</«) («=l(K)-.x’) = 9.8 X lO’t/rr 

= 9.8 X lO’ = I ■ 9.8 X 10‘ =s 6.5 x 10*’ N 

4. This is like Kxercisc 3. except that the pressure on the strip is /ig (x* — 5). 


f = Ju^ X/'S(-V ~ = fs° /'g U - 5) ■ 27100 - x’ t/.x 

= pg s/lOO- x’ dx — I Opg ® VlOO - x ^dx 
= ~Pg (lOO — x’y j — lO/jg ^i.x\/lOO —x’ + 50sin“' (.x/IO)j^ 

= IpgiJif'^ - IO/.g [50(f) - 5 50(1)] = 250/,g (2# - a, 1.23 x lO'’ N 

, . .. 4 0 w ide ru 0 wide . . 

5. Place an x-axis as in hxcrcise 3. Using similar triangles. — „ ,. , = . „ .. , . so w = tx, and ihe area of the 

6 0 high X* 0 high “ ' 

iTh rectangular strip is j.x'A.x. The pressure on the strip is()'(x* — 2)\S = pg = 62.5 Ib/O’j and the hydrostatic 

force is i5 (x* — 2) gx‘ Ax. 

/•' = Jjm^ Z- 2) s<Ax = J^iHx-2) \xdx = (x’ - 2.x) rfx = ^,5 [fx’ - x’j^ 

= yd [36- (-^)] = 1.56 X lO’ lb 

6. This is like Fxercisc 5. except that the area of the /th rectangular strip is q .j . 

^.v*A.x and the pressure on the strip is At*. *1 r 


f = lim X /,gx,' px; Ax = y pgx ■ jx dx = [ ^ < ’1 
..I 6 Jo l> L 26 Jo 



= ^pgbh 
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, ,, . ... . 4ft wide a ft wide .. 

7. Using similar triangles. „ ,.. ■ = . , . . , . so a = ix’ and the width 
* ® 8 ft high x* ft high 

of the ith rectangular strip is 12 + 2a = 12 + x". Tlic area of the strip is 

(12 + ;(■) A-t. T he pressure on the strip is dx'. 


F = Jir^ X '*■* 1 * (12 + Jt,') A.r = /q* Ax • (12 + x)dx 



= A J^* (IZx + j(^) dx =6 |^6.x^ + ^ = A ^384 + 

= (62.5)i^ =s3.47 X 10^' lb 


8. In the figure, deleting ab x h rectangle leaves a triangle with base a — b 

. .. , (a — A) ft wide d ft wide 

and height h. I3y similar triangles. 


so the width of the triangle is 


h ft high (A — x’) ft high ’ 

/ Jf*\ X* 

d = (a-b) = \\--j-Ya-b)=a-b+-j^{,a-i 


■b) 


a + ^ {h — a) 


and the width of the trapezoid is b d ~ a + — (a — h). The area of the /th rectangular strip is 


O + -f (a - *) 
h 


fix and the pressure on it is pgx’. 


= JX^ ~ ^ [o + ^ (* - a)] dx 

/■* , . Pg(l>-a) _ b-ah^ 

= />ga •* dx +- - - X-dx = Pga^ + > 


h 3 


,/a b — a\ ,,a + 2A 500 ,,, ,, ,, 

= Pg>‘' ^2 + —j—j = —g— =» —«*■ (a + 2b) N 


9. l-rom the figure, the area of the I'th rectangular strip is — (a,*)^ Aji 
and the pressure on it is /)g (x* + /*). 

S+ '■) 27 '-’ - (\’f Ax 

= +'-) -2v/r7 

= pg fir Vr- - .x22.v dx + 2i>gr f'_^ -Jr^ — x-dx 

fhe first integral is 0 because the integrand is an odd function. The second 
integral can be interpreted as the area of a semicircular disk with radius r, 
or we could make the trigonometric substitution x = r sin (f. Continuing: 
F = /)g • 0 + 2/>gr • \nr- = pgnr^ = lOOO^ff r ' N (SI units assumed). 
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10. The area of the /Th rectangular strip is 2yfly] \y and the pressure on 
itis<5(/, =fi(S-y;). 

/■' = /*<5(8 - .v)2y/5v</>' = 42 • 2 • >/2/p (8 - rfy 
= 84v/2 /o* (8y- yV2) dy = 84v^ [8 • fy^/^ - |yS/2]* 

= 84s/2[8- J • l6s/2- I ■ I 28 V 2 ] 

= 84s/2 ■ 256v'2 = 43.008 • ^ = 5734.4 lb 



I r \ 2x 2pg , 

= 4yg ^ = I92pg - ^64 ■ 3s/3 

= I92pg - 128/>g = 64/tg « 64 (840) (9.8) =s 5.27 x lO’ N 



12. /•■ = pg(\Q-x)2^A-x~dx 

= 20pg /„ ■jA-x'^dx - pg ^/4 ~x^2x dx 
= 20/)g 'j7t (2^) - pg du (« = 4 - x^. du = -2x dx ) 

= 20ff/(g - \pg = 20)r/»g - ^pg = pg (20;r - 

=» 5.63 X 10* N 


2 m- 

0 ■, 



13 . (a) F = pgdA » (1000) (9.8) (0.8) (0.2)^ =s 314 N 

(b) F = fo.a (0-2) dx = 0.2pg , = (0 2p«) (0.18) = 0.036pg » 353 N 


14 . The height of the dam is A = 15'/l9 so 




2 , 200r5 /•'■ 

v/3 ^ L 


xdx — 


lood 
As/3 Jo 


x^dx 


200 s h- 100(5 A* 200EiA^ 200(62. 5) 12,825 

V3 2 ~ As/3 3 “ 3s/ 3 “ 3s/3 


as 7.71 X 10‘ lb 



4 
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15. Assume that the pool is Tilled with water. 

(a) F = /o’<5.v20</.v =20<5[i,t2j’= 20<li-? =90A:S! 5625 lb =s 5.63 x lO’lb 


4011 



(b) F = /o iix20<ix - 20.5 = 8I0<T as 50,625 lb =5 5.06 x 10“' lb. 

(c) For the first 3 IT, the length of the side is eonslant at 40 ft. For 3 < jr < 9, we can use similar triangles to find 

9-x 


a 9 — .T 
the length a: — = —r— 
40 6 


a = 40 ■ 


F = fg Ax40r/x + (40) ^ r/.it = 40<5 + yrf/® (9jr — .v^) rf.v 

= I80A+ f = 1800+ f _ 24.3^ - (y -9)] 

= 7800 a: 48, 750 lb a> 4.88 x 10' lb 


(d) Fur any right triangle with hypotenuse on the bottom. 
fix 


esefl = - 


hypotenu.se 


u . . . '/40^ + 62 V409 , 

hypotenuse = A.tcscf/ = Ax ---= —-— Ax. 

6 3 


F = j'^AxlO^dx = ^ (20s/409)o[^;t-j 
= I I0v/4090(8I - 9) 
a: .303,356 lb a; 3.03 x lo’ lb 



18. Partition the interval [a, ^>1 by points .t, as usual and choose x* € foreachi. Iltc Ah horizontal strip of 

the immersed plate is approximated by a rectangle of height Ax, and width w (jf/), so its area is .4, =» w (x*) A.x,. 
For small A,v,, the pressure P, on the ith strip is almost constant and P, =» pgx* by Equation I. The hydrostatic 
force F, acting on the iih strip is F, =: Pi A, ^ Pgx*w (.t*) Adding these forces and taking the limit as 
n —* oo, we obtain the hydrostatic force on the immersed plate: 

n n 

=L Pgxio(x)dx 

17. X = 4 ■'/*.vio (.t)i/,v (F'qualion 8) =5 Ax = xui{x)dx =* {pgx) A = pgxw{x)dx = F by 
E.xercise 16. 

18. F = (pgx) A — (pgr) Ttr- = pgnr^. Note that x —r because the centroid of a circle is its center, which in this 
case is at a depth of r meters. 
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2 2 

19. m, =4 ./h-. =8; P\ (-1.2), /^(2.4). m = X "i. ='«l +''«2 = 12. A/, = X^ • 2 + 8 4 = 40; 

1=1 /=! 

A/„ = y m,x, = 4 ■ (-1) + 8 ■ 2 = 12; J = A/, /m = I and v = W,/m = so the center of mass of the .system 


1 = 1 

is(x.y) = (l.^). 

20. .A/, = Xm,y, =6(-2) + 5(4)+l(-7) + 4(-l) = - 

( = 1 

4 

and m = m, = 16, so J = My/m = ^ and v 

f=l 

21. A = J-x^dx = f. 

^ = fo '- = I = ^ ^ = ^ 

Centroid (x.y) = (j. f) = (1.5, 1.2). 


22. .4=/o’v5^rfx = [iT’/2]’ = f .27=18. 

7=1/„%VJ</x = t^[^xV2]; = T^.|.243 =¥. 

y = 1 fo i (s/^^ = T? • 5 = 75 = S- 

Centroid (.T.y) = (y, = (5.4. 1.125) 


4 

3, Afv = X = 6 (1) + 5 (3) + 1 (-3) + 4 (6) = 42, 
1=1 

A/,/m = —the center of ma.ss is 



23. /( = /o'e*c/x = le']i = e- 1, 

^ = 7 fo = xTTf - c'lo (by P“tTs) 

= r!^(o-(-')l = ri:T- 

? = /o'i = ^ . i Pli = 5(7^ 1) = 

Centroid (x.y) = =s (0.58.0.93). 
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24. i Jx = lln,rl5 = [n2.x = ^J^x ^ dx = i (.tj? = ^ = |^, 

= nb (“5 + ') ^ 

Centroid (x.y) = (Jj, ^ (1.44.0.36) 



25. From the figure we see that ^ = f (halfway from jr = 0 to y). Now 

A = sin2x dx = —\ [cos 2.v]J^^ = —1 — I)=l,so 
V = 7 5 sin^ 2.V d.x = | 4-^(1- cos4jc)rfx 

= i[.r-isin4.v];'^ = f. 

Centroid (x,y) = (f, f). 

26. A = /,* ln.v dx = \x In.v — .v|^' = 0 — (— I) = I, 

.X = 1 Inx rf.v = [l.x^ inx - \x^l = - |e^) - {-^) = fi±I. 

y ■= — f ^~ ^ / (lfiJr)“ (/.X. To evaluate / (liijc)^ £/.x, take u = Injr and = In JT so that 
A Ji 2 2 J\ 

du = 1 /.X dx and v = .x In.v — .x. Then 



/ (ln.x)~ dx = X (Inx)" — .x (ln.x) — / (x In.x — .x) jdx =x (Inx)* — x (Inx) — / (Inx — l)(/x 
= x(lnx)"—xlnx—xlnx4-x+x + C= x (Inx)^ — 2x Inx + 2x + C 

Thus, 37 = i [x (Inx)^ — 2x Inx + 2x]‘ = 5 |(e — 2e + 2e) - (0 - 0 + 2)| = So 






27. A = Jq' (cosx — sinx)(7.x = [sinx +cosx]q = */2— I, 


X = /C’ Jq^ X (cosx - sinx)i/x = A~^ |x (sinx + cosx) + cosx — sinxl^ [integration by parts) 


= .(-'(1^2-1) = 


|tr>^- I 

v/2- 1 


y = Jo'* 5 (cos-x -smKx)dx = jL J’^^coslxdx = ^ [sin2jtlJ^'‘ = 3^ = 
/ 1 \ 

(X.y) 


/ Xy/2-4 1 \ 

1^4 (v^-l) • 4 (^/ 2 -!); 
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• = So T dx + /,• j dx = + |ln.t)5 = ^ + In2, 

- = [/o' + S' ' dx] = ^ ([ix’]; + |.]?) = 1 (i + l) = 


1 +21n2 




/ + r n {Mo + [-. 7 ],) = ^ G + 5 ) 


4 8 

' 3 “ 3(1 +2ln2)’ 

5 5 

~ 12W “ 6+ 12ln2 


(J, i’) = ( -^ - Y The principle used in this problem is slated after Hxample 3: the 

V,3(l+21n2) 6(l+2ln2)y ► p k 

moment of the union of two non-overlapping regions is the sum of the moments of the individual regions. 


29. From the figure we see that >< = 0. Now 

4 = ;„’2y5^rf.v=2[-^(5-x)’/2]^ 

= 2 ( 0 - 1 - f 5^/^) = f s/5 

SO 

^=1 So ^ ['/5--r - (-s/5 - .v)] dx = jj fg 2x^5-xdx 
— T "^) “ (—2h)</u (u = s/5 — x,x = 5 - M‘. = 5 — jt, dx = —2udu) 

= «M5 - ^ s/5 - 5V5) = 5 - 3 = 2 

Thus, the centroid is (x,p) = (2,0). 



30. By symmetry'. A/y = 0 andx = 0; /i = 5 ;T l^ + 4. som = f>A = 5(y + 4) = | («■ T 8); 


3(»4-8); 


A/, =p.2/J([(s/rT^) -(-2)2 

y=i ■'/« = soA?) • ^ = G’ 

31. By symmetry. My = 0 and x=0. /1 = t|/>/i = ^.2-2 = 2. 

M, = In /o' U2-Xx)'-dx = [2i 22) /o' (I - .v)2 dx 

= 4[-|(I-.x)2]^ = 4.J = | 


dx = 5 /o' (-x2 - 3) dx = -5 [ix2 -I- 3.x]^ = -5 . f = - f; 


y= ■ 3 = T j) 



32. By symmetry’ about the line y = Jf. we expect that x = y. A = ^nr^, so m = pA = 2A = jnr^. 

.V/, = p S' \ (77^)- .V.V = f' (.2 - .x2) </., = p, _ 1,3]' ^ 2,3, 

My = /. J' .xs/75^rf.x = /o' (r2 - x2)''^ 2.x dx = /o'" «'/2</„ („ = r2 - .,2) = [f = 2,3 

( 5 ''') = 3?'-'^=i"' = h M ^'■) 
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,7 = i (2' - x2) d. = 1 {xr -x^)dx^^ - x^] dx 

= [ ^1 2)^ (Jt In2 — (or use parts) 


\(^ ' '12" ix-f 'K 

2" x'’] 

Lvln2 (In2)-/ ^ J„ A [ini 

(In2)2 4 J( 


^j^r_8__^T_^ 1 1 IPS_ i_ 

'‘/(Lln2 (ln2)^ (ln2)’J “ .-I ['"2 (|n2)^ 

(1.297453) as 0.781 


y=l So 5 [<2')' - </•» = i /o 5 (2’' = ^ \ J\ 


2 In 2 



(— 

32 1 \ 

1 - i (Jl. _ 

-'1 

V2ln2 

5 2ln2j 

' A V4ln2 

s) 


(2.210106)=! 1.330 
A 


34. The curves y = v + In jt and y = — x intersect at 

(a,c) =! (0.447141, -0.357742) and (h,d) =< (1.507397, 1.917782). 

= la (•» + In X - -v’ + x) dx = j;* {2.r + In X - x’) dx 

'= [x- +x Inx - X - = 0.709781 


2..S 



X = J]*x (2x + Inx -x^) r/x = J( (2x- + x Inx — x^) dx 
= 7 [^x^ + Jx-(21nx - •)- 3^^’]* =® i (0.699489) » 0.985501 

y- 1 la i [(•' + In")’ - ("^ - ")^] dx = jlf /„* [2r Inx + (Inx)^ - x** + 2x^J dx 
101 and ^ 

Ta - I"’ + " (Inx)- - 2.x Inx + Zx - fx’ + |.x’] w jL (0.765092) » 0.538964 


So (x.y) =“ (0.986.0.539). 
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35. Choose .t- and >'-axcs so that the base (one side of the triangle) lies along 
the x-axis with the other verte.x along the positive ^'-axis as shown. From 
geometry, we know the medians intersect at a point | of the way from each 
vertex (along the median) to the opposite side. The median from B goes to 
the midpoint ^ i (o + c), 0^ of side AC, so the point of intersection of the 

medians is ^ j • j (a + c), = ^5 (a + c), This can also be verified by finding the equations of two 

medians, and solving them simultaneously to find their point of intersection. Now let us compute the location of 
the centroid of the triangle. The area is /f = ^ (c - a) ft. 

^ = 7 [r3 + /o ^ f - •’')= 7 [! /« + F Jo (" - dx] 

= i ± [-i-’ + i [W’ - 

I 2 _ \ („2 _2\ ^ a + i- 

6 cic~a) ■ 6 “ 3(c-a) y ^ ~ 


Jic-U) 


and 


J' = a [/a 5 + /o 5 (f dx] 

= ^[^J^{a^-2a.+x^) d.r + ^ (c^ - 2cx + .x^)</.x] 

= l[^px-nx^ + ^^]V^p.x-e.x^ + |4] 




( a + c ft\ 

—^j I os claimed. 

Remarks: Actually the compulation of >■ is all that is needed. By considering each side of the triangle in turn to be 
the base, we see that the centroid is j of the way from each side to the opposite vertex and must therefore be the 
intersection of the medians. 

The computation of y in this problem (and many others) can be simplified 
by using horizontal rather than vertical approximating rectangles. If the 
length of a thin rectangle at coordinate y is f (y). then its area is f Cv) Ay, 
its mass is pf (y) Ay, and its moment about the x-axis is 
A Mx = pyt (y) Ay. Thus, 

Mx = j f>y( iy) iiy and y = ^ 



b 

I 

1 


= jffy((y)dy 


C (J 

In this problem, f (.v) = —-— (6 - y) by similar triangles, so 
h 




ft’ ft 

3 


I 

I 


Notice that only one integral is needed when this method is used. 
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Since the position of a centroid is independent of density when the density is constant, we will assume for convenience that p = I in 
Exercises 36 and 37. 


36. Divide the lamina into three rectangles with masses 2. 2 and 6 , with centroids j. l). (o. and ^2, 
respectively. The total mass of the lamina is 10. So, using Fonnulas 5, 6 , and 7. we have 

X = ^ ^ + re TO (2) = re’“'’‘*5'= ^ = re (') + re (0 TO ( 5 ) = ?• 

Therefore (x,>0 = (re -1) 


37. Divide the lamina into two triangles and one rectangle with respective ma.ssesof 2, 2 and 4. so that the total mass is 
S. Using the result of K.\crcise 35. the triangles have centroids (—U j) and (l- centroid of the rectangle 

(its center) is (o. — 5 ) So, using Formulas 5 and 7, wc havcy = ^ = j (|^ + | (^^ + 5 (“j) = iV- 
and 3t = 0, since the lamina is .symmetric about the lincx = 0. Therefore (x.y) = (o, 


38. A sphere can be generated by rotating a semicircle about its diameter. 13y Fxample 4, the center of mass travels a 

distance Itry = 2>r (yj^ = y, so by the Theorem of Pappus, the volume of the sphere is 

,, , , 're- 8 r 4 3 

I =Ad= — - — = ^nr>. 


39. A cone of height h and radius r can be generated by rotating a right 

triangle about one of its legs as shown. By Kxercisc 35. x = jr. so by the 
Theorem of Pappus, the volume of the cone is 


F = Ad = ir/i • 2n (jc^ = jirr-h. 



40. From the symmetry in the figure, y = 4. So the distance traveled by the 
centroid when rotating the triangle about the x-axis is rf = 2ir ■ 4 = 8x. 
The area of the triangle is A = ih/i = j (2) (3) = 3. By the Theorem of 
Pappus, the volume of the resulting solid is /fr/ = 3 ( 8 x) = 24ir 
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41. Suppose the region lies belween two curves >■ = / (x) and y = g (x) where / (x) > g (x). as illustrated in 
Figure 13. Choose points x, with a = xo < X| < ■ • ■ < x„ = b and choose x,” to be the midpoint of the (th 
subinterval; that is. x‘ = x, = j (X(_i + .x,). Then the centroid of tbc ith approximating rectangle R, is its center 
C, = (ji, i(/(x,) + g(x,)]y ltsarcais[/(x,)-g(x,)]Ax,soitsmassis/)l/(x,)-g(x,)]Ax. 

Thus. My(R,) = /)(/(x,) -g(x,)l Ax x, = /;x, [/ (x,) - g (x,)) Ax and 

Afi (/?,) = /)l/(x,) -g(x,)] Ax ■ j |/(x,) + g(x,)l = p- j [/(x()^-g(x,)^] Ax. Summing oven and taking 
the limit as n oo, we get My = lim 21, 1/Cfi) — g(T,)] Ax = p }„ x |/(x) — g(x)]r/x and 
A/x P ■ 5 [/(?/)^ -g (*/)■] Ax =p/a I [/(x)^ -g(x)2]rfx. Thus, 



(b) Using Formula 9 and (he fael (hat (he area of ^ is 

1 m — n 




m + 1 (n + 1 ) (m + 1 ) 


, we get 


(n+ l)(m 


n Jo ^ m—n [n + 2m+2j 


and 


_ (>t + l)(m+ 1 ) 
(n + 2 ) (m + 2 ) 

^ (n+ l)(/»i + 1 ) 

- (2« + l)(2m + I) 

(c) If we take « = 3 and m = 4, then 


(n + l)(m + l) 
2 (m-n) 


' I _!__■ 

_ 2 n+l 2 m + l_ 


which lies outside 91 since = ^ < ^. This is the simplest of many 
possibilities. 
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Applications to Economics and Biology 




1. r(2000) =C(0) + Jg'^C'^x)d.x = 1,500.000 + (O.OOOx^ - 1.5.x + 8 )rf.v 
= 1.500,000 + [0.002x’ - 0.75x2 + Sx]^"®” = $14,516,000 


2 . R'(x) = 90 - 0.02x and fi (100) = $8800, so 

« (200) = R (100) + R' (x) dx = 8800 + (90 - 0.02x) dx = 8800 + [90x - O.Olx^],™ 

= 8800 + (18.000 - 400) - (9000 - 100) = $17,500 


3. C' (x) = 74 + 1.1.x — 0.002x2 ^ 0.00004.x2, so the increase in cost is 


C (1600) - C (1200) = (74 + I .lx - 0.002x2 ^ o.()0004x’) dx 


= |^74x + 0.55x2 - 2:^x’ + O.OOOOlx** 

= 64.331,733.33 - 20,464,800 = $43,866,933.33 


,nl600 

Jl200 


4. Consumer surplus = \p{x) — p (30)] dx 

- fo° “ TO* to)] ‘^* 

= [3*-TO*']r = ^0-‘’5 = $45 



5. p(x) = 10 ==> x + 8 = 45 =» x=37. 

X + 8 

60) 


/■” /■” / ->50 \ 

Consumer surplus = / [p (x) — lOjrfx = / (-- — \0\dx 

Jo Jo \x + o / 

50- 

y 

40- 

30- 

\ consumer 

surplus 

= (450In (x + 8)- lOxlf 

20- 

10 


= 450 In - 370 $407.25 




10 20 30 40 Jf 


6. PS (X) = 3 + 0.01x2. /> = PS (10) = 3 + 1 = 4. 

4 

P.(X) ^ 

Producer surplus = (P — ps (x)] dx 

3 

producer 

= /„‘“[4-3-0.01x2]</x = [x-2|l,x2f 

2 

surplus 

1 

as 10 - 3.33 = $6.67 

T 

2 4 6 8 10 
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1. P = ps(,x) = \0 = 5 +^ 50 = =* .t = 2500. 


Producer surplus = 1 P - ps (.v)| dx 

=/o’*"" (lO - 5 - i^v^) </* 

r , ,,,nJSOO 

= [5.t - as $4166.67 



jX and p = 20 + ^x intersect at p = 40 and x = 200. 

P‘ 


consumer 

surplus 

Consumer surplus = /q'®® ^50 - ^x — 40^ dx 

50- 

demand 

__ 

40- 

30- 


^{X.P) 

= [lO’'-4V-]o =*'000 

20- 

supply 

producer 

Producer surplus = /q®® ^40 — 20 — j^x^ dx 

10 

surplus 

0| 

50 

150 250 ■ 





= [ 20 .x - = $2000 





„ , 800.000c-"5000 

9. p (.x) =-= 16 => X = X| as 3727.04. 

’ x + 20.000 

Consumer surplus = JJ,*' lp(x) — lOJrfx as $37,753.01 



10. The demand function is linear with slope = ~% ond p (400) = 7.5, so an equation is 
p — 7.5 = — ^5 (x — 400) or p = — •j^x + ^. A selling price of $6 implies that 6 = — ^x + 


75- 


.. 185 84 _ 101 
~ 14 14 — TT 


X = 505. 


Consumer surplus = + ^ - 6^ rfx = ^--[^x^ + ^xj^ as $1821.61 

11- /(8) - /(4) = // /' {l)dl = // s/idt = = 3 (l6v^- s) « $9.75 million 

^9 . r r 1 *^ 

12. » (9) - n (5) = j (2200 + 10c® *'j dt = |^2200r + = (22004]? + f 

= 2200 (9 - 5) + 12.5 (c’^ _ /) =a 24,860 

xPR* T (4000) (0.008)'' 


13. F = 


8r;f 


8 (0.027) (2) 


14. If the flux remains constant, then 


P= Po ( 3 )^ « 3.1605 > 3/'o. 


1.19 X 10 '* em'/s 
xPoPp _ xPR* 


SijC 


Sijf 


PoR* = PR^ 


= (§)'« = 


«o 
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15. /o’c i/ (12 -i)dt = [f/2 _ ^ (216 - 144) = 72 mg • s/L. Therefore, 

F = A/72 =^ = lL/s=f L/min. 

16. As in Example 3, we will estimate the cardiac output using Simpson’s Rule with At = 2. 

c (t) t/t ss f [I (0) + 4 (2.4) + 2 (5.1) + 4 (7.8) + 2 (7.6) 

+ 4 (5.4) + 2 (3.9) + 4 (2.3) + 2 (1.6) + 4 (0.7) + 1 (0)] 
= f (110.8) at 73.87 mg s/L 
A 8 

I hcrclorc. F at st o. 1083 IVs or 6.498 L/min. 


35 


Probability 


(•*) /i^ f (i)dl is the probability that a randomly chosen battery will have a lifetime of between 100 and 
200 hours. 

(b) f (l)dt is the probability that a randomly chosen battery will have a lifetime of at least 200 hours. 

2. (a) P (180 < A- < 240) = f(x)d.x 
W P(0<X <2m) = f(x)dx 

3. (a) In general, wc must satisfy the two conditions that are mentioned before Example 1 — namely, (1) / (,r) > 0 

for all X, and (2) /(x)r/.if = I. Clearly, condition (1) is satisfied. For condition (2), we see that 

/(x)</.v = /o'°0.1 dx = rhu.s, f (x) is a probability density function. 

(b) Since all the numbers between 0 and 10 arc equally likely to be selected, we expect 
the mean to be halfway between the endpoints of the interval; that is, .r = 5. 

P = fTco •’t/ (-V) = /o'“ AT (0.1) r/x = ^jt^W = 5, as expected. 

4. (a) As in the preceding exercise, (1) / (x) > 0 and 

I^f(^)dx = /o'®/(x)£/x = I (10) (0.2) jarea of a triangle] = 1. So/(x) is a probability density 
function. 

(b) (i) P (.V < 3) = f(x)dx = i (3) (0.1) = = 0.15 

(ii) Wc first compute P (X > 8 ) and then subtract that value and our answer in (i) from 1 (the total probability). 
P (X > 8) = f(x)dx = \ (2) (0.1) = I, = 0.10. So Z’ (3 < -T < 8) = I - 0.15 - 0.10 = 0.75 

(c) We find equations of the lines from (0,0) to (6,0.2) and from (6,0.2) to (10.0). and find that 
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5 . We need to find m so that f(t)dt = \ => lim = \ => lini^^jC—5)e =5 ^ 

(-l)(0-t'-'”/*) r= I => c-»'/5 = i =i -m/5 = ln^ => m =-5 In ^ = 5 In2 « 3.47 min. 

0 ift < 0 

6. (a)//= 1000 =» /(0= , ^ 

,f(>0 

(i) P (0 < .V < 200) = /o™ + 1 ** 0.181 

(ii) P (A- > 800) = T^e-""^ d! = ;jt^ = 0 + ^ 0.449 

(b) We need to find m so that J'{l)dl — j => lim /„ = j =» lim = 5 

=> O + e”"’/'®"® = 5 =» -m/1000 = lnj => m =-lOOOIn ^ = 1000ln2 ss 693.1 h. 

7. We use an exponential density function with /i = 2.5 min. 

(a) P{X> 4) = J^f(l)dl d' = = 0 + =s0.202 

(b) /> (0 < A- < 2) = f{,t)dl = ’ + I » 0.551 

(c) We need to find a value a so that P (X > a) = 0.02, or, equivalently, P (0 < X < a) = 0.98 <=> 

f(l)dl = 0.9» <=> [-e-'^2.5j“ 0 98 ^ -e-"/2 5 + | = 0.98 » 5 = 0.02 <=> 

—a/2.5 = In 0.02 <=> a = —2.5 In ^ = 2.5 In 50 a* 9.78 min =s 10 min. The ad should say that if you aren't 


served within 10 minutes, you get a free hamburger. 


8 . (a) /• (65 < .V < 73) = jj exp(-l|^^r/.r =« 0.847 (using 


a calculator or computer to estimate 


the integral). 

(b) P (X > 72) = I — P (0 < A' < 72) as 1 — 0.858 = 0.142, so 14.2% of the adult male population is more than 
6 feet tall. 


9. P (X > 




integral from 10 to 100. Thus, P (X > 10): 


To avoid the improper integral we approximate it by the 
I 


f'®® I / (x-9 4)^\ 


a calculator 


or computer to estimate the integral), so 44.3% of the households throw out at least 10 lb of paper a week. 


10 . 


calculator or computer to 


/"**® I / (x — 5001^ \ 

(a) P (0 < A' < 480) = J *^5*0(-— ^22 — jdx ^ 0.0478 (using a 

estimate the integral), so there is about a 4.78% chance that a particular box contains less than 480 g of cereal. 

(b) Wc need to find /i so that P (0 < .V < 500) = 0.05. Using our calculator or computer to find P (0 < X < 500) 
for various values of /i, we find that if /i = 519.73, P = 0.05007; and if /< = 519.74. P = 0.04998. So a good 
target weight is at least 519.74 g. 

71+2<t I 


11. P (./I-2(7 < X < fi + 2a) = f 

J/t-: 

gives us 




2ff (In/Ss 

r —(<T di) = e~'^/'^dt as 0.9545 

J^2(tV27[ V2k J-2 


Substituting / = -—— and c/t = ~ dx 
a a 



where c = \/fi. By using parts, tables, or a CAS, wc find that 
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0 if.r < 0 

12. Let f(x) = 

ce-" if;t > 0 

(1) : /.ve*' dx = (bx - I) 

(2) : Jxh'’^ dx = (<?'’"//>^) (b^x^ - 2bx + 2) 

Now 

- /‘f f(x)dx = J^^(x - /tf f(x)dx + {x - fi)^ f(x)dx 
= 0 + lint c C! (jt — //)^ dx = c ■ lint JJJ - 2x//e*“ + dx 

Next we use (2) and (1) with 6 = —c to get 

-r- + 2cjr + 2) - 2/t—^ (-C.I - I) + - 

C-* V / —c 

Using I'Hospilal's Rule several times, along with the fact that = l/c, wc get 

4 

13. (a) l-'irst /7(/-) = —r-e"-'’*'*) > 0 forr > 0. Next, 

"o 

/ p(r)dr = f dr = ^ lint f dr 

7-00 Jo al ai i-^^Jo 

As in Exercise 12, wc use (2) front that solution (with b — —2/ao) and I’llospital’s Rule to get 


fT = - = /< 

c 


ai 


= 1. This satisfies the second condition for a function to be a probability density function. 


4 4 

(b) Using I’Hospital’s Rule, —r lint lint 


2r 2 

= —r lint 


= 0 . 


qT r-too eWuo <—>00 (2/ao)e^/“o a^ r->°° (2/ao) e^^“" 

To find the maximum of p, we differentiate; 

- r""" (-="') 

r 

p' (r) = 0 <=> r = 0 or I = — <=> r = aa- p' (r) changes from positive to negative at f = ao. so p (r) 

ao 

has its maximum value at r = ao- 

(c) It is fairly difficult to find a viewing rectangle, but knowing the 
maximum value from part (b) helps. 

p(ao) = = —e"’ 9.684.098.979 


^0 

With a maximum of nearly 10 billion and a total area under the curve 
of 1, we know that the “hump” in the graph must be extremely 



4 X 10'*“ 


narrow. 
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(d) 


f 4 4 

P (r) = I ds => P (4oo) = / -rrs^e~^'^‘^ ds. Using (2) from the solution to 

Jo ilo Jo % 


Kxercise 12 (with h = —2/ao), 
P 


4 / 4 , 4 4/a^\r g i 

(4„„) = _ _^(_^2 + _^ + 2) =_(_1) e-»(64+16 + 2)-l(2) 


= -^ (82e-*-2) = 1 -4le-* ^ 


; 0.986 


(e) /I = rp (r)dr = -j lim fg r^e~^^'‘odr Integrating by parts three times or using a CAS, we find that 


2 

/ + 6hx — 6 ). So with b — -, we use I'Hospital’s Rule, and gel 

O'* (JQ 

4 r 1 1 

" = ^ ^(-6) Hoo. 


Review 

— II. —— ► CONCEPT CHECK ....-v ■ ■ — i ii. . . 11 . . n 

1. (a) T he length of a curve is defined to be the limit of the lengths of the inscribed polygons, as described near 

Figure 3 in Section 9.1. 

(b) See [Equation 9.1.2. 

(c) See [Equation 9.1.4. 

2. (a) S = /j* 2;r /(.r) v'l + [/'dx 

(b) If.x = gO’). c <y <d. then S = ^ 2xyJ 1 + [g' (y)]^ dy. 

(c) S = /* 2zxJ\ + [f'{x)\^dx otS= 2xg (y) 71 + (g' Cv)!^ dy 

3. Let c (x) be the cros.s-sectional length of the wall (measured parallel to the surface of the fluid) at depth x. Then the 
hydrostatic force against the wall is given by F = bxc (x) dx, where a and b arc the lower and upper limits for x 
at points of the wall and A is the weight density of the fluid. 

4. (a) The center of mtiss is the point at which the plate balances horizontally. 

(b) See Equations 9.3.8. 

5. If a plane region 31 that lies entirely on one side of a line ( in its plane is rotated about f, then the volume of the 
resulting solid is the product of the area of 91 and the distance traveled by the centroid o{3i. 

6. Sec Figure 3 in Section 9.4. and the discussion which precedes it. 

7. (a) See the definition before Figure 6 in Section 9.4. 

(b) See the discussion after Figure 6 in Section 9.4. 

8. A probability density function / is a function on the domain of a continuous random variable X such that 

J]* / (x) dx measures the probability that X lies between a and b. Such a function / has nonnegative values and 
satisfies the relation / {x)dx = 1. where D is the domain of the corresponding random variable X. If D = R, 
or if we define / (x) = 0 for real numbers x ^ 1), then / (x) = I. (Of course, to work with / in this way, we 
must assume that the integrals of / exist.) 
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(“) jo°° / U)dx represents the probability that the weight of a randomly chosen female college student is less 
than 100 pounds. 

(•’) /' = 1^00 = /o” 

(c) The median of / is the number m such that f (x)dx = 5 . 


EXERCISES 


1 . 3.r = 2(>' — 1)’/^. 2 < y < 5. -t = jO' — 1)^'’^, ^.adxjdy = (y — 1)'^^ and the arc length formula gives 

L = // ^\+(dxldy)^dy = // Vl + Cy-Drfy = fi ^dy = = § (Ss/S - 2^) 

(dy\^ , I I :r^ I 1 /1 xV 

\dx J x^ 2 16 AT^ 2 16 V,.t 4/ 


2. y = InAT — ' 


dy _ \ X 
dx .V 4 


‘'"I (j + 5)rf- = [lnAr + y]_=(ln4 + 2 )-(lnl + l)= 2 ln 2 +l 

3-(a)j’= + I <2 =» ^ = 5(3^-;^) =* = 

(b) S = J' 2.yf7[^) dx = 2. J' ^ ‘/.v = . {ix^ + h + lx-’) 

= [(^ + 5 " tc ) ~ (k + 3 " 4)] = ^ 

4 . (a) y = x^ ^ 1 + (y’)^ = 1 + 4x^ =» 

5 = /(,' 2Tx-yi + Ax^dx = j^du (u = \ +4x’) = | f (5’^'^ - 1) 

(b)y = x’ =» l + (y)^= l+4.x2. So 

S = 2>r fg .t^c/l + 4x’ dx = 2x fg jm’VI d-alj du (u = 2x) = f fg «’Vl + 1/’ dii 
= I ^1 + 2«^) \/l + 1/1 - j In ju + \/l + ul|j^ ( 1 / = tanfl or use Formula 22) 

= f [i (9) >/5 - ^ In (2 + V 5 ) - 0 ] = ^ [l8s/5 - In (2 + s/s)] 


dx 


5. y = 4/? = .x'/’ => dy/dx = \x-^'^ => J\ + {dy/dx)^ = ^1 + 1/ (9x''/’). Call this f{x). Then 

'■ = S\ / (^) dx 

=« S,4 = ffi [/ (I) + 4/ (1.5) + 2/ (2) + 4/ (2.5) + ■ • • + 2/ (7) + 4/ (7.5) + / (8)1 =« 7.082581 
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6 . Set g (.v) = + 1/ (x). (See the solution to Exercise 5.) Then 


S = 2x f^g{x)dx 

=» 2;rS|4 = 2)r ^ (g(l) + 4g (1.5) + 2g (2) + 4g (2.5) + ■ ■ • + 2g (7) + 4g (7,5) + g (8)1 
»! lx (11.364436) w 71.404857 


7. The loop lies between x = 0 and x = 3o and is symmetric about the x-axis. We can assume without loss of 
generality that a > 0. since if a = 0. the graph is the parallel lines x = 0 and x = 3a, so there is no loop. The 


1 


,3/2 


upper half of the loop is given by y = —= ^ (3a — x) = y/ax^^^ -p, 0 < x < 3a. The desired surface area 

3v<t iy/o 


is twice the area generated by the upper half of the loop, that is, S = 2 (2x) J x^\ 
dx 2 2^, ^\dx) 4x 


2 VS 


1 X 

■ + - + —. Therefore 
4x 2 4o 


S = 2(2x)l x{^x->'^+-^)dx=2xl (7^x>/^ + ^)r/x 

= 2a [^x5/2 + 7 ^xV 2 l’“ = 2a [+ ^Oa'= : 
L 3 5y/a Jo L 3 5Va J 


8.y =ax-5X- + - = ^V5?-5;^j,y = V^-^ 

fa x’ x’ "1^ /3a- 9o^ 27a-’\ , 

= 2a -X + = 2a ( —- +-—— I = 3aa^ 

[2 6 18a Jo \ 2 6 18a / 


9 . As in Example 1 of Section 9.3, 


^ = Jo W’ - ^)dx = i>g^\x^ - Jx’]^ = /'g (lO - f ) = y .5 =» y • 62.5 =s 458.3 lb 

’0- ^ = Jo T) 2 (2v(y) dy = AS J* (4y_ _y3/2) jy 
= 4 d[fy’/^-iv’/^]; = 4 d(f-H) 

= 256r5(|-j) = ^/i 
»s 2133.3 lb (<!i =5 62.5 Ib/ft’) 

.v = ^ 
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1’- '•< = J -2 [{'» - + 2)] dx = /Ij (2 - - .r^) dx = [it - ^ 

= (2---|)-(-4-2 + f) = ? =, 

x = ^~' f’jx (2-x -x-)dx = I (2* -x--x^)dx = | |^.v^ - ja:’ - ^ 

and 

? = /-2 - (^ + 2)-] dx = 1 Xlj (.x^ - 9x2 - 4.x + 12) dx 

= i [fx’ - 3 .x2 _ 2x2 + I2x]' ^ ^ [(1 - 3 - 2 + 12 ) - (-f + 24 - 8 - 24jj ^ 12 

So (x,>F)= (-J.y)- 

12. From the symmotrj' of the region, x = ^ . A = sin.x dx = |- eosx]^*^'' = 

? = 7 Sl’i* 1 S'"’" dx = ^ /’'/'• (1 - cos 2x) c/x 

= + ^|] 

So (.X,J0 = (f. (f + I)) « (1.57, 0.45). 

13. The equation of the line passing through (0. 0) and (3, 2) is y = |.x. .4 = j • 3 • 2 = 3. Therefore, using 

Equations 9.3.8. x = \ x (fx) dx = f, [x’]’ = 2. and J ^ ^ (^x)‘ dx = [x^]’ = |. Thus, 

(?.T) = (2 .f). 

14. Suppose first that the large rectangle were complete, so that its mass would be 6 • 3 = 18. Its centroid would be 
I, j y The mass removed from this object to create the one being studied is 3. The centroid of the cut-out piece 

is 1^. Therefore, for the actual lamina, whose mass is 15. x = || (I) - ^ = .j^. and v = j, since the 

lamina is symmetric about the liney = Therefore (?. t) = (to’ !)• 

15. The centroid of this circle, (1,0). travels a distance 2;r (1) when the lamina is rotated about they-axis. The area of 
the circle is ir (1)2. So by the Theorem of Pappus. T' = AItix = a- (1)2 2;r (I) = 2^2, 

16. The semicircular region has an area of ^irr^, and sweeps out a sphere of radius r when rotated about the x-axis. 

X = 0 because of symmetry about the line X =0. And by the Theorem of Pappus, Volume = = jar2(2ay) 

=* Therefore. (x,y) = ^0, 
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17. .V = 100 => /> = 2000 - 0.1 (100)-0.01 (100)- = 1890 


Consumer surplus = /o”® |/7 (.x) - /’] rf.v = /J®® (2000 - 0.1.r - O.Ol.t^ - 1890)rf.v 

= [ll0.v -0.05.v- - = 11,000 - 500- «j $7166.67 

18. ^St2 = (0) +4 (1.9)+ 2 (.1.3)+ 4 (5.1)+ 2(7.6)+ 4 (7.1)+ 2 (5.8) 

+ 4(4.7) + 2(3.3) + 4(2.1) + 2(l.l) + 4(0.5)+ 1 (0)) 

= j (127.8) = 85.2 mg s/L 

Therefore. F ss +/85.2 = 6/85.2 » 0.0704 l./s or 4.225 I./min. 
sin ((^.v) ifO < v < 10 
0 if.v < 0 or.v > 10 

(a) / (x) > 0 for all real numbers .v and 

IZc f (•’f) = /o"’ B {w'‘) = 15 • T |- <^0* {t5'')C = 5 (- cos it + cos 0) = i (1 + I) = I. 

(b) P(X < 4) =J*.^f{x)dx =J^ j 5 j.sin(( 55 .v)dv = ^ [-cos = j (-cos^ +coso) 

» ^ (-0.309017 + I) =s 0.345492 


19. /(v) = 


(<=) f‘ = = /u” S-* sin 

= /o' 55 • T" (sin u)(^)£/h (« = du = ^dx] 

= ^ fg u sin udu = ^ |sin ii — « cos «|J = j [0 — ;r (— I )J = 5 
This answer is expected because the graph of / is symmetric about 
the line V = 5. 



- 0.1 


l..(250 <.V< 280)=r-4^exp(z/^) 

Jzfo 15v/2^ \ 2 152 J 

last between 250 and 280 days is about 67.3%. 


=s 0.673. Thus, the percentage of pregnancies that 


f 0 ifr < 0 

21. (a) The probability density function is /(r) = 

if / > 0 

/»(0 < .T < 3) = Ja ie-‘l*dl = [-e'''*]o = + 1 0.3127 

(b) /' (A- > 10) = /“ dt = ^lit^ + e-'®^*) = 0 + 0.2865 

(c) We need to find OT .such that Z'(A'> m) = V =» XT'= 5 iim = s =* 

lim + e-"/*) = i => ?-'”/* = i => -m/8 = In i => 

X-POC - * ^ 

m = -8 In s = 8 In 2 5.55 minutes. 
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Problems Plus 

1. < 4v <=> at* + (>’ — 2)^ < 4, so 5 is part of a circle, as shown 

in the diagram. The area of S is 

fo \/4y —y^dy = /Jj' V4 - n^du (ti = y - 2 ) 

= j 5 U -\/4 - 1)5 + j (4)sin”' ^ ~ ^ 



Another Method (without calculus): Note that 0 = 2/IBC = so the area is 

(area of sector /IOC) — (area of AABC) = 5 ^2'^ ^ — j(l)-s/3 = ^ — 

2. y = ±\/a ’ — ^ The loop of the curve is symmetric about y = 0, and therefore y = 0. At each point a 

where 0 < a < I, the lamina has a vertical length of •/.x^ - a^ - v/a^ ~ 2Va^ — x*. Therefore, 

_ /J A ■ 2Va ’ - A'* dx fg X Vx^ — A'* dx 


/o' 2y/P^dx /o' y/Ji^^dx 

/,' xy/x^~-lt* dx = /o' A^^^Vl — A dx 


. We evaluate the integrals separately: 


sin 0 = y/x, cosOdO = dx/ {lyfx) ,j 
3 , 


^S^^lsxuOOcosOyfT^OdO [ 2sin0oos0d0^dx 
= /o'^ 2sin* 0cos^ OdO = /o*^^ 2 [| {1 - cos2fl)]’ i (1 + cos V))dO 
= /o*''^ ^ ( 1 - 2 cos 2 <l + 2 cos’ W - cos'* W) dO 
= /o'^’ { [1 - 2cos2« + 2cos2(2 (I - sin’ 20) - ^ (1 + cos40)’j dO 

= i [0 - i sin’ 20 ]'^^ - (1 + 2cos40 + cos’ 4o) dO 

= -R - A K 5 ■■'i"-'"]*'' - 5? /o'^' (I + cos80)00 

= ® ^ P’ + S sinSo]^ = ^ 


/o' vA'J'^Oa =/o'.A’/’yr^OA = /o''^^2sin^0cos0v/l -sin’OOO (sinO = ^7) 
= /o '2 sin‘' 0 cos’ 0 00 = /o' 2 ■ i (1 - cos 20 )’ ■ i (1 + cos 20 ) 00 
= /o'^^ j (1 — cos 20 — cos’ 20 + cos’ 20 ) 00 
= /„''’{ [1 -cos20- ^ (I +cos40) + cos20(l - sin’2/1)]00 

= I [f - 5 "'"'‘0 - I sin’ 2//]^'^ = i 

Therefore, a = = -, and (A,y) = Oj. 
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3. 


(a) The Iwo spherical zones, whose surface areas we will call 5| and 52, are 
generated by rotation about the v-axis of circular arcs, as indicated in the 
figure. The arcs are the upper and lower portions of the circle 

+y^ =r^ that are obtained when the circle is cut with the line y = d. 
The portion of the upper arc in the first quadrant is sufficient to generate 
the upper spherical zone. That portion of the arc can be described 



by the relation x = - y^ ford < y <r. Thus, dy/dx =-y j-Jr- — y^ and 


ds = 





rdy 

7 ^^ 


From Formula 9.2.8 we have 


5,=^2a.ryi + (g) = 


2itr dy = Inr (r — d) 


Similarly, we can compute S 2 = 2axyj\ +(dx/dyfdy = 2icr dy = 2icr (r + d). Note that 
S\ + i'z = the surface area of the entire sphere. 


(h) r = 3960 mi and d = r (sin 75°) =» 3825 mi, so the surface area of the 
Arctic Ocean is about 2irr (r -</)=» 2 t (3%0) (135) 3.36 x 10* mi^. 



(c) The area on the sphere lies between planes y = y\ and y = y 2 , where yy - y] = h. Thus, we compute the 
surface area on the i 


sphere to be S = J 27ix^\ 2nr r/y = 2ar (y 2 - yi) = 2a-r/i. 

This equals the lateral area of a cylinder of radius r and 
height h, since such a cylinder is obtained by rotating the line 
•t = r about the >'-a.\is, so the surface area of the cylinder 
between the planes y = y\ and y = y >2 is 

= c (s) =r 

= 2)t»-y|Ji,,| = 2xr (y 2 -yi) = 2)rr/i 



y = yi 
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4. (a) Since the right triangles OAT and OUT are similar, we have 

^ ^ a = -. The surface area visible from B is 

r a H + r 

S = f' 2izx.J\ + (dx/dy)- dy. From x- + y- = r-, we 8“^* ^ 


y j \ 2 ■> . 2 ■* 

.. /d'‘V t +y r- 

and I + I — I =-i— = —X- Thus 

\dyj x^ x‘- 



2zx — dy = 2Kr {r — a) = 2jcr 




H+r 


) 



2Kr^n 
r + ll 



(b) If a light is placed at point at a distance x from the center of the sphere 

of radius r. then from (a) we find that the total illuminated area on the two 

27tr-(x-R) 2xR-{d-x-R) 

spheres is /I --+-;-• 

X a — X 





0 = • ^ + R- • 


(d-xV 


R3 

e=> 0 = -r-r 

X^ Id-X)^ 


R^x^ = r^[d^--(2d)xA-x'^] <=> 


[R^ - r'^)x-+ {2r^d)x-r^d--0 « [(R/r)^ - Ij^i^ + (2</)jt - = 0. Assume, without loss of 

generality, that R = 2r, where 2 > I. Ilien = 0 <=> (2^ — l).x^ + (2rf)j( — </■ = 0 <=> 


-2d ± 2dyfi} - I , , . d 

2(2^- — "" ■^ = ^r^d^s.ueex>B) « •■'= pT^TT' 
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5. (a) Choose a vertical .v-axis pointing downward with its origin at the surface. In order to calculate the pressure at 
depth z. consider n subintcrvalsof the interx'al |0,r] by points .x, and choose a point jr* e [.x,_i..x,] for each i. 
I'he thin layer of water lying between depth x,.\ and depth xt has a density of approximately /) (.x’), so the 
w eight of a piece of that layer with unit cross-sectional area is p (x‘) gA.x, The total weight of a column of 
water extending from the surface to depth r (with unit cross-sectional area) would be approximately 

tt 

X f* (•’f/*) estimate becomes exact if wc take the limit ^sn oo; weight (or force) per unit area at 

n 

depth z is H' = lim (x’)gAx. In other words. P (z) = k P (■'f)gdx. More generally, if we make no 

n-» 00 ,_| 

assumptions about the location of the origin, then P (;) = Po + /g P (•x)g</x, where Po is the pre.ssure at 
.X = 0. DifTcrentiating. we geidP/dz = p (z)g. 


(b) 



F = /I, P a -I-.X) ■ 2y/r--x-dx 
= Sir (/’o + /o poe=/"gdzj 2Vr- - x-dx 
= Pa Sir 2x/r2-.x2 dx + pogH Sir - I) • 2y/r^--x^-dx 

= {Po- PogH) sir 2v'r^ - x^ dx + pQgH Sir e<' • 2Vr- - .x- dx 

= (A) - PogH) (trr-) + pQgHe'l^ Sir ' 'i^/r^-x-dx 


6 . The problem can be reduced to finding the line which minimizes the 
shaded area in the diagram. The equation of the circle in the first quadrant 
isy = Vl — .x^. so if the equation of the line is.v = A, then the circle and 

the line intersect where h = VI — .x^ =» .x = •J\ — h^. So the shaded 
area is 



//=/„ (x^l - x^ - a) <fx -I- /yfq;? (a - VI - .x-) 

= |-A.t)/^ x^' -x-dx + s/^ -x^dx 

= -Av/r^ -p A - A/r^ + v/T^rfx -p x/r^rfx 

= A ^1 — 2’J\ — A-) -p S^' \/l —x-dx + Vl — x-dx 

Note that at (-Ar), we reversed the limits of integration and changed the sign in the last integral. 
Wc are interested in the minimum of A (A) = A ^1 — 2\/\ — A^) + \/l — x-dx -P *' Vl — dx. 

.so we find JA/dh using PTCl and the Chain Rule; 


dh 


[ 2 A- -p s/i -a 2 - 2 ( 1 - A^)] -p; 


yf\-h- 


-A 

n/V — /r 
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This is0 when Vl - /i’ - 2(1 - = 0 <=> u - 2u- = 0 (where m = Vl - h-) <=> H = Oor| <=> 

2 

/; = 1 or By ihe FirsI Derivative lest, h = ^ represents a minimum for J (h). since /!' (h) = I - 
goes from negative to positive at /i = ^. 

Another Metlml: Use F102 to evaluate all of the integrals before difl'erentiating. 

Note: Another strategy is to use the angle 0 as Ihe variable (sec diagram above) and show that 
A =0 + cost) — ^ - j sin 2D. which is minimized when D = j. 


7. To find Ihe height of Ihe pyramid, w e use similar triangles. The first figure shows a cross-section of the pyramid 
passing through the lop and through two opposite corners of the square base. Now \BO\ = h. since it is a radius of 
the sphere, which has diameter 26 since it is tangent to the opposite sides of the square base. Also. \AD\ = h since 
AADB is isosceles. So Ihe height is |.4B1 = + 6- = \/2h. 





We observe that the shared volume is equal to half the volume of the sphere, minus the sum of Ihe four equal 
volumes (caps of the sphere) cut ofl'by the triangular faces of the pyramid. Sec Exercise 6.2.47 for a derivation of 
the formula for the volume of a cap of a sphere. To use the formula, we need to find the perpendicular distance h ol 
each triangular face from the surface of the sphere. We first find Ihe distance tt from the center of the sphere to one 
of the triangular faces. The third figure shows a cross-section of the pyramid through the lop and through the 

^ ^ ^ d \AB\ -Jib 

midpoints of opposite sides of the square ha.se. From similar triangles we find that - = = 




d = = ^6. So h : 

v/362 5 


■. h — .So. using Ihe formula 

from Exercise 6.2.47 with r = 6, we find that Ihe volume of each of Ihe caps is 

„ ^ = is-^6v^ _ = (j - ^%/6^ IT6-'. So. using our first observation, the 

shared volume is I' = 4 ~ (j ~ ~ ~ 
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8. Orient the positive .v-axis as in the figure. Suppose that the plate has height 
h and is symmetric about the .x-axis. At depth x below the water 
(2 < .X < 2 + /)). let the width of the plate be 2/ (.x). Now each of the n 
horizontal strips has height h/n and the ith strip (I < i < n) goes from 

x = 2 + ^ h to X = 2 + h. The hydrostatic force on the ith 

strip is F (i) = 62.5.x [If (.x)J dx. If we now let 

.X (2/ (x)) =k(a constant) so that f (x) = k/ (2.x). then 

('■) = IlZ-n/nV. 62.5* dx = 62.5* [xl^:;;/:>^/„^ 

= 62.5* [(2 + L/r) - (2 + = 62.5* (J) 

So the hydrostatic force on the ith strip is independent of /, that is, the 
force on each strip is the same. So the plate can be shaped as shown in the 
figure. (In fact, the required condition is satisfied whenever the plate has 
width r/x at depth x, for some constant C. Many shapes are possible.) 



9. If/i = L, then 


area under y = A sin fl _ Jq LsinOdO [-cosLIIJ _ -(—!)+ I 2 
area of rectangle x I, n n ~ n 


If /) = A/2, then 


area undcry = jA sinf) _ JJ,' jAsinOdfl |-cosfi]J 
area of rectangle t A 2i 


lx 


X 


10. (a) The total set of possibilities can be identified with the rectangular 

region Ht = [(0,y) | 0 < y < A, 0 < < jt). Even when h > L, the 

needle intersects at least one line if and only ify < 6 sinW. Let 
3^1 = {(fLy) I 0 < y < hsinO, 0 < 0 < x}. When h < L,9l\ is 
contained in !J(. but that is no longer true when h > L. Thus, the 
probability that the needle intersects a line becomes 

_ area (Sft n Sfti ) area (Sft n ®j) 

area (Sft) x A 

When h > A. the curve y = h sin 0 intersects the line y = A twice — 
at (sin“* (l./h) . A) and at (a — sin"' (A//i), A). Set 
Ol =sin"' (I./h) andOi = x 
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Then 

arca(aftnai) = hsmOdO + Lim + /«' 

= 2f^' h sin 0dO + L (dh -dh) 

= 2/i|-cosrt]'o' + i()r - 2d)\) 

= 2/i (I - cosOi) + L (ir - 2fl\) 

= 2h - 2s/P - L^ + nL-2L sin"' (i) 



Wc are told that /, = 4 and h = 7, so area(9L niSli) = 14 — 2's/33 + 4a' — 8sin"' 10.21128 and 

P = ;jLarea(31 n3l|) =« 0.812588. (By comparison, /> = | =» 0.636620 when /i = /,. as shown in the 
solution to Problem 9.) 

(b) The needle intersects at lea.st two lines when y + L < A sinO; that is. ^ 

when y < A sinW — L. Set '• 

2ft2 = ((f. y) I 0 < >> < A sinti - A, 0 < < a). Then the 3 

probability that the needle intersects at least two lines is 2 

^ area (Sft n gtz) ^ area (gt n My) A = 4 and A = 7, gti i 

area (34) a A 

is contained in SA (sec the figure). 0 



Thus, 

/.y = ^areaOLy) = ^ S’XT' ^ 

= 27 1-7COS0 - = 57 [o - 2® + 7# + 4sin"' (4/7)] 

= +4 sin-'(4/7)-2a ^ ^ 

2t 

(c) The needle intersects at least three lines when y + 2A < A sinO: that is, when y < A sinW — 2A. Set 

913 = {(fl.y) I 0 < V < Asin</ - 2A,0 < 0 < a). Then the probability that Ihc needle intersects at least three 

lines is /»3 = CSin^,) _ area (9Lnay) generalization to P„. n any positive integer. 


area (a) a A 

should be clear.) Under the given assumption. 


P% = jjarea (ay) = ^ /, 


I r*-sin '(2/./A) 


(Asint) — 2L)dd> 


_ 2 f*/2 


2si„-ia.//-, '. 

= Jr - 2i»C;;-'(2/.//,) = + n/P^=1a 7 -h 21. sin-' (2A/A)] 


Note that the probability that a needle touches exactly one line is P\ — P 2 , the probability that it touches exactly 
two lines is /S — Pi, and so on. 
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Differential Equations 


Modeling with Differential Equations _ 

1. y = 2 + <?-'* => y' = -3xh-’\ 

LUS = y + + 3jr^ ^2 + = -3.x-e“''^ + 6.x^ + 3x^e~^^ = 6x- = RHS 

2 + ln.x , ;t (l/x) - (2 + lnj:)(l) -l-lnj . 2 + In I 

2.3' = —^ - >-=--= _^andy(I)=—p-=2. 

LUS = .rV + ^3' = ^ “ ln.x) + (2 + Injt) = 1 = RHS 

3. (a) y = s\n ki => /^kcoski => y" =—k^ sin kl. y" + 9y = 0 =* —sini/+ 9sin*/= 0 => 

{9-k^) sin kl = 0 (for all/) => * = ±3 

(b) >> =/f sin*/+ Bcosi/ => y' = Akcoskl - Bksinki ^ y" =—Ak^ sinkt — Dk^ coskt =» 
y" + 9y = -Ak^sink! - Bk^coskt +9(/l sin*/ A- B cask!) — (9 - k-) A sin*/ + (9- *^) Bcoski = 0. 
The Iasi equation is true for all values of/( and B if* = ±3. 

4. y = e" =» y'= re" => v" = r-e". v" + y - 6,v = 0 => r^e" + re" — Se'''= 0 

(r^ + /• — 6) e" = 0 => (r + 3) (/• - 2) = 0 => r = -3 or 2 

5. (a) y = e' => y' = e' => y" = e'. l.HS = y" + 2y' + y = e' + 2e' + e' = 4e' y 0, so >> = e' is not a 

solution of the dilTercnlial equation. 

(b) >' = e ' ^ y =-e"' => y'= e LIIS = y'+ 2y+ >< = c"'— 2c"'+c"'= 0 = RHS. so 
y = e"' is a solution. 

(c) = /c"' => y' = e~' (,] — I) => y' = c"' (/ - 2). 

LHS = y' + 2y + y = e-'{t-2) + 2c-' (!-/) + /c"' = c"' ((/ - 2) + 2 (I - /) + /] 

= c"'(0) = 0 = RHS 
so>’ = ie~' is a solution. 

(d) >' = /^c"' y=/c"'(2 —/) ^ y'= c*'(/^ - 4/+ 2). 

LHS = y" + 2y' + y = c"' (/^ - 4/ + 2) + 2/c"' (2 - /) + /^c"' 

= c"' [(/- - 4/ + 2 ) + 2/ (2 - /) + /^] = c"' (2) y 0 
so>' = is not a solution. 
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6. (a) y = => y' = (lr/2) = xCe'^'- = xy. 



(c) y(0) = 5 =» Ce® = 5 => C = 5, so Ihe solution is y = 

(d) y(l) = 2 => = 2 =» C = 2f~'/^, so the solution is 

y = 2 e-'/V ^/2 ^ 2e(''“')''^ 


7. (a) Since the derivative y' is always negative (orO), the runctiony must be decreasing (or have a hori/ontal 
tangent) on any interval on which it is defined. 


(b) y 


I 


=» y = -- 


I 


t f ' (j( + D- 

(c) y = 0 is a solution ol' v' = —y-. 

(d) y (0) = ^ and y (0) = 0.5 


-^,,„s=v'=— 

■)- (.v + o^ V-t + cV 


RHS 


(' = 2. so y = 


.v + 2' 


8. (a) l( X is close to 0. then .vy^ is close to 0. and hence, y' is clo.se to 0. Thus, the graph ofy must have a tangent line 
that is nearly horizontal. If jt is large, then .vy’ is large, and the graph of y must have a tangent line that is 
nearly vertical. (In both cases, we assume reasonable values fory.) 

-1/2 


,2t--V2 
3 


(b)y = (r-.r^) => y'= a: (C - AT^) 

RIIS = .ry^ = * 

,\-V2 


(c) 




(d)y(0) = (r-0)-^''2^ l/ycandy(0) = 2 => ^/^ = 



=a -4 


- 1/2 


9. (a) 


=> = J- SO.T 

tip ( 

til ~' ‘^v' ■ 
for P < 4200 (assuming that P > 0). 

P > 4200 


P \ dP P 

4200/ ^ * ~ 4200 ^ ** 


When X is close to 0. y' is also close to 0. 
As X gets larger, so does |y'|. 

P < 4200 => the population is increasing 


. dP 

dP 

(c)-=0 


P = 4200 or /> = 0 


10. (a) y = k => y' = 0. so ^ = y'* - by-' + 5y- => 0 = + 5k- => *’ - 6* + 5) = 0 =» 

i-(i-l)(A -5)=0 => A =0,1, or 5 

(b) y is increasing «. ^>0 cc y2 - I) (y - 5) > 0 « y e (-oo, 0) U (0, I) U (5. oo) 

(c) y is decreasing <=> ~<0 » ye(l,5) 
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11 . (a) r increases most rapidly at the beginning, since there arc usually 

many simple, casily-leamed sub-skills associated with learning a 
skill. As I increases, we would expccldl’/Ji to remain positive, but 
decrease. This is because as time progrcsse.s, the only points left to 
learn arc the more difticult ones. 

(b) d P/dl is always positive, so the level of performance is increasing. 
As /’ gets close to M. dP/dl gets close to 0. that is, the performance 
levels olT, as e.xplained in part (a). 

12. (a) The coft'ec cools most quickly as soon as it is removed from the heat 

source, fhe rate of cooling decreases toward 0 since the coftee 
approaches room temperature. 

(b) — = * (y — R). where k is a proportionality constant, y is the 
dt 

temperature of the coffee, and R is the room temperature. The initial 
condition is y (0) = 95°C. The answer and the model support each 
other because as >■ approaches R, dyjdt approaches 0, so the model 
seems appropriate. 




^3-2 Direction Fields and Euler's Method 
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(b)Forc<2. lim v{t)is finite. In fact, ife = 2 then lint v(r) = 2and ife < 2thcn lim yfr) = 0. The 
' ' — /-*oo' /->oo 

equilibrium solutions arc y = 0 and >■ = 2. 

3. y' = y — 1. 1 he slopes at each point arc independent of x. so the slopes are the same along each line parallel to the 
jc-a\is. Thus. IV is the direction field for this equation. Note that for y = 1. ,v' = 0. 
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4. y - y X - 0 on the line y - x, when j: = 0 Che slope is y. and when = 0 the slope is -jt. Direction field II 
satisfies these conditions. [Looking at the slope at the point (0,2), II looks more like it has a slope of 2 than does 
direction field l.j 


5. ,v V .V 0 => 7'— There are horizontal tangents on these lines only in graph III, so this equation 

corresponds to direction field III. 


6. .1 _ y - =0 on the line y = x. when x = 0 the slope is y^, and when y = 0 the slope is -x^. The graph is 

similar to the graph for E.xcrcise 4. but the segments must get steeper very rapidly as they move away from the 
origin, because x and y are raised to the third power. This is the case in direction field I. 
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15. In Maple, wc can use cither directionf ield (in Maple’s share 
library) or plots [fieldplotl to plot the direction field. To plot the 
solution, we can either use the initial-value option in directionf ield, 
or actually solve the equation. In Mathematica. wc use 
PlotVectorField for the direction field, and the 
Plot (Evaluate (...) 1 construction to plot the solution, which is 
y — gO-cos2x)/2 


3 




/ 1 /Ji. \ \ \ 

/ / f /^\ \ \ 

/ / \ \ 

/ / \ \ 

/ / / s\\ \ \ 

/ 1 //y \ \ \ 

/ /// s\ \ \ 

/ / /^ \\\ \ 


y / if y\\\ \ 

/ / / ^ \\\ \ 

y III ^\ \ \ 

/ y / '*«. \ \\ \ 

y // / ^ \ \\ \ 

/// / -^ \ V \ 

y J t ^ \ \\\ 

y f X ^ 

s \ V 

/ / \ \ 'v 

X / / \ \ 


f' y y-'N N N 


In rierive, use Direction_Field (in utility file ODE_APPR) to plot the direction field. Then use 
DSOLVEl (-y*SIN (2*xl , 1, X, y, 0,1) (in utility file ODEl) to solve the equation. Simplify eaeh result 


16. Sec Exercise 15 for specific CAS directions. The exact solution is 

2-hx_?_ 

y = -.t - 2arctan-L+i2!jm 

I +lan(l/2) 



0 



/. = lim y (I) exists for -2 < c < 2; /. = ±2 for c = ±2 and 
/-»oo 

i = 0 for —2 < c < 2. l-or other values of e, /. does not exist. 


18. 



Note that when / (y) = 0, wc have y' = / (y) = 0; so wc get horizontal 
segments at y = ± I, ±2. We get segments with negative slopes only for 
I < lyl < 2. All other segments have positive slope. Kor the limiting 
behavior of solutions: 

• Ify (0) > 2, then limy = ooand lim y = 2. 

/-*00 l~i-00 

• If I < y (0) < 2, then lim y = I and lim y = 2. 

/-»oo /—»-oo 

• If-I < v(0) < I, then lim y = I and lim y = —I. 

/-*oo /-»-oo 

• If —2 < y (0) < — I, then lim y = —2 and lim y = —I. 

l-*00 /-►-oo 

• \f y < —2, then lim y = —2 and lim y = —oo. 

/-+00 l-*-00 
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19. (a) y' = F(x,y) = y and y (0) = 1 =» xo = 0, i!o = I. 


(i) h — 0.4 and vi = M + hF(xo.ytj) =* yi = I + 0.4 • 1 = 1.4. .ti = .to + = 0 + 0.4 = 0.4, so 
y, = y(0.4)= 1.4. 

(ii) /i = 0.2 =s .t| = 0.2 and .ti = 0.4, .so wc need to find yi- 
yi = yo + AF(.to,yo) = I + 0.2yo = I + 0.2 • 1 = 1.2, 

y 2 =yi +/iF(xi,yi)= 1.2 + 0.2y, = l.2 + 0,2- 1.2= 1.44. 

(iii) A = 0.1 => .t 4 = 0.4, so we need to findy 4 . yi = yo + hF(xo,yo) = I + 0. lyo = 1 + 0.1 • 1 = 1.1, 

y 2 = yi + AF(xi,yi) = 1.1 + O.lyi = 1.1 +0,1 • 1.1 = 1.21, 

yj =y 2 + /i/'(x 2 ,y 2 ) = 121 + 0 . 1 y 2 = 1.21 +0.1 ■ 1.21 = 1.331, 
yi=y 3 + hF{xi,yi) = 1.331 +0.1yj = 1.331 +0.1 • 1.331 = 1.4641. 



We see that the estimates arc 
underestimates since they arc all below 
the graph of y = e'. 


(c) (i) For A = 0.4: 

(exact value) — (approximate value) 

= - 1.4 as 0.0918 

(ii) For A = 0.2: 

(exact value) — (approximate value) 

= «<’ ■•- 1.44 0.0518 

(iii) For A = 0.1: 

(exact value) — (approximate value) 

= ?<’ “'- 1.4641 =» 0.0277 

Each time the .step si/x: is halved, the error c.stimatc also 
appears to be halved (approximately). 


20 . 



As X increases, the slopes decrease and all of the 
estimates are above the true values. Thus, all of 
the estimates are overestimates. 


21. A = 0,5, xo = 1. >t) = 2. and A'(x,y) = I + 3x - 2y. So 

y„ — y„-\ + Af (.t„-i,y„-i) = yn-\ +0.5(1 + 3.t„_| - 2y„_i) = 0.5 + l.5.t„_|. Thus, yi = 0.5 + 1.5 ■ I = 2, 
yi = 0.5+ 1.5- 1.5 = 2.75. yj = 0.5+ 1.5-2 = 3.5, y 4 = 0.5+ 1.5 • 2.5 = 4.25. 


22. A = 0.2, Xo = 0. >0 = 0, and F (x.y) = x + y^. We need to find ys, because .xs = 1. So 
y,. = y»-l + 0.2 (x„_, + y2_,). yi = 0 + 0.2 (0 + 0) = 0, y 2 = 0 + 0.2 (0.2 + O^) = 0.04. 
yj =0.04 + 0.2(0.4 + 0.04-) =0.12032. >’4 = 0.12032 + 0.2 ( 0,6 + 0.120322) js 0.24322. 
>’5 = 0.24322 + 0.2 (0.8 + 0.243222) S! 0.4150 « y (1). 
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23. /) _ 0.1. .to = 0. >0 = 1. and h'(x,y) = ^,2 because ts = 0.5. So 

yn = .Pn- 1 +0.1 + .L',;_|). .VI = I + 0.1 (0- + I^) = l,|.^2 = 1,1 +0.1 (O.I^ + l.l’) = 1.222. 

yy = 1.222 + 0.1 (0.2^+ 1.2222) « 1.37533 .+4 = 1 37533 + 0.1 (0.32+1.37533-’) 1.57348. 

>■5 = 1.57348 + 0.1 (0+2+ 1,573482) aj 1.8371 a: >-(0.5). 

24. (a) h = 0.2. .vo = 0. >-0 = 1 . and h (.r, y) = 24r>'2 Wc need 10 find vj. because .ti = 0.4. 

>1 = I +0.2 (20- l2) = l ,>-2 = 1 +0.2(20.2- l2) = 1.08 »«>• (0.4). 

(b) h = 0.1 now. .so we need to find .V 4 . .Vi = 1 + 0.1 (2 • 0 ■ |2) = l.+j = I + 0.1 (2.0.1 . l2) = |,02. 

>-3 = 1.02 + 0.1 (2 ■ 0.2 ■ 1 . 022 ) as 1.06162, >4 = 1.06162 + 0.1 (2 • 0.3 1.061622) =» 1 1292 as >• ( 0 . 4 ). 

25. (a) dy/d.x + 3.ir2>- = 6 .t- => >■' = 6 . 3 * - 3.t2>.. store this expression in Y| and u,se the following simple 

program to evaluate >- (I) for each part, using 11 = // = I and N = 1 for part (i), H = 0.1 and N = 10 for 

part (ii). and so forth. 

/i-> ll:0-» X:3-) Y: 

I'ord, I.N): Y + IIY| -» Y: X + H X: 

Knd(loop); 

Display Y. 

(i)ll=l,N=l => >-(l) = 3 (ii) ll = 0.I.N s= 10 =» v(l):s 2.3928 

(iii) ll = 0.OI,N= 100 => >(1) ss 2.3701 (iv) II = 0.001, N = 1000 >-(1) «s 2.3681 

(b) >-= 2 + ^ y'— 

1.1 IS = y' + .3.r2,. = - 3 .t 2 ^-.’ ^ 3^2 = -3x2e-'‘’ + 6x- + 3.t2c-^’ = 6.t2 = RHS 

,V(0) = 2 + c-'> = 2+ 1 =3 

(c) (i) For /i = I: (exact value) — (approximate value) = 2 + e'' - 3 as -0.6321 

(ii) For h = 0 { : (exact value) — (approximate value) = 2 + - 2.3928 as -0.0249 

(iii) For It = 0.01: (c.xact value) - (approximate value) = 2 + e“' - 2.3701 as -0.0022 

(iv) For h = 0.001: (exact value) - (approximate value) = 2 + e~' - 2.3681 as -0.0002 

In (ii)Hiv). it seems that when the step size is divided by 10, the error estimate is also divided by 10 
(approximately). 


26. (a) We u.sc the program from the solution to 
Fxercise 25 with Y| = .ir 2 - >2 jj _ ^ qj 
N = 2(X). With (.Vo. y-o) = (0. I), we get 
.V (2) as 1,9000. 


(b) 


2 



Notice from the graph that y (2) as 1,9, which 
serves as a check on our calculation in part (a). 
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27. (a) r‘^ + = F- (!) becomes 

at C 

5y'+irlj?e’ = 60orC7' + 4G>=12. 


6- I « I I I I I I 

I t t I t I ( I 

■ \ \ \ \ \ \ \ \ 

\ \ ^ \ \ » X 

4 \ \ \ \ \ \ \ V 


✓ // ✓/ // / 
2 // f f t // f 

I I I t I t I I 

t I I I I I I I 

t I I r ( I I i 


(b) From ihe graph, it appears that the limiting value 
of the charge Q is about 3. 

(c) lf(?' = O,lhcn40 = 12 => 0 = 3 is an 

equilibrium solution. 



(C)0' + 40=I2 =» 0'= 12-40. 0(0) = 0. so/o = Oand 00 = 0. 


0, = 00 + hF(to. 0o) = 0 + 0.1 (12 - 4 0) = 1.2 
02 = 01 +/iF'(/i,0l)= 1.2 + 0.1(12-4- l.2)= 1.92 
0, = 02 + /iF(r2, 02) = 1.92 + 0.1(12 - 4 1.92) = 2.352 
Qi = {?3 + 0,) = 2.352 + 0.1 (12 - 4 • 2.352) = 2.6112 


05 = 04 + /i/--(f4, 04) = 2.6112 + 0.1 (12 - 4 ■ 2.6112) = 2.76672 


Thus, 05 = 0(0.5) ss 2.77 C. 


28. (a) From Exercise 10.1.12, we have dy/dl = A: (y — /?). We are given that R = 20°C and dy/dl — — fC/min 
when y = 70°C. T hus, -1 = * (70 - 20) =» i = -^ and the differential equation becomes 


dy/dl = - ^ (y - 20), 



The limiting value of the 
temperature is 20°C, that is, the 


(c) From part (a), dy/di = —^ (y — 20). With to = 0. yo = 95, and 
/i = 2 min, we get 

yi = yo + ItF" (<o..vo) = 95 + 2 ^ (95 — 20)j = 92 

y 2 =y,+AF((,,yi) = 92 + 2[-i(92 - 20)] = 89.12 
yj = y, + Af (/ 2 , yi) = 89.12 + 2 [-^ (89.12 - 20)] 

= 86.3552 

y 4 = yj + /,/•• (tj,yj) = 86.3552 + 2 [-^ (86.3552 - 20)] 


temperature of the room. 


= 83 700992 


y 5 = y 4 +/,F(l 4 . ya) = 83.700992 + 2 [-^ (83.700992 - 20 )] 

= 81.152952.32 
Thu.s,y(10)a!81.15“C. 
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^013 


Separable Equations 




y = 


.x + C 


dy 

=> -^=dx(y^Q) 

y~ 

, and >' = 0 is also a solution. 




x + C 


« ^ ^ _ 

■ dx ~ 4v’ 


4y^dy-e^'dx =» J 4y^ dy = f dx => >''' = ^e^+C => y = ±^\e^ +C 


3. >■/=.» => fydy = Jxdx =» ^ ^ y'4 = x'^+ 2C\ 

X- — y^ = c (where C = —1C \). This represents a family of hyperbolas. 

= /^./ 

K — ±e‘ is a constant. (In our derivation, K was nonzero, but we can restore the excluded ease y = 0 by allowing 
K to be zero.) 


xdx (y^O) ln|y| = —+C => = => y = where 


5.^ = 


y v/l + y^ dy — le' dt => /y v/1 + y^ rfy = J te'dl 


dl yv/l +y- 

y (I + = (c' — e' + r (where the first integral is evaluated by substitution and the .second by parts) 

I+y2 = [3(/e'-e'+C)f^’ => y = ±^[3 {te' - e'+ C)J^^’ - I 

- , xy 2lnv , , fZIny f x^ 

B->' - ' 2 \ny ^ —^dy = xdx =» j ~y—~ = "^ + C => 

Iny = ±s/x^/2 + C 


7. ^ = 2 + 2u + i + tu 
dl 


y = + 

r/n /* ifn /* 

> ^ = ( l +«)(2 + /) => /—=/ ( 2 + ()<//("/- I ) => 

In |l + u| = jr^ + 2( + C \\ + u\ = ,vi\\ciq K = \ + u = 

^ u = — I ± A'where A' > 0. « = — I is also a solution, so « = — I + 7', where A is an arbitrary 

constant. 

A~ 

'• = -e' + C =s e"- = e' - C 


8. !^+e' + --=0 

dt 


dz , , 
dt 


e' —C 


f e~‘ d: = — f e' dl 
s r = - In (c' - C) 


10 


9- ^ = .v’ + I. y ( I) = 0. ^ ] = J dx » tan"' y = x + C. y = 0 when .r = I, so I + C = tan*' 0 = 0 

=> C = - I. Thus, tan*' y = x — I and y = Ian (x — I). 

Tx = ^ J = J = J G + O''"' ^ 

^yT = ln|x|+x + C = Inx+x + C (sincex > 0). y (I) =-4 ^ ^^^ = lnI + l4-C => 

8 = 0+I+C => C = 7, soy- = 2lnx + 2.x+14, 
dx 

11- =/.x(0) = I. fxdx = fle'dl => |x7 = (/- l)e'+C. x(0)= l,so ^ = (0 - I)e® + Cand 

r = y. fhus. X-= 2(( - I)e'+ 3 x = y/2 (I - l)c' + 3. 
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12. ;c+2>'n/?TT^ =0 
ax 


xdx + ly\lx^ + I dy = 0, y (0) = 1. 



f xdx 

J vPtT "" 


y^ = -Vjr- + I +C. y(0)= I => l=-l+C => C = 2, soy^ = 2 - Vx-+ I. 


iJu 2/ A- / 

13. — =- — -, u (0) = —5. f 2udu = J (2/ + seip <) dl ^ «- = /^ + Ian f + C, where 

[u (0)]^ = 0^ + tan 0 + C ^ C = 25. Therefore, i/^ = r^ + tan r + 25. so « = ±Vr- + tan / + 25. Since 
u (0) = -5, we must have u = + tanr + 25. 


14. — = le>'. y (I) = 0. / e >' dy = f I dl 

C = -1 - ^ and -e-> = ^1^- 

y = In 2 — In (3 — /’) for |r| < -s/S. 


-e 7' = -I- c. Since y (I ) = 0. —e® = j ■ 1^ + C. Therefore. 


->■ = J - i/2 - 


3-/2 


3-/2 


15. ^ =4.t2y.y(0) =7. — (ify ^0) => f—=f 

dx y J y J 

j,lnW = ^»'*+< lyl = ^ y =/le'^;y(0) = 7 =» 


4,t2rf;r 


A=1 


ln|y|=jc^+C =» 
y = 7e'''. 


2 + 2j2 


— 

73 


^-2^ + C.y(1)=l 


-\=-{+C 


c- ' ' > 

'^“y = 5^^ + 2 = 


2-2;t2 


=> y = 


2x^ 
j2+ I 
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18. I'-Ty + cos.v = 0 <=> Je~^ dy = — f cosx dx <=> _ sin.t + C| <=> >> = - In (sinAr + T). The 

solution is periodic, wiih period 2ff. Note that for ('> I, the domain of the solution is R, but for—I <C< litis 
only defined on the intervals where sin.v + C > 0, and it is meaningless for C < -I, since then sinjr + C < 0, and 
the logarithm is undefined. 



2 



C = 6 


Kor -1 < C < I, the solution curve consists of concave-up pieces separated by intervals on which the solution is 
not defined (where sin.v -PC < 0). For C = I, the solution curve consists of concavc-up pieces .separated by 
vcnical iisymptotes at the points where sin A-F C = 0 ■» sinjt =-1. KorC > I, the curve is continuous, and 
as C increases, the graph moves downward, and the amplitude of the oscillations decreases. 


19. — = v(0) = T. So f sinyf/y = /sin.x(/.t » 

dx smy • - ■' 

— cosy = — cosjt -I- C <=> cosy = cosjt — C. From the initial 

condition, we need cos ^ = cosO — C ^ 0=1— C => C=l,so 

the solution is cosy = cosjt — 1. Note that we cannot take cos”' of both 
sides, since that would unnecessarily restrict the solution to the case where 
-l<cos.v—I <=> 0 < cos.t. as cos”'is defined only on (-1. 1). 
In.stead wc plot the graph using Maple's plots t implicitplot ] or 
Mathematica’s Plot (Evaluate (■ •11. 


5 




ye-*' 


<=> /ye‘' dy = Jxy/x^ -f I dx. Wc use parts on the I.HS with n = y, dn = e> dy, and on 


the RlIS we use the .substitution r = .t^-F 1, sorfr = 2v</.v. The equation becomes ye*'— /^ J 

<=> e-*' (.V — I) = j {.t‘ -F I + C, so we see that the curves are symmetric about the y-axis. Bvery point (.x. y) 

in the plane lies on one of the curves, namely the one for which C = (y — 1) c* — y -F For example, 

along the y-axis, C = (y — 1) e' — j. so the origin lies on the curve with C = — j. We use Maple’s 

plots (implicitplot 1 command or Plot [Evaluate (■■■11 in Mathematica to plot the strlution curves 

for various values of C. 
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II seems that the transitional values of C arc — 5 and — j. For C < — |, the graph consists of left and right 
branches. At C = — j, the two branches become connected at the origin, and as C increases, the graph splits into 
lop and bottom branches. At C = — j, the bottom half disappears. As C increases further, the graph moves 
upward, but doesn’t change shape much. 


X 

y 

y’=\/y 

n 

0.5 

2 

0 

-0.5 

-2 

0 

1 

1 

0 

-1 

-1 

0 

2 

0.5 

0 


-0.5 

0 

4 

0.25 

0 

3 

0.3 

0 

0.25 

4 

0 

0.3 

3 
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23. TTic curves y = form a family of parabola.s with axis the y-axis. 
Differentiating gives >•' = 2*x, hut * = y/x^ so y' - 2y/x. Thus, the 
slope of Ihe tangent line at any point (x, y) on one of the parabolas is 
y' = 2y/x, so Ihe orthogonal trajectories must satisfy y' = -x /(2y) <=> 

2ydy = -xdx « y^=-xy2 + ci <=> + V = e. This is a 

family of ellipses. 


(b) ydy = x- dx, so 

+C|,or 


y = ±(|x^+cy^^ 



24. The curves x^ — y^ — k form a family of hyperbolas. Differentiating gives 
lx - 2y(dy/dx) =0ory' =x/y, the slope of the tangent line at (x,y) 
on one of Ihc hyperbolas. I hus, the orthogonal trajectories must satisfy 
y == ~~y/x « dy/y = -dx/x <=> In ly| = - In |.xl +c\ 

In l-x[ + In ly| = Cl <=> !nl.xy|=ci jcy = c. This is a family of 
hyperbolas. 



25. DifTerenlialing y = (x + *)-' gives y' =-1—, but A = - - x. so 

U + kf y 


/ = - 


I 



y = |3(x +c)] 


— —y. I hus, Ihe orthogonal trajectories must satisfy 

I , yi 

■p <=> y-dy = dx <=> y = x + c or 

1/3 



-6 
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26. Differentiating y = ke~' gives y' = —ke~’, but k = ye^, so y' = —y. 
Thus, the orthogonal trajectories must satisfy / = -1/ (-y) = I /.v «=> 
ydy = dx ^y^=x+c <=> y = ±|2(c + Jt)l'^^. TTiis isa 

family of parabolas with axis the .v-axis. 


4 



27. Krom Kxercise 10.2.27, ^ = 12 — 4(2 <=> J — jdl exf In |I2 - 4(j| = r + C <=> 

ln|l2-4^| = -4/-4C «=> 112 - 4^1 = » \2-AQ = Ke^*' (K = ±e-*^') <=> 

40=12- Ke-^' » 0 = 3- Ae-*' {A = A.73), 0(O) = O <=> 0 = 3-/I e=> A = 3 «=> 
Q(t) = 3 — 3e~'*'. As ( -» oo, 0(/) -> 3 — 0 = 3 (the limiting value). 


28. From Bxercise 10.2.28, ^ = -iO'-20) <=> J = J (“^) 


29. 


« ln|y-20| = -^/ + r 

o y - 20 = A.'e-'/“ «=> y (/) = + 20. y (0) = 95 <=> 95 = A'+ 20 <=> A'= 75 «■ 

y(r) = 75e-'/5» + 20. 

^ = k(M-n o J = J ** ln|/>-A/| = -*/ + C «:» I= «-*'+<■ «= 

P — M = Ae~^' (A = ±e‘ ) <=> P = M + Ae~^'. If we assume that performance Is at level 0 when / = 0, 
thenF(0) = 0 o 0 = Af +/( <=> A = -M o F (() = W - .Af?-*'. lim F (/) = .A/- Af ■ 0 = .1/. 


30. (a) J = A (o -.r)(b -.X), a ^ t.. J = /* 


dl 


b — a 


(— In |o — x| + In |6 — x|) = Ar + C (from CAS) 


b-x 


= (b-a) (kt + C). The 


concentrations (A) = a— x and [B] = A — .t cannot be negative, so -—— > 0 and 

a — X 


b-x 


b-x 


. We now 


have In 


ln(^)=(b- 


a)C. 


iki 


= (b — a) {kt + C). Since x (0) = 0, we get 

Hence, In —^^ = (6 — a)A/+ In => -—^. = 

\a — xj \a / a—x a 

b - 11 ab [et'-"!*' - I ] 

^ “ AelA-uliz/a - 1 " *j(A--)*/_ a molcs/l,. 

(b) If 6 = a, then — = A (a — x)', so f — — —^ = / A <// and —^ = kt + C. Since x (0) = 0, we get 
dt J {a-x)- J a-x 

a'kt moles 


C = —. Thus, a — X = —--and x = a - - — = - . 

a kt + 1/a akt + 1 akt + I L 


Suppose X = (Cl = a/2 when t = 20. Then x (20) = a/2 


20a^k 


2 20ak + I 

at /20 at moles 


40a-A = 20a’A + a 


2 , , I a^t/{20a) 

20a^k = a => k = -, so x =-- ■ =- 

20a I + at/{20a) I + 1/20 r + 20 L 
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31. => ^^£ = -(*C-r) => f-J£-=f-dl => (l/A:)ln|AC-r| = -/ +W, 

ill dl J kC-r J 

=> In |*r - r| =-*/+ ,V /2 => \kC= => kC - r = Mje-'" => kC = + r 

=> C’ (/) = A/ 4 f-*' +r/k.C (0) = Co => Co = \U +r/k =» A /4 = Co - r/k =» 

C{l) = (Co-r/k)e-‘^' +r/k. 

(b) If Co < r/k. Ihcn Co -r/k <0 and the formula for C (r) shows that C (/) increases and ^Hm^C (/) = r/k. As 
I increases, ihc formula for C (f) shows how' the role of Co steadily diminishes as that of r/k increa.ses. 


32. (a) Use 1 billion dollars as the jt-unit and 1 day as the /-unit. Initially, there is $10 billion of old currency in 
circulation, so all of the $50 million returned to the banks is old. At time /, the amount of new currency is 
jt {/) billion dollars, so 10 - ;t (/) billion dollars of currency is old. 1 he fraction of circulating money that is old 
is 110 — .r (/)1 /lO, and the amount of old currency being returned to the banks each day is 

j^-^0.05 billion dollars. T his amount of new currency per day is introduced into circulation, so 

— = —- ■ 0.05 = 0.005 (10 — .t) billion dollars per day. 

dl iO 

lb) -^1- =0.005dl => -^^ = -0.005rf/ => ln(IO-x) =-0.005/+c => 10 - x = Ce"®*®*', 

10-X 10-X 

where C = e‘ ^ x (/) = 10 - Ce"®®®*'. From x (0) = 0, we get C = 10, sox (/) =10(1- 
(c) T he new bills make up 90% of the circulating currency when x (/) = 0.9 • 10 = 9 billion dollars. 

9 = 10(1 - e-® ®®5') => 0.9 = I - c-»®®5' => g-o.oo5i _ 0 , ^ -0.005/ = - In 10 =* 

/ = 200 In 10 460.517 days » 1.26 years. 


■y(') 1^' 

(\o 

1 _ _y^ . 

f±--± f 

1000 1 ,, 

\ min j 

' 100 min j 

y 100 / 


33. (a) Let y {/) be the amount of salt (in kg) alter / minutes. T hen y (0) = 15. The amount of liquid in the tank is 

1000 L at all times, so the coneentration at time / (in minutes) is y (/) /lOOO kg/L and 

y(0)= 15 => lnl5 = C.solny = lnl5--j^. It follows that In and=e-'/'®®,so 

y = iSe-'/loo kg. 

(b) Alter 20 minutes, y = l5e"-®^'®®= 15c“®^ 12.3 kg. 

34. (a) Ify (/) is the amount of salt (in kg) alter / minutes, then y (0) = 0 and Ihc total amount of liquid in the lank 

remains constant at 1000 I,. 

^ = (o.05 (5 + (o.04 (10 ^ v) ('5 

d! V L/V nun/ \ L/V niin/ \1000 L / V, min/ 

l30-3y kg 

= 0.25 + 0.40 - O.OlSy = 0.65 - O.OISy = 


so f — —— = f «nd -j In 1130 - .3y| = 5 ^/ -I- C; since y (0) = 0, we have In 130 = C, so 

-1 In 1130 - 3y| = ^/ - ^ In 130 => In 1130 - 3y| = - 5 ^/ + In 130 = In (130?-^'/^®®), and 
1130- 3y| = I30t''^"-®®. Since y is continuous, y (0) =0, and the right-hand side is never zero, we deduce 
that 130 — 3y is always positive. Thus. 130 —3y= I30e"^'^^ andy = ^ (1 -e"^'/^®®) kg. 

(b) Alter an hour, y = ^ (1 - e-'®®/^®®) = (| - =» 25,7 kg. 

Nole: As / -» 00 , y (/) -> ^=“*35 kg. 
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35. Assume that the raindrop begins at rest, so that u (0) = 0. dm/dt = km and (mv)' = gm =* m'u + mo’ = gm 

=» {km)o + mo' = gm => o'= g - ko =* J ^ — J dl - (l/A) In |g-*«! = /+C =» 

g- ko =z Ae~^‘. I) (0) = 0 -4 = g. So o = (g/k) (I — e“*'). Since i > 0, as / -» oo, e"*' -» 0 and 

therefore, liin » (r) —gjk. 

/-^OO 


36. (a) m— = -~kv 
at 


}) 

k 

1) 


= —t ^ 


wo 

m 

wo 


dv k , k 

— =- dt => In Iw| =-/ + C. Since v (0) = vq. In li>o| = C. Therefore, 

»> tn m 

_ ^-kijm ^ 'i-he sign is ^ when / = 0, and we assume » 


is continuous, so that the sign is + for all /. Thus, n (r) = ds/dt = = 

S if) = - + C. From j (0) = so. we get so = + C', so C' =so + 

* k k 

s (/) = So + (I - The distance traveled from time 0 to time I iss (r) — so, so the total distance 


and 


traveled is lim (s (1) — sol = 

/-»oo k 


Note: In finding the limit, we use the fact that * > 0 to conclude that lim p-*'/'” = 0. 

/-»00 


dt) t 

(b) m— = —kt)“ 
dt 


do k -I kl ^ 

-j = - dt =* — =-+ C 

0 ^ m 0 m 


and - = — + Therefore, o (/) = 


1 


I kt I 

- --C. Since 0 (0) = uo. C -- 

o m DO 

ds moo 


s(r) 


-?/ 


I'O 
koodi 


kt/m + 1/do koot + m dt kool + m 


, = V I" + ml + C. Since s (0) = so, we get so = — In m + C' 

kool + m k k 


C' = So-In »i 

k 


s (r) = so + V (In + m| - Inm) = .vo + — In 
k k 


koot + m I 


I 


. We can rewrite the 


formulas for n (r) and s (/) as o (r) = 


"0 . , , m , 

————— and s (r) = so + - In 
I + (koo m) I k 


1 + ^rl. 

m I 


Remarks: This model of horiitontal motion through a resistive medium was designed to handle the case in 

which Do > 0. Then the term —ko^ representing the resisting force causes the object to decelerate. The absolute 

value in the expression for s (/) is unnecessary (since k, do, and m are all positive), and lim s (f) = oo. In other 

/—>00 


words, the object travels infinitely far. However, lim d (r) = 0. When iio < 0, the term -ko^ increases the 

i-*oo 

magnitude of the object’s negative velocity. According to the formula fors (/), the position of the object 
approaches —oo as t approaches m/k (—do): lim s (/) = —oo. Again the object travels infinitely far, 

l-*-l>?/(*IJo) 

but this time the feat is accomplished in a finite amount of time. Notice also that lim o (r) = —oo when 

;-*-m/(*t.o) 

Do < 0, showing that the speed of the object increases without limit. 
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37. (a) The rale of growth of the area is jointly proportional to ^ A (/) and M — A (/); that is, the rale is proportional to 

the product of those two quantities. So for some constant k, dA/dt = k\fA (Af — A). We arc interested in the 
ma.\imuni of the function dA jdi (when the tissue grows the fastest), so we differentiate, using the Chain Rule 
and then substituting fori/zl/rfr from the differential equation: 

I (f) - ‘ [S''-'"S K"- ■<>- =-'1 

= U^(A/-d)(A/-3/f) 

This is 0 when .1/ — A = 0 (this situation never actually occurs, since the graph of A {/) is asymptotic to the 
line y = Af, as in the logistic model] and when A/ - 3/1 = 0 » A (I) = Kf/'i. fliis represents a maximum 

by the f'ir.st Derivative Test, since ^ tiegative when A (/) = Sk/i. 

( - 1 V 

(b) ITom the CAS, we get A(l) = A/ 1 -=- I . To get C in terms of the initial area Ao and the maximum 

+ I / 

_ I \ 2 

j-j <=> (C + 1) = (C — I)-v/A? o 

Cy/lo += Cy/si - •/M <=> y/A^ +y/Tf = Cy/M - Cy/^ «=> C = ^ . (Noticc that 

V Af — v/fo 

if/lo=0.then('= I.) 

. . . ... d" r/" dx dn mgR} 

38. (a) According to the hint we use the Cham Rule: m — = m — ■ — = mu — = -y => 

' dl dx dl dx (i + Rf 

f u do = f I => i^ = -^+C. Whcn.r = 0,i, = ix),so!^ = -^+f: =» 

J J (x + R)" 2 x + R 2 0+R 

C = - gR => s"’ - s"o = ~ *^'8*’*' rocket's velocity will be 0, 

gR^ 

and its height will be .x = h. Solving for dq: - jt'o = i ~ ^ ' g ~ 8^ 


r + 

R{R + hy 

gRh _ f 

L «+/i ^ 

R + h 

R + h V 


(b) IV = lim Do = lim 


= y/2^ 


ro, IV - ^ ^ ^ ^ 

(c) IV = yj2 ■ 32 ft/s- ■ 3960 mi ■ 5280 ft/mi » 36,581 fl/s sr 6.93 mi/s 

, d\' , dV dV dy ^ dl' __ 

39. (a) We have I' (/) = xr‘y(l) => — = irr- = 4x where — = — —— . Thus. — = -ay/2gy = 

dy dl dy dl d! 

(b) ^ = -^^ => y-'^^dy = -^dl =» 2Vy = -^/ + r.y(0) = 6 => 2^6 = 0 + C 
C = 2y/6 => y = (-^^ + ^/6)^ 

(c) We want to find ( when y = 0. so we set y = 0 = + VS) =» I = I44V6 5 min 53 s. 
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W. (a) If the radius of the circular cross-section at height y is r, then the P>thagorcan T heorem gives 

r- = 2^ - (2 -y)" since the radius of the tank is2 m. So A (>') = jrr^ = a [4 - (2 - .v)^j = tr (4v - r). 

Thus. .^ =-0^2]^ => JT (4.V - v^) ^ = -tr (0.01)’ ■ lOv => 

at 

(4>’ - J’^) ^ = - (0.0001) 

(b) From part (a) wc have - y^l'^)dy = - ^0.0001 V20j dl => 

*^3/2_2^5/2^_(o oool^/20)f-l-f'.>^(0) = 2 => f (2)’/2 _ I {2)F''2 = C => r=|fv^. Tofmd 
out how long it will lake to drain all the water we evaluate I when y = 0:0 = - ^O.OIMII t + C => 

C 56^^/15 

I = - 7 = =- == =s 11.806 s »! 3 h 17 min. 

O.OOOIvTO 0.0(K)lv/20 


Applied Project □ Which is Faster, Going Up or Coming Down? 

4 / ((n f do f I 

1. mo =-po - mg => m—= -(/«)-!-mg) => / - = /- dl =» 

dl J po + mg J m 

— In (po -E- mg) = - 1 + C (po + mg > 0). At t = 0. » = no, so C = — In (poo + mg), fhus. 

pm p 

— In (pi)-I-mg) =-/ + —In (pno-I-mg) => In (pn + mg) = ——(-Pin (pno + mg) => 

p m p m 


po -P mg = f-P'/"' (pno -P mg) => po = (pno -P mg) o-P'/" - mg => 

„(i) = (,.„+:^),-p./™_!^, 

2. gd) = /n(0* =/[(no + - ^]<(? = (-*o + ^^)e-P'/'» -'j' + C 

At I = 0. y = 0. so C = (^no -p —^ . Thus, 

V P / P 


y(/) = (no-P^)-- 

( 00 +'^) 


1 «o -1-1 


\ p / p 

\ p / 

P P 

\ P / 

P P 

3..v'(0=fno + ^)^!^(^c- 
\ P / P ^m 

p'/-") _ 

^ p ’ 

so,v'(/) = 0 =» 


oP'/» = ^^!« + | => £i = 

Inf^-Pl 

) => r, = -ln( 

'mg-Ppno\ 

With m = 1. i>o = 20. p 

m 

\mg 

/ P ' 

> mg ) 


g = 9,8. wc have l| = lOln^.^^ =s 1.86 s. 


4 . 


y 20 



The figure shows the graph of v = 1180(1 - _ gg, ^crosare 

at / = 0 and ly ^ 3.84. Thus. Ii - 0 as 1.86 and li - as 1.98. So the 
time it takes lo come down is about 0.12 s longer than the time it takes to 
go up; hence, going up is faster. 
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5. y (2f|) = f«o + —) - (I - ^ . 27, 

\ P/P P 

= + ™ j-, _ . 2™ In + 


Substituting. = = £:^» + I = 

mg mg 


(from Problem 3), we get 


( me\ m . m*j? m‘i? / I \ 

X . —^ _ ^1 _ -- ■ 2lnx = —j- ^jr-2 InjcJ. Now /? > 0, m > 0. /j >0 


I 


= ef’ 


. I 2 .2 _ 2.14-1 (.-1)2 

/(.)=! + —-=-=-=-j— > 0 for 

X- X X* x^ 


e’"''" > e'^ = \. f (x) = X - 2ln. ^ j - — _-, 

. x^ 

x>\ /(.) is increasing for. > I. Since/(I) = 0, it follows that/(.)> 0 for every . > I Therefore, 

■> 

m~g 

y (2/|) = —— f (.) IS positive, which means that the ball has not yet reached the ground at time 2/,. This tells us 
that the time spent going up is always less than the time spent coming down, so ascent is faster. 


^33;^ Exponential Growth and Decay 

1. The relative growth rate is -J- ^ = 0.7944, so — = 0.7944P and, by fheorem 2, 

^ P dt dt ’ 

P{t) = P (0) e"”-'''' = 2e®”^‘''. Thus, P (6) = 2e‘”‘^<« w 234.99 or about 235 members. 

2. (a) By Theorem 2. P (t) = P (0)e*' = 60e*'. In 20 minutes (j hour), there arc 120 cells, so 

p(|)=60e*/2 = l20 => e*^2^2 => i/3 = ln2 => * = 3 ln2 = In (2^) = ln8. 

(b) P(() = 60e""*>' =60 -8' 

(c) P (8) = 60 • 8* = 60 • 22“' = 1,006,632,960 

(A)dP/dt=kP => P'(8) = *P(8) = (ln8)P(8)»«2.093 billioncells/h 

(c) P (() = 20,000 =» 60-8'=20,000 => 8'= 1000/3 => / In 8 = In (1000/3) => 

In (1000/3) 

/ = —2 —-/—/■ 2.79 h 

In 8 

3. (a) By Theorem2,y(() = y(0)e*'= 500e*'. y(3) = 500^2* =8000 =» e’* = 16 =s 3A = lnl6 => 

k = (In 16)/3. Soy (f) = 500e<'"'«'/2 = 500 ■ 16'/’ 

(b) y(4) = 500 I6''/2 =#20,159 

(c) dy/dt = ky => y' (4) = ky (4) = j In 16 (500 ■ 16^'^2J [from part (a)] 18,631 cclls/h 

(d) y (/) = 500 16'/2= 30,000 => 16'F2=60 => ^(Inl6 = ln60 => r = 3(ln60)/(ln 16) 4.4 h 

4. (a) y (/) = y (0) e*' =s y (2) = y (0) e2* = 400, y (6) = y (0) e** = 25,600. Dividing these equations, we get 

c**/e2* = 25,600/400 => e-** = 64 => 4A: = In64 = 6ln2 => i = § In2 = ^ In8. Thus, 
y (0) = 400/e2* = 400/e'"* = ^ = 50. 

(b) y(r) =y (0)f*' = 50e""*)'/2 ory = 50 -8'^ 

(c) y(/) = 50e<2'"21'/2 = 100 « eOMMn = 2 (3 ln2)r/2 = In2 <=> r = 2/3h = 40min 

(d) 50e<'" *>'22 = 100,000 <=> e<'"*)'22 = 2000 <=> (In 8)//2 = In 2000 -» / = (2 In 2000) / In 8 = 7.3 h. 
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5. (a) Let the population (in millions) in the year t be P (I). Since the initial time is the year 1750, we substitute 
< - 1750 for l in Theorem 2, .so the e.\poncntial model gives P (/) = P (1750)Then 
/> (1800) = 906 = 728e*‘'8»<>-'’5«> =» |n|0|=*(50) =s * = ^ In 0.0043748. So 
with this model, we have (1900) = 728e'*®(“®CM3748) ^ 14 Q 3 ,ni(|ion 
P (1950) 72ge200(O.0O43748) \ i^(, million. Both of these estimates are much too low. 

(b) In this case, the e.\ponential model gives P (I) = P (I850)c*<'“‘*’®l => 

/MI900)=I608=I17U*('^-'»50) =» |nl6^=i(50) ^ *= jL |n s. 0.00634.3. .So with this 
model, we estimate P (1950) = 1 171 e"®*® 006343) 2208 million. This is still too low, but closer than the 

estimate of P (1950) in part (a). 

(c) The exponential model gives/'(r) =/'(1900) e**'“'‘’00) => f (1950) = 2517 = I608e*"’*o-l‘)fl0) ^ 

tIsS ~ * ^ ^ fl® 0.008962. With this model, we estimate 

P (1992) | 608 c* ''o**^*’^"“"’ 00 ) ^ 3567 million. This is much loo low. The discrepancy is explained by 

the fact that the world birth rate (average yearly number of births per person) is about the same as always, 
whereas the mortality rate (especially the infant mortality rate) is much lower, owing mostly to advances in 
medical .science and to the wars in the first part of the twentieth century. The exponential model assumes, 
among other things, that the birth and mortality rales will remain constant. 


6 . (a) Let P (/) be the population (in millions) in the year r. Since the initial time is the year 1900. wc substitute 
t - 1900 for I in Theorem 2. and find that the exponential model gives P (/) = f ( 1900 )e*<'-iYOO) ^ 

/•(lOlO) = 92 = 76 e*(loi 0 -iooo) ^ * = 3 ^ In || =» 0.0191. With this model, wc estimate 
P (1990) = 76e0-0l0Ui090 1900) ^ ^24 million. This estimate is much too high. ITie discrepancy is explained 
by the fact that, between the years 1900 and 1910. an enormous number of immigrants (compared to the total 
population) came to the United State:;. Since that time, immigration (as a proportion of total population) has 
been much lower. Also, the birth rate in the United States has declined since the turn of the century. So our 
calculation of the constant k was based partly on factors which no longer exist. 

(b) Substituting t — 1970 for / in Theorem 2, we find that the c.xponcntial model gives P {!) = P (I970)e*''"'0™' 
=> />(l980) = 227 = 203e*<'’«-'«*«) => i In » 0.01117. With this model, we estimate 
P (1990) as 203^0 01117(1990-1970) ^ 254 million. This is quite accurate. The further estimates are 
P (2000) = 203e30* as 284 million and P (2010) = 203e‘“* =» 317 million. 


(c) 


420 



The model in part (a) is quite inaccurate after 1910 (off 
by 5 million in 1920 and 12 million in 1930). The model in 
part (b) is more accurate (which is not surprising, since it is 
based on more recent information). 


7 . 


(a) Ify = [N 2 O 5 ) then by Theorem 2 


dt 


-0.0005y => y(r) = y( 0 )e -0 0005'=rc-* 0005/ 


(b)y(r) = Ce-0”005'=o.9C =» e'OOOOS/^O g ^ -0,0005/= In0.9 => / =-20001n0.9 as 211 s 
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8. (a) The mass remaining alkr t days is y (i) = y (0) e*' = 200t'‘'. Since (d) 

Ihehalf-lifcis I40day.s.y(140) = 200e'''“* = 10() => c'-*®* = ^ 

=> 140* = In ^ => * =-(In2)/I40. so 

y (r) = 200e'*'"^*'/“'“ = 200 • 2'">40 

(b) y(IOO) = 200 *5 121.9 mg 

(c) 200e-»'"’>'^'''® = 10 ^ -102,45 = ln^ = -ln20 <=> 

I = I40!i|^ s=605days 

9. (a) Ify (/) is the mass remaining after / days, theny (/) = y (0)e*' = 50e*'. y (0.00014) = 50«® ®®®'^* = 25 => 

j,n.oooi4* _ ^ ^ * = - (In 2) /0.000I4 => y (/) = 5()c-<'“2)//o.oooi4 ^ jq . 2-</o.oooi4 

(b) y (0.01) = 50 2*® ®'/“®®®''' = 1.57 x lO'^® mg 

(c) 50e-""2)'/®®®®'''= 40 =s -(In2)//0.00014 = ln0.8 => / =-0.00014^^^ as 4.5 x 10*’s 



10. (a) If y (/) is the mass after / days and y (0) = A, then y (/) = Ae'“. y (3) = .4c^* = 0.58/4 =s c’* = 0.58 


3* = In 0.58 
3 In 


A = 4 In 0.58. Then /tglnt® 5*)'/3 _ 


In 0.58 


a! 3.82 days. 


(b) = 


A 

To 


In (0.58)/ 
3 


= lni 




3 In 10 
In 0.58 


as 12.68 days 


: In 5, so the half-life is 


11. Let y (/) be the level of radioactivity. Thus, y (/) = y (0) e *' and A is determined by using the half-life; 


y(5730) = 4y(0) = 

thaty(/) = 0.74y(0) 

_ 5730 (In 0.74) , 

In 2 


4=e => A =—^^^ = 5^. If 74% of the'■'C remains, then we know 


=> 0.74 = 

! 2489 a< 2500 years. 

dy 


In 0.74 = -- 


/In2 

’5730 


12 . From the information given, we know that ^ = 2y => y = Ce^ by Theorem 2. To calculate C we use the 

point (0, 5): 5 = Ce4<®> =s (’ = 5. Thu.s, the equation of the curve is y = 5e4r, 

13 . (a) Ify = u — 75. u (0) = 185 =» y (0) = 185 — 75 = 110, and the initial-value problem is dy/dl = Ay with 

y(0) = 110. So the solution isy(/) = IlOe*'. 


(b) y (30) = IlOe’®* = 150-75 => ^ ^ ^ ^ A = ^ In ||, soy (/) = 110e^''"(^^) 

y(45) = llOe^'"(s) 62°F. Thu.s, u (45) a; 62 4-75 = I37°F. 


and 


(c)/,(/)= 100 =s y(/) = 25.y(/) 
30 In 


= 25. y(/) = I10e®''"(^) =25 




1 / In 15 _ I_ 25 
55 /In 55 _ In 




. 25 
'TRf 


In 


a< 116 min. 
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14 . (a) Let y (I) = temperature after t minutes. Newton’s Law of Cooling implies that — = k(y-5). Let 

dt 

«(')=>’(')-5. Then ^ =*H, son (r) = w(0)e*'= 15c*' =s (r) = 5 + 15c*' => 

(1) = 5 + 15c* = 12 ^ c* = ^ /: = In so >• (/) = 5 + 15c''‘C/'5)/and 

>-{2) = 5 + i5e2l"Wl5) s! 8.3 °C. 

(b) 5+l5c'''C/l5)'=6whenc'"‘’/'’>'= => ln(T^)r = ln^ =s t = a: 3.6 min. 

In -j, 

15 . (a) Let P (h) be the pressure at altitude h. Then dP/dh = kP => P (h) = P (0)c*'' = 101.3c**. 

/> (1000) = 101.3e">“* = 87.14 =» 1000* = In => 7> (/i) = 101.3 so 

P (.3000) = 10l.3e^'"(l^) =» 64.5 kPa. 

M82,_/82J4\ 

(b) /’(6187)= \0\3e^ s»39.9kPa 


( r 

1 + - j with Ao = 500, r = 0.14, and t = 2, 

we have: 

(i) Annually: n = I; A = 500(1.14)^ = $649.80 

(ii) Ouarterly: n = 4; ,4 = 500 ^1 + 2^)* = $658.40 

(iii) Monthly: n = 12; /« = 500 ^1 + = $660.49 

(iv) Daily: n = 365; /( = 500 ^1 + = $661.53 

(v) Hourly: n = 365 24; A = 500 ^I + = $661.56 

(vi) Continuously: A = 500c*® '‘*>^ = $661.56 


(b) 


670 



^0.14 (2) = $661.56. 
•4o.io (2) = $610.70, and 
-4 o.o6 (2) = $563.75. 


( /• \ rt/ 

l + -j with/lo = .3000./• = 0.05, and t = 5, (b) rf/T/r/t = 0.05/1 and 

we have: ^ ~ 3000. 


(i) Annually: n = 1; 

/« = 3000(1.05)5 = 

$3828.84 

(ii) Semiannually: n = 2; 

A = 3000 1 

[•+¥; 

i'» 

1 = $3840.25 

(iii) Monthly: n = 12; 

A = 30001 

(•+^; 

,60 

I = $3850.08 

(iv) Weekly: n = 52; 

A = 3000 1 


,552 

1 =$3851.61 

(v) Daily: n = 365; 

A = 3000 1 


, 5-365 

1 =$3852.01 


(vi) Continuously: A = 3000c‘“®®>* = $3852.08 

18. /foc® *'*'= 2/lo <=> c®-®*'= 2 o 0.06r = In2 » r = y In 2 sa 11.55. so the investment will double in 
about 11.55 years. 
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19 


I. (a) - kP - m - k(^P - = P - j, so the equation becomes ^ = ky. The solution isy = >oe*' 

- '■-T-('■-?)'*■ = f<0.^ 

(b) There will be an exponential expansion <=> Po - — > 0 ^ m < kPn. 

k 

(c) The population will be constant if T’o - j = 0 <=> m^kPo.U will decline if /»o - - < 0 
m > kPo. 

(d) Po = 8,000,000, A = « - /I = 0.016, m =210,000 
was declining. 


m > kPo{= 128,000), so by part (c), the population 


20 . (a) ^ = *y'+‘' 
at 




dy = kdl 


y 

- =kt + C. Since y (0) = yo, we have C = ^2-. Thus. 

-c 


y Pn 

— =kl + —, orv""^ =yo‘ - So/' = 


_^ 


Po'' “cAr I - cy^kl 


and y (/) = 


PO 


(l-e>JAr) 


lA' 


(b) >’(r) ^ oo as I - cy^kl -» 0, that is, as / -» —^. Define T = . Then lim y (/) = oo 

oToA ’ 

(c) .According to the data given, we have c = 0.01, y (0) = 2, and y (3) = 16, where the time r is given in months. 


T hus, yo = 2 and 16 = y (3) = 
2 


PO 


vlA- 


16 = 


(I -3cyiA)' 


occurs when i = T = 


I 


(l-ryJA.3) 
l-3cy5A = (^) =8 

3 


. Since T = 


—we will solve for cyJA. 
epok 


-001 


cvJA 1 - 8-0 01 


= 5 ( 1-8 ® Thus, doomsday 
145.77 months or 12.15 years. 


Applied Project □ Calculus and Baseball 

4 j \ r' 

1 . (a) t — nia = m —. so bv the Substitution Rule \vc have 

at 

k{l)dl=j^^ = dn = [mutl = mvi - mvo = p {!,) - p (to) 

(b) (i) We have «, = 110 mi/h = -^^21 ty^ = jg, 3 ^ -90mi/h = -132 ft/s, and the mass of the 

biLseball is m = — = = jfj' change in momentum is 

pi.l\)- P (to) = moi -mno = jf; (161.3 - (-132)] =» 2.86 slug-ft/s. 

(ii) From part (a) and part (b)(i), we have F(t)dt = p (0.001) - p (0) 2.86, so the average force over 

the interval | 0 , 0.0011 is gJjj jj® /•' (/) dt ( 2 . 86 ) = 2860 lb. 

2. (a) H = / A (-'■) ds. where F (s) = m— = m — ^ = mn ^ and so, by the Substitution Rule, 

U.«o dt ds dtds 

"i =i ""‘ts =[j""'']!!;=- T-'-o 
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(b) From part (bXi), 90 mi/h = 132 fl/s. Assume «o = « (-so) = 0 and i., = n (si) = 132 ft/s (note that s\ is the 
point of release of the baseball), m = jyj, so the work done is 

iV = = I • sf? • (>32)^ =» 85 ft-lb 

3. (a) Here we have a differential equation of the form dnjdl = ki>, so by Theorem 10.4.2, the solution is 

« (r) = «(0)e*'. In this case * = and i)(0)= 100 ft/s. so « (r) = lOOe-'''®. We are interested in the 
lime / that the ball lakes to travel 280 ft, so we find the distance function 

^(') = fai>tx)dx = fg IOOe-»/'®rf.t = 100 [-10e-^/'®]J, =-1000 - 1) 

= 1000 (l -c-'/'®) 


Now we set s (/) = 280 and solve for l: 280 = 1000 (1 — e”''''®) 1 — e"'/'® = ^ => 

— = In (1 — ^) ^ r 3.285 seconds. 

(b) Let X be the distance of the shortstop from home plate. We calculate the time for the ball to reach home plate 
as a function of .r. then differentiate with respect to x to find the value of .v which corresponds to the minimum 
time. The total time that it takes the ball to reach home is the sum of the times of the two throws, plus the relay 
time (i s). The distance from the fielder to the shortstop is 280 - a:, so to find the lime ri taken by the first 


throw, we solve the equations] ((|) = 280— <=> I—e~'i/i® = 


280 - .V 


720+.V 

-lOln — - T T . We 


1000 .. 1000 

find the time <2 taken by the second throw if the shortstop throws with velocity w, since we see that this velocity 

varies in the rest of the problem. We use 0 = loe"'/'® and isolate I 2 in the equation 

jt 


.s(r 2 )= I0u)(l -e-' 2 /'®) =x 

lu, (a:) = j - 10 1^1 


e-'2/'® = I - ■ 


lOlO—AT 

/i = — 10 In —— -, so the total time is 


, 720 + .T , \0m-x' 
In —-1- In - 


1000 


lOin 


lOu) ■ . lOiu 

To find the minimum, we diflerentialc 


dim r 

■57 “ . 


I 


1 


720+ jt lOio —AT 


which changes from negative to positive when 720 + .t = lOto - x 


X = 5u> — 360. By the First Derivative Test. /,„ has a minimum at this distance from the shortstop to home 
plate. So if the shortstop throws at 10 = 105 ft/s from a point .v = 5 (105) - 360 = 165 ft from home plate, the 


minimum time is /los (165) = j — 10 ^li 


720+ 165 
“1556“ 


. 1.. 1050-165 
+ 1050 


^ =» 3.431 seconds. This is longer than the 


time taken in part (a), so in this case the manager should encourage a direct throw. 

If 10 = 115 ft/s. then x = 215 ft from home, and the minimum time is 

f|l 5 (215) = j — 10 ^In + In 3.242 seconds. This is less than the time taken in part (a), 

so in this case, the manager should encourage a relayed throw. 


(c) In general, the minimum lime is 
I 


i„, (5iu — 360) = 


10 


- lOln 


L 100 

(10 + 72)^ 


5ui ^ , 360+ 5u)' 
I000~ " lOu 


400ui 



di\s 


We want to find out when this is about 3.285 seconds, the same time as the direct throw. From the graph, we 
estimate that this is the case for 10 =s 112.8 ft/s. So if the shortstop can throw the ball with this velocity, then a 
relayed throw takes the same time as a direct throw. 
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The Logistic Equation 


1. (a) dPIdi = 0.05P - 0.0005P^ = 0.05/’ (1 - 0.01 P) = 0.05/> (I - /’/lOO). Comparing to Equation I, 
dP/dl = */’(! - P/K), we see that the carr>'ing capacity is /E = 100 and the value of k is 0.05. 

(b) The slopes close to 0 occur where P is near 100. The largest slopes appear to be on the line P = 50. The 
solutions are increasing forO < /b < 100 and decreasing for Po > 100. 

(c) All of the solutions approach /■ = 100 as 1 increases. As 

p 120 " '1(b). the solutions differ since for 0 < /b < 100 

loni £ r they arc increasing, and for /b > 100 they are decreasing, 

f I ^Also, some have an IP and some don’t. It appears that the 
f, = 4 Q ^ solutions which have Po = 20 and Pa = 40 have 

A - 20 .---ZZ-Z,::--:: inflection points at P = 50. 



(d) T he equilibrium solutions are P = 0 (trivial solution) and P = 100. The increasing solutions move away from 
P = 0 and all nonzero solutions approach P = 100 as f -> oo. 


i (a) A = 6000 and * = 0.0015 

(b) '■} 

8000 

ftoooT- 


dP/d! = 0.0015P (1 - P/6000). 

All of the solution curves approach 6000 as r -» oo. 


2000 +- 


1000 ISOO 2000 ' 



1000 ISOO 2000 ' 


TTie curves with Po = 1000 and Po = 2000 appear to be 
concave upward at first and then concave downward. The 
curve with Po = 4000 appears to be concave downward 
everywhere. The curve with Po = 8000 appears to be 
concave upward everywhere. The inflection points are 
where the population grows the fastest. 


(d) See the solution to Exercise 10.2.25 for a possible program to calculate P (50). |ln this case, we use X = 0, 
H= l.N = 50, Y| =0.00l5y(l - y/6000), and Y = 1000.] We find that P (50) =» 1064. 

(c) Using Equation 4 with K = 6000, k = 0.0015, and Po = 1000, we (f) 


have P (r) = 


l + /fe-*' I+,+e-o.0Ol5r’ 


^ K-Pa 6000-1000 

^ = = —iooo— 

6000 

P (50) = ^ ^ g^-ooois(so) **^^‘*' *’ "hich is extremely close to the 
estimate obtained in part (d). 



The curves are very similar. 
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3. (a) J=*y(l-^) =» .v(0 = y-^^with^ = A_^.With7E = 8x 10’,* = 0.71,and 

8x10^ 8x10^ 

y(0) = 2 X lO''. we get the model y (0 - 3 e-o. 7 i» • so r (0 = ~ --o j| =“ 3 23 x lO’ kg. 

8 X I 

(b)y(/) = 4xl0’ =» =4x10’ => 2= l+Sf-®’'- => = ' => 

-0.711 = In j => 1 = «5 1.55 years 


4 . (a) 


p 

700 


(ycas( ceils) 


UK)' 

0 


5 10 


15 f 
(hours) 


From the graph, vve estimate the carrying capacity 
K lor the yeast population to be 680. 


(b) An estimate of the initial relative growth rate is 

\ cIP I 39- 18 7 - 

Pa dl ~ 2-0 ~ ,2 

(c) An exponential model is P (!) = 18c’'’'’. A 

logistic model is F (/) = -- — ■ where 

I + .-fc"'''” 

, 680 - 18 331 

^ - i8 - IT- 


(d) 


Time in 

1 lours 

Observed 

Values 

Exponential 

Model 

l.ogislic 

Model 

0 

18 

18 

18 

2 

39 

58 

55 

4 

80 

186 

149 

6 

171 

596 

322 

8 

336 

1914 

505 

10 

509 

6147 

614 

12 

597 

19,739 

658 

14 

640 

63,389 

673 

16 

664 

203.558 

678 

18 

672 

653.679 

679 


700 ^(yeastcells) 



(hours) 


T he exponential model is a poor fit 
for anything beyond the first two 
observed values. 

The logistic model varies more for 
the middle values than it does for 
the values at either end, but provides 
a good general fit. as shown in the 
figure. 


(e) Pa) = 


680 

I + 2^c-WI2> 


420 yeast cells 
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5. (a) Wc will assume that the difTerence in the birth and death rates is 20 million/y. Let ( = 0 correspond to the year 

1 d P 

1990 and use a unit of I million for all calculations. ^ ^ 


i!L 

nr 




100,000 


K-Po 100,000 - 5300 947 _ 

~ Po ~ 5300 53 ~ l + Ae-*' | + ^e-(l/265)'’ 


P 00)^ 5492,6 (or 5.5 billion). /> (110) « 7813.8, and /> (510) » 27.718.3. 

50.000 

447 „ 

ir‘ 


(c) If A' = .50.000, then />(/) = , 447’,-(i/26S)i ' So f (10) 5481.5, P (110) =# 7611.8. and 

(510) as 22.412.6 


6 . (a) If we assume that the carrying capacity for the world population is 100 billion, it would seem reasonable that 
the carrying capacity for the U.S. is 3-5 billion by using current populations and simple proportions. We will 
use A' = 4 billion or 4000 million. With I = 0 corresponding to 1980. we have 


P (0 = 


4000 


4000 


^^400^)^-*, i + w 




(b) P (10) = 250 


— 1OA s= In 


4000 


= 250 


1 + W^.,0* 
i = -i^ In §§ =0,0097965. 




16 


„-IO* _ 855 
® - 543 


(c)2100- 1980= 120 and A (120) =655 million. 

2200- 1980 = 220 and P (220) = 1371 million, or about 1.4 billion. 


(d) P (/) = 300 


4000 


I + 


943 
57 


- = 300 


1 + 


943„-*( _ 40 


_ 32 JZ 
— 3 545 


'543 


10 —211 Si 29.98 = 30. So wc predict that the U.S. population will exceed 300 million in the year 
In ijj,- 


1980 + 30 = 2010. 


7. (a) Our assumption is that — = ilt.v (I - y), where y is the fraction of the population that has heard the rumor. 
dt 


dP 

(b) Using the logistic equation (I), — 

,-‘‘y 


-*'■('-T> 


P , . dP dy 

we substitute y ^ P ■= Ky, and — = K—,lo 

obtain A— = li(Ay)(l - y) <=> — = *>'(! - y), our equation in part (a). Now the solution to(l) is 

dl dl 

P (/) = -— ti —_ where A = ^ . We u.sc the same substitution to obtain Ay = 


=» y = 


1 + /In-*'' 
.VO 


Po 


I + 


Ayo 


yo + (I - .Vo) e *' 

Alternatively, wc could use the same steps as outlined in "The Analytic Solution”, following KxampIc 2. 
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(c) Let / be the number ofhours since 8a.m. Then>fl =>/(0) = = 0.08 and (4) = i,so 

^ f"*) = = re = A. “"d «"* = (A) so 


2 " ' ' 0.08+ ( 

0.08 2 

0.08 + 0.92(2/23)'/^ = 1+ 23(2/23)'/^' '' 


V = 


2y + 23 1 



iV'-A.lzz ^ ( 

2 V''’'"' 1 - V 

{ 23 ) 23y V 

23 ) 23 y ^ [ 

^ 1 —- It lollows that 

23/ y 


I , ln|(l-T')/+| 

7 - I = -5-, so t 

* '"A 


= 4 1 + 


In ((I -y)/y) 


)n 


. When^ = 0.9, 


i-y 


i'-m 


7.6 h or 7 h 36 min. Thus, 90% of the population will have heard the rumor by 3:36 P.M. 


8 . (a) P (0) — Pq ~ 400, /' (I) — 1200 and A' = 10,000. From the solution to the logistic differential equation 
PofC „ 400(10,000) 10,000 

,weget/>= -- -'■ =' i+24e-*' ' ^0 = 1200 

10,000 10,000 


/>(/) = 


Po + (K - Po)e-^' 


I + 24e-* = = 

10,000 


400 + (9600) e-*' 
* = In . So P = 


(b) 5000 = 


9- (a) ^ = *(0 


1+24(11/36)' 

('-!) 


=> 24 




/'"B = '" A 


I+24e-'ln(36/ti) 1 +24 -(11/36)' 

t =» 2.68 years. 


</V 




(b) P grows fastest when P' has a maximum, that is, when P" = 0. From part (a), P" = 0 <=> 
or P = K/2. Since 0 < P < K, we see that P" = 0 <=> P = A/2. 


P = 0,P. 


10 . 



First we keep k constant (at 0.1, say) and change Po in the function 

^ ^ />o + (IO-\)g-° i' ' /'-'n‘crcep« ) If 

Po = 0, the function is 0 everywhere. For 0 < /)) < 5, the curve has 
an inflection point, which moves to the right as Po decreases. If 
5 < 7*0 < 10, the graph is concave down everywhere. (We arc 
considering only t > 0.) If Po = 10, the function is the constant function /* = 10, and if Po > 10, the function 
decreases. For all Po yf 0, lim P = 10. 

/-»oo 

Now we instead keep Po constant (at Po — I) and change k in thc 

funclion P = j ^ i)g-ki ■ *' SUIT’S that as k increases, the graph 

approaches the line P = 10 more and more quickly. (Note that the 
only difference in the shape of the curves is in the horizontal scaling; 
if we choose suitable .r-scales, the graphs all look the same.) 
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11 . (a) The term -15 represents a harvesting of fish at a constant rate — in this ca.se. 15 fish/week. This is the rate at 
which fish are caught. 


(b) 



(c) I'rom the graph in part (b). it appears that P {t) = 250 and 
/' (!) = 750 arc the equilibrium solutions. We confirm this 
analytically by solving the equation = 0 as follows: 

0.08/’(l -/ 7 IOOO)-15 = 0 => 

0.08/'-0.00008/"^-15 = 0 => 

-0.00008 (P- - 1000/' + 187,500) =0 => 
(/'-250)(/'-750) = 0 =» /' = 250or750. 



For 0 < Po < 250. /’ (/) decrea.ses to 0. For Po = 250, P (/) 
remains constant. For 250 < Po < 750, P (/) increases and 
approaches 750. For Po — 750, /' {/) remains constant. For 
Po > 750, P (I) decreases and approaches 750, 


(e)^=0.08/'(.-^)-.5 


<=> —- 


100,000 dP 


8 


dP ■, s / 100,000\ 

^ = (0.08/' - 0.00008/'^ - 15) • (- - —j 


P 

-12,500— = /’^ - \mP + 187,500 » 
dt 


dP 


-.dt 


(/'-250)(/'-750) 

ln|/'- 2501-ln|/'- 7501 = ^/+C o In 


/’-250 

P-150 


I /' - 250 


' 55 ' 


/' - 750 




L _= ke"'^^ <=» /' - 250 = Pke"'^^ - 750*e'/^’ « /’ - Pke'^^ = 250 - 150ke'^^^ <=> 


/> - 750 

250 - 150ke'^^^ 
- 1 _ 


. If / = 0 and /• = 200, then 200 = 


250 - 750* 
1 -k 


<=> 200 - 200k = 250 - 750* <=> 550* = 50 » * = it- 
Similarly, if ( = 0 and /' = 300, then k = -I- Simplifying P with these 
two values of * gives us 


P (0 = 


250(3e'/“-II) 750(e'/« + 3) 

= )/T5T TT'~ = e'/W + 9“' 
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12 . (a) 


c = 0 

1200 ) 



c = 21 



/>• 


12001 : 



C = 20 


(b) For 0 < c < 20. there is at lca.st one equilibrium solution. For c > 20. the population always dies out. 



F 

1200 


•■i «1 Ml 120 ' 

c = 30 


. dP - dP 

(c) — = 0.08/2 _ 0.00008/2^ - c. — = 0 
dl dl 


-0.08 ±v'(0.08)'‘-4 (-0.00008) (-C) 

2 (-0.00008) ’ 
least one solution when the discriminant is nonnegative => 0.0064 - 0.00032e >0 <=> c < 20. For 
® ^ 20. there is at least one value of P such that dP/dt = 0 and hence, at least one equilibrium solution. 

For c > 20. dP/dt < 0 and the population always dies out. 


(d) 1 he weekly catch should be less than 20 fish per week. 


’3- W ^ ~ j)- K.\\\cndP/dt = (+)(+)(+) = + 

0 < P < m. then dP/dt = (+) (+) (-) = - => P h decreasing. 


P is increasing. If 


(b) 



A =0.08. A' = 1000. andm=200 =» 

dl V 1000 /V P ) 

For 0 < Po < 200. the population dies out. For /'o = 200. the 
population is steady. For 200 < Po < 1000. the population 
increases and approaches 1000. For Po > 1000. the population 
decreases and approaches 1000 . 

T he equilibrium solutions are P (r) = 200 and P (l) = 10(X). 
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(c) 




m) <=> 


By partial fractions. 


^ + -J—,soA{P -m)+ H{K - n=i- 


(K-P)(P-m) K-P P-m 

UP = m,B = —!—; UP ^K,A = —!—, so —— f ( —) dP = f ^dl => 
K-m K-m K-mJ\K-P P-m/ J K 


1 k 

-(- In I A' - />| + In !/> - ml) = —/ + A/. 

K — m A 


But m < P < K,iio — 


1 , P-m k 

- n-- = —I + M 

K-m K-P K 


P — m k 

In= (A - m) —/ + AT, <=> 


-—— = Oe'A-»>K‘/A)' (O = c*F|). Let i = 0: = D. So ^ ^ —^e(A-m)(t/Ar)i 

K-P K - Po K - P K - Po 


Solving for P, \vc gel P {!) = 


m (K - Po) + K (Po - m)e<*’'-”>‘*'"‘'>' 
K- Po + (Po-m) e(A-m)(*/A)< 


(d) If Po < m, then Po - m <0. Let N (t) be the numerator of the expression for P (() in part (c). Then 
AT (0) =/'o(A'-m) > 0, and/’o-m < 0 <=> Ih^ A (/'o - m)e'^=-oo => 

lim N (/) = - 00 . Since N is eontinuous, there is a number l such that A/ (/) = 0 and thus P (() = 0. So the 

/-><X> 

species will become extinct. 




du = —jp 


j-^=ct + [) => ln|«| = -cf-/J => =» |ln(A//')l = e-<‘'+®> => 

InfA.'//') = |we know that In (A//’) > 0 since A' > P\. Lettingr = 0, we gel ln(A//’o) = e'^, so 

In (K/P) = e-*'-" = c-‘V-" = In (K/Po) e"" => K/P = el"(A'/Po)r-" => 

P (/) = Ke- l"(A/Po)r"‘', c / 0. 


(b) lim />(/)= lim Ac-KaVAo)*-*'= “ = Ae® = A 

/-*oo /->oo 


(C) 


P 1000 



The graphs look very similar. For the Gompertz function, 

P (40) as 732, nearly the same as the logistic function. The 
Gompertz function reaches P = 900 at ( 61.7 and its value at 

/ = 80 is about 959, so it doesn’t increase quite as fast as the 
logistic curve. 


(d) 


^=cln^j^/’=cP(lnA-ln/^) => 


d^P 

dl^ 



+ (In A - In P) 




= c |c In (K/P) P] [In (K/P) - I) = c^/Mn (K/P) [In (K/P) - 1] 

SinccO </> < A, P" = 0 «■ ln(A/P)=l <=> K/P^e <=> P = A/e. P" > 0 forO < P < A/c 
and P" < 0 for A/e < P < K, so P' is a maximum (and P grows fastest) when P = A/e. 
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M. (a)dP/dl =kPcos(rt- 4 ,) => (dP)/P = kcos(rl-4,)dl => f (dP) / P = k f cos(rl - 4,)dl =» 

In Z' = (k/r) sin (rt -^) + C. (Since this is a growth model, /• > Oand we can write In P instead of In |/’|.) 
Since P (0) = Po, we obtain In Pg = (k/r) sin (- 4 ,) + C = - (k/r) sm4> + C => C = In To + (*/;•) sin^, 
Thus. In P = (k/r) sin (rr — ^) + In Pq + (k/r)sin4>, which we can rewrite as 
ln(/V/'o) = (*/r)[sin(r/ -^) + sini^|or. alkr exponentiation. P ( 1 ) = />ogi*/'-)[sim«- 0 )+sro<ii 
(b) As k increases, the amplitude As/* increases, the amplitude A change in produces slight 

increases, but the minimum and the period decrease. adjustments in the phase shift 

value stays the same. a„d amplitude. 



P (t) oscillates between and /<at,(t/<*)(-i+sin, 6 ) ^.x,remc values are attained when ;■( - ^4 is 

an odd multiple of x). so lim (t) does not exist, 

^ /->00 


IB. (a)dP/d/ = kPcos^(re- 4 ) =» {dP)/P = kcos-(rt- 4 >)dl => J (dP) / P = k J ens-(rl - 4 ,)dl 
— ID , /■ I -f cos (2 (rr - 4 >)) k k 

=> \nP — k J ^- dl = -1 + ^sin (2 (rt - 4>)) + C. From P (0) = /'o. we get 


^ k k 

In f*Q = ;;psin (—2<^) + C = C — —- sin 20, so C = In + — sin 20 and 
4r 4r 4r 

k k ti 

In Z’ — — sin (2 {rt — 0)) -f In Pq + — sin20. Simplifying, we gel 

. ^ . 

= 2 ' + [sin(2(/-/ -0)) + sin20| = /(/), or P (i) = 


(b) An increase in k stretches the 
graph of P vertically while 
maintaining P (0) = Pq. 

p 9 



Comparing vaiuc.<: of k with 
7. = I. r = 2. and tt> ~ ntl 


An increase in r compresses the 
graph of P horizontally — 
similar to changing the period in 
Exercise 15. 


p 9 



Comparing values of r wilh 
Pt, ~ 1 .1 - 0.5, and <4 = jr/2 


As in F.xercise 15, a change in 4> 
only makes slight adjustments in 
the growth of P. as shown In the 
figure. 


p 9 



Comparing values of th wilh 
A,, = I. E - (1.5. and r = 2 


/'(() =*/2 + |<:/(4/-)l(2rcos(2(/*/ -(4))j = (Z/2)|l + cos (2 (rr - ,^))j > 0. Since P (t) = Pnc''-''. we 
have P' (I) = PoJ’ (t)e'^''> > 0. with equality only when cos (2 (rt -4>)) = - I, that is. when rt -4> is an odd 
multiple of y. Therefore. P (t) is an increasing function on (0. oo). P can also be writicn as 


^ (t) — /’oe*'^e**T 4 r)|sin( 2 (/*/ ^)l+sin 2 ^| -pijg exponential oscillates between ei*/*'''iil-fsin 2 iii) 

^(t/4rn-i+sin2A)_ ^ehilc the first one. e*''", grows without bound. So lim P (t) = oo. 
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—Wi6 Linear Equations _ 

1. v' + e'y = is not linear since it cannot be put into the standard linear form (I). 

2. V + sinx = x’/ =» x^y'-y^sinx => v'+ This equation is in the standard linear 

form (I), so it is linear. 

3 . x,v'+ Inx — x^y = 0 =» XT''— x^>'= — Inx =» y + (-x)t'= which is in the standard linear 

form (I). so this equation is linear. 

4. y/ = sin x is not linear since it cannot be put into the standard linear form (I). 

5. Comparing the given equation, i ' + 2>’ = 2e*, with the general form, y' + P {x)y = Q (x), we see that Z' (x) = 2 

and the integrating factor is / (x) = = e/2* = g 2 .t Multiplying the dilTercntial equation by / (x) gives 

e^y’ + 2e^'>’ = 2e^' => = 2c"’' ^ e"'y = f 2c^' dx =» e^y = + C 

y = |e* + Ce~^. 

6 . v' = X + 5y => y' - 5y = x. / (x) = e /. Multiplying the differential 

equation by / (x) gives e~''‘y'- Se'^-'y = xe"** => (e“*'y) = xe"^ =* 

e-*'T» = J xe“’' dx = - jxe'*" - + C y = — jx - ^ + Ce^' 

7. / (x) = Multiplying the differential equation by / (x) gives (y' — 2xy) = xc“** => 

^e“^'y^ =xe“'^ =» y = ^/xe”'^ rfx + = CV^ - j. 

8 . y' + -y = (x y 0), so / (x) = eJ^ = x^. Multiplying the 

X X 

differential equation by / (x) gives x-y' + 2xy = xe*^ => 

=> y = x-^ [/(xe*^) r/x + C,] = X-2 ^) + Cl] = ^ . 

9. v' - vtanx = = 2 sinx, so / (x) = e/-'“’x* = glnlaMJl _ (since —i < x < i). Multiplying the 

cosx 

differential equation by / (x) gives (y'- ylanx) cosx = cosx => (y cosx)'= sin2x ^ 

y cosx =/sin2x rfx + C =-s cos2x + C = j - cos'^x + C ^ y = — -cosx + Cseex. 

10. v' - y = I/x (x y 0). so / (x) = e/l'IV* = «■*. Multiplying the differential equation by / (x) gives 

e~^y'— e~'y = e~’'/x => (e“*y)’= e“*/x =* >'= [/(e'V-*) </•* + C]. 

11. I (x) = Multiplying the differential equation by / (x) 

gives e'^y'+ 2xe''^y = x^e^^ =» = x^e*^. Thus 

y = x-e'^dx + cj = e"'^ [j-’te'' — / </x + cj = jX + Ce~’‘^ - dx. 
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12. / (.t) = = glnlcosil _ < j. < Multiplying the differential equation by / (.x) give.s 

y' cos.r - y tan .x cos.r = .r cosjt sin 2x =* (y cos.x)' = x cos jt sin Zx. So 


y = —^ \ f X cosx !.m2xdx + C = —[ / 2a: cos^x sinx rfx + cl 
cosx IJ J cosx U J 

[ —Ixcos^x 2 /. sin^x\ 1 -2xcos^x C 

- z -+ tI sinx-— 1 + C =-;-+-+2tanA 

3 3 ^ / J ^ 


3 — sin^ X 


(I +/)m = J (,\ +t)dt = I + + C 


13. (I+/)^+H = I+/./> 0 => -^fd+/)«)= I+/ 

m/ at 

/ + 5f- + r /2^2r + 2r 

u =- £ -or 2 / = -. 

1+/ 2(/ + I) 

14 . i' + ^1 + -^ v = , so / (x) = c/ 1 >+i/')<Ta _ Multiplying the differential equation by / (x) gives 

xe'y + (xe'+e'')y = I => (xc^y)'= I =» xc^y = / I dx => xe^y = x + C => 

y = e-^(l +C/X). 

15 . / (x) = eS''” = e'. Multiplying the differential equation by I (x) gives e*y' + e'^y = (x + e*) => 

(e'y)' =e' (x + c^). Thusy = e~’ [/e' (x +e*)dx + C] = e"' [xe' - e“ + ^ + C =x-l + — + —. 

L 2 J 2 e' 

But 0 = y (0) = — I + J + C, so C = J, and the solution to the initial-value problem is 
y = X — I -b -I- = X - I -E coshx. 

16. / -jy 2y = 1^,1 > 0, y (I) = 0. Divide by t to get + -y = 1 ^, which is linear. / (/) = = /T 

dl dl I 


Multiplying by gives l'^ + 2/y = 
dl 

0 = y(l) = i.|.C => C = -J,soy = ^-^. 


(t^y)' = /^ 


/V= ^/’+C 


t' C 

y=-r + -x- 


5 Sr^' 


do 


12. — - 2ru = 3t^e' , i< (0) = 5. / (/) = e/< = e Multiply the differential equation by / (/) to get 


dt 

e~‘^^-2le~'^o = yt^ => =3/^ => e~'^» = f il~ dl = + C => 0 = l^e'^ + Ce'^. 

5 = « (0) = 0l+CI=C,soo = l^e'^ + 5c''. 

18 . y' + ^ J ^ 2 ) 3 ' = ^ ~ (' ) = 1 -t-x^. Multiplying the differential 

equation by/(x) gives (I-bx^)y'-b 2xy = 3^/x => ((I + x^)y)'= 3^? => 

2x^1^ + C 

— 2 = > (0) = C, so the solution to the initial-value problem is 

2x’/ 2 -b 2 


y=(I-b.x2) '(/3v^dx-bC) = 


y = 


I -bx2 


19. y' + 2 J = -p- (x # 0). so / (x) = = x^. Multiplying the differential equation by I (x) gives 

xV + 2.xy = cosx => (xV)' = cosx => y = x”^ cosx dx-b cj =x"^ (sin x-b C) (x 5 ^ 0). But 
0 = y (x) = r, so the solution to the initial-value problem is y = (sinx) /x". 
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r 4- I 

20. y'- - -= 1 (x > 0), so / (x) = = g-(ln|x|-ln|jr+l|) _- Multiplying the differential 

x(x+l) X 


X + I , y X + 1 X + I 

equation by / (x) gives-v- - -—-=- => 

X ' X (x + I) X X 


= + cj = (x + Inx + C), But 0 = y (I) = ^ |l + C) SO C = -I and the 


solution to the initial-value problem isy =-- (x - I + Inx). 

X -I- 1 

21. y' + -y = cosx (x 0), so / (x) = = x (for 

X > 0). Multiplying the differential equation by / (x) gives 
xy'-I-y = X cosX => (.xy)'= x cosx. Thus, 


X cosx dx -I- C = - [x sinx -I- cosx -f C] 



y = l[/xcosxdx-bc] = l 

cosx C 

= sin X -I--H— 

X X 

T he solutions are asymptotic to the y-axis (except for C = — 1). In fact, for C > — 1, y —> oo as x —» 0*. whereas 
for C < — I, y -» -oo as x -> O"''. As x gets larger, the solutions approximate y = sinx more closely. The 
graphs for larger C lie above those for smaller C. TTie distance between the graphs lessens as x increases. 

22. / (x) = gScmxJx _ jsin.t Multiplying the differential equation by 
/ (x) gives c”"^y' -I- cosxe“"'y = cosxe”"* ^ 

^^siniyj' _ cQs jteMix => 

y = cosxe""' dx -b cj = I -f- The graphs for 

C = —3, 0. I, and 3 arc shown. As the values of C get further from -10 

zero the graph is stretched away from 

thelincy = 1, which is the value for C = 0. The graphs are all periodic in x, with a period of 2)r. 
du _dy dy y" d« H''f*'""'d« 



23. Setting 


equation becomes 


dx dx \ — n dx \ — n dx 
du 


Then the Bernoulli ditTerential 


dx 

— + P(x )«'/('-") = Q (x) or ^ -I- (I - n) /> (X) « = (? (x) (1 - n). 

I - n dx dx 


24. Herey' + - = —y^.son = 2, /' (x) = - and 0 (x) = - I. Setting u = y~\u satisfies «'-u = I. ITien 

X X X 

/ (x) = j (forx > 0)and M = X jdx-l-C^ =x (ln|x|-I-C). Thus.y = ^ ^ 

25. Here n = 3, P (x) = —, 0 (x) = —j and setting u = y~^, u satisfies u' -= —j. Then 

/ (x) = = x~* and u = x'* dx -b = x^ ( 5 ^ 


- 1/2 
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26. Here n = 3, /* (.x) = I, 0 (.r) = x and setting ii = y-^. u satisfies u' - 2« = -2:x. T hen / (.x) = _ ^-2x 

andu =e2' [/-Ive"-'x/jt + C] = e-^ + c) = x + ^ +Cc^. So>’ = [x + j 

27. (a) 2— + 10/ = 40 or — + 5/ = 20. T hen the integrating factor isef^'" = c*'. Multiplying the dilTcrential 

equation by the integrating factor gives c*'—+ 5/e^'= 20 £'’' => (e^‘/)'= 20e^' => 

/ (/) = e~^' [/20e’' dr + C| = 4 + But 0 = / (0) = 4 + C. so / (r) = 4 - 4e-^'. 

(b) / (O.I) = 4-4e-'>5s= I.57A 


dl 


'di'^^^' ~ factor is c^®'. Multiplying the dilTcrential equation by the integrating 


.d! 


factor gives e^' — + 20/e-®' = 40 sin fiOrc^®' => (c^O' /)' = 40 sin 60/e-®' 


/(/) 


-'■“[/ 


40^-=®' sin 60/ di + (. 


■] 


— e *®'^40(’^®'(20sin60/— 60cos60/)j + f’e 


sin 60/ - 3 cos 60/ 

=-^-+ Cf-2®' 

Bull = /(0) = -^+C,so 
^ _ sin 60/ - 3 cos 60/ + 8c"-®' 


(b) /(O.l) = 


sin 6 — 3 cos 6 + 8c ^ 


5 


: -0.42 A 


(c) 



0.5 


^•5-^-1- 200 = 60 with Q (0) = OC. T hen the integrating factor is e/'"'" = c'*', and multiplying the differential 
equation by the integrating factor gives c'*'—+ 4c‘''0 = 12 c''' => (c‘'' 0 )'= 12 c''' 

iit V vy 

Q (0 = e-‘" [/ 12c''' x// + r] = 3 + Ce-*'. But 0 = 0 (0) = 3 -I- C so 0 (/) = 3 (I - c"''') is the charge at tim 
/ and / = dQ/dl = I2c“^' is the current at time /. 

30. 2-^ -I- 1000 = I0sin60/ or + 500 = 5sin60/. Then the integrating factor iseJ *®‘* = c*®', and 

multiplying the differential equation by the integrating factor gives c’®' — + 50c*®' 0 = 5 c*®' sin 60/ => 

dt 

(c*®'0)' = 5c*®'sin6O/ => 

0(/) = c- *®' [/5c*®' .sin60/ x// +C] = e"*®' [5c*®' ( 5 ^ 5 ) (50sin60/ - 60cos60/)j + Cc"*®' 

= 7 ^ (5sin60/ — 6cos60/) + Cc"*®' 

D,,. n /xnw f> , r- /•’ 3 j . 5 sin 60/- 6 COS 60/ 3e'‘*®' 

But 0 — 0 ( 0 )— Q(‘)= - — -+ —— is the charge at time /, while 


122 

the current is / (/) = ^^^ = 150 cos 60/-El 80 .sin 60/- 150c-*®' 
dt 61 


61 
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31 ££+*•/> = * A/, so /(/)= e-f***' = e*'. Multiplying the differential 
dl 

equation by / (/) gives c*' — + kl’e^' = kK4e^‘ => (e*'/') = *ATe* 

^ p (() = e"*' (JkMe*'dl + C) = AT + Ce'*', A > 0. Furthermore, 
it is reasonable to assume that 0 < P (0) < AT, so — AT < C <0. 



32. Since P (0) = 0. we have P (t) = AT (1 - e"*')- If /'l (0's Jim’s learning curve, then />i (1) = 25 and 
P, (2) = 45. Hence, 25 = AT| (1 - e'*) and 45 = AT, (I - e'^), so 1 - 25/AT| = c'* or 

* = -'"('■ S) = (^)- ^ ^ [' ■ ] 

45 _ S0A/| — 625 4^1 = 125 is the maximum number of units per hour Jim is capable of processing. 

A/i 

Similarly, if P 2 (/) is Mark’s learning curve, then T*: (1) = 35 and P 2 (2) = 50. So A = In ^nd 

-[-ml 


50 

approximately 61. 


or AT 2 = 61.25. Hence the maximum number of units per hour for Mark is 


33. y (0) = 0 kg. Salt is added at a rate of (o.4 ^5 = 2 Since solution is drained from the tank at a 

rate of 3 1,/min, but salt solution is added at a rate of 5 L/min. the tank, which starts out with 100 L of water, 

y (0 ^8 

contains (100 + 2/) 1. of liquid after / min. Thus, the salt concentration at time t is -jy • Salt therefore 

I the tank at a rate of ( ^ (3 —^ = — - -Combining the rates at which salt enters 

leaves the tank at a rate ot ^ ^ 2( l) \ min ) 100 + 2 t min 

and leaves the tank, we get ^ = 2 - Rewriting this equation as ^ + (,(,(,^ 2 /) 

it is linear. / (/) = exp = <=>‘0 (5 ('O® + 2')) =('<» + 20'/'. Multiplying the differential 

equation by / (r) gives (100 + 2r)V2 g + 3 (100 + 2/)'/^ = 2 (100 + =4 

[(IOO + 2()’/2y]'=2(100 + 20^/^ => (100 + 2/)’/^ = ? ('0« + 2')’/^ + C =» 

y = I (100 + 2/) + C(100 + 2()"J^. Now 0 = y(0) = | (100) + C • 100“’^^ =40+ -[^C ^ 

C = -40,000, so y = [^ (100 + 2/) - 40,000 (100 + 2()'J/^] kg. From this solution (no pun intended), we 

).(/) r -40,000 21 kg , , 

calculate the salt concentration at time ( to be C (r) = = [(ioo + 2r)’'^ ^ 5 J 1- 


C( 20 ) = + ?=» 0.2275 and y (20) = | (140) - 40,000(140)-^'^ =» 31,85 kg. 
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34. Let y (T) denote the amount of chlorine in the tank at time I (in sccond.s). y (0) = (0.05 g/l.) (400 L) = 20 g. T he 
amount of liquid in the lank at time ( is (400 - 6r) L since 4 I. of water enters the lank each second and 10 L of 


liquid leaves the lank each second. Thu.s, the concentration of chlorine at lime / is 


enter the lank, but it leaves at a rate of [- ^ — -1 I 10 -1 ; 

[400-61 I.J L sj 

dy 5y f dy f -5di 


yd) g 

400- 6r I. 


Chlorine doesn’t 


lO.v(T) g 
400 - 6/ s ■ 200 - 3/ s 


Therefore. 


dy 

dl 


200 - 3/ 


/? = / 


-5di 
200 - 3/ 


lny= I In (200-3/)+ C 


y = exp (I In (200 - 3/) + c) = e‘ (200 - 3/)’/^ Now 20 = v (0) = e'' • 200*/’ => 

(200 - 3/)*/’ 

y(t) = 20 —- =20(1 -0.015/)*/’ gforO</ < 66| s, at which time the lank is empty. 


20 

200 */’’ 


35. ~ I? ^ d) = e.fC/"'P'' = and multiplying the diflerential equation by / (/) gives 

at m 11^ 

I) (/) = e“*‘/“*' [Jg^C/")' dt + K\ = mg/c + A'e“*‘/"'*'. But the object is dropped from rest, .so » (0) = 0 
and K = -mg/c. Thus, the velocity at time / is i» (/) = (mg/c) [ I - j 

(b) lim i> (/) = mg/c. 

t-*<K 


(c) s (/) — /»(/) <7/ —(mg/c)[/ + {m/c)e •‘/»')'jq.c| where C) = s (0) — m’g/c’, s (0) is the initial position. 
SOS (0) = 0 andi (/) = (mg/c) [/ + (m/c)c“‘‘/'">'] - m^g/c'. 

38. II = (mg/c) (I — c”"/") => 

^ ~ (o- c-*’'/"' . /| I _ _g^-cijm = £ /] _£-*</». _ Ei^-c(//n\ 

dm c \ m‘; c' ’ m c c c V m / 

g^ ^ Since ct' > I + (? for 

all p > 0 [see Kxcrcisc 7.2.85(a) or 7.3*.85(ti)], it follows that dt>/dm > 0 for / > 0. In other words, for all i > 0. 


t) increases as m increases. 


^-7 Predator-Prey Systems 

1 . (a) d.x/dl = —0.05.V + O.OOOl.vy. Ify = 0, we have dx/dt = —0.05x, which indicates that in the absence ofy, x 
declines at a rale proportional to itself. So x represents the predator population and y represents the prey 
population. The growth of the prey population. 0. ly (from dy/dl = 0. ly - 0.005.vy), is re.strictcd only by 
encounters with predators (the term -0.005xy). The predator population increases only through the term 
O.OOOIxy. that is. by encounters with the prey and not through additional food sources. 

(b) dy/dt = —().0l5y + 0.0()008.ty. If.v = 0. we have dy/dt = —0.0l5y, which indicates that in the ab,sencc of 
X. y would decline at a rale proportional to itself. Soy represents the predator population and x 
represents the prey population. The growth of the prey population. 0.2.x (from 

dx/dt = 0.2.T — 0.0002.v’ — 0.006.xy = 0.2.V (I — O.OOl.x) — 0.006.vy). is restricted by a carry'ing capacity of 
1000 [from the term I — O.OOlx = 1 - .x/U)00| and by encounters with predators (the term —0.006.vv). The 
predator population increases only through the term O.OOOOSxy. that is. by encounters with the pre>' and not 
through additional food sources. 
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2. (a) dx/di = O.llt - 0.0006x^ + O.OOOOUj;. dy/dl = 0.08>; + 0.00004j>», 

T he xy terms represent encounters between the two species x and y. An increase in y makes dx/dl (the growth 
rate of x) larger due to the positive term O.OOOOIxy. An increase in x makes dy/dt (the growth rale ofg) larger 
due to the positive term 0.00004.i(>'. Hence, the system dc,scribcs a cooperation model. 

(b) dx/dt = O.ISj -0.0002.r2-0.0006.ty = 0.15jt (I - x/750) - 0.0006.ry. 
dy/dt = 0.2y - 0.00008y2 - 0.0002r>’ = 0.2y (I - y/2500) - O.OOOlxy. 

T he system shows that x and y have carrying capacities of 750 and 2500. An increase in x reduces the growth 
rate of y due to the negative term —0.0002.ry. An increase in y reduces the growth rate of x due to the negative 
term —0.0006.ry. Hence, the system describes a competition model. 

3. (a) At / = 0. there are about 300 rabbits and 100 foxes. At t = ti. the number of foxes reaches a minimum of about 

20 while the number of rabbits is about 1000. At t = I 2 . the number of rabbits reaches a maximum of about 
2400, while the number of foxes rebounds to 100. At / = I 3 , the number of rabbits decreases to about 1000 and 
the number of foxes rcaehes a maximum of about 315. As / increases, the number of foxes decreases greatly to 
100. and the number of rabbits decrca.scs to 300 (the initial populations), and the cycle starts again. 



about 80 and the number of fo.xcs is also 80. At / = ( 2 , the number of foxes reaches a minimum of about 25 
while the number of rabbits rebounds to 1000. At I = (j. the number of foxes has increased to 40 and the rabbit 
population has reached a maximum of about 1750. The curve ends at / = U, where the number of foxes has 
increased to 65 and the number of rabbits has decreased to about 950. 
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d tv -0.02 IV + 0.00002 RIV 

dR ~ O.OSR -O.OOIRIV 

0.08-0.00Ur , - 0.02 + 0.000027? 

- dll' = - 

IV R 

«=> 0.081n|1P'|-O.OOIff'=-0.02ln|/?l + 0.00002/? +a: <=> 

0.08In H +0.02In/? = 0.0011++ 0.000027? +A.' <=> In(>+““*/?““)= 0.000027? + 0.0011++ A' «• 

n0.02 rj/0.08 

jj/0.081^0.02 _ ^,0.00002/?+0.001 If'+A: ^ ^0.02 jj/0,08 (-^0.00002/?^0.00l»' ^ K yv ^ ^ 

^0.00002/^^0.001 W 


(0.08 - 0.00U+) RdIV = (-0.02 + 0.00002/?) IV dR <=> 

dR « J -O.m^dIV = j +0.00002^ dR 


. . ~>’y + f>xy . 

In general, if — = —-, then C = 

dx kx — axy 


yhx^ay' 


8 . (a) d and 7. are constant =» +' = 0 and L' = 0 - 

So either A = L — 0 or I. = = 200 and 

+ = 0 ^1 = 5000 T he trivial solution 
A = L = 0 just says that if there aren’t any 
aphids or ladybugs. then the populations will not 
change. I'he non-trivial solution, L = 200 and 
+ = 5000, indicates the population sizes needed 
so that there are no changes in cither the number 
of aphids or the number of ladybugs. 
dL dL/dt -0.51 + 0.0001/77. 


0 = 2+-0.01+ 7. 

0=-0.57.+0.0001+7. 


0 =+ (2-0.017.) 

0 = 7, (-0.5 + 0.0001+) 


(c) T he solution curves (pha.se trajectories) arc all 
closed curves that have the equilibrium point 
(5000,2(X)) inside them. 


(b) 


dA dA/dt 


2+ -0.01 + 7. 



(tl) 



At Po (1000, 200), dA/dt = 0 and dL/dt = -80 < 0, so the 
number of ladybugs is decreasing and hence, we arc 
proceeding in a counterclockwise direction. At Po, there aren't 
enough aphids to support the ladybug population, .so the 
number of ladybugs decreases and the number of aphids begins 
to increase. The ladybug population reaches a minimum at 
P| (5000, 100) while the aphid population increases in a 
dramatic way, reaching its maximum at Pi (14,250,200). 
Meanwhile, the ladybug population is increasing from P| to P 3 (5000,355), and as we pass through Ps, the 
increasing number of ladybugs starts to deplete the aphid population. At Pj the ladybugs reach a maximum 
population, and start to decrease due to the reduced aphid population. Both populations then decrease until Po, 
where the cycle starts over again. 

(c) Both graphs have the same period and the graph t | '• 

of 7. peaks about a quarter of a cycle after the is.oooj ' 

graph of+. 
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9. (a) Letting IV = 0 gives us d/i/dl = 0.08« (I - 0.0002/?). <//?/<// =0 » /? = 0 or 5000. Since d/i/dl > 0 
for 0 < /? < 5000, we would expect the rabbit population to increase to 5000 for these values of /?. Since 
dR/dt < 0 for /? > 5000, we would expect the rabbit population to decrease to 50t)0 for these values of R. 
Hence, in the absence of wolves, wc would expect the rabbit population to .stabilize at 5000. 


(b) R and IV are constant /?' = 0 and ()" = 0 

0= /? [0.08(1 -0.0002/?)-0.001 H-’) 

0= ir (-0.02 + 0.00002/?) 


0 = 0.08/? (1 - 0.0002/?) - 0.001/?If 
0 = -0.02 If + 0.00002 RIV 


The second equation is true if If = 0 or /? = = 1000. If If = 0 in the first equation, then either /? = 0 

= 5x5555 = 5000 [as in part (a)). If /? = 1000, then 0 = 1000 [0.08 (1 - 0.0002 • 1000) - 0.001 If] 

0 = 80(1-0.2)-If c* If = 64. 

Case (i); H' = 0, R = 0: both populations arc zero 
Case (it): If = 0, /? = 5000: sec part (a) 

Case (Hi): R = 1000, If = 64: the predator/prey interaction balances and the populations arc stable. 


(c) The populations of wolves and rabbits fluctuate around 64 and 1000, respectively, and eventually stabilize at 
those values. 


(d) 



10. (a) If/, =0,dA/dt = 2/1(1 - O.OOOl/I), so <//l/c/r =0 o + =0or/l = = 10,000. Since rf/l/rf/ > 0 

for 0 < /I < 10.000, we expect the aphid population to increase to 10,000 for these values of A. Since 
dA/dl < 0 for /I > 10.000, wc expect the aphid population to decrease to 10,000 for these values o( A. Hence, 
in the absence of ladybugs we expect the aphid population to stabilize at 10.000. 


(b) A and /, are constant => A' —0 and L' = 0 


0 = 2/1 (I -0.0001/f)-0.0l/li 
0 =-0.5/,+0.0001.4/, 


0= A\2{\ - 0.0001/1)-O.OI/,) 
0 = /. (-0.5 + 0.0001.4) 


The second equation is true if /, = 0 or /I = = 5000. If /. = 0 in the first equation, then either .4 = 0 or 

= OTOT = 10.000- If A = 5000. then 0 = 5000 [2(1 - 0.0001 5000) - 0.01/,] «=> 

0 = 10,000(1 — 0.5) — 50/, <=> 50/, = 5000 <=> i = 100. The equilibrium solutions arc: 

(i) /. = 0, /I = 0 (ii) L =0,A = 10,000 (iii) A = 5000, /. = 100 


, ) ^ ^ df./dl _ -0,5/, + 0.0001/1/. 

dA dA/dl ~ 2A(I-O.OOOIA)-O.OIAl 
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All of the phase trajectories spiral tightly around 
the equilibrium solution (5000, 100). 



The graph of A peaks Just after the graph of L has 
a minimum. 



At r = 0. the ladybug population decreases 
rapidly and the aphid population decreases 
slightly before beginning to increase. As the 
aphid population continues to increase, the 
ladybug population reaches a minimum at about 
(5000, 75). The ladybug population starts to 
increase and quickly stabilizes at l(X). while the 
aphid population stabilizes at 5000. 


Review 

■’ CONCEPT CHECK - ■ ——— ■ i ■ 

1. (a) A ditfcrcnlial equation is an equation that contains an unknown function and one or more of its derivatives. 

(b) The order of a differential equation is the order of the highest derivative that occurs in the equation. 

(c) An initial condition is a condition of the form y (to) = yo- 

2. y' = + y^ > 0 for all x and y. y' = 0 only at the origin, so there is a horizontal tangent at (0,0), but nowhere 

else. The graph of the solution is increasing on every interval. 

3. See the paragraph preceding Example I in Section 10.2. 

4 . Sec the paragraph after Figure 14 in Section 10.2. 

5. A separable equation is a first-order dilTerential equation in which the expression for dy/dx can be factored as a 
function of x times a function ofy, that is. dy/dx = g(x) f (y). Wc can solve the equation by integrating both 
sides of the equation dy/f (.v) = g(x)dx and .solving fory. 

dy 

6. A first-order linear differential equation is a differential equation that can be put in the form — + P (x) y = Q (x), 
where P and O are continuous functions on a given interval. To solve such an equation, multiply it by the 
integrating factor / (x) = e/^’I***'* to put it in the form (/ (x)y]' = I (x) Q (x) and then integrate both sides to get 
l(^)y = f i (x) Q(x)dx, that is, el= f ef''^^^'Q(x)dx. Solving for y gives us 

y = Jel''^’l‘'’Q(x)dx. 
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7. (a) dyidt = ky 

(b) The equation in part (a) is an appropriate model for population growth, assuming that there is enough room and 
nutrition to support the growth. 

(c) If>' ( 0 ) = ^. then the solution is yC/) = 

8 . (a) dPIdI = kP — P/K), where K is the carrying capacity. 

(b) The equation in part (a) is an appropriate model for population growth, a.ssuming that the population grows at a 
rate proportional to the size of the population in the beginning, but eventually levels off and approaches its 
carrying capacity because of limited resources. 

9. (a) dF/dt = kF — aFS and dS/dl = —rS + bFS. 

(b) In the absence of sharks, an ample food supply would support exponential growth of the fish population, that is, 
dF/dt = kF, where it is a positive constant. In the absence of fish, we assume that the shark population would 
decline at a rate proportional to itself, that is, dS/dl = —rS, where r is a positive constant. 


TRUE-FALSE QUIZ 


1. False, y = 0 is a solution of y' = — v'*, but y = 0 is not a decreasing function. (All non-trivial solutions are 

decreasing, however.) 

, Inx , 1 — Inx 

2. True, y =- => y =-=—. 

.t 

LIIS = jr’y' + xy = x~ ■ -—-f x • = (1 — Inx) -I- Inx = 1 = RHS, soy = is a solution of 

x^ X X 


x^y' F xy = 1 . 

3. False, x + y cannot be written in the form g (x) / (y). 

4. True, y' = 3y - 2x + 6 xy — 1 = 6 xy - 2x -F 3y - I = Zx (3y - 1) -f I (3y — I) = (2x -F 1) (3y — I). soy' can 

be written in the form g (x) / (y). 

5. True. c'y' = y => y'= c'^'y =s y'+ (-e"'')y = 0. which is of the form y'-F Z'(x)y = 0 (x). 

6 . False, y' -F xy = e>' cannot be put in the form y' + P (x)y = Q (x), so it is not linear. 


7. True. By comparing ^ = 2y (l — 7 ) with the logistic differential equation (10.5.1), we see that the carrying 
dt ' 5 / 


dl 

capacitv is S, that is, lim y = 3. 

' * t~tao 


EXERCISES 


1 . (a) 



(b) jltm^T (0 appears to be finite forO < c < 4. In 
fact lim y (r) = 4 fore = 4, lim y (/) = 2 for 

l-*oo 

0 < c < 4. and lim y (r) = 0 for c = 0. The 
/-»oo 

equilibrium solutions are y (f) = 0 , y (!) = 2 , and 
y(() = 4. 
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We sketch the direction field and four solution 
curves, as shown. Note that the slope y' = xjy is 
not defined on the line y = 0. 

(b).v’=x/>’ <=> ydy=xdx <=> >'^ = .r-+ C. 

For C = 0. this is the pair of lines y = ±x. For 
C ^ 0, it is the hyperbola x- — y^ = —C. 


(b) fi = 0.1. -to = 0.yo = I and F(x.y) = x^ —y^. 

Soy,, =y„_i +0.1 -yl_^)■ Thus. 

y, = 1+ 0.1 (0^ - 1^) =0.9, 

,V2 =0.9 + 01 (0.1^ -0.9^) =0.82, yj = 

0.82 + 0.1 (0.2- - 0.82-) = 0.75676 « y (0.3). 

(c) The centers of the horizontal line segments of the 
direction field are located on the lines y = Jt and 
y — —X. When a solution curve crosses one of 
these lines, it has a local maximum or minimum. 


We estimate that when jt = 0.3. y = 0.8. so 
y(0.3) =«0.8. 

4. (a) h = 0.2, xo = 0. yp = I and F (x.y) = 2jty^. Wc need yy. yi = 1 + 0,2 (2 • 0 ■ l’) = 1, 
ys = 1 + 0.2 (2 • 0.2 ■ 1^) = 1,08 y (0.4). 

(b) /) = 0.1 now. soyi = I + 0.1 (2 ■ 0 ■ I-) = I, y2 = I + 0.1 (2 ■ 0.1 1^) = 1.02. 

n = 1.02 + 0.1 (2 0.2- 1.02^) » 1.06162,+4 = I.06I62 + 0.I (2 0.3 ■ 1.06162^) a: 1.1292 %y (0.4). 

(c) The equation is separable, so we write ^ = 2x rfx =» J -^ = J 2x dx «=> — - = .x- + C. but 

y (0) = l,.sor = - I andy (x) = ^ « y (0.4) = ^ =» 1.1905. From this we see that the 

approximalion was greatly improved by increasing the number of steps, but the approximations were still lar 


5. = .t + sin.v => = / (jr + sin.v)(/.T ^ ——eosjr + r ^ 

dx ' i 1 

y^ = ^x^ - 3 cos.x + A' (where A = 3C’) =* y = ^x- - 3 cosx + A' 


6. Since it’s linear, / (.x) = = e^' and multiplying the differential equation by / (x) 

gives e'*y'+ 2.xe‘'y = 2x^6^^ => = ix^e”^ =» 

y (x) = e~'' ^f2x'e'^ dx + cj = ^.x-e'‘ — + ^ ~ 
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7. Since it’s linear, / (x) = and multiplying by / (x) gives x"^/ - 2y~^ = 1 => (x'^y)' = 1 

=» y(x) =x^ (/ 1 (/x + C) =x^ (x + C| = Cx^ +x^. 

8. y'= (2 + y)(l+x2) => -^ = {\+x^)dx => In 12 + y| = x + ^ + ci => 2 + y = and 

the solution isy (x) = — 2. 


9. xyy'= Inx => ydy=^-^dx =» Jydy = J dx (Make the substitution « = Inx; then du = dx/x.) 

SoJydy = Judu => ^y^ = ^u^ + C =» i (Inx)^ + C. y (1) = 2 => j2-= j (In 1)^ + C = C 

<=> C = 2. Therefore, ^y^ = j (Inx)^ + 2, or y = v/(lnx)^ + 4. The negative square root is inadmissible, since 
y(l)>0. 


. , 1 + ^ . ' +■* , Inlxl , X 

10. l+x = 2xvy' =» V = -7 - <=> ydy=——dx =» — = C|. Butx > 0, so 

2xy Zx 2 2 2 

y^ = lnx+x+c <=> y (x) = ±Ve + x + Inx. But -2 =y (1) so choose the negative square root and 

—2 = —t/x' + I soc = 3. Thus, the solution isy (x) = —^/i +x + Inx. 


11. Since the equation is linear, let / (x) = = e’’. T hen multiplying by / (x) gives e'y' + e^y = Vx => 

(e‘y)' = Vx => y (x) = e"* (/ y/xdx + c) = e"* + c). But 3 = y (0) = c, so the solution to the 

initial-value problem is y (x) = e~^ + 3)- 


12. 2yy' = xe* f2ydy = f xc" dx =» 

y2 _ f' dx (by part.s) = (x — l)e* + C. We .substitute the 

initial condition: 1^ = (0 — l)c® + C => C = 2. So the solution 
isy = V(x - -I- 2. The negative square root is inadmissible due 

to the initial condition. 


5 



13. The curves ix^ -b y’ = I form a family of ellipses for * > 0, a family of hyperbolas for * < 0, and two parallel 

I -y2 

lines y = ± I for k = 0. Solving ix^ + y^ = I for * gives k = —. DilTerentialmg gives 2<:x -b 2yy = 0 o 


y = -- = -(i-.v')^ = 

y xy 


_ I xy 

- - Thus, for * y 0 the orthogonal trajectories must satisfy y' = — _ 


p'-l 


dy = —X dx 


Y - In |y| = -b c. bor A: = 0, the orthogonal trajectories arc given by 


X = Cl for ct an arbitrary constant. 


, k . , 2kx 

14. DilTcrcntiating both sides ofy = ^ gives y = - 


— ~2xy ^ 

(i+x^f (i+x^r 


2xy 

T+7 


. Thus, for A; y 0 


1 -b X^ 

the orthogonal trajectories must satisfy y' = => 2ydy 

For A = 0, the orthogonal trajectories arc given by x = C 2 for C 2 an arbitrary constant. 


-G-)- 


y^ = Y + InUl + c- 
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15. (a)>/(/) =>-(0)t'*'= l()OOf*' =» .v(2) = lOOOe^* =9000 => e^ = 9 =» 2* = ln9 =» 
A = iln9 = ln3 => .v(() = lOOOe*'"’*'= 1000 ■ .3' 

(b) y (3) = 1000 • 3^ = 27,000 

(c) </y/(/( = 1000 ■ 3' ■ 111 3; ( = 3 => dy/dl = 27,000 In 3 » 29,663 

(d) 1000 ■ 3'= 2000 => 3'=2 => Hn3 = ln2 => f = (In2)/(In3) » 0.63 h 


16. (a) If y (() is the mass remaining after ( years, then y (/) = y (0) e*' = 18e*'. y (25) = 1=9 => = j 

=> 25* = -ln2 => * = -^ln2 =» y (() = 18 = 18 ■ 2-'^“ 

(b) I8-2-'/25 = 2 => 2-'/-* = i => -^/In2 = -ln9 =s / = 25as 79years 


17. (a) C (/) = -kC (I) =» C (/) = C (0)e~*' by ITicorem 10.4.2. But C (0) = Co, so C (/) = Co?-*'. 

(b) C (30) = jCo since the concentration is reduced by half. Thus, jC'o = Coe"^°* => In j = -30A: 

* = — ^55 In i = ^ In2. Since 10% of the original concentration remains if 90% is eliminated, we want the 
value of I such that C (/) = -j^Co. Therefore. t^Cq = => In 0.1 = —/ (In 2) /30 => 

/ = InO.I » 100h. 


18. (a) Let / = 0 correspond to 1980 so that /’ = 4.45e*' is a starting point for the model. When r = 10. /" = 5.3. So 
5.3 = 4.45c'®* => IOA = ln^ => * = ^ In a= 0.01748. and the model is f (l) = 4.45c®®'’‘'*'. 

For the year 2020. / = 40. and P (40) = 4.45c^®* =» 8.95 billion. 


(b)/’=IO =» 4.45c*'= 10 =» => */= In 

in 2026. 


t = 10 




46.32 years, that is. 


'00 . 100-4.45 , 

(c) P 0) = -77 = --r;. where A =- —21.47. So a model is 

l + /lc-*' l+.4c-*' 4.45 

100 

P{i) = I ^ -0 017481 ^ billion, slightly lower than our estimate in part (a). 


(d)/>=IO => 



\+Ae-’' = ^ =s .-1c-*'= 9 =» e-‘^‘-■9/A => -i/ = ln(9/.4) => 
as 49.74 years (that is, in 2029), which is later than the prediction in pari (b). 


19. (a) ~ oc/,oo - f => ^=*(foo-t) => J = Jkdl =» - In|/.oo — f I = + C => 

ill ett *•'00 ” ^ 

In lioe - f I =- c => l/.oo- /-I =«-*'-'■ => i.ec - I-= Ae-*' => /. = /.oo-Ae-*'.Al 
1 = 0, L = 1(0) =/-CO-A => A = Lx -/AO) => /. (/) = /.oo-rioo-f (0)]c-*' 

(b) Lx = 53 cm. 1. (0) = 10 cm, and * = 0,2 => L (/) = 53 - (53 - I0)c-® ^' = 53 - 43c-® ^'. 


20. Denote the amount of salt in the tank (in kg) by y. y (0) = 0 since initially there is only water in the tank. The rate 
at which y increases is equal to the rate at which salt (lows into the tank minus the rate at which it flows out. That 


rateis^=0.|!i® xIO-L 
(it 1. mm 


-ifer 

L mm 




y kg 
10 min 


/^=/ 


dt 


-in|IO-y| = + C => IO-y = /lc-'/'®. y(0) = 0 => \Q = A => y = 10 (I - c-"'®). At / = 6 

minutes, y = 10 (I — c'®/'®) as 4.512 kg. 
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21 . Let P be the population and / be the number of infected people. The rate of spread dl/dt is jointly proportional to 

loP 


/o + (/’-/o)e-*''' 


(from the 


/ and to P — /, so for some constant k, dJ/dl — k! (P — I) ^ / = 

discussion of logistic growth in Section 10.5). 

Now, measuring t in days, we ,substitutc i = 7. P = 5000, /o = 160 and / (7) = 1200 to find k: 

160-5000 

1200 = — _ —rr:::— 7 r^ l <=> k ^ 0.00006448. So, putting / = 5000 x 80% = 4000, we solve 


fort: 4000 = 


160+ (5000- 160)c-5«“’* 
160-5000 


160 + 4840e-®3224/ = 200 


160 + (5000 - ' 

—0.3224r = In <=> / «! 14.9. So it takes about 15 days for 80% of the population to be infected. 


22 1 — - - — 
' R dl ~ S dl 


4 (In /?)=4(*ln.V) 
dl dl 


In « = A In S + C 


R = t 


'=e‘(e'"-y 


R = /15*, where A = is a positive constant. 


h + k\nh — ——I + C. This equation gives a relationship between h and I, but it is not possible to isolate h and 
express it in tcims of l. 


24. dx/dl — 0.4.r — 0.002j(y, dy/dl = —0.2y + 0.000008.vy 


(a) The xy Ictms represent encounters between the birds and the insects. Since the v-population increases from 
the.se terms and the .v-population decreases, we expect y to represent the birds and x the insects. 


(b) X and y arc constant => x' = 0 and y' = 0 

0 = 0.4x - O.OOZry 1 0 = 0.4x (I - 0.005y) 

0 = -0.2y + 0,000008xy| ^ 0 =-0.2><(I - 0.00004.t) 


y = 0 and x = 0 (zero populations) 


or y = gujj; = 200 and x = 5255553 = 25,000. fhe non-trivial solution represents the population sizes needed 
so that there arc no changes in either the number of birds or the number of insects. 


(C) 


dy/dl 

{/x 

dxfdt 

(d) 


y 



40() 



300 



200 



100 


6 


- 0 . 2 y + 0.000008xy 
0.4.V - O.OOlxy 



20.000 40.000 60.000 


At (x,y) = (40,000, 100), dx/dt = 8000 > 0, so as / 
increases we arc proceeding in a counterclockwise 
direction. T he populations increase to approximately 

(59.646.200) , at which point the insect population 
starts to decrease. The birds attain a maximum 
population of about 380 when the insect population is 
25,000, The populations decrease to about 

(7370.200) , at which point the insect population starts 
to increase. The birds attain a minimum population of 
about 88 when the insect population is 25,000, and 
then the cycle repeats. 
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(e) 



Both graphs have the same period and the bird 
population peaks about a quarter-cycle after the insect 
population. 


25. (a) dxidt = 0.4.r (I - O.OOOOOSi) - O.OOZty, dyidt = -0.2y + O.OOOOOSxy. Ify = 0. then 

dxjdt — 0.4jt (I — O.OOOOOSjt), so dxjdl = 0 <=> jt = 0orjr = 200.000, which shows that the insect 
population increases logistically with a carrying capacity of 200.000. Since dxjdt > 0 for 0 < at < 200,000 
and dxjdt < 0 for jr > 200,000, we expect the insect population to stabilize at 200.000. 

(b) jc and y arc constant => .r' = 0 and y' = 0 =* 


0 = 0.4x (I - O.OOOOOSx) - O.OOlry 
0 = -0.2y + 0.000008.vy 


0 = 0.4.x [(1 - O.OOOOOSx) - O.OOSy] 

|o = y (-0.2-I-0.000008.x) 

The second equation is true ify = 0 or x = — 25,000. If y = 0 in tbc first equation, then either x = 0 

^ = OOTB = 200,000. If x = 25.000. then 0 = 0.4 (25,000) [(I - 0,000005 • 25.000) - O.OOSy] =» 

0= 10.000 ((I-0.125)-0.005yl =» 0 = 8750-50y => .v = 175. 

Case (i): y = 0, x = 0: zero populations 

Case (it): y = 0, x = 200,000; in the absence of birds, the insect population is constantly 200,000. 

Case (Hi): x = 25,000. y = 175: the predator/prey interaction balances and the populations are stable. 

(c) The populations of the birds and insects fluctuate (d) 
around 175 and 25.000. respectively, and 
eventually stabilize at those values. 



26. First note that, in this question, "weighs" is used in the informal sense, so what we really require is Barbara's mass 
m in kg as a function of t. Barbara's net intake of calories per day at time t (measured in days) is 
c(/) = 1600 — 850 — I5 ;h (t) = 750 — 15m (/), where m (/) is her mass at time I. We arc given that m (0) = 60 kg 
c(r) dm 750—15m 150 —3m —3(m —50) 


dm 

~dt ^ 10,000 


, so — = 
dt 


10.000 


2000 


2000 


with m (0) = 60. From 


J m-50 J 


-3dt 

2000 


, we get In |m — 50| = —+ C. Since m (0) = 60. C = In 10. Now 


Ini 


= so |m — 50| = The quantity m — 50 is continuous and initially positive; the 

1U kvKJU 

right-hand side is never zero. Thus, m — 50 is positive for all (, and m (/) = 50 kg. As r —> oo. 

m (/) —> 50 kg. Thus. Barbara's mass gradually settles down to 50 kg. 
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Problems Plus 


1. Wc use the I’undamental Theorem of Calculus (o dilTcrentiale the given equation: 

[/(.v)|-= IOO + /„ {[/(/)p + f/'(/)l^}t// => 2/(.v)/'(.v) = [/(.v)l^ + [/'(.v)]' => 

(/(•v)|-+ [/'(.»)]■-2/(^)/'('^) =« => [/(^)-/'(-*)]^ = 0 <=> /(Jt) = /'(.v). Wc can solve this as 

a separable equation, or else use 'fheorem 10.4.2 with k=\. which says that the solutions are / (.«) = Ce'. Now 
I f (O)l^ = 100. so /(0) = C: = ± 10. and hence /(.v) = ±lOe' are the only functions satisfying the given 
equation. 

2 _ ( ff,)' — j'g\ where f (x) = f"' “ 2Arc''g'. Since the student’s mistake did not alTect the answer. 

= e''V + = Zve^'g'. So (2.v - l)g' = Zvg. or J ~ 2r - 1 ^ 

ln|g(;t)l =.t + iln(Zv- l) + C 


, /(.X +/()-/(.v) 

3 . fix) = lim ^- l-LJ. = hn, 

/j->o h 


(r) = Ae^ y/lx- 
/(A)l/(*)- II 


(since / (.v + /)) = / (v) / (//)) 


= /(.V) lim = /(.t) lim L^L-LM = /(,) f (0) = / (X) 

/t-vo It *-.0 h-0 

Therefore. /' (.v) = /(.t) for all x and from Theorem 10.4.2 wc get f (.x) = Ae’'. Now / (0) = I =» A = 1 
=> f(x) = e\ 

[/ 7 ^ - jrkr. - m ' i.,, 

=> //{.x)r/x = ±/(x) (after taking square roots) => /(.x) = ±/'(.x) (after difTercntiating again) => 

V = Ac' ory = Ac~^ by (10.4.2). Ihcrefore, fix) = Ae‘ or J(x) = Ae'”. for all non-zero constants A. arc the 
functions satisfying the original equation. 

5. (a) We arc given that (’ = ^nr^h,dl'/Jl = 60.0(K)ff ftVh.andi- = l.5/> = j/i. So I’ = jit (j/r) h = 


Jr , ,,.dh , ,W/t dh A(dVldt) 

— = 4ff ■ 3/i-— = inh---. Ihcrctore. — = 
dl ^ dt ^ ■ 


240.00fl)r 80,(M)0 


(•*) 


iiiereiuic. — = —r ^ — -.i 

* dl dl 9xlt- ^nh- Sh‘ 

J ih^dh = / 80.000f/( => /i ’ = 80,000/ + C. When / = 0, // = 60. Thus, C = 60' = 216.000. so 

= 80,000/ 4- 216.000. Let // = 100. Then lOO' = 1.000.000 = 80,000/ + 216,000 => 

80,000/ = 784,000 / = 9.8, so the time required is 9.8 hours. 

(b) The floor area of the silo is F = /r ■ 2tH>- = 40,000/r and the area of the ba.se of the pile is 

A = nr- = n = T*"' which is not covered when h = 60 is 

F - A = 40,000/r - 8100/r = 31,900;r as 100.217 ft-. Now A = ^/t- => dAjdt = • 2/i (dh/dl), and 

from (★) in part (a) wc know that when h = 60. dh/dl = ^ ft/h. fhercforc. 

dA/dl = ^ (2) (60) (^) = 2000/r as 6283 ft’/h. 

(c) At h = 90 ft. dl'/dl = 60,000;r - 20.000/r = 40.000/r ft’/h. l-rom (★) in part (a), 

M _ 4 (dl'Jdl) _ 4 (40.000^ ^ ]60^ ^ f9h^dh = f I60,000<(/ => 3//^ = 160.000/ + C. 

<it 97rh^ 9h^ 

When / = 0. /( = 90; Ihcrefore. C = 3 - 729.000 = 2.187.000. So Vi^ = 160,000/ + 2,187.000. At Ihc top. 

// = 100 => 3(100)' = 160,000/ + 2.187.000 => / = 5.1. The pile reaches the lop after about 5.1 h. 


751 
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6 . Let b be (he number of hours before noon that it began to snow, ( the lime measured in hours after noon, and 
* = jr (/) = distance traveled by the plow at time t. Then dx/dt = speed of plow. Since the snow falls steadily, the 
height at lime / is /i (() = L (( + b), where 7: is a constant. We arc given that the rate of removal is constant, say R 

(in m’/h). If the width of (he path is lu, then R = height x width x speed = /i (r) x lo x ^ =/(((+ A) lo—, 

dt dt 

Thus, -r = -T" where C = -— is a constant, fhis is a separable equation. [dx = C f - => 

dl I +b ku) ' ^ ^ ■* / + A 

.v(() = Cln(r + A) +A'. 

Put / = 0: 0 = C In A + A => A = —C In A, so jr (/) = CIn (r + A) — Tin A = CIn (I + (/A). 

Put / = 1: 6000 = r In(I + 1/A) [.t = 6 km|. 

Put t = 2: 9000 = CIn(I + 2/A) [.x = (6 + 3) km]. 


Solve for A: 


ln(l + l/A) ln(l+2/A) 


6000 


9000 


- (-0 -(-0 


, 3 3 14 4 

^ ' + A + A2 + Aj-' + A + A2 


- + 'p — ^=0 =!> A^ + A—1=0 A = 
b b- b^ 


But 


A > 0, so A = s: 0.618 h sa 37 min. fhe snow began to fall hours before noon, that is, at about 

11:23 a.m. 

7. (a) While running from (/., 0) to (.x,y), the dog travels a distance 
r'- 




I + {dy/dxYdx — ~ J V ' + {dy/dx)~dx^ so 

ds i 

— = - JI + (dy/dx)-. The dog and rabbit run at the same speed, 
dx ’ 

so the rabbit's position when the dog has traveled a distance s is 

dy s — y 

(0,i). Since the dog runs straight for the rabbit, — = --(sec the 

dx 0 — X 

figure). 

I 



dv ds dy ( d'v .dy\ d^y „ . , . „ ds 

hu.s, s = V — X - 7 - => — = -lx —^ 4 - I — I = -X . I'.qua(ing the two expressions lor — 

dx dx dx V dx^ dx) dx^ dx 


dry / (dy\^ 

gives us X = /1 + I — I , as claimed. 


dy dz i . dz dx 

(b) Letting z = —we obtain the diftcrenlial equation .jt-- = v 1 + or _- = —. Integrating: 

dx dx vl+z^ X 


illnUv^3 


yr+7f 


+ C. When x = L,z = dy/dx = 0, so In A = In I + C. Therefore, 


lnx=/ 

r = In /,, so Inx = In + In A = In ^A ^x/l +r^ + z^^ ^ x = A ^Vl +z^ + z^ 


yrT- = i-z 

(-v/f-)^ - I ^ 
2(.x/A) 


- (i) 




A 1 


dv 


= — --- (forx > 0). Sincez = = ---Inx+ Ci. Since 

2Ax 2A 2 X dx 4A 2 


y = 0 when x = A, 0 = 4 — x In f- + fl 
4 2 


A A 

C| = — In A - —. Thus, 
2 4 


X- A A A X- - A^ f- , /•*\ 

(c) As X —> O'*", y -» cx), so the dog never catches the rabbit. 
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8 . (a) If the dog runs twice as fast as the rabbit, then the rabbit’s position when the dog has traveled a distance J is 
(0. s/2). Since the dog runs straight toward the rabbit, the tangent line to the dog’s path has slope 

^ = fZ^.rhus,s = 2,-2,r^ =. ^=2^>;-(2.^+2^) = -2.^.Fron, 
dx 0-x dx dx dx \ dx‘ dx J dx^ 

Problen, 7(a), g = -yU (g)'. so 2x g = + (g) • l otting z = g, we obtain the 

dilTerential equation 2x^ = Vl or . Integrating, we get 

dx yrr? t 

In V = j ^ = 2 In |n/1 +z^ + z j + C. [Sec Problem 7(b).l When x ^ L,z = dy/dx = 0, so 

In /, = 2 In 1 + C = C. Thus, In jc = 2 In (Vl +z^ + z) + In /. = In^L (Vl +z^ + ^) ) 

.r = t(yrT^+z)^ ^ yrT?=/^-- =p >+-'^ = 1 - 2 ^/?-+*’^ - 

dx ‘ 2V i 2,A7r 2VT.' 


JT. 


=> y = - -/Lx + C’l. When 

3vr 

X = /,.y = 0, soO = —+Ci = '-^-I.+C\^C\-\L. Therefore, Cj = \L and 
3 V /a ^ 

J, = — _v/Tr'/^ + ?/, Asx -> 0, y -> ?i, so the dog catches the rabbit when the rabbit is at (o, j/A 

371 3 r V / 


(At that point, the dog has traveled a distance of j i, twice as far as the rabbit has run.) 

dy 


. 7 ’ . I-^ 2 , 


(b) As in the solutions to part (a) and Problem 7, we get z = — = ^ and hence y = gjj 2x " ^ ^' 

I 1 dy 

We want to minimize the distance O from the dog at (x, y) to the rabbit at (0,2s). Now a = ^y — ^x— =* 

21 . 


X 


2., 


j F 7 A 2 r\ (O jt’ 2 f.\]^ 

^■v(x"0) +[(6^-2 + 2,x 3 ) 3Z.2 3/] 




Jx' 


3x2 [2 


D' = 0 <=» Tr7-T:7=0 <=» :t72 = ^ «=» ^ = 


■I - _ 


<=> Jt = 17=,.t > 0, £ > 0. 

4/T’ 


2£2 2x2 -" ” 2£2 2x2 “ - 3 "4^ 

3x /2 / £ \ (£ ■ 3 -'^'')’ £2 2£ 

Since D" (x) = jj + -^ > 0 for all x > 0, we know that £) J =--1- 2 (/, . 3 - 1 / 4 ) “ 3 V 4 

is the minimum value of D, that is, the closest the dog gets to the rabbit. The positions at this distance arc 

Dog: Ct.T) = (^. ( 5^4 - 5 ) ^) = (^’ 

875-6, 


Rabbit 


/ 873 £ 2 £\ / 875-6 \ 

it:(0.2s) = (^0,^--3-j = (^0.-^£j 
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^ d^y I dy\^ dy dz , -r dz 

9. (a) —^ = A,/1 + I — I . Setting r = —, we get—= <:vl + z- =» — h dr Using Formula 25 

dx^ V Vl + z- 

gives In ^z + Vl + -^) =kx + c => z + s/l + z^ = (where C = e‘) =» VI + z^ = Ce*'' — z 

=* I + z^ = C’e^*' — 2Ce*'z + z^ =A 2Ce*'z = C^e^* — I =» z = —e**-Now 

2 2C 

^ =* >' = Fto™ the diagram in the text, we see that 

dx 2 2C 2k 2Ck 

j.(0)=oandH±« = />. «=7'(0)=§ + ^ + C' ^ C'= o - g ^ 

C 1 

=» >< = — (e*' - l) + :r:z 7 («”*' - 1) + a. From h = y(±7>), we find 
2k ' 2Ck ' 

* “ S (®** ~ 0 + (*”** - 0 + " ^ ~ 0 + “ 0 + “■ Subtracting the 

2.K K K 

Ce**-?"** I e**-f-** 1 / |\ 

second equation from the first, we get 0 = --= - I C-I sinh (kb). Now 

k 2 Ck 2 k\C/ 

k > 0 and A > 0, so sinh (kb) > 0 and C = ±1. If C = 1, then 

1 . I . 1 e** 4- e"*' I I 

y = — (e^" ~ 0 + ^ — I) 4- a = 7 -z- 7 +a = a + 7 (cosh kx - I). If C = —I, then 

2k 2k k 2 k k 

y = -^ (e*^ ~ ~ ^ ~ •) + " = ^*■* ~ 

cosh ix > I, and y > a, we conclude that C = I and v = a + - (cosh kx — I). where 

k 

fi = V (/>) = a + 7 (cosh kb — 1). Since cosh (kb) = cosh (—kb), there is no further information to extract 
k 

from the condition that y (i) = y (-b). I lowevcr, we could replace a with the expression /i — 7 (cosh — I), 

k 

obtaining y = /i + - (cosh kx - cosh kb). It would be better still to keep a in the expression fory, and use the 

expression for b to solve for k in terms of a, b, and h. That would enable us to express y in terms of x and the 
given parameters a. b, and h. Sadly, it is not possible to solve for k in closed form. That would have to be done 
by numerical methods when specific parameter values arc given. 

(b) The length of the cable is 

L — yj I + (dyjdx'^ dx = -J 1 + sinh^ kx dx = cosh kx r/.t = |^ j sinh Ax j ^ 

= (1/A) |sinh (kb) — sinh (—A 6 )] = (2/A) sinh (kb) 

10. Suppose C is a curve with the required property and let P = (xo, yo) be a point on C. The equation of the normal 
1 dy 

line to C at Z’ is V — wi = —r (x — .xo), where yk is the value of — at x = xo. This equation makes scn.se only if 
To dx 

yQ 0. If yQ = 0. then the normal line at P is x = xo, which docs not intersect the y-axis at all unless xo = 0. 

So let's assume that y^ ^ 0. Then the normal line to C at /’ intersects the x-axis at (xo + yoyi. 0). and i< 
intersects the y-axis at (O, yo -F xo/yg). The condition on C implies that 

[distance from /’(xo.yo) to (0,>o+ .xo/yi)] = [distance from (0,yo-Fxo/yi) to (xo-Fyoyo.O)] 

/(O - xo)- -F (yo -F xo/yo - yo)^ = /(xo -F yoyj - 0)' + [0 - (yo + xo/yi)]^ 
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Squaring both sides, we get + atj/ (j-g) = (j:o + yoy'oY + (>u + J<o/>'i) or 

2 2.2 
•Tg + —^ = .tg + 2jto>D>'o + >'o (>'o)' + >"0 + 2^^ + —Subtracting 15 + -2®_ (>om both sides and 
{>• 0 ) •’-0 (vi) 

multipl> ing by >■„, we get 

0 = .Vo^i + yj {y'oY + 2A:o.vn [I b (.vg)^] = jyo.vi + ym (yj)’ + 2.to [I + (yj)^]| 

= .vo jyoyi [l + (yj)^] + 2 .ro [l f W)^]} = .v» (.''o.»'ci + 2 jto) [l + (yj)^] 

Since 1 + (yg)" > 1 > 0. we conclude that yo (vn.Vg + 2jto) = 0. Now H is an arbitrary point on C for which 
yg ^ 0. Thus, we have shown that y (yy' + 2.x) = 0 for points (.x. y) along C where y' ^ 0. One solution of this 
equation is y = 0. but that curve (the .x-a.\is) doesn’t satisfy the condition required off, since its normal lines at 
points for x ^ 0 don’t intersect the y-axis. Thus, we can focus our attention on points of C w here y ^ 0, and 
eonclude that yy' + 2x = 0 at points of C where y ^ 0 and y' # 0. Integrating both sides of yy' + 2x = 0. we get 
jy^ + = c. Clearly c > 0 (since y ^ 0). so we can write c = a', where a = > 0. Thus, jy^ + x" = a' and 

xV<J^+yV(s^)^= I 

This shows that C is (part oO the ellipse centered at (0.0) with semimajor 
axis s/2rr in the y-direction and semiminor axis a in the x-direction. The 
points of C where y = 0 or y' = 0 are the vertices ^0, ±\/2a^ and 

(±a, 0). At these points, the condition on C is satisfied in a degenerate 
way. [When P = (± 0 .0). the normal line at P is the x-axis. so all the 
points of the normal line can be viewed as points of intersection with the 
x-axis. The intersection with the y-axis at (0,0) is midway between (a, 0) 
and (—a, 0); one of these points is P. and the other can be regarded as an 
intersection of the normal line with the x-axis. Similarly, when 

P = ^0, ±>/2oJ. the normal line is the y-axis. and the point ^0, ± V2rt/2^. which can be regarded as an 

intersection of the normal line with the y-!ucis. is midway between P and (0,0). the intersection with the x-axis ] 

■> 

V“ 

Conversely, if C is part of the ellipse —r + = I for some a > 0, ihen ihc normal line at a point (.xq. >’o) of 

a~ 2a’ 

C (other than the four vertices) has equation v - yo = (.x — xo). Its intersections with the coordinate axes are 

2 x 0 

2 “ 

^ 0 , iuid (-.xo, 0 ). ^distance from (.xo, wo) to ^ 0 , = .x^ + — and 

^distance from ^0, to (—xo, 0)j = x^ 4- so the required condition is met at points other than the four 
vertices. As we have explained, if w'e arc willing to interpret the condition broadly, then it can be viewed a-s holding 
even at the four vertices. 

/ino/Zier Kfeihtxi. Let P t.vo, .wo) be a point on the curve. .Since the midpoint of the line segment determined by the 
normal line from (xo, yxi) to its intersection with the x-axis has x-coordinate 0 , the x-coordinatc of the point of 

— 0 VO 

intersection w ith the x-axis must be —.xo. Hence, the normal line has slope-= 4—. So the tangent line 

.xo-(-xo) 2 x 0 

has .slope This gives the differential equation v' =-=> vdy = —2x dx => 

tt) ' y ■ ■ 

Jydy = J i~2x)dx ^ ,v* + ^y-= C (C > 0). 
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(b) jr = 2/ + 4. y = / — 1 =» jt = 2 (_v + 1) + 4 = 2,v + 6 or 

^= 5^-3 
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9. (a) AT = sin^ 0, y = cos^ 0. 

X + y = sin^ + cos^O = I, 0 < x < 1. 
Note that the curve is at (0.1) whenever 
0 = nn and is at (1,0) whenever (7 = yn for 
every integer n. 



10. (a) X = 2cos0, y = sin'O. 

I = cos^ 0 + sin^ 0 — + y, so 

■> 

.X“ 

y = I — —, -2 < jc < 2. T he curve is at 
(2,0) whenever 0 = 2nn. 






-2 f> 

2 



13. (a) X = tan (7 + sec <7, y = Ian 0 - sec 77, 

- y < 77 < y. .ry = lan^ 77 — scc^ 77 = -1 
=> y = -l/Jt, Jt > 0. 



(a) X = cost, y = cos2/. 

y = cos 2/ = 2 cos^ I — I = 2x^ — I, so 
y + I = 2x^,-\ < A < I. 



15. (a) X = cosh 7, y = sinh l, x^ — = cosh^ 7 — sinh^ 7 = 1, j: > I 
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1®- T — 4 — 4(, _v — 2r + 5. 0 < 7 < 2. .t = 4 — 2 (2/) = 4 - 2(y - 5) = — 2>' + 14, so the ptiiliclc moves along the 
line y = - jjr + 7 from (4, 5) to (-4,9). 

1^- + .v^ = cos- Kl + sin" a-/ = I, I < t < 2, so the particle moves counterclockwise along the circle = ] 

from (— 1.0) to (1.0). along the lower half of the circle. 

18. (.» — 2)- + O’ - 3)^ = cos’ t + sin^ / = I, so the motion takes place on a unit circle centered at (2,3). As I goes 
from 0 to 2a. the particle makes one complete counterclockwise rotation around the circle, starting and ending at 
(3,3). 


19. ^ = .sin^ / + cos^ I = I. so the particle moves once clockwise along the ellipse ja’ + ^y^ = 1, 

starting and ending at (0,3). 


20. .1 = cos^ / = y2. so the particle moves along the parabola x = y^. As t goes from 0 to 4a, the particle moves from 
(1,1) down to (I. — 1) (at / = a), back up to (I, 1) again (at i = 2a), and then repeats this entire cycle between 
I = 2a and r = 4a. 


21 . X — tan/, y — cot/, 5 < / < f . y = l/x for ^ < .x < v/3. fhe particle moves along the first quadrant branch of 
the hyperbola y = \/x from Vij to ^>/3, 

22. (a) Note that as / -» - 00 , we have x -> -00 and y -» 00 . whereas when / -> 00 , both x and y -» cx>. This 

description fits only IV. [But also note that x (/) increases, then decreases, then increases again.] 

(h) Note that tis / —> ± 00 , y —» — 00 . This is only the case with VI. 

(c) If / = 0, then (.t.y) = (sinO.sinO) = (0,0). Also. |,v| = |sin3/| < 1 for all /.and |y| = |sin4/| < 1 for all /. 

T he only graph which includes the point (0.0) and which has |x| < I and |y| < 1, is V. 

(d) Note that as / —» —oc, both x and y —> — 00 , and as / —> 00 , both x and y —» 00 . This description fits only 111, 
(Also note that, since sin 2/ and sin 3/ lie between — I and 1, the curve never strays very far from the line 
y-x.) 

(e) Note that both x (/) and y (/) arc periodic with period 2ff and satisfy |x| < I and |y| < 1. Now the only 
y-intcrcepts occur when .v = sin (/ + sin /) = 0 o / = 0 or /r. So there should be two y-intcrcepts: 
y (0) = cos I ft! 0.54 and y (jr) = cos (t — I) ar —0.54. Similarly, there should be two x-intercepts: 

•X ( 7 ) = sin (7 + 1 ) a: 0.54 and =sin^^ — 1^ aj —0.54. The only curve with these x- and 

y-intercepts is 1 . 

(f) Note that x (/) is periodic with period 2k . so the only y-intcrcepts occur when 

X = cos/ = 0 <=> / = y or Also, the graph is symmetric about the x-axi.s, since 
y (-/) = sin (-/ + sin5(-/)) = sin(-/ - sin 5/) = -sin(/ + sin5/) = -y (/), and 
•X (—/) = cos(—/) = cos/ = X (/). T he only graph which has only two y-intcrcepts, and is symmetric about the 
x-axis. is 11. 
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23. From the graphs, it scorns that as / -oc. Jt -» oo and y -oo. So the point (jt (r), y (/)) will move from far 
out in the fourth quadrant as r increases. At l = — \/3, both .r and y are 0. so the graph passes through the origin. 
After that the graph passes through the .second quadrant (.x is negative, y is positive), then intersects the x-axis at 
X = -9 when ( = 0. Alter this, the graph passes through the third quadrant, going through the origin again at 
I = s/3, and then as / -> oo. x -» oo and oo. Note that for cveo' point 
(x (<),>'(/)) = (3 (l^ — 3), — 3r), we can substitute —t to get the corresponding point 

(x (—/). y (,—!)) = (3 [(—T)^ — 3] , (-/)’ - 3 (-/)) = (x (l),—y (/)). and so the graph is symmetric about the 
x-axis. The first figure was obtained using xi = (, yi = 3 (/^ - 3); X 2 = i, yi = — 3(; and —2x <t<2ir. 



7.5 



24. As r -> — 00 , y — 7 and x oscillates between I and — I. Then, as ( increases through 0, y increa.scs while x 
continues to oscillate, and the graph passes through the origin. Then, as / —> oo, y —> 7 as x oscillates. 



25. As / -» — 00 . X -> 00 and y -» - 00 . The 
graph passes through the origin at / = -1, and 
then goes through the second quadrant (x 
negative, y positive), passing through the 
point (— I, I) at r = 0. As f increases, the 
graph pas.ses through the point (0,2) at ( = I, 
and then as r —» 00 , both x and y approach 
00 . The first figure was obtained usingxi = t, 
yi = — 1; X 2 = /, y 2 = /^ + 1; and 

—2x < / < 2a^, 


5 



\x 

•J 


/ 


_^ 
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26. We use x\ = (, yi = and X 2 = l {l — y 2 = l with 
—2a < I <2x. 





There are 3 points of intersection; (0,0) is fairly obvious. 
The point in quadrant III is approximately (-0.8, —0.4) 
and the point in quadrant I is approximately (I.l, 1.8). 


27. As in Example 4, we let y = r and 
X = / — 3/^ + r* and use a r-interval of 
[-2a,2al. 



28. (a) Clearly the curve passes through (xi,yi) when ( = 0 and through (X 2 ,y 2 ) when r = I. For 0 < r < l,x is 

strictly between x\ and .r 2 and y is strictly between yi and y 2 . For every value of r, x and y satisfy the relation 
v> “ Vi 

V — vi = - {x — :ci), which is the equation of the line through and {X2,y2)- 

X 2 — x\ 

V — Vl “ Jf I 

Finally, anv point (t, y) on that line satisfies -=-; if we call that common value r, then the 

y2-yi X2-Xi 

given parametric equations yield the point (x,y); and any (x,y) on the line between (xt,yi) and (X 2 ,y 2 ) yields 
a value of I in [0, 1|. So the given parametric equations exactly specify the line segment from (xi,yi) to 
(X2,yi)- 

(b)x = -2 + [3 - (-2)1 r = -2 + 5/ andy = 7 + (-1 - 7)r = 7 - 8f forO < r < I. 


29. The circle x" + y^ =4 can be represented parametrically by x = 2cost, y = 2sin (; 0 < r < 2^. The circle 
x^ + (y — 1)^ = 4 can be represented by x = 2cosr,y = I + 2sint; 0 < / < 2*. This representation gives us the 
circle with a counterclockwise orientation starting at (2, I). 

(a) To get a clockwi.se orientation, we could change the equations to x = 2cos t,y = 1 —2sin/. 

(b) To get three times around in the counterclockwise direction, we use the original equations x = 2 cos/, 
y = I + 2sin/ with the domain expanded to 0 < / < 6)r. 

(c) To start at (0,3) using the original equations, we must havexi = 0; that is, 2 cos / = 0. Hence, / = ^. So we 
use X = 2cos/, y = I + 2sin/; ^ < / < 

Alternatively, if we want / to start at 0, we could change the equations of the curve. For example, we could 
use X = —2sin/,y = I + 2 cos /, 0 < / < a. 


30 . 


' 4.5 


4.5 
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31. (a) Let .r^/a^ = sin^ l and y~ jt?’ — cos^ / to obtain 

^ = a sin / and y = b cos / with 0 < I < lx as possible 
parametric equations for the ellipse +y^/b- = I. 
(c) As b increases, the ellip.se is stretched vertically. 


(b) The equations are jr = 3 sin ( and 
y = bcosi for 6 6 |l, 2.4, 8|. 



8 


3Z The possible parametrizations of the curve y = .v^ include 

( 1 ) X = t,y = l^.t eR 

(2) .X = -t,y = -l\ I 6 R 

(3) X = f + !,>< = (r + l)\ t 6 R 


33. The case § < f7 < x is illustrated. C has coordinates (rO, r) as before, and Q 
has coordinates (rl), r + r cos (x —0)) = (rO, /• (I — cos 0)) (since 
cos(x — «) = cosx cos a + sinx sina = - cos a], so P has coordinates 
(rO — r sin(x —0),r(\ — cosO)) = (r (0 — sin/7),r (I — cos 0)) (since 
sin(x — a) = sinx cos a — cosx sina = sina). Again we have the 
parametric equationsx = r (t) — sinO). y = r (I — cos(7). 



34. The first two diagrams depict the case x < /7 < ^, </ < r. As in Exercise 33, C has coordinates (rO. r). Now Q 
(in the second diagram) has coordinates {rO,r + </cos(/7 — x)) = {rO,r — r/cos/7). so a typical point P of the 
trochoid has coordinates (rO + d s\n(0 — x) ,r - (/cos/7). That is, P has coordinates (x,y), where 
X =r0 -dsm 0 and y = r - dcos 0. When d = r. these equations agree with those of the cycloid. 
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35. It is apparent that .v = \OQ\ 3n<iy = \QP\ = |S7'|. From the 
diagram, X = ]OQ\ = acosfl and>' = ISFI = hs'mO. Thus, the 
parametric equations arc .v = a cosO and y = A sin 0. To eliminate 0 
we rearrange: sin0 = >/A => f) = (y/hf und cost) = x/a 
=J cos* 0 = (x/a)'. Adding the two equations: 
sin^ 0 + cos^ T7 = I = x~/o^ + y^lb-. Thus, we have an ellipse. 



36. A has coordinates (ocosrt, a sinTT). Since OA is perpendicular to AB. HiOAB is a right triangle and B has 
coordinates (asec/7.0). It follows that P has coordinates (a .sec <7, A sin 0). Thus, the parametric equations are 
.X = o sec 0,y =1 h%mO. 


37. C = (2acotT7, 2a). so the x-coordinatc of P isx = lacoU). Let 
B = (0, 2a). Then iOAB is a right angle and lOBA = 0, so 
|0/l| = 2a sinT) and A = (2a sinT7 cos (7,2asin^T7). Thus, the 
>’-coordinate of /* is >• = 2a sin* 0. 



38. I ,et 0 be the angle of inclination of segment OP. Then 
2 a 

\OB\ = LetC = (2a.O). Then by use of right triangle 0/(C 
we see that {OAl = 2acos0. Now 

\OP\ = Mfll = lOfll - \OA\ = 2a - COS77 

\ cos 77 

I - COS* 77 sin^TI 

= 2a--— = 2a-— = 2asin77tan77 

COS 77 COS 77 

So P has coordinates .x = 2asin77tan77 • cos77 = 2a sin^77 and 
y = 2a sin 77 tan 77 ■ sin 77 = 2a sin^ 77 tan 77. 



39. (a) 


4 



There are 2 points of intersection: 

(—.T.O) and approximately (-2.1, 1.4). 


(b) As an aid in finding collision points, set your graphing utility 

to graph both curves simultaneously and closely observe the 
drawing of the graphs. In this case, we have one collision 
point: both particles are at (-3,0) when / = ^. (Notice that 
the first curve passes through (-2.1, 1.4) when / =2 5.5, but 
the second curve passes through (-2.1, 1.4) when 7 0.4.J 

(c) T he circle is centered at (3, I) instead of (—3, 1). There are 
still 2 intersection points: (3,0) and (2.1, 1.4), but there are 
no collision points. 
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40. (a) If a = 30° and bo = 500 m/s, then the equations become x = (500 cos 30°) I = 250Vil and 

y = (500 sin 30°) < — j (9.8) = 250/ — 4.9i^. y = 0 when I = 0 (when the gun is fired) and again when 

/ = ^ ar 51 s. Then x = ^250-s/3^ (^) ^ 22,092 m, so the bullet hits the ground about 22 km from the 
gun. 

The formula for y is quadratic in I. To find the maximum y-value, we will complete the square; 



with equality when / = ^ s, so the maximum height attained is 


3189 m. 


(b) 14,000 As a (0° < « < 90°) increases up to 45°, the projectile 

attains a greater height and a greater range. As a increases 
past 45°, the projectile attains a greater height, but its range 
decreases. 

28.000 

a=15“ a-30* 

X 

(c) X = (Bocos«)r => / =-. 

oocosa 



y = (BQsina) ■ 

BO cos 

(quadratic in x). 


= (tana)x - ( -r^)x\ 
sa 2\oocosa/ \ 20 flC 0 s^«y 


which is the equation of a parabola 


41. X = /^, y = — cf. We use a graphing device to produce the graphs for various values of c with -x < I < k . 

Note that all the members of the family are symmetric about the x-axis. Kor c < 0, the graph does not cross itself, 
but for c = 0 it has a cusp at (0,0) and for c > 0 the graph crosses itself at x = c, so the loop grows larger as c 
increases. 




42. X = 2ct — 4/^, y = —cl^ + 3/^. We use a graphing device to 
produce the graphs for various values of c with —x < i < x. 
Note that all the members of the family are symmetric about 
the y-axis. When c < 0, the graph resembles that of a 
polynomial of even degree, but when c = 0 there is a comer 
at the origin, and when c > 0, the graph crosses itself at the 
origin, and has two cusps below the x-axis. The size of the 
“swallowtail” increases as c increases. 



-1.5 c = 4 
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43. Note thill all the Lissajous figures are symmetric about the ;t-a.xis. The parameters a and b simply stretch the graph 
in the X- and y-directions respectively, l-'or« = A = n = I the graph is simply a circle with radius I. For n = 2 the 
graph crosses itself at the origin and there arc loops above and below the x-axis. In general, the figures have n — 1 
points of intersection, all of which arc on the y-axis. and a total of n closed loops. 




= (^ 2 ) 

= (2. I) 


3.1 



n = 3 

44. We use —n < I < rr 
with center ^— 5 , 0 ^ 

until e = 1, when we obtain a curve with a dent (called a cardioid). As c increases, we get curve with a dimple 
(called a limafon) until c = 2. Fore > 2, we have convex lima^ons. For negative values of c, we obtain the same 
graphs as for positive c. but with different values of r corresponding to the points on the curve. 


in the viewing rectangle [-4, 2| x |-3,3). We first observe that fore = 0, we obtain a circle 
and radius 5 . As the value of c increases, there is a larger outer loop and a smaller inner loop 


3 
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Laboratory Project □ Families of Hypocycloids 


1. T he center Q of the smaller circle has coordinates 

((a - h) cosfl, (a — h) sin<7). Arc PS on circle C has length aO since it is 
equal in length to arc AS (the smaller circle rolls without slipping against the 

larger.) Thus, LPQS = jO and IPQT =j0 — 0. so P has coordinates 
b b 


(^») 

= (a — 7>)sintf — ban {I PQT) = {a — b) sinf/ — hsin ^ 


X = (a — i)cosF7 + b cos {I PQT) = (a — h)cosO + hcos 
and 

y 



2. With b = I and a a positive integer greater than 2, we obtain a hypocycloid of a 
cusps. Shown in the figure is the graph fora = 4. Let a = 4 and 6=1. Using 
the sum identities to expand cos W and sin 30, we obtain 

X = 3 cosO + cos3F7 = 3cosF) + ^4cos^fl — 3cos(7| = 4 cos’F 7 
and 

y = 3sinf7 — sin3F7 = 3sinF7 — ^3 sin(7 - 4sin^t7^ = 4sin^ 0 



3. T he following graphs are obtained with 6 = 1 and a = j, and with —2n < (7 < 2)r. We conclude that as 
the denominator d increases, the graph gets smaller, but maintains the basic shape shown. 



Letting d = 2 and n = 3, 5, and 7 with —2x <0 <2m gives us the following: 



Icontinucd) 
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So if t/ is held constant and n varies, we get a graph with n cusps (assuming n/d is in lowest form). 

When (1 = rf + I, we obtain a hypocycloid of n cusps. As n increases, we must expand the range of (? in order to 
get a closed curve. T he following graphs have o = j, f, and {j. 

E>0 

If A = I, the equations for the hypocycloid arc 

X = (a — I)cos0 + cos((o - \)0),y = (a — I)sin0 - sin ((a — 1)^) 

which is a hypocycloid of a cusps (from Problem 2). lfn = d+ 1, then a = (d + \)/d, and the equations become 

X = - cost) + cos - . y = - sinO - sin Now letting <p = -O/d and multiplying by d (from the hint) gives us 
d d d d 

X = cos (-dtp) + dcos(-(p). Y = sin(-</p) - Jsin (-?>) or, equivalently, X = dcos(p + cosdq, 

Y = c/ sin ^ — sin d(p. We recognize these equations as those of a hypocycloid with (d + 1) cusps. 

4. In general, if a > I, we get a figure with cusps on the 
“outside ring” and if a < 1, the cusps are on the “inside 
ring”. In any case, as the values of 0 get larger, we get a 
figure that looks more and more like a washer. If we were 
to graph the hypocycloid for all values of 0, every point 
on the washer would eventually be arbitrarily close to a 
point on the curve. 



-lOa^ <0 < lOtr 



0 < fl < 446 



5. The center Q of the smaller circle has coordinates ((a + b) cosO, {a + b) sin <7). Arc 
PS has length aO (as in Problem I), so that LPQS = —, LPQR = tc —and 

iPQT = )r-y-0 = a- 0 since IRQT = 0. 

Thus, the coordinates of P are 


X 


= (a + b) cost) + ftcos 





(a + b) cos 0 — b cos 




and 


y 


(a + 6) sin 77 — 6 sin 





(a + 7>)sin77 — 6 sin 
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6 . I.et b = I and the equations become 


AT = (a + I) cost) — cos ((a + I) <7) = (a + I) sin — sin ((a + 1) 0) 


If a = I, we have a cardioid. If a is a positive 
integer greater than I, we get the graph of an 
“a-lcafed clover", with cusps that are a units 
from the origin. (Some of the pairs of figures are 
not to scale.) 

\fa = n/d with a = I, we obtain a figure that 
does not increase in size and requires 
—dx < 0 < dx to be a closed curve traced 
exactly once. 


Next, we keep d constant and let n vary. As n 
increases, so does the size of the figure. There is 
an n-pointed star in the middle. 


Now if a = </ + 1 we obtain figures similar to the 
previous ones, but the size of the figure docs not 
increase. 


If a is irrational, we get washers that increase in 
size as a increases. 



a = 3, —2x <()<lx a = 10. —2x < 0 <2x 



a = —4)r <0<Ax “ = S < ”tr 



a = j, —ix < 17 < Sa ® <0<6x 



a = n/I, 0 < 77 < 200 a = e - 2,0 < (7 < 446 




m O CHAPTER 11 PARAMETRIC EQUATIONS AND POUR COORDINATES 


7. The equations Tor the epieycloid are 

/a + b \ 

X = (a + h)cosO — bcos I —-—Oj 


’ = {a + h)s'mO - fesin ^ ^ <7^ 


For the first part of the problem, we set a = n and h = 1. so these equations become 

x = («+ l)cos«-eos((n+ \)0) >' = ('1+ I) sinO - sin ((« + l)T7) 

If we substitute ip = (n+ 1)0 and rearrange the terms, these become 


X = — cosv> + («+!) cos 


n+ 1 


y = - sinp + (n + l)sin 


<P 

n + I 


.. I cosp (0 

A =- -X =-- + cos-- 

n + I n + I n + I 


_1_ sin«) <p 

n+l'^ n+1 n+l 


whereas the equations of a hypocycloid with a =-- and ft = I are 

n + I 


X - - 1 

1 r^i*feC /) /s/\c 1 


\ __cosO 

\n+ 1 

1 COS 1/ "T COs 1 

,Vn+l j 

7 n + l 

, / » , 

^ sinf7 — sin ^ 

r^-iY 

\ _ 

^ \n+l 

Vn + I 7 

/ n+l 


For the second part of the problem, we set a = i in the equations for the epicycloid: 


n+l ,, / n + 1 ^ 

X = -cosf7 — cos I - 0 I 

n \ n / 


n+l 

y =-sinO 


-sin(^fl) 


Multiplying by substituting v> = " ^ -0 and rearranging the terms, we get 

« + 1 ft 

.V =-^ cosp + cos ( —) >' =-^ sin«> + sin ( ) 

n+l Vn + I / n+l Vn + I / 


But these are exactly the equations of a hypocycloid ((.Tf, )')| with a = 


n+l 


•2 Tangents and Areas 


, dy ^ <1^ t t dv dy/dt -5 5 

1. .t = ( - r’, >’ = 2 - 5/ =» — = -5, — = I - if. and — = , , = •;- — of : 

dt dl 


dx dx/dt I — 3(- 3/^ — I 


2. X = Vt=> ^ =3/-- I, ^ ^ - l.and 

dl dt 2Vi 

dy dyjdt 3r^ - I _ (3/- - 1) (2V() 
dx ~ dx/dt ~ 1/ {2v'i) - 1 ” I - 2v'/ 


1 d\ 

3. X = (ln/,y = sin-f => -f-= 2sinrcosr 

dt 


^ = t + (Inr) ■ 1 = I + Int, and 
dy dy/dt 2 sin / cos t 


dx dx/dt 


1 + In/ 
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. When / = 0, jt = y = 0 


6. = 2/- + I. >. = r = 3. ^ = (2 - 1, ^ = 4^, and ^ . When / = 3, 

at dt dx dxjdi 4( 

(•’'.>’) = (19,6) and dy/dx = ^ = j, so an equation of the tangent line isy — 6 = j (jt - 19) or^ = J,* - y. 

- r, ,1 , dy 2l 2 dx e'^' 

1. X = e'/', >. = »-ln/^/ = l,— = |- y = l--, — = —and 
dt 277 


dy/dt 

l+e' 

dx/dt 

te' + e' 

dy/dt 

2l- 1 

dxjdt 

" 2/ + 1 

) or y = —X 


dy/dt 

/2- I 


dy dy/dt 1 - 2// 2< 2» - 4 dy 2 

Tx - TTJdt - e^/(2^ ■ 27 = ' = '■ = («. I) and - = so an equation of the 

tangent line is>■ - 1 =-| (jt - e) or)-=-Jjt + 3 . 

8. ;c = / s\nt,y = lcosr, l = x.^= cost - , sin/, ^ = sin/ +/ cos/, and ^ ^ 

dt dt dx dx/dt sin/+ /cos/ 

When / = ji, (jr,>) = (0, -)/) and -y = —!- = —, so an equation of the tangent isj; + = -!• (;t — 0) or 

dx —TT TT * 

y = ^x-x. 

9. (a)a =e',^ = (/ - 1)^;(1, D- ^ =2(/ - 1), ^ =.-,and ^ ^ 

dt dt dx dxjdt e* 

dy 

At (I, 1), / = 0 and — = —2, so an equation of the tangent is^' - I = —2(x — 1) ory = -2 jc + 3. 

(b)jt=e' => / = Injt, so;-= (/- 1)^ = (Injt - 1)2 and ^ = 2(lnjt - l)^-j. Whena = I, 
dy 

^ = 2(—1) (I) = -2, so an equation of the tangent is>' = —2x + 3, as in part (a). 

10. (a)a = 5cos/,>> = 5sin/;(3,4). ^ =5cos/, ^ = -5sin/, ^ = -cot/. At (3,4), 

dt dt dx dxidt ' ' 

y \ A dy Z 

/ = tan tan" so — = —and an equation of the tangent is>' — 4 = — j (x — 3)» or 

(b) jr2 + ^2 _ 25, so 2x + 2>'^ = 0. or ^ . At (3, 4), ^ ~ ~ J’ ■" (*)■ ““i equation of the 

tangent isy = + y. 


11. X = 2sin2t,y = 2sin/; (s/J, l) 

dy dy/dt 2cos/ cost / /- \ 

^ = d^t = = 2^- p”*"' 

to / = |, so the slope of the tangent at that point is 

cos 5 ^ 75 

r- T = T—r = ~:r- A" equation of the tangent is therefore 

2 cos f 2 • ^ 2 ® 

(>’- 1) = ^ - v5) or^- = t^x - j. 


'- 



( 73 . 1 )^ 

(/ 


. / 

- 




5 -|=. 
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12. .V = sin/, V = sin (/ + sin/); (0,0). 


dy dyjdt cos (/ + sin /) (I + cos L) 

dx ~ dx/dt -+ sin/) 

Note that there are two tangents at the point (0, 0), since both / = 0 and 
t = K correspond to the origin. The tangent corresponding to r = 0 has 
slope (see 0 + I) cos (0 + sin 0) = 2 cos 0 = 2, and its equation is _v = 2jc. 
The tangent corresponding to r = ar has slope 
(sec n + I) cos (tt + sin t) = 0. so it is the jr-axis. 


13. 2 =, ^ I - ^ _ 1,3 dy _ dy/dl 1-2/ , 

z^/ dl ' dx dx/dt 4/7 ^ 

4- (_T/-« I f-3 (dy/dx)/di -1/-“ + f-7 4 ,t -3 + 4/ 

dt \dx J '* dx^ dx/dt 4/7 4/4 ~ jg^T 


14. X =/7+/-’+I, v= I _,2. ^ = _2/. — = 3/2 + 2/- 

z^/ dt ' dx dx/dt 3/2 + 2/ 

— ( ^ d^y _d (dy/dx) /dt 6 

dt\dx) (3/ + 2)2 ■ rf.t2 “ dx/dt ~ /“(3, + 2)7 


15. .X = sina/. = cos a/. 


ify 

dx 


dy/dt 

dx/dt 


—tr sin a/ 
a cosa/ 


— tana/; 


_ ‘[^(dy/dx) /dt —Tt sec7 a/ 
dx- //.x\rfx/~ dx/dt a cos a/ 


6. .X = I + tan /, y = cos 2/ =» = -2 sin 2/, — = sec2 / 

dt dt 

dy dy/dt -2 sin 2/ 

dx = ^3^ = -’*‘"'‘^“/ .cos-/ = -4sin/cos7/; 

^ = -4sin/(3cos2/)(-sin/)-4cos‘'/ = 12sin^/cos^/ -4cos'*/, 
d^y d {dy/dx)/dt 4cos2 / (3 sin^ / - cos2/) 

dx^- ~ dx/dt --= ■' ‘ sin2 / - cos2 /). 
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17. .t 


e y = te^'. 


dy _ dy/dl 
dx dx/dl 


{2l+\)e^' 

—e~' 


= -( 2 / + l)e’'; 


dt 



= -3 (21 + !)«’' - 2e^’ = -(bt + 5)e^'-. 


d^y d {dy\ d(dy/dx)/dt 
dx'-^'dx V57/ ^ dx/dt 


- ( 6 / + 5) e^' 
-e-' 


= ( 6 / + 5)e^'. 


18. j = I + l^>’ = 



dy/dt 

dx/dt 


d^y _ d(dy/dx) /dt _ Ini 
dx^ dx/dt 4l^ 


1 + Ini £ _ 2l(l/l)-(l + lni)2 _Itu 

2 l ’ dt \dx) ~ (2tf ~ 2t^' 


19..v=l(i2-3) = i’-3l.y = 3(l^-3). —=3l2-3 = 3 ( 1 -l )(1 + l);-f = 61 . -ji-=0 «. i = 0 <=> 

dt dt dt 

dx 

(x.T') = (0, —9). —=0 <=> 1 =±I » = (—2. — 6 ) or (2, — 6 ). So there is a horizontal tangent al 

(0, —9) and there arc vertical tangents at (—2, — 6 ) and (2, — 6 ). 
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3/ 3<^ dx (I+P)3-37(3<^) 3-67^ 

II+/’■ “ (l+/5)^ “(T+Tsp’ 

dy (1+<^)(6<)-3/^(3<-) 6>-3/^ 3>(2-/3) 

* (1+/^)^ ~ (l+/3)^ " (1+/’)^ ■ * 

(■*.>') = (0.0) or (v^. v^)- ^=0 <=> <^ = 5 <=> (=2“'''’ 
** (r.T') = (v^. v'^)- There are horizontal tangents at (0,0) and 


and there are vertical tangents at ^.^4, i/2^ and (0,0). (The 

vertical tangent at (0,0) is undetectable by the methods of this section 
because that tangent corresponds to the limiting position of the point {x,y) 
as / —> ±oo.] In the following table,« = 


/ = 0 or <=> 




t < -1 

-1 < r < 0 

0 < / < l/« 

1 /a <7 < a 

t > a 

dx/dt 

-1- 

+ 

+ 

- 

- 

dy/dt 

- 

- 

-1- 

-1- 

- 

X 

-> 




<— 

y 

i 

i 

T 

T 

i 

curve 


\ 





22. X — a (cosO - cos^ 0), y = a (sinO - sinflcosfl). ^ = a (-sinO + 2cos<7sinO), 

do 


dy 


^ = a (cos<7 + sin-77 - cos^77) = a (cost? + I - 2cos^0), ^ = 0 <=> 


0 = 2cos-fl - cos77 - I = (2cosO+l)(cos77 - I) <=> cos77 = -^orl c=> (x.y) = (-|a, or 

(0.0). -^=0 <=» (2cos77 — l)sin<7 = 0 <=* cos77 = j or sinfl = 0 <=> (^.y) = (0,0) or 


or {—2a, 0). The curve has horizontal tangents at 
and vertical tangents at {~2a, 0) and ±^a^. 


Since^ = f^^ = - 
dx dx jdO 

dy 2cos0+l 

hm — = lim -- 

o-»o dx »-*o 2 cos 0 — I 


(2cost? + I) (I - cosO) 


(2cos0 - I)sin0 
I — cosO 


, we see that 


' lim 
o-*o 


sinO 


= 30 = 0 (using I’Hospital’s 


Rule). Thus, the curve has a horizontal tangent at (0,0), where both 
dxjdO and dyIdO are 0. 




0 < 7 < y 

j <1 < ^ 

^ <7 <T 

TT < 7 < ^ 

^ <7 < ^ 

<t <lit 

dx/dt 

-1- 

- 

- 

-1- 

-1- 

- 

dy/dt 

+ 

+ 

- 

- 

-1- 

-1- 

X 


<- 



—> 


y 

T 

T 

i 

i 

T 

T 

curve 




\ 


\ 
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23. From the graph, it appears that the leftmost point on the curve x — t* - 
>< = / + In / is about (—0.25,0.36). To find the exact coordinates, we find 
the value of r for which the graph has a vertical tangent, that is, 

0 = dx/di =4i^-2i » 2r(2r2-|) = o <=> 

2 r(^/ 2 r + l)(^/^^-l )=0 » t = 0 or The negative and 


1.2 


^ _ 





-2.5 


0 roots arc inadmissible since y (t) is only defined for / > 0 , so the leftmost point must be 


24. The curve is symmetric about the line 
y = —X, so if we can find the highest 
point (,XH,yh). then the leftmost point is 
Ul.yi) = (-W. -Xh). After carefully 
zooming in, we estimate that the highest 
point on the curve x = le',y = le~' is 
about (2.7,0.37). 

To find the exact coordinates of the highest point, we find the value of I for which the curve has a horizontal 
tangent, that is, r/y/rfr = 0 <=> t (-?-')+e“'= 0 <=> (l-()e-'=0 e* r = 1. This corresponds to 
the point (.* (I) (I)) = (e, 1/e). To find the leftmost point, we find the value of / for which 

0 = dx/di = le'+ e' <=> {l+r)e'=0 <=> r = — I. This corresponds to the pttint 
(^ {—I) .yf—I)) = (—I/e, —e). As / —oo, x (/) = le' -> O' by I’Hospital’s Rule andy (/) = le~' -» —oo. 

so the y-axis is an asymptote. As / -» oo. .r (/) -» oo and y (/) -» 0+, so the ,t-axis is tbe other asymptote, fhc 
asymptotes can also be determined from the graph, if we use a larger /-interval. 



25. We graph the curve x = I* — 2/’ — 2/-, 
y = /^ — / in the viewing rectangle 
[-2. 1.1] by (-0.5,0.51. This rectangle 
corresponds approximately to 
/ e [— 1,0.8|. We estimate that the curve 
has horizontal tangents at about 




(-1. -0.4) and (-0.17,0.39) and vertical tangents at about (0,0) and (-0.19,0.37). We calculate 
dy _ dy/d! 3/^ — I 
dx 


-. The horizontal tangents occur when dy/di = 3/- — I = 0 


/ = ±^.so 


dxfdt 4 /^ — ^0- “ 4 / 

both horizontal tangents are shown in our graph. The vertical tangents occur when dxjdt = It (2/* - 3/ - 2) = 0 
<=> 2/ (2/ + I) (/ — 2) = 0 / = 0, —5 or 2. It seems that we have missed one vertical tangent, and indeed 

if we plot the curve on the /-interval [— 1 . 2 , 2 . 2 | we see that there is another vertical tangent at (— 8 . 6 ). 







776 □ CHAPTER 11 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


26. We graph ihc curve .x = /'' + 4(* - 8/’. 
y = 2l^ — / in the viewing rectangle 
1-3.7,0.21 by 1-0.2, 1.4). It appears 
that there is a horizontal tangent at about 
(—0.4, —0.1), and vertical tangents at 
about (—3,1) and (0,0). 

dy dy/dl 4/ — 1 




We calculate 


dx dx/dl 4(5+12(2-16/ 


, so there is a horizontal tangent where dy/dl = 4( — I = 0 


<=> cos ( = 0 


( is an odd multiple of y. When 
. dy — I u* 


T- ^ ‘'■'‘I f = = '■ When/ = f = 1 and 



/ = |. This point (the lowest point) is shown in the first graph. There are vertical tangents where 
r/.t/(/( = 4(5 + 12/2 - 16/= 0 ^ 4/((2 + 3/- 4) = 0 <=> 4/(/+ 4) (( - I) = 0. We have missed one 
vertical tangent corresponding to ( = —4, and if we plot the graph for ( e [-5,3], wc see that the curve has another 
vertical tangent line at approximately (—128,36). 

27. X = cos (, v = sin (cos (. ^ = - sin (. ^ = - sin2 / + cos2 ( = cos 2(. 

(x.y) = ( 0 , 0 ) 

/ : 

^ = -1. So 3 “ = — I. Thus, y = X and y = —x are both tangent to the 
curve at ( 0 . 0 ). 

28. X = 1 -2cos2( = -cos2/,y = (tan()(l -2cos2() =-(tan/) cos 2/. To find a point where the curve crosses 
itself, we look for two values of / that give the same point (x, y). Call these values l\ and ( 2 . Then 

cos- /| = cos 2 (2 (from the equation for x) and either tan /| = tan (2 or cos 2 /) = cos 2 (2 = 5 (front the equation for 
y). We can satisfy cos2 /1 = cos2 (2 and tan/| = tan (2 by choosing/| arbitrarily and taking (2 =/| + x. so 
evidently the whole curve is retraced every time / traverses an interval of length x. Thus, wc can restrict our 
attention to the interval (-f > f) lf /2 = -/i, then cos2 (2 = cos2/|, but tan /2 = - tan(|. This suggests that we 
try to satisfy the condition cos2 (| = cos2 (2 = 5 . Taking /| = f and 
I 2 = - j gives (x,y) = ( 0 , 0 ) for both values of/. ^ = 2 sin 2 /.and 
^ = 2sin2/ tan/ - cos2/ sec2 /. When / = f, ^ = 2 and ^ = 2, so 
= I. When / = -^, ^ = -2 and ^ = 2, so ^ = -I. Thus, the 
equations of the two tangents at ( 0 . 0 ) are y = x and y = —x. 

29. (a) X = cO — £/sin/7.y =/-— Jcos/7; ^ = r — r/cos(7,= (/sin/7. So-^ = . 

' dO dO dx /•-(/cos/7 

(b) If 0 < (/ < /•, then |(/cos/71 <d<r.sor - (/cos/7 > r - d > 0. This shows that dx/dO never vanishes, so 
the trochoid can have no vertical tangent if (/ < r. 

30. X = o cos5 0. y = a sin' II. 

dx ^ dv 1 dy sin/7 

(a) — = —3(jcos-/7sin/7. — j(jsin'/7cos/7, so - 7 - =-- = - tan/7. 

' do do dx cos/7 

(b) The tangent is horizontal <=> dy/dx — 'i <=> tan/7 = 0 «=> 0 — nn » (x,y) = (±(J, 0). The 
tangent is vertical «=> cos/7 = 0 <=s /7 is an odd multiple of y <=» (x.y) = (0, ± 0 ). 

(c) (.'y/(/x = ±1 <=> tan/7 = ±l <=> //is an odd multiple of | « (x, y) = ^±^a, ±^(i) (All sign 

choices arc valid.) 



(/sin (7 
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31. The line with parametric equations x = —7/, y = 12/ — 5 is >> = 12 — 5, which has slope — ^. The curve 

•» -I dy dv/dt \1t n ■» 

+ 4/, y = 6/^ has slope — =-- = —=-. This equals —-r 3/^ + 4 = —7/ <=> 

dx dx/dt 37^ + 4 ^ 

(3t + 4)(( +1) = 0 » / = -lor/ = -| «. (rr,j') = (-5,6)or(-^,f). 


32. jf = 3/^ + 1, V = 2/^ + 1, ^ = 6(, ^ = 6/^, so ^ = — = / (even where t = 0). 

dt dt dx 6/ 

So at the point corresponding to parameter value /, an equation of the tangent line is 
y — (2r^ + I) = / [.X — (3/^ + 1)]. If this line is to pass through (4,3), we must have 
3-(2/^ + 1) =/[4-(3r2 +1)] <=» 2/5-2 = 3r’-3/ <=> r^-3r + 2 = 0 » (( - 1)^(/+ 2) = 0 
» / = I or —2. Hence, the desired equations arcy — 3=x — 4, or^ = x— 1, tangent to the curve at (4,3), and 
15) = —2(x - 13), or>' = -Zt + 11, tangent to the curve at (13,-15). 

33. /I = f^‘(y—l)dx = (e' — 1) (—sin/)</< = (e'sinr - sinr)(/( = l^je'(sin/— cos/) + cosrj^*^ 

= |(e-/2-l) 


34. / + I // = 2.5 <=> / = j or 2, and for j < / < 2, we have / +!// <2.5. x = —| when / = j and x = | when 
1=2. 

(2.5 - y)dx = (I - ' - 1//) (1 + 1/'^) dl [X = / 

= ff /2 (“' + I -2/*' + ll-^-/~^jdl = + Y - 2ln|/| 

= (-2 + 5-21n2-| + ^)-(-| + f+ 2ln2-5 + 2) = -!^ 

35. By symmetry of the ellipse about the x- and y-axes. 

d=4f“ydx = 4J^^2^ S'"(- 0 sin 0)dO = 4ofcsin^ 0dO = 4aA/o*^ ^ (I - cos 20)dO 

= 2ah - j sin 2/7j^ =2ab{j) = 7tab 

36. By symmetry, A = 4 fg ydx =4 a sin^ 0 (-3a cos^ 0 sin 0)d0 = 12a^/j*'^sin‘'0cos^<7r/0. Now 

f sin'* 0 cos^ 0dO = f sin^ sin^ 2o'j dO = ^ f (] — cos2/7) sin^ 2/7 dO 

= j / [j (1 — COS4/7) - sin' 2/7cos2/7jc//7 = ^<7 - ^ sin4/7 — sin^ 20 + C 

so fg^^ sin^/7cos^/7<//7 = |^^/7 — g sin 4/7 — ^ sin^ 2/7Thus, A = 12a^ (^) = j/rn^. 

37. A = fg’' y dx = fg’ (r — d cos 0)(r — d cos U)d0 = fg’ (r^ — 2dr cos 0 + d^ cos^ O) dO 

= ^^0 — 2dr sin/7 + jrf- (/7 + j sin2/7^= 2xr^ + icd^ 


- \lt,dx = (1 + I//-)<//| 


_ _5 J_ 
2 / ^ 


Jl/2 


-4ln2 
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38. (a) By symmelry, the area of 9(1 is ^vicc the area inside 31 above the *-axis. The lop half of the loop is described by 

r = /^, y = r’ — it. —< t <0, so, using the Substitution Rule with y = P — it and dx = It dt, wc find 
that 

area = 2j^y dx = 2 (/’ - 3r) 2tdt = 2 (2t^ - 6/^) * = 2 [§<’ - 2(3]’'^ 

= 2 [§ (-3'/2)’ - 2 (-3’'')’] = 2 [\ (- 9 V 3 ) - 2 (-3s/3)] = f V3 

(b) I Icrc we use the formula for disks and use the Substitution Rule as in part (a): 

volume = J^fQ y' ^ Jo ^ “ ^0^ 2/ i// = 2;r JJ, — 6/^ + 9/^) / dt 

. 2. [!,• - ,• + . 2, [i . (.,'«)* t S (-,«)■] 

= 2'f[T-27+^] = ^;t 

(c) By symmetry, the >'-coordinate of the centroid is 0. To find the j:-coordinate, wc note that it is the same as the 
.t-coordinate of the centroid of the top half of 91, the area of which is j ■ y s/3 = y n/3 So, using 
Formula 9.3.8 with A = y V3. we get 

* - liii! T* «■'''■ ri; [’’’" b’]. ^ 

-iJ; [t (->''■)’ - i - ii; [-?vs+¥-^1 - ? 

So the coordinates of the centroid of 91 are (.i.y') = (t-O)- 

39. The graph of at = sinr - 2 cost, y = I + sin / cos / is symmetric 2,5 ({’•'■•'t ' = e»'''2 + n<r 

about the y-axis. The graph intersects the y-axis when x = 0 =» 
sin/ — 2 cos /=0 => sin /=2 cos / tan / = 2 
/ = tan'* 2 + nit. The left loop is traced in a clockwise direction 
from / = tan'* 2 - ar to / = tan"' 2 , so the area of the loop is given -3 
(as in Example 4) by 

A = (l-F sin/cos/) (cos/-F2sin/)<f/a 0.8944 

This integral can be evaluated exactly; its value is jVs. 

40. If /' is continuous and /' (/) ^ 0 for a < / < b, then cither /' (/) > 0 for all / in |a, />] or /' (/) <0 for all / in 

(a, fc). Thus, / is monotonic (in fact, strictly increasing or strictly decreasing) on [a, bj. It follows that / has an 
inverse. Set F = go/“’, that is, define f by F(x) = g(/“'(x)). Thenx = /(/) =0 /”'(x) = /,so 

y = g (') = S (/"' (<)) = F («)■ 





SECTION 1U TANGENTS AND AREAS □ 779 

41. The coordinates of T are (r cosf7,r sinfl). Since T P was unwound from 

arc r.l. TP has lengthrf/. Also iPTQ = LPTR - LQTR = -77, 

so f has coordinates J( =rcos77 + r77cos^jT —0^ = r (cos 77 + 7/sin 77), 
y = r sinO — rOsin — 77^ =r (sin77 — 77cos77). 

42. If the cow walks with the rope taut, it traces out the portion of the 
involute in lixerci.se 41 corresponding to the range 0 < 77 < a. 
arriving at the point (—r, ar) when 77 = a. With the rope now 
fully extended, the cow walks in a semicircle of radius ar, 
arriving at (—r, —ar). Finally, the cow traces out another portion 
of the involute, namely the rcDcction about the .v-axis of the initial 
involute path. (This corresponds to the range —a < 77 < 0.) 

Referring to the figure, we see that the total grazing area is 
2{Ai + /(j). Ai is one-quarter of the area of a circle ofradiusar, 
so A} = ^a (ar)^ = ^aV^. We will compute A] + Ai and then 
.subtract A 2 = ^ar^ to obtain A\. 

To find Ai + A 2 , first note that the rightmost point of the involute is (^r.r), (To see this, note that 
dx/dO = 0 when 77 = 0orf.7? = 0 corresponds to the cusp at (r, 0) and 77 = ^ corresponds to {f r,r).] The 
leftmost point of the involute is (—r, ar). Thus, A\ + A 2 = Jg^ ydx — fgj^ y dx = y dx. Now 
ydx = r (sin 77 — 77 cos77)r77cos77</77 = r^ (77sin77cos77 — 77-cos^77) r/77. Integrate: 

(l/r^) Jydx = —77cos^77 — j (0^ — 1) sin77cos77 — j77* + ^0 + C. This enables us to compute 

AI + .43 =r- ^-77cos^77 - a ^77^ - 1^ sin77cos77 - g77^ -I- 577j = r" |^0 — a “ X ■*■ ^)] 



Therefore, At = (A| -|- /Iz) — /(s = jaV-, so the grazing area is 2 (A/ + Aj) = 2 ^ja^r^ -F jaV-| = |aV-. 
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Laboratory Project □ Bezier Curves 


1. We are given the points Pq (vo. vo) = (4,1), P\ (;(i, yi) = (28,48), P 2 (tj, y 2 ) = (50,42), and 
P} (* 3 . w) = (40, 5). The curve is then given by 


;t(/) = 4(l -/)^+3-28r(l -/)^ + 3-50(^(l -O + ^Or’ 
y (/) = I (1 - /)5 + 3 ■ 48r (1 - /)^ + 3 ■ 42r^ (1 - /) + 5f’ 
where 0 < / < I. The line segments are of the form * = *0 + (Jti — to) I, 
y=yo + (y\-yo)i- 


FoPl 

T = 4 + 24/, 

y = 1 + 47/ 

Pi Pi 

t = 28 + 22 /, 

y = 48 - 6 / 

Pi Pi 

0 

1 

0 

11 

u. 

y = 42 - 37/ 


50 



y\ ~~ yo 

2 . It suffices lo show that the slope of the tangent at Po is the same as that of line segment PoPi, namely-. We 

TI - TO 

calculate the slope of the tangent to the Bezier curve: 


dy/dl _ -3yo (1 - if + 3yi [-2t (1 - t) + (1 - <)^] + 3^2 [-T^ + (20 d - <)] + iyH^ 
dxjdt ~ -3to (1 - + 3ti [-2t (!-/) + (!- /)-] + 3t2 + (2t) (I - /)] + 3t3<2 


At point Po. / = 0, so the slope of the tangent is 


-3>d + 3yi _ yi - yo 
-3to + 3ti ti-to 


So the tangent lo the curve at >*0 passes 


through P\. Similarly, the slope of the tangent at point /*j (where/ = l)is 


- 3 y 2 + 3 y 3 _ yj - yz 
-3T2 + 3T3 T3 - T2 


, which is also 


the slope of line /’2 /"s • 

3. It seems that if P\ were to the right of P 2 . a loop would appear. We try 
setting Pi =(110,30), and the resulting curve docs indeed have a loop. 


4. Based on the behavior of the BiSzier curve in Problems 1-3, we suspect 
that the four control points should be in an exaggerated C shape. We try 
Po (10, 12), Pi (4, 15), Pi (4, 5), and Pi (10, 8 ), and these produce a 
decent C. If you are using a CAS, it may be necessary to instruct it to 
make the t- and y-scales the same so as not to distort the figure (this is 
called a “constrained projection” in Maple.) 

5. We use the same Po and Pi as in part (a), and use part of our C as the top 
of an S. To prevent the center line from slanting up too much, we move Pi 
up to (4, 6 ) and Pi down and lo the left, to ( 8 , 7). In order to have a 
smooth Joint between the top and bottom halves of the S (and a symmetric 
S), we determine points P 4 , Ps, and Pt, by rotating points Pi, Pi, and Po 
about the center of the letter (point Pi). The points ate therefore 

P 4 ( 12 , 8 ), /'s ( 12 , - 1 ). and Pt ( 6 , 2 ). 


30 
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—11^3 Arc Length and Surface Area _ 

1. JC = / - >- = f1 < / < 2, dx/dt = I - 2( and dy/dt = 2/1/2, so 

(dxidl)' + (dy/dt)- = (1 - 2/)^ + (2/'/2)^ = I - 4/ + 4/2 + 4/ = 1 + 4/2 and 
I- = ff y (dx/dt)^ + (dy/dt'f dl — -n/I +4t^dl. 

2. X = \ + e', y = 1-, —i < l < i. dx/dt = e' and dy/dt = It, so (dx/dt)^ + (dy/dt)- = e^' + 4/2 and 
L = Ve2' + 4/2 rf/. 

3. X = / sin/, V = / cos/, 0 < / < 7. dx/dt ^ / cos / 4- sin / and dy/dt = / (— sin/) + cost, so 

(dx/dt)^ + (dy/dt)^ = (/ cos/ + sin/)2 + (cos/ - / sin/)2 

= /2 cos2 / + 2/ sin / cos / + sin2 / + cos2 / - 2/ sin / cos / + /2 sin2 / 

= /2 ^cos2 / + sin2 /^ + sin2 / + cos2 / = /2 + | 

and L = JJj'/2 v//2 + 1 dt. 

4. X = In/. >- = V' + 1, l</<5. ^ = -and — = — ^- , sn 

dt t dt 2 s/?TT 

{‘‘y\'_ ' . * /2+4/ + 4 ,, /•’ //2+4/ + 4 , /-S /+2 

U'/ wJ /2‘^4(/ + i) 4tHi + n J, hi-(t + \)'-J, 

5. X = /2, y = /2, 0 < / < 4. (</x/<//)2 + {(/y/rf/)2 = (3/2)2 ^ ^2,)2 _ 9,4 + 4,2 

^ = So yf[dx/dty^- + (dy/dtf dt = J* ■y9t^ + 4t-dt = tV9t^ + 4 dt - ^ ,/Iidu (where u = 9/2 + 4). 

So i = (0 i - 4’^) = §! (372/2 - 1). 

6. X = a (cos// + //sin//).>' = a(sin// - //cos//), 0 < // < x. 


(dx/dOf + (dy/dO)- = a2 j^(_ sin // + sin // + // cos//)2 + (cos// - cos // + // sin //)2j 

= a-0- ^cos2 // + sin2 oj = (a//)2 


i = /q* a// do = j X 2a 

, / , ,, , „ * r/r (!+/)• I—/ I 

7. X = = ln(l +/),0 < / < 2. ■— = 2 -- 

1+/ dt (l+/)2 


I .dy I 

:-r and — = --. so 

(l+/)2 dt 1+/ 




1 


1 


dt 


I r /2 4-2/4-2 

[I + (I + /)'] = —--j— and 


(1+/)“ (l+/)2 (1+/) 

'2 -v/m2 + 1 24 

du [u = t -y \, du = dt] = 


( 1 +/)“ 


:=r^!i±^dt=r^ 

Jo (I + /)- J\ U 
= -4^ + In (3 + /io) + - In (1 + V 2 ) 


Vl/2 + 1 / r-- - 

- - -E In (^// + Vi/2 + Ij 


8- X = e' +e '. >< = 5 — 2/, 0 < / < 3. dx/dt = e' — e ' and dy/dt = —2, so 
(dx/dt)^ + (dy/dt)- = e2< _ 2 + ^-2' + 4 = e^ +2 + e~^ = (e' + e~')^ and 

^ = So (^' + «'') dt = [e' - e”']’ = e2 - e-2 _ (1 _ 1 ) = e3 _ <,-3. 
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9. j = e' cos^ = e' sin /, 0 < 7 < T, 

(^) ^ =[‘^'(‘=°*'~sin7)]’ + [c'(sin(+cc 


=[e'(cos/-sin7)]’ + [c'(sin(+cos/)]^ 

= e^ (2 cos^ I + 2 sin^ = 2e^' 

L = f’ Vie'dl = V2(e’ - i) 


10. X = 21 — y = 3/^. 0 < 7 < 2. 

{dxldlf + (dy/dty^ “ 

= 9(1 + 27 ^ + 7 “') = [3(1+7^)]^ 

i = /o3{l+/’)* = [37+75]^ = l4 

11. .V = e' - 7 , y = 4e'^-, -8 < 7 < 3. 

(dx/dt)^ + (dyidif = (e' - l)^ + = e^‘ - 2c' + I + 4e' 

= e^' + 2e' + 1 = (c' + ))• 

^ = i\ vV + 1 )' dt = (e' + \)dt = [e' + 7 ]ij 

= (c’ + 3 ) - (c-* - s) = - C-* + 11 



12. X =7cos7 + sin7. .V = 7sin7 -cos7. -k <t <x. dx/dt = -7sin7 + 2cos7 anidy/dt = 7cos7 + 2sin7. so 
(dx/dlf + (dy/dl)^ = sia-1 - 47 sin7 cos7 + 4cos^ 7 + 7^ cos-7 + 47 sin7 cos7 + 4sin^ 7 =7^ + 4 and 


I. = fl, Vl^+4dl = 2 fo Vl- + 4dl 
= 2 [^7s/ 75T4 + 2 In (7 + 

= 2 ^T + 4 + 2 In + V)7^ + 4^ — 2 In2j 
= 7rV)r^-t-4 + 4ln (tt + v'JPTl) -4ln2s5 16.633506 



13. .V — In 7 and y — e ' => — _ - and = —e~' » L = V7 ^ -l-e dl. Using Simpson's 

Rule with n = 10, Av = (2 - 1) /lO = 0.1 and f (t) = we get 

/. Vl/f + l) + 2/(1.2) +■ • ■ + 2/(l.8) + 4/(l.9) + /(2.0)] 0.7314. 


14. .r = 2a cottf =» dxjdl = -2a qsV 0 and >- = 2asin’ 0 => dy/dt = 4asin77cost? = 2o sin 21). So 
L = //// v/Ao^csc-* 77 + 4a2 sin^ 20 dO = 2a /','J s/csc'' 77 + sin^ 277 dO. Using 


Simp-son's Rule with /i = 4. A.t = ^ and f(0) = Vcsc''77 + sin^ 277, we get 

7. =« 2a . 54 = (2a) T^ [/ (f) + 4/ (^) + 2/ (^) + 4/ (^) + / (|)] =« 2.2605a. 
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15. X = sin-<^, y = cos^fl, 0 < 0 < Sx. 

{dxIdOf 4- {dyIdOf = (2sinflcosfl)2 + (-2cosL?sinfl)2 = 8 sin^ 0 cos’« = 2 sin^ 20 => 

Distancc = /Q •(/2|sin20| 00 = 6v/2/(i'''^sin20</0 (by symmeto') = [-3'\/2cos2oj’^^^ 

= -3v^(-l - l) = 6^/5 

1 he full curve is traversed as 0 goes from 0 to f, because the curve is the segment of ;r + y = 1 that lies in the first 
quadrant (since Jt, y > 0), and this segment is completely traversed as 0 goes from 0 to 
Thus L = sin 20 dO = V2, as above. 

16. jt=cos^r.y = cosr,0<(<4;r. = (-^'osfsin/)^ + (-sin/)^ = sin^r (4cos^( + I) 

Distance = Jg |sin/| -^Acos -1 + I Or = 4 sinrv^4cos^/ + I dl 

= -4 /i^' s/AhT + I du [u = cosr, 0« = - sin r Or] = 4 Xl, v'4«2 + I0« = 8 /„' 755,J + lOu 
= »/(!“' ■ secO^ sec^ 000 = 4 ^ sec^ 000 = [2sccO tan0 + 2 In |secO + tanO|]““'' 2 

= 4s/5 + 2 In (s/5 + 2 ) 

L = /o* |sin/| V4cos2r+ I Or = V 5 + ^ In (s/5 + 2) 

17. X =asinO,y = 6cos0, 0 < 0 < 2a-. 

(si) + (i^) = (ocosO)^ + (-OsinO)’ = cos’0 + 0^ sin^O = o’ (l - sin^o) + A^sin^O 

= a^-[a^~b^)smH = a^-c- sin^ 0 = ^ I - ^ sin^ 0j (1 - sin^ o) 

So i = 4 jg'- (I - e^sin^O) 00 (by symmetry) = 4a s/l -e^sin^OOO 


18. .X = acos^O.y = asin’O. (dx/dO)^ + {dy/dD)^ = (-Sacos^OsinO)^ + (3asin2 0cos0)' = 90^ sin^ 0 cos'0. 
/- = 4/„'"3osinOcosOOO = (l2o^ sin'oj*^^ = 6a. 

19. (a) Notice that 0 < r < 2a does not give the complete curve 

because x (0) ^ x (2 t). In fact, we must take r e [0,4a] in 
order to obtain the complete curve, since the first term in each 
of the parametric equations has period 2a and the second has -is 

period and the least common integer multiple of these 
two numbers is 4a. 

IS 

(b) We U.SC the CAS to find the derivatives 0.x/Or and Oy/Or. and then use Theorem 4 to find the arc length. Recent 
versions of .Maple express the integral /j"' y(0x/0r)'+ (Oy/Or)'Or as 88f (2s^i), where E (a) is the 
[' Vl -a'r' 

elliptic integral di and 1 is the imaginary number x/^. Some earlier versions of Maple (as 

well as Mathematica) cannot do the integral exactly, so we use the command 

evalf (Int (sqct (dif f (x, t) -2+di£f (y, t) -2), t-0.. 4*Pi)); to estimate the length, and find 
that the arc length is approximately 294.03. 
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20. (a) II appears that as t -* oo, {x, y) -i (j. j). and 
asl-> ~oo,{x.y)-> (-j.-j). 

(b) By the Fundamental Theorem of Calculu-s, 

dx/dl = cos (§r’) and dy/di = sin (t/’), so by 
Theorem 4. the length of the curve from the 
origin to the point with parameter value i is 


■ 

H 

H 

■ 


-I 


i = /o' y (dx/du)^ + (dy/duf du = ^cos^ (^h^) + sin^ (Ju2) du = J^\du=l (or - / if / < 0) 


We have used u as the dummy variable so as not to confuse it with the upper limit of integration. 


21. X = and y = i* =» dx/di = and dy/dl = 4/^, So 
5 = /o' 2afV9/<‘ + \6i<‘dl = /o' 2xl‘V9+ ISr^rfr. 


22. jr = sin^r,.v = sin3(, 0 < t < f. dx/dl = 2sin<cos/ = sin 2/ and dy/dt = 3cos3/, so 

(dx/dl'? + (dy/dl? = sin^ 2l + 9cos^ 3/ and S = / 27iyds = 2)r sin 3/s/® 2/ + 9cos^ 3( dl. 


23. jt = r\y = t2,0<r < I. = P'^)’+ (2/)’= 9r‘'+ 4/^. 


W(S) +(S) ‘^•=1 2 -' V 9 r ^+ 4 r 2 <// 

= 2)1^^ (where u = 9/2 + 4) = ^ (247713 + 64) 


/ , v2 / . x2 

24. Ar = 3/-/2.y = 3/2.0</< 1. = P “ 3/2)^ + (6/)2 = 9 (I + 2/2 +/■•) = [3 (I +/2 

S = /o' 2a3/23 (I + /2) <7/ = I8)r /J {/2 + /“)<7/ = 18/r [}/2 + = ^/t 


25. I = acos^ 0, y = asin^//, 0 < 0 < ^. 

= (-3acos2/7sin/7)^ + (3osin2/7cos77)^ = 9o2sin2</cos2</. 


UO/ \d0) 

S =/o’2ff a sin’<7 3a sin/7 cos/7 r/i9 = 6!ra2/j'725104 ^^oostf <761 = ^na- [sin’/7]o''^ = ^aa- 




SECTION lU ARC LENGTH ANO SURFACE AREA □ 785 


Za.i—\ =(-2sin(7 + 2sin2«)2 + (2cosO-2cos2tf)2 

\dO / \dO / 

= 4 [(sin- 0 — 2sin0sin2LF + sin^ 20) + (cos^ 0 — 2cos<7cos2<7 + cos^ 20)] 

= 4[I + 1 -2(cos20cos0 + sin20sm0)] = 8(1 - cos (20 - 0)1 = 8(1 -cosO) 

Wc plot the graph with parameter interval [0, 2;r), and see that we should 
only integrate between 0 and it. (If the interval (0,2^1 were taken, the 
surface of revolution would be generated twice.) Also note that 
y = 2sin0 — sin20 = 2sin0(I — cosO). So 

5 = /o'2T2sinO(l -cosO)2v^Vl -cosOOO 

= 8r/2jr f (1-cosO)’/^sinOdO = 8N/2ff f Ji?du 

Jo Jo 

[where a = 1 — cosO, rfu = sinOtfO] = j^8V2;r (|) 

1 I dx t dy 2 

27, = / + /^, V = /-1 < t <2. -— = ! + 3/- and --- = I + -r, so 

S = j 2ityds = 2it ^ +2r-)^ + 59.101. 

28. S = J’jf 2k ■ 2a sin^ 0\/esc* 0 + sin^ 20 dt =4^0 sin^ oj csc^ 0 + sin^ 20 dO. Using 
Simpson’s Rule with n = 4, A.t = -jj and / (0) = sin^ Ov/csc^ 0 + sin^ 20, we get 

5 « (4arn) [/ (f) + 4/ (^) + 2/ (^) + 4/ (]a) + / (f)] « 11.0893a. 

(S)' + ($)' = ^ 

S = Jo 2Kx^{dx/dlf + (dy/dtf dt = Jg2K {3l-)6ly/\+l^dl = 18® /Vl + l^2t dl 
= 18® {u — \) ,/udu (where u = 1 + r^) =18® = 18® 

= 18® [(§ ■ 676v^ - I ■ 26s/26) - (? - j)] = t” (949v/ 26 + l) 

30. ® = e' - y = 4e'/^ 0 < r < 1. = («' - 1)^ + (2e'l'^f =e^ + 2e' + \= (e' + 1)^ 

S = /J 2® (e' - () ^(e' - 1)- + (2e'/2)^ dt = 2® («' - /) (e' + 1)0/ 

= 2® +e' - (/ — l)e' - = tt (e” +2e — 6^ 



-3 


2.5 
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X = a co%0, y = hsinf). 0 < 0 < 2 k. 

(dxjdO)- + (dy/dO)^ = (-asinO)^ + (bcosO)^ = sin^ 0 + cos^ 77 = a’ ^1 - cos^77^ + A* cos^77 

= — ^a’ — b^'j cos^ 0 — a^ — cos^ 0 = a’ ^1 — ^ cos^ <7^ = a* ^1 — e~ cos^ 77^ 


(a) S = /q* 2 )ri>sin77a>/l — e- cos^77 dO = Inab •n/T—^ du (where ii = —ecos77, du = esinffd/?) 

= = fg" cos^ «(/if (where u = sin ») = /„“" ' (1 + cos 2i>) du 

= ^ [if + i sin2if]”" ' = [i, + sini> cos d)"" '' = ^sin"' e + eVT^j 

„ /- - r r ^ /a^ — b „ 2k ab . - ,5 

But Vl — e^ = 1 /'- T -5— = J so S =-sin ' e + 2ir6^. 


(b) 5 = /*j ^2 2ira cos77as/1 - e- cos^ 0 dO = 4)ra^ 005/7^(1 — e^) +e7 s\r? OdO 


4ira’(l—c^) /■’'/J j ,, /. / csint7 

= -^^70 

= r''^ /rT^<7„ (where ,1 = 

e Jo \ n/T^/ 

4ira2(l-e2) rsm'^ ^ 

=- / sec i)(/u (where u = tan If, (/u = sec* 0 (/o) 

e 70 


2ita^ (I — e*) 


(seciftanif + ln|secu + lanoljg'' ' 


2ira^ (1 - e^) r I e 1 e 

; + Tf^ + TT^ 


, 2)ra-(l-e2) TftjT^ 217*2 | /l+(,\ /, 2 

e V I -e e 2 \\-eJ \ ) 


32. By Formula 11.3.5. 5 = 2ir F (;r) -Jx + F'(x)^dx. Now 

, + r (,)7 = , + (= (dx/d,VF(dy/dO\ Sobsiitouor, Rule with , = , (r) =s 

\dx/dl/ (dx/dlf ^ 

dx ^ ^ ^ kdx/dl)^ + (dy/dlf dx , l(dx\^ (dy\^ , 

dx = — dt. wc have .9 = / 2k y -,- —dl= 2iry,/1 — I -f I “r ) dl. 

dl Ja V (dx/dl)- dl 7„ \\dtj \dt) 
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,, , , , -I d<f> d (dy\ I f d dv 

\dx) dl dt \dx) \ + (dy/dx)^ idt \dx)\ dx 

d (dy\ _ d (y \ _ yx —xy d<f> _ I /yx — .x>’\ _ xy —xy 

dl \dx) dl \x) x^ ^ d! 1 + Cv/.x)^ v x’ / x^+.v^ 


dy/dl 

dx/d! 


U.<ting the Chain Rule, and the fact that s = 

( xv~xy\ 


dip dip/dt 
ds ds/dt 


xy — xy 






(x^+PY'^ 

\xy - xj> | 


xy — xy 


3/2- 


dy d^v 

(b) X = X and y ^ f (x) => .x = I. x = 0 and y = —, y = - 7 -^. 

dx ax 2 


Sox = 


\\ (d^y/dx^-)-Q (dyidx)\ _ \d^y/dx^\ 


[I + (dy/dxY]^'^ 


■s dv d“v 

34. (a) V = => — = 2x =2. Sok = 

dx dx^ 


5V2 - 5^- 
dx 


\+{dy/dxYf-' 

\db/dx^\ 


[X + idy/dxYf^ (1+4x2) 


3/2 


, and at (I, I). 


(b) x'= — = —3 (I + 4x2) ( 8 x) = 0 <=> x=0 =* y = 0. ITiLs is a maximum since x'> 0 for x < 0 

dx 


and x' < 0 forx > 0. So the parabola y = x2 has maximum curvature at the origin. 
35. X =// — sin FT =» x = 1 — cosO =» x = sinfl. and y = I — cos// => y = sin// 


T herefore, x = 


jeos// — cos^ 0 — sin^ 0\ |cos// — (cos^ 0 + sin^ //) | 


|cos//— 11 


y = cos //. 

7 r. The top of 


[(I — cos</)^ + sin^//] (I — 2cos</+ cos2//+ sin’//) (2 —2cos//)' 

the arch is characterized by a horizontal tangent, and from Example I in Section 11.2, the tangent is horizontal 
when 0 = (2n — I) x, so take n = I and substitute 0 = x into the expression for x: 

_ Icosx - 1| _ l-l - II _ 2 

* “ (2-2cosx)’/^ ~ [2-2(-1)]2/2 “ 4' 

36. (a) Every .straight line has parametrizations of the form x = o + u/, y = fc + tvl. where a, b arc arbitrary and «, 

(I) ^ 0. Kor example, a straight line passing through distinct points (a, b) and (c, d) can be described as the 
parametrized curve x = a + (c — a) /, y = 6 + (rf — i) /. Starling with x = a + «/, y = fc + to/, we compute 

,x = «, y = to, .X = y = 0, and x = ^= 0. 

(.,2 + ut2)2/2 

(b) Parametric equations for a circle of radius r are x = r cos// and y = z sin//. We can take the center to be the 
origin. So.x=—zsin// => x = —z cos//andy = zcos// =» y = —zsin//. Therefore. 

Iz2 sin’ // + z2 cos2 //1 z2 I 1 

X =-fr? = -T = -• And so for any 0 (and thus any point), x = -. 

(z2sin2// + z2cos2//)’^- »■ '• 
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Polar Coordinates 
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y = 2 sin ^ = V3 




m 

(4. ^1T) V. 



6 


X = 4cos3t = -4,y = 4sin3ff =0 ^ = 73 , 

y = -2sin = I 


5. (a) X = I and y = I =» r = Vl^ + I^ = VI and 0 = tan*' (|) = f. Since (1.1) is in the first quadrant, the 
polar coordinates arc (i) ^VI. and(ii) s/I, 

(b)A =2V3andy = -2 = 5 . r = + (-2)' = 4 and 0 = tan*' (-^) = -f • Since (2v^. - 2 ) 

is in the fourth quadrant and 0 < f7 < 2)r, the polar coordinates are (i) ( 4 , and (ii) (-4, 


6 . (a) (x.y) = (-l.-V3).r = VT+l = 2, tan« = y/x = VI and (x.y) is in the third quadrant, so 77 = Tlie 
polar coordinates arc (i) ^2, and (ii) (—2, j). 

((,) (x.y) = (-2, 3). r = V4T9 = vn. tan77 = y/x = and (x.y) is in the second quadrant, so 
77 = tan"’ (~t) + ’f- polar coordinates arc (i) ^VT3,77^ and(ii) ^-VTI. 77 + 
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(*•§)'* j) Cartesian and ^3, Cartesian. The square of the distance between them is 

(j ~ ~ i + bVi) — so the distance is jx/dO + bx/b — bx/2, 

14. T he points in Cartesian coordinates are (ri cosf7|,ri sin77 1 ) and (ricos,02,r2 sinTix) respectively. So the square of 
the distance between them is (r2Cos7/2 -n cosO\)^ + (r2Sin<72 - r\ sin67|)^ = ''f ~ 2r-|r2 cos (77| - Ox) T-fl. 

and the distance is — 2 r|r 2 cos( 0 | — 02 ) + r 2 . 

15. r = 2 <=> v/.v^ + = 2 » + y- = 4, a circle of radius 2 centered at the origin. 

16. r cosO =1 » .1 = I, a vertical line. 

)?-'' = 3sinO => >-^ = 3rsin0 Jt^+y^ = 3y » ^^ + ( 7 '—l) ~ (l) . 2 circle of radius 5 centered 
at ^0, The first hvo equations are actually equivalent since = 3r sin 0 => r (r — 3sin77) = 0 =» 

r = Oorr = 3sinO.Butr = 3sinO gives the point /•= 0 (the pole) when 0 = 0. Thus, the single equation 

r = 3 sin 77 is equivalent to the compound condition (r = 0orr = 3sinO). 

18. /-=-- . => r + 2rsin77=l <=> r=l—2rsin0 <=> + y- = 1 — 2y =* 

I + 2sm7/ V .r 

.x^ + y^ = I-4y + 4y2 <=> 3^2 _ 4 ^ _ = _| ^ 3 4 . _ j (2 _ 4 _ | ^ 

2 ( — 2 
— x* = j <=» —3x^=1 <=> -j-X = I. This is a hyperbola opening 

(0 i^) 

up and down and centered at ^0, 

19. = sin 277 = 2 sin 77 cos 77 <=> = 2r sin 0 r cos 77 «=> (x^+y^)^ = 2yx 

20. r^=77 =* tan (r') = tan77 ^ tan (.x* + y^) = y/x 

21. y = 5 <=> r sin77 = 5 

22. y = 2x — I <=> /•sin77 = 2rcos77 - I <=> r (2cos77 - .sinO) = I <=> r = -!-. (We can divide 

2 cos 77 - sin 77 

by 2cos77 — sinO because it must be nonzero in order that its product with r equal I.) 

23. x2+y7=25 ■» r-=25 => r=5 

24. x^ = 4y <=> r-cos^77 = 4r sin77 <=> r cos^ 77 = 4 sin 77 «=> r = 4 tan 77 sec 77 

25. 2xy = I <=> 2rcos77rsin77 = I <=> r^sin277 =l <=> r^ = csc277 

26. x^ — y^ = I <=s (cos^77 - sin^77) = I c=> cos277 = 1 ^ r~ =sec20 

27. (a) The description leads immediately to the polar equation 77 = |, and the Cartesian equation 

y = tan(|)x = ^x is slightly more diflicult to derive. 

(b) The easier description here is the Cartesian equation x = 3. 

28. (a) Because its center is not at the origin, it is more easily described by its Cartesian equation, 

(X - 2)^ + (y - 3)2 = 52 . 

(b) This circle is more easily given in polar coordinates: r = 4. The Cartesian equation is also simple: 

.x2+y2 = 16. 
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29. /• = —2sin<7 <=> r’ = —2r sinTT(sincethe 
possibility r = 0 is covered by the equation 
r = -2sin(7) <=> .r^+_v^ = —2y <=> 
x^ + y^ + 2y+\ = i <=> + (y + 1)^ = 1. 


J' 

0 



30. r = 2sin<7 + 2cosO <=> 

r-=2 j- sinO+ 2r cosO.x^ + y^ = 2y + 2x <=> 
(x-l)2 + (y-l)2=2 



31./• = esefl = <=> rsinO=l.{The 

sind 

right-hand equation implies that sin 0 ^ 0, so we 
can divide by sin 0 to get the lefT-hand equation) 
» y = 1. 


y=' 


I Jt 


32. r = tandsecTl 


rco^O = sinfl 
x^ = y 


sin/) I 
COS0 cosO 
cos ^/> =r sin/) 



33. As in Example 4, r = 5 represents the circle with 
center O and radius 5. 


34. El = ^ is a line through the origin. 
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35. (- = sinT7 o »-’=rsinrt <=> 

<=> “ t) = (i) ■ reasoning here 

is the same as in Exercise 29. TTiis is a circle of 
radius j centered at (o. j)- 



36. /■ = — 3cosf7 es = —SrcosO 
x^ + y^ = -3.x <=> (x+ 

This curve is a circle of radius |. 



37. r = 2 (I - sint/). T his curve is a cardioid. 38. r = 1 - 3 cosfJ. This is a limafon. 



41. r = 1/77 


42. r = v^. This curve is a spiral. 




O'!** 
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51. X = (r)cosfl = (4 + 2sec<?)cosfl = 4cos0 + 2. Now, r -i oo =s 
(4 + 2secO)-» 00 => 0-¥ (^) (since we need only 

consider 0 < 77 < 2ff),so Urn Jt = lim (4eos77 + 2) = 2. Also,r->—oo 

r-*oo 

=> (4 + 2see77)-» —00 => 77-» (1)'*' or^, so 
lim x= lim (4 cos77 4- 2) = 2. Therefore, lim x = 2 jt = 2 is 

r-*-oo r-»:t:oo 

a vertical asymptote. 



52, y =r sin77 = 2sin77 — csc77sin77 = 2sin77 - I, 
r -» oo (2 - csc77) -» oo ^ 

CSC 77 —oo =» 77 (since we need 

only consider 0 < 77 < 2ff) and so 
lim V = lim 2sin77 — I = —I. Alsor -> — oo 

r-*<x> 

=> (2 — CSC 77) —oo =» CSC 77 -» oo 

77->)r'andso lim x= lim 2sin77-l=— I. 

/■-(-oo »-(,- 

a.symplote. 



Therefore lim y = —I =* y = —lisa horizontal 
r-»±oo 


53. To .show that .v = I is an asymptote we must prove lim ;r = I. 

r-(±oo 

X = (r) COS 77 = (sin 77 tan 0) cos 77 = sin^ 77. Now, r -> oo =* 

sin 77 tan 77-» 00 =» 77—» (5) ,so lim x = lim sin^77=l. Also, 

/--(OO fl-(,/2- 

r —> —oo => sin 77 tan 77 ->—00 => 77-» (y)'*’, so 
lim X = lim sin’7? = I. 

(•-(-00 fl-(jr/ 2 + 



Therefore, lim .x = 1 =o x = I is a vertical asymptote. Also notice thatx = sin^77 > 0 for all 77, and 
r-(ioo — 

X = sin^ 77 < I for all 77. And x ^ I, since the curve is not dehned at odd multiples of Therefore, the curve lies 
entirely within the vertical strip 0 < x < I. 


54. The equation is (x^ + _ 4 x^y^^ but using polar coordinates we know that 

x-+y^ =r^andx =r cos 77 and y =/-sin 77. Substituting into the given 
equation: r** = 4/-^ cos’77r^sin^77 =» r’= 4cos’77sin^77 =» r = 

±2 cos77 sin 77 = ± sin 277. r = ± sin 277 is sketched at right. 



55. (a) We sec that the curve crosses itself at the origin, where r = 0 (in fact the inner loop corresponds to negative 

/■-valucs,)so we solve the equation of the lima?on forr = 0 <=> csin77 = —I c* sin 77 = —I/c. Now if 
|c| < 1, then this equation has no solution and hence there is no inner loop. But if c < — I, then on the interval 
(0,2ff) the equation has the two solutions 77 = sin"' (-t/c) and 77 = /r - sin"‘ (-l/c), and ife > I, the 
solutions arc 77 = x + sin*’ (l/c) and 77 = 2/r — sin*' (l/c). In each case, r < 0 for 77 between the two 
solutions, indicating a loop. 
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(b)ForO<c < 1. the dimple (if it exists) is characterized by the fact that >'has a local maximum at/? =s So 
we determine for what c-valucs -jjp is negative at /? = since by the Second Derivative Test this indicates a 

^ dy 

maximum: >■ = r sinW = sintf + csin^0 —= cost) + 2csinOcost) = cosO + csinW =» 

aO 

—^ = - sinrt + 2ccos2<?. Ait) = ^-, this is equal to — (-1) + 2c (-1) = I — 2c, which is negative only for 
d0~ 

c> j. A similar argument shows that for —I < c < 0, y only has a local minimum at <1 = f (indicating a 
dimple) fore < - j. 

56. (a) r = sin (012). fhis equation must correspond to one of II, III or VI, since these are the only graphs which are 
bounded. In fact it must be VI, since this is the only graph w hich is completed after a rotation of exactly 4 t. 

(b) r = sin (f2/4). This equation must correspond to 111, since this is the only graph which is completed after a 
rotation of exactly 8a-. 

(c) r = sec(3t)). fhis must correspond to IV, since the graph is unbounded at f/ = and so on. 

(d) r = 0 sin t). This must correspond to V. Note that r = 0 whenever 0 is a multiple of n. This graph is 
unbounded, and each time 0 moves through an interval of 2a, the same basic shape is repeated (because of the 
periodic sinfl factor) but it gets larger each time (since 0 increases each time we go around.) 

(e) r = 1 + 4 cos St), fhis corresponds to 11, since it is bounded, has fivefold rotational symmetry, and takes only 
one takes only one rotation through 2a to be complete. 

(f) r = 1 !^). fhis corresponds to I, since it is unbounded at 0 = 0. and r decreases as 0 increases; in fact 
r —> 0 as -» oo. 


57. Using Equation 3 with r = 3 cost), we have 


dx 


dy/dt) 
dx tdt) 


(dr/dO) (sinO) + r cosO —3 sin (7 sin ^ + 3 cos 0 cos 0 
(dr/dO) (cost)) -rsinO -isinOcost) - 3cos<f sinO 


cos 20 
sin 20 


I a 

= — cot 20 = —pi when 0 = — 
n/3 3 


3 (cos^ 0 — sin^ 0) 
-3 (2sinOcosO) 


AnoOterSolution: /• = 3cos0 ^ a = rcosO = 3cos’O,y = rsinO = 3sinOcosO => 


dy dyfdO —3 sin* 0 + 3 cos’ 0 cos 20 ^ 

— = —— =-=- = - cot20 = —= when 0 = — 

dx dx/dO —bcosOsinO —sin20 3 


58. Using Equation 3 with r = cosO + sinO, we have 

dv (drfdO) sinO + r cost) (—sinO + cosO) sinO + (cosO + sinO) cosO , . „ ” 

— = -—■— - = - - -:- :— = — I when 0 = — 

dx (dr/dO) cost) — r sinO (—sinO + cosO)cosO — (cosO + sinO)sinO 4 

Another Solution: r = cos 0 + sin 0 => x = r cost) = (cos 0 + sin 0) cos 0, y = r sinO = (cos 0 + sin 0) sin 0 =» 

dv dy/dO sinO (—sinO + cosO) + (cosO + sinO) cosO , . „ t 

dx dx/dO cosO(—sinO + cosO) — (cosO + sinO) sinO 4 

59. r = 1 it) => X = r cost) = (cost)) jO. y = r sinO = (sinO) /O => 


dy dy/dt) sinO (—1/0^) + (1/0) cosO 0* — sinO+0cosO 

57 ~ dx/dO ~ eos0(-l/0’)-(I/O)SinO IP- ~ -cosO-OsinO 
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60.r = lnE^ ^ x = c cosO = InOcosE?, v = r sinW = lnT7 sinfl 

dy dy/dO sinO (I/O) + InETcosO sine + ^cose 


when 0 = e 


= — 1 when 0 = — 
6 


dx dxjdO cosO (I/O) — InETsinET cose —esine 
61. e = l+cosf7 => X = rcosO = cosET + COS"E7, ^ = rsinO = sinO + sinOcosO 

dy _ dyjdO _ cosO + cos^O — sin^O _ cosO + cos20 
dx dxIdO — sin 0 — 2 cos 0 sin 0 — sin 0 - sin 20 

6Zr=sin30 =» x =/■ cosO = sin30cos0, >> = r sinO = sin30sin0 =» 

rfy _ (fy/cEO _ 3cos30sin0 + sin30cos0 _ /r . « _ ® 

dx dx/dO 3 cos 30 cos 0 — sin 30 sin 0 6 

63. r=3cos0 ^ x = rcosO = 3cos0cosE/,_)» = rsinET = 3cos0sin0 => 

</>'/</0 = — 3sin^0 + 3cos-0 = 3cos20 = 0 => 20 = ^ or ^ » 0 = jor^. So the tangent is 
horizontal at and ^samc as r/x/OO =-6sin0cos0 =-3sin20 = 0 =» 

2E7 = 0or)r <=> 0 = 0or^. So the tangent is vertical at (3, 0) and (0, ^). 

64. = rsinO = cosOsinO + sin^O = jsin20 + sin’O =* 0>'/</0 = cos20 + sin20 = 0 => tan20 = —I 

=> 20 = ^or^ <=> 0 = ^or^ =* horizontal tangents at ^cos ^ + sin and 

(cos^ + .sin X = z cosO = cos^O + cosOsinO =» rfx/OO = - sin20 + cos20 = 0 => 

tan 20= I ^ 20 = j or ^ <=» E7 = | or ^ vertical tangents at (cos f + sin f) and 
(cos^ + sin^,^). 

Aio/e; These expressions can be simplified using trigonometric identities. For example, 
cos ^ + sin ^ — 5 ^4 + 2>^2, 

65. z = l+cosE7 =» X = r cosO = cosO (I + cosET), >> = r sinO = sinO(l + cosO) =x> 

dy/dO = (1 + cosO)cosO — sin^O = 2cos^0 + cos0— I = (2cosO — I) (cosO + I) = 0 ^ cosET = j or — 1 
=> 0 = y, a, or ^ => horizontal tangent at (0, a), and 

0x/</0 = — (I + cosO)sinO — cosOsinO = - sinE7(l+2cos0) = 0 => sinO = OorcosO = —4 => 


0 = 0, a, or ^ ^ vertical tangent at (2,0). ^ j, and Note that the tangent is horizontal. 


dy/do 

not vertical when 0 = k, since lim — :-r: = 0. 


a-»a dxjdO 


66. ^ = e*sinO + e" cosO = e® (sinO + cosO) = 0 

do 


sinO = — cosO 


tan 0 = — I 


0 = —|a + na (n any integer) =» horizontal tangents at a 


^ = c® cos E7 — e® sin 0 = c® (cos E7 — sin 0) = 0 

do 


tanO = 1 


sinO = cosO 

(n any integer) => vertical tangents at j 

67.;- = cos20 =» x = z cosO = cos20cosE7,_v = r sinO = cos20sin0 => 

dy/dO = —2 sin 20 sinO + cos 20 cosO = —4sin^OcosE7 + ^cos’O — sin^ OcosE/^ 
= cosO ^cos^O — Ssin^O^ = cosO ^1 — 6sin^0^ = 0 =* 


0 = ja + na 
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cosO = Oorsinfl = => 0 = - a.it +a,orln - a (where « = sin"'^). 

So Ihc tangent is horizontal at (—1, ^), x)' (l’ ”)’(t’ ~ “)’ (j’ ^ (l’ ~ “)■ 

dx/dO = —Isinli) cosO — cos2<lsinTy = —4sinyy cos’O — ^2cos^0 — 1^ sin (7 


= sinO ^1 — 6cos^0^ = 0 => 


sin<y = 0 or cost? = =* 0 = 0, a, ^ ^ + a, ^ or ^ + a (where n = cos ' ^). 

So the tangent is vertical at (1,0), (1, a), ^ — «^, (ji t "*■ ”)'(5’ 7 ~ (f’ 7 +“)■ 

68. drjdO = (l/r)cos2<7 (by differentiating implicitly), so 

— = i cos2/7sinLy + rcos<y = - (cos 241 sin 0 + cosO) = - (cos 24? sin <7 + sin24?cos(?) = - sin 34?. This is 

dO r r ' ‘ r r 

0 when sin 34? = 0 => 4? = 0, j or ^ (restricting 6? to the domain of the lemniscate), so there are horizontal 
tangents at and (0,0). Similarly, <4jr/<44? = (l/r)cos34? = 0whcn4? = | or so there 

arc vertical tangents at ^^1, f ^ and (and (0,0)]. See the sketch in Exercise 48. 


69. r = a sin 4? + 4) cos4? =» = or sin4? + 6r cos4? => x^ + ■= ay + bx ^ 

+ {y - = J ® (j*’ J“) radius +b^. 

70. These curves are circles which intersect at the origin and at f )■ At the origin, the first circle has a 

horizontal tangent and the second a vertical one, so the tangents are perpendicular here. For the first circle 
(r = osin^), dy/dO = ocos4?sin4? + asin4?cos4? = asin24? = o at4? = j and 

dx/dO = a cos- 4? - o sin^ 4? = o cos 24? = 0 at 4? = f, so the tangent here is vertical. Similarly, for Ihc second 
circle (r =acos4?),r/y/(/0 = fl cos 24? = 0 and rfx/(44? = -osin24? = -aat4? = f, so the tangent is horizontal, 
and again the tangents are perpendicular. 


Note for Exercises 71-76: Maple is able to plot polar cunres using the polarplot command, or using the coords-polar option 
in a regular plot command. In Mathematica, use PolarPlot. In Derive, change to Polar under Options State, If your 
graphing device cannot plot polar equations, you must convert to parametric equations. For example, in Exercise 71, 

X =rcos4? = |l + 2sin(4?/2)]cos4?,>’ =rsin4? = [I + 2 sin (4?/2)] sin 4?. 

71. r = 1 + 2 sin (0/2). The parameter interval is 7i r = y/\ -0.8sin^4?. The parameter interval is 

[0,4)t]. [0.2)rl. 
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73. r = — 2 cos (4/7). T he parameter interval is 

|0,2t1. 


74. r = sin^ (4/7) + cos (4/7). The parameter interval 
(0,2a]. 


3.5 2 




75. r = sin (9/7/4). The parameter interval is |0,8a]. 
i.i 



-i.i 


76. r = I + 4 cos (/7/3). The parameter interval is 
[0.6a]. 


4.8 



77. 2 1 



counterclockwise about the origin by |. Similarly, the graph ofr = 1 + sin (0 - y) is rotated by j. In general, 
the graph of r = / (/7 — n) is the same shape as that of r = f (0), but rotated counterclockwise through « about 
the origin. That is, for any point (ro, Oo) on the curve r = f (<7). the point (ro, /7o + «) is on the curve 
r = f(0-a), since ro = / (Oq) = / ((//q + «) - «). 
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78. From the graph, the highest points seem to have y =« 0.77. 
To find the exact value, we .solve dyIdO = 0. 
y = r sinO — s.m0 sin 2f) => 

dy/dO = 2 sin 0 cos 20 + cos 0 sin 20 

= 2 sin 77 ^2cos^(30 ^ *^***^^ (2sin77cos77) 

= 2 sin 77 ^3 cos^ 77 — I ^ 


O.H 



In the first quadrant, this is 0 when COS77 = ^ <=> sin77 = <=> 

y = 2 sin" 77 cos 77 = 2 • ^ ^ ^ 0.77. 


79. (a) r = sin nO. From the graphs, it seems that when « is even, the number of loops in the curve (called a rose) is 
2n, and when n is odd. the number of loops is simply n. 

This is because in the case of n odd. every point on the graph is traversed twice, due to the fact that 


r (77 + w) = sin[M(77 + ;r)] = sinn77cos«i +cos«77sinn)r 


sin«77 if n is even 
— sin«77 ifnisodd 






(b) The graph ofr = |sin«77| has2n loops whether n is odd or even, since r (77 + jr) = r (77). 



n = 2 


n = 3 


n = 4 


n = 5 
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81. r = - — \/ji. 5 (gf( a = 0, since in this case the curve is simply the circle r = 1. 

I + a cosO 

As a increases, the graph moves to the left, and its right side becomes Rattened. As a increases through about 0.4, 
the right side seems to grow a dimple, which upon closer investigation (with narrower 0-ranges) seems to appear at 
a as 0.42 (the actual value is VI — 1). As a -» 1, this dimple becomes more pronounced, and the curve begins to 
stretch out horiitontally, until at <r = I the denominator vanishes at 0 = rr, and the dimple becomes an actual cusp. 
Kor a > I wc must choose our parameter interval carefully, since r -> oo as 1 -P a cosO -» 0 <=> 

0 -» ± cos* * (— 1 fa). As a increases from I, the curve splits into two parts. The left part has a loop, which grows 
larger as a increases, and the right part grows broader vertically, and its left tip develops a dimple when a 2.42 
(actually, n/ 2 + 1). Asa increases, the dimple grows more and more pronounced. 

If a < 0, wc get the same graph as we do for the corresponding positive o-value. but with a rotation through ir 
about the pole, as happened when c was replaced with —c in Exercise 80. 



0 = 0 


0 = 0.3 


a = 0.41,|0| < 0.5 




o = 0.42,1(11 < 0.5 


o = 0.9,101 < 0.5 


0 = 1,101 < 0.1 



0 = 2.42. lO-jrl < 0.2 
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82. MosI graphing devices cannot plot implicit polar equations, so we must lirst find an explicit expression (or 
expressions) for r in terms of 0, a. and c. We note that the given equation is a quadratic in so we use the 
quadratic formula and find that 


cos W ± Jac* cos^ 20 — 4 (c^ — a*) i - 

■ =-—--= cos 20 ±\la* —c* sin^ 20 


SO r = cos W ± y/a^ — c^sin^ 70. So for each graph, we must plot four curves to be sure of plotting all the 
points which satisfy the given equation. Note that all four functions have period ir. 

We start with the case a = c = I, and the resulting curve resembles the symbol for infinity. If we let a decrease, 
the curve splits into two symmetric parts, and as a decreases further, the parts become smaller, further apart, and 
rounder. If instead we let a increase from I, the two lobes of the curve join together, and as a increases further they 
continue to merge, until at o » 1.4, the graph no longer has dimples, and has an oval shape. As o -> oo, the oval 
becomes larger and rounder, since the and terms lose their significance. Note that the shape of the graph 
.seems to depend only on the ratio c/a, while the size of the graph varies as c and a Jointly increase. 



0.75 



(a,c) = (0.9,1) 


3 



3 


3 


5 
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83. tan y/ = tan (4> — 0) = 


tan0 —tanO 


dy 

— -lanO 


1 + tan ^ tan 


1 + ^ tantf 
ax 


dy/dO 

dxjdO 


■ tantf 


dyIdO 
I + -T^-ryr. 


dxIdO 


dy dx „ i 
do dO ' 

sin/) + r cos/)^ — tanO j 

^ dr ' 

— cos 0 — r^mO 
\d0 

dx dy „ , 

—+ -^tanfL 

1 ^ cos// — r sin//1 + tan//1 

'dr ' 

— sin 0 + r cos 0 

dO dO ' 

\dO ) ' 

^dO 


r cos 0 +r 


sin^ 0 
cosO _ 


dr dr sin^ 0 

dO dO cosO 


r cos^ 0 + r sin^ 0 

dr , „ dr . 1 „ 
— cos^ f> + — sin'' 0 
dO dO 


dr/dO 


84. (a) r dr/dO = c", so by Exercise 83, 

tan yr = r/e" = 1 yr = arclan 1 = 7 - 

(c) Let a be the tangent of the angle between the 
tangent and radial lines, that is, a = tan y/. Then, 
r 


by Exercise 83, a = 


dr/dO 

r = Ce*/" (by Theorem 10.4.2). 


dr I 
dO ~ 


(b) The Cartesian equation of the tangent line at 
(1,0) is y = X — 1, and that of the tangent line at 



'' Areas and Lengths in Polar Coordinates 

1. r = 0 < LT < f. ^ = \r^dO = ^ (7«)' dO = {OdO = 

2. r = X<f}<2x.d = f^‘'^ ^0 = {e” dO = ^ [e"J^ = ^ {e^” - e”) 

3. r = sinO, j <0 <^. 


l2»/3 

»/3 


d = ^ sin- 0d0=\ (I - cos W) d(l = {\o-\ sin 2o\^ 

= 5[T-^‘'’T-T + J^i'’T] = l[T-j(-^)-T + 5(^)] = UT + ^) = T^ + ^ 

4. r = VsinCJ. 0<0<!i./l = fg^ dO = Jg j sin 0 1 /</ = ^— j cos 0 = I + I = * 

5. r=l),0<0<x.A = Sg’^ir-d0 = 


6. /• = 1 + sin f), y < y < a. 

■^ = /»/2 5 (I + sin ‘/f'' = I ///2 (I + 2 sin 0 + sin^ 0) rfO = ^ [ 1 + 2 sin 0 + ^ (1 - cos 26»)] dO 

= 5 - 2 cosO -I- jO - j sin = = T + * 
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7. /• = 4 + 3sinT>, —^ < T7 < §. 

A = ^ (4 + 3 sin 0)2 ^ /f(16 + 24 sin « + 9 sin^ l;) 

= j /ri /2 (16 + 9sin2o) dO (by Theorem 5,5.6(b)l 
= j ■2 /o''^-[| 6 + 9- ^(1 -cos2E7)]r/<; (by Theorem 5.5.6{a)| 

= (t - I20) dO = [^0 - I sin = (4^ - o) - (0 - 0) = 


8. r = sin 40, 0 < 0 < f. ,4 = ^ sin^ 4/7 dO = 4 

9- A = /o' i (5sin/7)2 

= ^/o'(I-eos2/7)<//7 

= “ [o- jsin20j^ = f 



(I - cosSt})dO = [|0 - ^ sinSo]*^'* = ^ 

A = So’ W do = So’ I [3 (1 + cosO)|2 do 
= j So’ (* + 2cosO + eos2 0) dO 
= 5 /o' [l +2COS/7+ i (I +cos20)]<7/; 

= 5 ^jO + 2sin/7 +|sin2/7j^ = T'f 



11. /( = 4 So'* \r'^dO = 2 So'* (4eos20)d0 
= 8 So'* “S 20d0 = 4 (sin 2jO]1'* = 4 


oo 


1i /( = 4 /o*^'' ^r2 rfO = 2 So'* sin 20 dO 
= [-cos20]J''‘' = I 



13. /I =2///^j 1(4-sin 0)2 c/0 = ///^j (16 - 8sinO + sin2o)c/0 
= S-H'/i ('6 + sin2 0) c/0 (by Theorem 5.5.6(b)] 

= 2 So'^ (16 + sin2 0) c/0 [by Theorem 5.5.6(a)J 
= 2/o'[16 + 1 (I - cos2//)] c/0 = 2 [^0 - I sin 2o]'^ 
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14. A = 6 / 0 ’'''* ^ sin^ WdO = 3 ^ (1 - cos «>)(/« 

_ ». 

*" 4 


15. By symmetry, the total area is twice the area enclosed above the polar axis, so 
A =2 J’ ^r^dO = Jg [2 + cos 60f dO = J’ (4 + 4cos 60 + cos’ 60) dO 
= [4T; + 4 (I .sin 6 /T) + sin 12« + = 4ff + f = 


16. Note that the entire curve r = 2 sin 0 cos’ 0 is generated by 0 e [0, rr |. The radius is positive on this interval, so 
the area enclosed is 

A = fg \r^dO = jg 5 (2sincos’dO = 2 jg sin’TTcos'* OrftT = 2 jg (sinOcosET)’ cos^OdO 
= 2jg sin20y cos^ OdO = \ f’ sin‘W{cos20 + l)dO = | [/o* sm-20cos20d0 + f’ sin-2EMT] 

= 1 jsin4EE(the first integral vanishes) = | 


0.5 



17. A = I sin^ 20dO = ^ (1 - cos4E)) dO = ^E) - J sin4E)]^^^ = f 

18. + = /o'''^^(4sin3E))2 t/EE = 8 / 0 "'’^ sin^ 3E)</E) = 4 / 0 '^’ (I - cos 6 E?)rfE; = 4 [eE - ^ sin 6 E;j'^’ = ^ 

19. r=0 =» 3cos5EE = 0 =» SEE = f => EE = (( 5 . 

+ = ^ (3 cos 56E)^ dO = 9cos2 $0d0 = | ^g'"‘ (I + cos 10EE)</EE = | [eE + ^^ sin 10"]^^'* = 15 

20. + = 2 / 0 "''* { {.2cosAOfdO = 2/„''*(! + cos8EE)</EE = 2 [eE + | sinSEEj*'* = f 



805 
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21 . 



This is a limafon. with inner loop traced out between fl = ^ and |found by solving r = 0], 

-4 = 2 /rV/? z (1 + 2 sin(I + 4 sin(? + 4 sin^ 0) dO = [fl - 4 cos0 + 20 - sin 
= (?f)-(^ + 2s/3-^)=;r-2^ 

22. 2 + 3cos0 = 0 => cosO = —5 => 0 = cos'’^—(= «) or — cos~'=* 

-4 = 2 r I (2 + 3 cos0)2 dO = X,' (4 + 12cosO + 9 cos^ 0 ) dO = /„’ (^ + 12cosO + | cos2o) dO 
= ^yO + 12 sinO + j sin20j = -y (t — a) — I2sina — | sin« cos a 
= ¥ [- - cos-' {-])] - 12 (^) - I (^) (-§) = ^ cos-' f - 3s/5 
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24. I — sin// = 1 ^ sin// = 0 => // = 0 or ^ => 


^ 1 - sin «)- - I ] dO = i (sin- fl - 2 sin 0) dO 

= I /i* (' - “s20 -■\smO)dO = i [o - I sin20 + 4cosoj^' 

= \tT +2 


25. 4 sin 0 = 2 «=> sin 0 = j « 0 = i or 


^ = 2 ///6 5 [(“I sinO)- - 22] dO = (16 sin2 0 - 4) dO 

= ///i* [8 (I - cos 20) - 4) dO = [40 - 4 sin 20)'/^ 

= \!C +2v/3 




26. 3cosO = 2 — cosO =» cosO = | =s 0 = ±y => 

^ = 2 /o’^M [(3 cosO)2 - (2 - cosO)2] rfO 
= ( 8 cos2 0 + 4 cosO - 4) dO 

= j’’’ (4cos20 + 4cosO) 00 = |2 sin2/V + 4 sinOjj'^ ^ 3 ^ 

27. 3cosO = I+cosO o cosO = j =s 0 = jor—j. 

^ = 2 5 [(3 cos0)2 - (I + cos0)2] 00 

= (8cos20-2cos0- 1)00 = /o’'/2(4(1 +cos20)-2cos0- I]00 

= |30 + 2sin 20 - 2sinO)J^’ = ;r + s/3-N/3 = B' 



28. A =2/,* 3 ] (I +cos 0)2 00-2/,7(' i (3cos0)2 00 

= j^O + 2 sin 0 + 4 ^0 + j sin 20^J ^ — 5 ^0 + j sin 2oj 

= (t - |>/3) - = f 

29. /( = 2 / 0 ’'' '' 4 sin^OOO = 4 ( 1 - cos 2/7) 00 

= [40-i.sin2/7]'''' 


3»/2 

»/3 



r = CO.S 0 
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30. sin 0 = ± sin 2{J = ±2 sin (J cos 0 =* sin (1 ± 2 cos 0) = 0. From the 

figure we can sec that the intersections occur where cos// = ± 5 , or // = j 

and 

4 

r — sin 0 

4 = 2 [7''^ ^ sin^ Odd + /*/f ^ sin^ Wdi)^ 

. -«/l - ..y*) - 

u 

r — sin 20 




31. sin2E/ = cos2fy 


tan 2« = I => 20 = 


0 = ^ 


M= 16 j sin^2(m = 4 (I -cos40)dO 


= 4[0-isin4/;]*'* = |i- 


32. 2sin2E^ = 1^ 


5» 

TT- 


-^ = 4 • 2 sin 20d0 +1% ^ (I') </<>] 

= [—2cos2Et)J^'‘ + 2 — 1^)1^ = 2 — ^/3 + y 



33. 4 = 2 [;_7/‘ ^ (3 + 2 sin Of dO + 5% ^ 2^ rfo] 
= 5-^n (9 + 12 sin E/ + 4 sin^ 0) dO + 

= \W- I2cos0 + 20-sin20]7^j + ^ 


34. Let a = tan*' (b/a). Then 

j 4 = fg j (a sinE/)^ dU + s (6cosEE)^ dO 
= ja^ ^EE — j sin2oj^ + [^ + J sin2EEj 

= j« ^a^ - — j ^a^ (sin a cos a) 

= j (a^ — tan*' (h/a) 4- fitb~ - ^ab 


r = 3 + 2 sin 0 
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35. A =2 + cost;)' dO - //,/3 + cost;)' dO 

— /o'*^' (t + cost; + cos^o) do — + cost; + cos^ t;) do 

7; . 0 sm2T;V*''^ Ft; . , O sin2T;r 

[4 2 4 Jo [4 2 4 J 2,/3 

= (§ + ¥)-(¥) + (t + ¥) = U'^+''^) 

36. The points of intersection occur where >/l — 0.8.sin^fl = sinT? <=> 
l.8sin^T;=l <=> T? = aresinyi (= rt, socosn = j). Sotheareais 

A =2 f"\ sin2 OdO + 2fJ^^ (v/l - 0.8 sin^T;)' dO 

= [^t; - I sin 2T;j" + [t; - 0.8 (^0 - \ sin 
= j (2 sin 61 cos a) + 0.6 • ^ — (0.6a + 0.2 (2 sin a cosu)| 
= j arcsin ^ j + 0.3 t — 0.6arcsin ^ — 0.4 • ^| 

= -^(T — ^ arcsin ^ — jVs ss 0.411 




- 0.6 


37. The two circles intersect at the pole since (0,0) satisfies the first equation 
and (0, j) the second. The other intersection point {^. f) occurs 
where sinTT = cosTT. 


38. 2 cos 2 t; = ±2 =» cos2T; = ±I => Tf = 0, f, or so the 
points are (2, 0), (2, j), (2, ar), and ^2, 4^). 



39. The curves intersect at the pole since (0, y) satisfies r = cosTT and 
(0,0) satisfies r = 1 — cosTT. cosTT = 1 — cosT; cosT; = j =* 

r * 1 - cos f) 

i 

t; = j or ^ ==> the other intersection points arc ^) and 

( . 

\ r * cos 0 

O't) 


P 
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40. Clearly the pole lies on both curves, sin iO = cos iO => 

Ian 3T.I = 1 ^ 3W = js + nx {n any integer) =» ® = n* 

or so the three remaining intersection points arc 

41. The pole is a point of intersection, sinfl = sin2t? = 2sinflcos0 <=» 
sintf(l — 2cos</) = 0 « sintf = Oorcost? = j =» 0 = 0, x, 

j,—j =» and (by symmetry) are the other 

intersection points. 

42. Clearly the pole is a point of intersection, sin 20 = cos2fl ^ 

tan 2<l = I =» 20 = ^ + 2nx (since sin 2JO and cos 20 must be 
positive in the equations) =» 0=\-Vnx 0 = jor^.So 

the curves also intersect at and 







From the first graph, we see that the pole is one point of intersection. By zooming in or using the cursor, we 
estimate the t?-values of the intersection points to be about 0.89 and x — 0.89 w 2.25. (The first of these values 
may be more easily estimated by plotting y = I + sin jt and y = 2x in rectangular coordinates; see the second 
graph.) 

By symmetry, the total area contained is twice the area contained in the first quadrant, that is. 


.4 ss 2 ^(20fdO + 2^^^Ul+ sin Of dO 
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44. 




V = 3 + sin 5x 


From the first graph, it appears that the W-values of the points of intersection are about 0.58 and 2.57. ( These 
values may be more easily estimated by plotting y = 3 + sin 5 j: and y = 6sin.t in rectangular coordinates; sec the 
second graph.) By symmeliy, the total area enclosed in both curves is 

/I =5 2 ^ (6 sin 0)2 dO + 2 1 (3 + sin 50)^ dO = 36 sin^ Odt) + /o'/l (9 + 6 sin 5H + sin^ 5<7) dO 

- [36 (^0 - I sin2T7)]”** + [(W - | cos50 + } (4« - | sin lO '*! 

45. + {dr/dO)~dO = v/(5cos«)^ + (-5.sin0)^<ftf = 5 y/cos-0 + sin^0dO 

46. t = /„* ^ + {dr/dOf dO = Jg’ + {2e^f dO = /^ ' -Je^' + Ae^dO = fg’ Vs^dO 

= ^/5/o' = ') 

47. /, = X,* y/r^ + (,dr/dO)-dO = 7(2")^ + [(In2)2"f <70 = fg’ 2!’s/{ + 2dO 


^ v/'-^ + (dr/dOf dO = >2 + 1 dO M [f>2 + , ^ i ^ > 2 + 1 )]^* 

= n >/ 4 ff 2 + 1 + j In 

49 . /, = X?" y(7)2)2 (20)2</0 = Xg2' 6iyo2 + 4,70 = 4 . ^ [(7)2 + 4)^^]^' = f [()r2 + 1)222 _ , j 

50. 7, = 2 X)’ v^(r+TosO)2 + (-sinO)2 <70 = 2s/2 /o" VTTcosO<70 = 2^2 X,* s/2cos2 (0/2)<70 

= 18sin(77/2))J =8 

51. From Figure 4 in Example I. 

/. = + (r')- dO = 2 XT2“ v/eos2 20 + 4sin2 20 dO w 2 (1.211056) »» 2.4221 
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52. 4 + 2 sccfT = 0 =» secO = — 2 cosfl = — j =» fl = ^, 

7(4 + 2 sec 0 )- + (2 secTTtan f))-dO % 5,8128 


53. i = 2 /o’* ^cos* («/4) + cosO (0/4) sin^ (0/A)df) 

= 2/o' |cos^ (0/4)I Jcos-(0/4)+ s\t? (0/A)dO 
= 2 Jq’ |co7 {0/A)\d0 = 8 cos^ udu (where u = \0) 
= 8 ^sin « — j sin^ “]o^* ~ T 

Note lhal Ihc curve is relraccd after every interval of length 4ar. 

54. /, = 2 /o' yi^cos^ (l^)] ( 5 ^)] 

= 2/o'cos (^ 0 ) JO = 4 [sin (^ 0 )]^= 4 



-12 



-I 



- 0.67 


55. (a) From (11.3.5). 


5 = /j" 2nyJ(dx/dO)^ + (dy/dOf dO 

= 2xyy^)^+(dr/dO)^ dO (see the derivation of Equation 5) = /* 2iir s'lnO^Jr- + (dr/dO)^ dO 

^ dr , , sin’20 sin^20 

dO \d0 ) CO 


(b) = cos 20 


cos 20 


S = 2 fg'* 2it y/cos20sinO Jcos20 + (sin^ 20) / cos20dO = Atr fg^^ sin0 JO 
= (-4;r cosOlJ'''' = -4^ - l) = 2)r [2 - v^) 


56. (a) Rotation around 0 = ^ is the same as rotation around the y-axis, that is, S = /* 2ajc ds where 

ds = y'(Jx/Jt)^ + {dy/dl)^ di for a parametric equation, and for the special case of a polar equation, 
x =r cosO and ds = ^(dx/dO)^ + (dyjdOf- dO = -Jr^ + (dr/dO)^ dO (see the derivation of Equation 5.) 
Therefore, for a polar equation, rotated around 0 = ^.5=/* 2xr cosojr^ + (dr/dO)^ dO. 

(b) In the case of the lemniscate we are concerned with — f < 0 < j and r’ = cos 20 =» 

2r dr/dO = —2 sin 20 => (dr/dO)^ = (sin’ 20) /a’ = (sin’ 20) / cos 20. Therefore 

5’ = 2a x/cos 20 cos OyJcos 20 + (sin^ 20) / cos 20 JO 


= 4a /q'^'* cos 0>/cos20VI/ cos 20 JO = 4a cosO JO = 2\/5a 







Conic Sections 
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2.4>’ + .r^ = 0 => jr^ = —4>'. 4p = —4, so 
p = - \. The vertex is (0,0), the focus is (0, — I), 
and the directrix is ^ = I. 



3. 4.r^ = —y =* = —jy. 4/> = —so 

p = - The vertex is (0,0), the focus is 
^0. stiti the directrix is > = 



5. (x + 2)^ = 8 Cv - 3). 4p = 8, so /> = 2. The 
vertex is (—2,3), the focus is (—2, 5), and the 
directrix is;' = 1. 



H. y^ = 12.x. 4/7 = 12, so /7 = 3. The vertex is (0,0). 
the focus is (3,0), and the directrix is x = —3. 



6. X — 1 = (y + 5)^. 4/7 = I, so p = j. The vertex is 
(1, —5), the focus is ^|, —5^, and the directrix is 
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7 . Zx +>’^- 8>>+12 = 0 => 

Cp-4)2 = - 2 (.x- 2 ) => P = -^ => 

vertex ( 2 ,4). focus (j. directrix Jt = | 



8 . x2+I2r->' + 39 = 0 cs (x + 6)2=y-3 
=> P = j vertex (-6, 3), focus ^-6, 
directrix >' = ^ 



9. The equation has the form >•* = 4/)x, where p < 0. Since the parabola passes through (— 1, 1), we have 
1^ = 4p (—I). so 4/> = — I and an equation is = —x orx = —y^. 4p = — I, so p = — j and the focus is 
j, 0 ^ while the directrix is.r = j. 


10. The vertex is (2. —2), so the equation is of the form (x —2)^ = 4p(y + 2), where p > 0. The point (0,0) is on the 
parabola, so 4 = 4p (2) and 4p = 2. Thus, an equation is (x — 2)^ = 2 O' + 2). 4p = 2, so p = 5 and the focus is 
^ 2 , — while the directrix is>’ = — 


11. x 2/I6 + >-/4 = I => a = 4,* = 2, 

c = VI 6 — 4 = 2y/i ^ center (0,0), vertices 
(±4,0). foci (±2v/3, 0 ) 



2 2 

’2.^ + -^ = I => a =10,* = 8. 

64 100 

c = y/a^ — b- = 6 . The ellipse is centered at 
(0,0), with vertices at (0, ±10). The foci are 
( 0 . ± 6 ). 
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13. 25.v2 + 9y^ = 225 » = l => 

a = 5, 6 = 3, c = 4 =» center (0,0), vertices 
(0, ±5). foci (0, ±4) 



15. 9x2 - I8x+ 4 v2 =27 — LL + = ] 

4 9 

=> a^i.b — l.c^y/S =9 center (1,0), 
vertices (I, ±3), foci ^1, iVs) 



2 2 

14. 4x2 ^ 25 v2 = 25 => + ^ = I => 

25/4 1 

a = |, 6 = 1, c = Vo- — tr = The 

ellipse is centered at (0,0). with vertices at 
^±4,0^. The foci are 



16. x2-6.t + 2/ + 4>' = -7 « 

(x-3)2 , (.V+ 1)^ . 

-l~ + -T- = i ^ “ = -• 

6 = V2 = c =» center (3,—I). vertices (I,— I) 
and (5, —I), foci ^3 ± y/2, —1^ 



17. The center is (0,0), o = 3, and 6 = 2. so an equation is — + ^ = I. c = Vo2 — 62 = Vs, so the foci are 

4 9 

(o, ±n/5). 


(x - 2)2 (y—1)2 

18. The ellip.se is centered at (2, I), with o = 3 and 6 = 2. An equation is---1-- = I. 


c = Va2 — 62 = Vs, so the foci are ^2 ± Vs, 1 j. 
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X V" 

19.- ^ = 1 

144 25 


a = 12, 6 = 5, 

c = ^144 + 25 =13 center (0,0), vertices 
(±12,0), foci (±13,0), asymptotes y = ±'^.x 



x2 

20. ■-— = 1 => a = 4, (> = 6, 

16 36 

c = Va2 + *2 = v'16±36 = n/ 52 = 270. The 
center is (0,0), the vertices are (0, ±4), the foci are 


(o,±270). 


and the asymptotes are the lines 


y = ±fx =±|x. 



21. V - = 9 => y^-lx^ = \ => 0=1, 

h = i.c = TIO => center (0,0), vertices 
(0, ±1), foci ^0, ±7l0^, asymptotes y = ±jx 



22.x^—>>^ = 1 ^ o = 6=l,c = V2 ^ 

center (0,0), vertices (±1,0), foci ^±s/5,0^, 
asymptotes y = ±x 



23. 2y^ - 4y - 3x^ ± 12x = -8 » 


(x - 2)^ _ Cv- 1)^ 
6 9 


a = 76, * = 3, 


c = 70 =» center (2, I), vertices 
^2 ± 76, 1^, foci ^2 ± 70,1^, asymptotes 



24. 16x’ ± 64x - 97 - 90y = 305 


(x±2)^ {y + sy 


16 


= 1 


a = 3, * = 4, 


9 

c = 5 =* center (-2, -5), vertices (—5, -5) 
and (1, -5), foci (-7, -5) and (3, -5), 
asymptotes y±5 = ±j(x±2) 
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25. The parabola with vertex (0,0) and focus (0, —2) opens downward and has /? = —2, so its equation is 

= 4py = - 8 v. 

26. The parabola with vertex (1,0) and directrix x = —5 opens to the right and has p = 6.so its equation is 
y^ = 4p{x - l) = 24(.x- I). 

27. Vertex at (2, 0), p = 1, opens to right y’ = 4/j (x — 2) = 4 (x - 2) 

28. Vertex (1,2), parabola opens down =» p — —i ^ (x — 1)^ = 4p(y — 2) =—I2(y — 2) <=> 
x^-2x + l2y-23 = 0 

29. The parabola must have equation y^ = 4px, so (—4)^ = 4 / 7 ( 1 ) => p = 4 => y^ = ]6x. 

30. Vertieal axis => (x — h)^ = 4p {y — k). Substituting (—2, 3) and (0,3) gives (—2 — h)^ = 4p(3 — k) and 

(-/i)^ = 4p(3-A) => (-2 - 7i)^ = (-/i)- => 4 + 4h + li^=h- =» /i = -l l=4p(3-*). 

Substituting (1,9) gives (I — (-1))’ = 4/j (9 - *) => 4 = 4p{9 — k). Solving for/> from these equations 

gives p = j " ■=> 4(3-*) = 9-* => k=\ => p = \ =» (x +l)^ = |Cv-1) 

=> 2x^ + 4x - _v + 3 = 0. 

31. The ellipse with foei (±2,0) and vertices (±5,0) has center (0,0) and a horizontal major axis, with a = 5 and 

^2 y2 

c = 2, so h = s/a7 _ c'2 = .^21. An equation is ^— + — = 1. 

25 21 

32. The ellipse with foci (0. ±5) and vertices (0, ±13) has center (0,0) and a vertical major axis, with c = 5 and 

x^ y 

a = 13, so A = — c- = 12, An equation is —= 1. 

144 169 

33. Center (3,0).e= 1,0 = 3 => A = >/8 = 2^2 => ^ (x - 3)^ + = I 

34. Center (0,2), c = 1, o = 3, major axis horizontal ^ A = 2y/2 and ^x- + j (>' — 2)^ = I 

35. Center (2,2), c = 2, a = 3 A = VS => 5 (x — 2)’ + 3 (g - 2)^ = I 


36. Center (0,0), c = 2, major axis horizontal 


2 

—r + ^ = 1 and =a^ — — 4. Since the ellipse 

a2 A^ 


passes through (2, 1 ), we have 2 a = IPFil + I/’Ail = s/vj +1 => o^ = and A^ = , so the 

2 x^ 2 v^ 

ellipse has equation-= H-= = 1 . 

9 + 71? 1 + vT7 

37. Center (0,0). vertical axis, c = 3, o=l => b = y/S = 2-s/2 => y^ — jx^ = 1 

38. Center (0,0). horizontal axis, c = 6 . o = 4 ^ b — 2^5 ^ -^x^ — ^y’ = I 

39. Center (4, 3). horizontal axis, c = 3, a = 2 => A = Vs =» j (x - 4)’ — j (y - 3)^ = 1 

40. Center (2,3), vertical axis, c = 5. a = 3 => A = 4 => 5 (y — 3)^ —(x — 2)^ = I 

41. Center (0,0), horizontal axis, a = 3, J=2 => A = 6 => gx^ — ^y^ = 1 

42. Center (4,2), horizxmtal axis, asymptotes y — 2 = ± (x — 4) => c = 2. A/a =1 => a = A => 


= 4 = a^ + A^ = 2a^ =* a^ = 2 


i(x-4)2-Uv-2)- = l 
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43. In rigiirc 8 . wc sec that the point on the ellipse closest to a focus is the closer vertex (which is a distance a — c from 
it) while the farthest point is the other vertex (at a distance of o + c). So for this lunar orbit. 

(a - c) + (n + c) = 2a = (1728 + 110) + (1728 + 314), or o = 1940; and (a + c) - (o - c) = 2c = 314 - 110, 

2 2 

or c = 102. Thus, = a^ — c^ = 3,753,196. and the equation is ^ + 3 753 196 ~ * 

44. (a) Choose C to be the origin, with .r-axis through f and F. T hen F is {p, 0), A is (,p, 5). so substituting A into 

the equation = 4px gives 25 = 4/)- so p = s and +- = lOx, 

(b) .t = 11 => y- yiio => icDi = 2 yno 

45. (a) Set up the coordinate .system so that A is (-200, 0) and B is (200,0). 

If/l| - |/’B| = (1200) (980) = 1.176,000 0= ^ mi = 2o =» a = and c = 200 so 
l2 _ 2 _2 _ 3 ..W,.n 5 ^ I2I.X^ I2I>'-' 


c2 _ ,.2 _ .2 _ 3..139..WS 

o _c a - ,j, 


1.500.625 3,339.375 


(b) Due north off ^ .x = 200 ^ ^ ^ 248 mi 

46. |ff|| - |f+2l = ±2« Ju+cf+y- - Jix -c)-+>’2 = ±2a <=> 

J(x+c)^ + y^ = ■Jf.x - cf + y- ±2a <=> (x + c)^+y^ = (x - c)-+>'^ + 40^ ± 4o/(.x - c)-+>’ <=> 
4cx — 4a’ = ±4aJ{x — c)^ + y^ <=> c^x^ — 2a’c.x + a'* = a^ (.x^ — 2cx + c’ + y^) «=> 

(c^ — o^) x^ — a’ v^ = a- (c^ — a’) <=> b-x^ — a~y~ = (where b^ =c^ — a^) <=> ^ ~ ^ * 

47. The function whose graph is the upper branch of this hyperbola is concave upward. The 

function is y = / (x) = aj I + ^ = ^^/b^'+~x^, soy' = ^x (b- + x^)”'^ and 
\ b- b b 

y" = ^ ^ _ ^2 ^^2 jj2j-T/7j _ ^^2 .j. ^ q ^ j- j^ncave Upward. 

48. Wc can follow exactly the same .sequence of steps as in the derivation of formula 4. except we use the points 
(I. I) and (-1,-1) in the distance formula (first equation of that derivation) so 

J(x - I )^ + (p - 1 )^ + J(x + 1)^ + O' + 1)^ = 4 will lead to 3x- - Ixy + 3+^ = 8. 

49. (a) ellipse 

(b) hyperbola 

(c) empty graph (no curve) 

(d) In case (a), a^ = *, ft’ = A: — 16, and c^ = a^ — ft^ = 16, so the foci are at (±4, 0). In case (b). A: — 16 < 0, so 

a~ = k. b^ = \6 — k, and c^ = a’ + ft^ = 16, and so again the foci are at (±4,0). 

50. (a) = 4px 2yy'= 4p => y'=—. so the tangent line is ^ ^— 

y - yo = — (x - X(i) => ,3'yo - yn = 2p (x - Xo) <=> T.l 

yo ____ 

.v>b - 4pxo = 2px - 2pxo => y.m = 2p (x + .to). '* V*" ' 


(b) T'hcx-interccpt is — .xq. 
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51. Use the paramcCrization x = 2 cos /, _y = sin /, 0 < / < 2ir to get 

I- yj (dxidt)- + (dy/dl)^ rf/ = 4 ^ •v/4sir?7+coP7 dt = A >/3 sin^ I + \ dl 

Using Simpson’s Rule with « = 10, 

[/(0) + V(jii)+2/(ft) + ... + 2/(^)+4/(^) + /(f)] 
with /(/) = y3sin^/ + 1, so i ss 9.69. 


52. The length olihe major axis is 2a, son = ^ (1.18 x 10'®) = 5.9 x 10®. The length of the minor axis is 26, so 

2 2 

6= j(l.l4x I0'®) = 5.7x 10®. Therefore the equation of the ellipse is- - -^ +- - -= l 

(5.9 X 10®)- (5.7 X 10®)- 

Converting into parametric equations, .V = 5.9 X 10® cost? and >< = 5.7 x I0®sinfl. So 

/, = 4 yj(dx/dOf + (dy/dO)'^ dO = A v/3.48x lOl’sin^ 6 + 3.249 x I0'®cos2«£/0 
= 4v/3.249 X 10'® x/l .0714 sin’ 0 + cos^ 0 dO 


Using Simpson’s Rule with n = 10, Ax = ^ ^ and /(O) = ■/l.07l4sin^0 + cos^tf we get 


= 4(5.7 X I0®j 

1 • 510 




= 4(5.7x 10®) 

'#j[/(0) + 4/ 

(35) 


-b2/(^)+4/(^)+/(f)] 

= (5.7 X 10® 

’) (30.529) = 3.64 

X 10 

'» km 



2 yy' „ 


b^x 


— ^ 2 
a* 

4-^=0 ^ 

y = 

iy¥^0). 

a^y 

Thus, the slope of the tangent line at P is 


b^x\ 

— X —. The slope of F| P is 
o-'vi 


y\ 

.ri +c 


y\ 

and of 62 P is-. By the formula from Problems Plus, we have 

XI -c 


>'i ^ fe-Ti 

_ X| + c o^yi _ a'y^ + 6-xi (xi +c) _ o~6^ + 6-cxi /using 6-xf +o^_vf = o^6^\ 

^ 6-xiyi o^yi (xi + c) — h^xiyi c^xiyi + o-cyi \ ando7-67=c7 / 

a^yi (xi +c) 


_ (cxi + a-) _ 6^ 

c>'i(cxi+o2) cyi 


and 


tan^ = 


_^ 

X| -c 


1 - 


: n^yi _ — 6^xi (x| - c) _ —a^6^ + 6^c-xi _ 6^ (cxi - a^) 6^ 

-- (xi-c) - 67xiyi c^xiyi-a^cyi cyi (cxi - a^) ~ cyi 


b-x\y\ 


a^y\ (xi - c) 


So a = fi. 


819 
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y\ yi 

54. The slopes of the line segments Fi P and F 2 P are —;— and-, where /* is (xi, ><1 )• Differentiating 


2x 2yy' 

implicitly, - py- — 0 

a- 

Problems Plus, 


and 


tan « = • 


Jtl+C xi-c 

y'= =y the slope of the tangent at P is so by the formula from 

a-y a^y\ 


_ y\ 

a^yi ;ti + c _ (.X| + c) - a^yf 

b^xiy\ a^y\(x\-^-c) + b^x\y\ 


I + 


a^y\ (I'l + e) 


_ 6^(cxi+a^) /using- yf/6^ = 1\ _ b^ 
cyi (cxi + a^) \ and + b^ = / cyi 


_*Zi 4 . 

,an O _ O^yi ^ j| - C _ -^^^1 Ul -c) + nV? _ (cxi - a^) _ ^ 
I + h^xiyi a^yi (xi - c) + 6 ^xiyi cy\ (cxi - a^) cy\ 

a-yi (.t| - c) 


Son = p. 


Conic Sections in Polar Coordinates __ 

1 . The dirccU'ix y = 6 is above the focus at the origin, so we use the form with “ + e sinO" in the denominator. 

_ ed _j_6_ 42 

^”l+esinO l + ^sinP 4 + 7sinO 

2. The directrix x = 4 is to the right of the focus at the origin, so we use the form with “ + e cosEf” in the 

ed 1-4 4 

denominator, e = I for a parabola, so an equation isr = -- - = --;-- = — -- 

l+ecosP l + lcosE7 l+cosO 

3. T he directrix x = -5 is to the left of the focus at the origin, so we use the form with “ - e cost/’ in the 

ed ^5 


denominator, r = 


15 


l-ecosfl I —jCosO 4-3cosO 

4. T he directrix y = —2 is below the focus at the origin, so we use the form with “ — e sin 0” in the denominator. 
ed 2-2 4 


r = 


1—esinEI l-2sinEf l-2sin</ 


ed 


4-5 


20 


5. /• = 5 secEl <=> X = r cosEI = 5, so/• = --- = ----- = •;---- 

l+ecosEf l+4cos0 l+4cos<f 

ed i •2 6 


6. r = 2 esc El <=> y = r sin Ef = 2, so r = 


7. Focus (0,0), vertex (5, ^ directrixy = 10 


I+esinEI l + |sinE7 5 + 3sinE7 
ed 10 


^ r = 


8. T he directrix is x = 4, so r = 


ed 


1 . 4 


I + e sin EE I + sin El 

g 


l+ecosEI l + icosEI 5 + 2cosEI 
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1 + 3cos<7 

(a) e = 3 

(b) Since e = 3 > 1, the conic is a hyperbola. 

(c) erf = 4 => ^ ^ directrix .x = j 

(d) The vertices are (1,0) and (—2, ir) = (2,0); the center is (j. o); the 

asymptotes are parallel toO = ±cos“' (“ j) 

_ 6 _2_ 1-3 

3 + 2sinL/ l + ysinEt l + jsin(L 

(a) e = j 

(b) Ellipse 

(c) y = 3 

(d) Vertices and ^6, center 


1 — cosO 

(a) e = I 

(b) Parabola 

(c) erf = 2 => rf = 2 ^ directrix x = —2 

(d) Vertex (-1,0) = (I,t) 


4-6cosE> 1-^cosL? \-lcosO 

(a) e = 5 

(b) Hyperbola 

(c) x = -| 

(d) The vertices are (—4, 0) and ( 3 . ar) = ^- 5 , 0 ^, so the center is 

y, 0^ The asymptotes arc parallel to (7 = ± cos”' j. (Their 

slopes are ± tan ^cos”' = ±^.) 

_ 3 

I + ^ sinrf 

(a) e = ^ 

(b) Ellipse 

(c) erf = 3 => rf = 6 => directrix y = 6 

(d) Vertices (2, y) and ^ 6 . center ^2. 
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2 — IsmO I — sinLI 

(a) e = 1 

(b) Parabola 

(c) ;' = -5 

(d) The focus is (0,0), so the vertex is and the parabola opens 

up. 


15. r = 


111 


I — j sinfl 

(a) e = 5 

(b) Hyperbola 

(c) e</ = 5 =* = 5 ^ directrix y = —^ 

(d) Center vertices (-j, j) = (j, and ^1, 


16. r = 


_L'' 


2 +cost/ 1 + ^cosO I + 5 cosfl 

(a) e = j 

(b) Ellipse 

(c) .V = 4 

(d) The vertices arc ^ j, 0^ and (4, jt) = (—4,0), so the center is 

(-^ 0 ) 

1 1/4 


17. (a) T he equation isr = 


4 — 3 cosfl 


1 - j cosO 


, so e = 4 and 


ed = \ =* — an ellipse, and the equation of its 


directrix is x = r cos 0 = —{ 


1 


3cosf7 

careful in our choice of parameter values in this equation 
(— I < < 1 works well). 


We must be 




(b) TTic equation is obtained by 
replacing 0 with 0 — y in the 
equation of the original conic 
(see Example 4), so 

_ I 

4 — 3 cos (f7 — y ) 


I 



-0.5 
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5 5/2 

18. r = - =-:—, so e = 1 and d The equation of the 

2 + 2 sin W 1 + sin 

dircetrix is V = r sin <7 = I r = —^—. If the parabola is rotated 
^ 2smd 

about its focus (the origin) through its equation is the same as that of 
the original, with (7 replaced by 77 — | (sec Example 4), so 

r =- - -. In graphing each of these curves, we must be careful to select parameter ranges which 

2 + 2 sin (77 — ir /6) 

prevent the denominator from vanishing while still showing enough of the curve. 

19. For e < I the curve is an ellipse. It is nearly circular when e is close to 0. 

As e increases, the graph is stretched out to the right, and grows larger 
(that is, its right-hand focus moves to the right while its left-hand focus 
remains at the origin.) At e = 1, the curve becomes a parabola with focus 
at the origin. 

20. (a) The value of d docs not seem to affect the shape of the conic (a 

parabola) at all. Just its size, position, and orientation (for d < 0 it 
opens upward, for r/ > 0 it opens downward), 

-10 I 





(b) We consider only positive values of e. When 0 < e < I, the conic is 
an ellipse. As c —» O'*’, the graph approaches perfect roundness and 
zero size. As e increases, the ellipse becomes more elongated, until 
at e = I it turns into a parabola. For e > 1, the conic is a hyperbola, 
which moves downward and gets broader as e continues to increase. 



-OIJ 




e = 1.1 


e= 1.5 


e= 10 












824 □ CHAPTER 11 PARAMETRIC EQUATONS AND POLAR COORDINATES 


Z\.\PF\=e\l’l\ => 

r (I — ecosO) = ed 


r = e [d — r cosiic — 0)] = e id + r cost)) 
ed 


I —ecosO 


XL \l'h'\ = e\Pl\ =* r = ? |rf-/■ sinT>] => r (I + esinET) = erf 
ed 


1 + esinrf 


23. l/’A'| = e|/’/| => 
r ( 1 — e sin rf) = erf 


r = c (rf — e sin (rf — I)J = e (rf + r sin 0) 
ed 

=> e =-:—- 

I — e sin 0 



24. The parabolas intersect at the two points where 

, dr c sin 0 

1 -ortlic first parabola, — = 7 ^—-so 


c d c-d c + d 

-=- => cos 1 ) =-- =» r = —-—. 

I + cost? I—cosO c + rf 2 


dO (I +cosO)^' 
dy (rfr/rfrf)sinrf+ rcosO _ csin'rf + ccosfl (1 + cost?) _ 1 +cosrf 
dx (drjdt)') cos 0 — r sin 0 c sin rf cos 0 - c sin (I + cos 0 ) - sin 0 

sinrf 


rfv I — cosfl 

and similarly for the second, = —;—:— = - -- 

dx sinrf l+cosfy 

intersect at right angles. 


25. (a) If the directrix is x = —rf. then r = 
erf = a (I - e'). 'nicrefore. r = 


erf 


Since the product of these slopes is -1. the parabolas 
e^d'- 


1 — ecosO 
«(!-«•) 


(see I'igure 2(b)], and. from (4). 


(•--r 


I — ecosrf 

(b) e = 0.017 and the major axis = 2a = 2.99 x 10* => a = 1.495 x 10*. 
_ 1.495 X 10* [I - (0.017)^] ^ 1.49 x 10* 

fhereforer I—0.0l7cosrf 1—0.0l7cosrf 

o(l-e^) a(l—e^) a (I - e) (I + e) 


26. (a) At perihelion. 0 = ir. so r = 
At aphelion, rf = 0, so /- = 


I—ecosir 1—e(-l) l+e 

a(l -e^) 0(1 -c)(l +e) 

- - -- a (I + e). 


= a(l -e). 


1 — e cos 0 1 — e 

(b) At perihelion, r = « (1 — i^) = (1.495 x 10*) (1 — 0.017) 1.47 x 10* km. At aphelion. 

r =a(l +e) =« (1.495 x 10*) (I + 0.017) =« 1.52 x 10* km. 
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27. Here 2a = length of major a.xis = 36.18 AU => a = 18.09 AU and e = 0.97. By l-lxercisc 25(a). the equation 

r.e U.- 18.0911-(0.97)2] IQ 7 

of the orbit is r — —fll q 97cos</— ** I - 0 97 cost) ' Exercise 26(a), the maximum distance from the 
comet to the sun is 18.09(1 + 0.97) a: 35.64 AU or about 3.314 billion miles. 

28. 1 lerc 2a = length of major axis = 356.5 AU => a= 178.25 AU and e = 0.9951. By Exercise 25(a). the 

. 178.25[I-(0.9951)2] 1.7426 

equation of the orbit is r —- 1 _ q 9951 coscy— ^ 7 1 ' o 9951 cosff ' Exercise 26(a), the minimum distance 

from the comet to the sun is 178.25(1 - 0.9951) as 0.8734 AU or about 81 million miles. 

29. The minimum distance is at perihelion where 4.6 x lO’ = r = o (I - e) = o (1 - 0.206) = o (0.794) 

a = 4.6 X 102/0.794. So the maximum distance, which is at aphelion, is 
r =a(l + e) = (4.6 x 102/0.794) x 102(1.206) =» 7.0 x lo’ km. 

30. At perihelion, r =a(\ -e)- 4.43 x lO’, and at aphelion, r =a(l+e) = 7.37 x lo’. Adding, we get 

2a = 11.80 X It)*’, so a = 5.90 x lO’ km. Therefore \ + e = a ( \ + e)/e - 1.249 and e as 0.249. 

31. Trom Exercise 29. we have e = 0.206 and o (I - e) = 4.6 x 102 km. Thus, a = 4.6 x 102/0.794. From 

1 -*2 

Exercise 25, we can write the equation of Mercuiy’s orbit as r = a-. So since 

I - ecosO 

dr —a (I — e-) esinft 

dO ~ (1 -e cos 0)2 ^ 

2 (dr'y a 2 (l-e 2 j 2 a 2 (l - e 2 )^e 2 5 jn 2 ^ a 2 (l-e 2]2 

'■ - ('l - Vcos0)2 (I - ecosfl)^ = 0 - ecosO)^ (' “ 


the length of the orbit is 


L= r Jr'-+ (dr/d 09 d() = a{\- ^ 2 ) VI +e2 2ecos 0 ^ ^ ^ x 10* km 
70 * ^ >h (\-ecosO)- 

This .seems reasonable, since Mercury's orbit is nearly circular, and the circumference of a circle of radius a is 
2xa as 3.6 x 10* km. 


+ {dr/dOy dO 




Review 


CONCEPT CHECK 


1. (a) A parametric curve is a set of points of the form (x, y) = (/ (t), g (r)), where / and g are continuous 

functions of a variable t. 

(b) Sketching a parametric curve, like sketching the graph of a function, is difficult to do in general. We can plot 
points on the curve by finding / (r) and g(i) for various values of r, either by hand or with a calculator or 
computer. Sometimes, when / and g are given by formula.s, we can eliminate / from the equations x = f (!) 
and y = g (/) to get a Cartesian equation relating x and y. It may be easier to graph that equation than to work 
with the original formulas for x and y in terms of 1 . 

2. (a) You can find ^ as a function of l by calculating — = li(dx/dt # 0). 

dx ” dx dx/dl I T > 

(b) Calculate the area as/j’yr/x = jf g{t)f'U)dl lor J“ g (i) /' (i) dl if the leftmost point is (/(/<). g (/O) 
rather than (/ (a),g (a))). 

3. (a) L = Xf J(dx/diy + {dy/di)- dt = /f /{f (r)^ + (g’ (r)j2 4 , 

= 2 >ryjidx/dry + {dy/dt)-dl = f/' lirg (() Jlf (()j2 + \g' (,)j2 4 , 
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4. (a) See Figure 5 in Section 11.4. 
(b) X — r cast), y = r s'mO 


(c) To find a polar representation (r, 0) with r > 0 and 0 < (/ < lx, first calculate r = y/x^ + v^. Then ff is 
specified by cosO — x/r and sint? = y/r. 

dy dy/dO (d/dO) (r %\nO) (dr/dO)%\nO + r (MsO 


5. (a) Calculate -j- ; 


where r = f (0). 


dx dx/dO (d/dO)(rcosO) (dr/dO) cost) - r sinO’ 

(b) Calculate A = ^r^dO = \ [f{0)\- dO 

(c) L = /; y/idx/dO)^ + {dy/dOf dO = ylr^ + (dr/dO)^dO = yj U m\^ + [f (0)]Uo 

6 . (a) A parabola is a set of points in a plane whose distances from a fixed point F (the focus) and a fixed line I (the 

directrix) arc equal. 

(b) x^ — 4py. y^ = 4y:».r 

7. (a) An ellipse is a set of points in a plane the sum of whose distances from two fixed points (the foci) is a constant. 

'* •> 

4' 


x^ 

(b) ^ + 

a 


2_.2 


= I. 


(a) A hyperbola is a set of points in a plane the difference of whose distanecs from two fixed points (the foci) is a 
constant. 

2 „2 


■3_fl2 


= I 


(b)^- 

c 


\/c^ -<j2 

(c) y = ±- X 


9. (a) If a conic section has focus F and corresponding directrix t, then the eccentricity e is the fixed ratio 
\PF\ /\Pt\ for points P of the conic section. 

(b) e < I for an ellip.se; e > I for a hyperbola; c = 1 for a parabola. 

ed , ed , ed , ed 


(c) X = rf: r = 


I +eeosfl 


. X = —c/: r = 


I — ecosO 


. y — d: r = 


I + e sin 


. y = —</: r = 


I — esinO 


■ . . ■ EXERCISES 

1. .» = /^ + 4/, _v = 2 — r. -4 < / < 1. / = 2 — y, so 
X = (2 - y)^ + 4 (2 — y) = 4 - 4y + v" + 8 - 4>' = - 8y + 12. This 

is part of a parabola with vertex (—4,4), opening to the right. 



2. X = I +e^',y = e'. X = 1 + y^,y > 0. 


y- 
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3. JT = land, y = co\0. y — l/tantf = l/.t. The whole curve is traced out as 
0 ranges over the open interval (—f. 7 ) [or any open interval of the form 
(—T + na, 7 + (it), where n is an integer). 


4. T = 2 cos 0, y = 1 + sin cos’ 0 + sin’ <1 = I =* 

( 2 ) +0’—!)■ = • => ^ + O'— I )^ = I. This is an ellipse, 

centered at (0, I), with semimajor axis of length 2 and semiminor axis of 
length I. 



5. (• = I + 3cosf7 


6 . (• = 3 — sin 0 


7. = see 2)) => cos2S = I 

=» (eos^ 0 — sin^ 0) = I 
=» cos^ 0 — sin^ 0 = I 
=» = I, a hyperbola 







8 . /• = sin 4fl. This is an 
eight-leafed rose. 
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9. r = 2cos?(0/2) = I +cosTy 


10. r = 2 cos {0/2). The curve is 
symmetric about the pole and 
both the horizontal and vertical 
axes. 







2 

13. .r+y = 2 <=> r cosO + r sinO = 2 e* r (cosO + sinO) = 2 «=> r =-———r 

^ costf + sinO 
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. r = -—;-- =- 5 - =» e = i and d = i. The equation of 

4-3cosf; l-^costf ^ ^ 

the directrix is .v = r cosf* = - j => r = —2/ (3 cosO). To obtain the 
equation of the rotated ellipse, we replace 0 in the original equation with 

0-^, and get r =- - -—. 


K«-t) 



17. X = lnr.,.= I +/^r = |, ^ = 2/and ^ = i, so ^ ^ ^ =2,\ When, = I. ^ = 2. 

dl dt I d.x dx/dt l/r dx 

, , r, - dv dy/dt l/{2VTT7) I 

18. X = re'. _»'=! + •/T+r. -f- = = --—4 = - when r = 0 . 

dx dx/dt (I+ 1 ) 6 * 2 

„ ^ _ (dr/dO) smO + r cos0 _ sinr7 + ffcosrr + T /;_» 

dx (dr/d0)cos0— rs\nt) cos0 — O%m() -L — i .-U 4 —i 

■J2 * d2 

jQ sin 0 + r cos 0 —2 cos W sin W + (3 — 2 sin fl) cos 0 3 cos 0 — 2 sin 2f7 

dx {dr/d0)cos0 — r s'mO — 2 cos’ r7 — (3 — 2 sinO)sintf —3 sin r7 — 2cos217 0 when 17 


„ dy dy/dt t cos 1 + sin 1 d^y Vi (iix) 

21. -p = -fd— = -^= V / , where 

dx dx/dt —rsinr + eosl dx- dx/dt 

d (dy\ (-1 sinr + cos/) (—1 sinr + 2 cosr) — (r cosi + sinr) (-1 cost — 2 sinr) 1 ^ + 2 


d (dy\ 
dt v</.v / 


(-1 sin / + cos/)^ 


(—/ sin / + cos/)" 


d^y _ /" + 2 

dx'^ (-/sin/+ cos/)’ 


22 ..x = !+/’.>- = /-/’. ^ = 1-3/’and^^=2/.so^ = « = i^ = V-I/. 

dt dt dx dx/dt 2/^2 

A _ d(dy/dx)/dt _ _ _ 1,-3 _ 3,-1 _ __L /, , 3 , 2 ) _ 3/’-H 

dx^ dx/dt 2/ * * ~ 4/3' 4/3 • 

23. We graph the curve for —2.2 < / < 1.2. I3y zooming in or using a cursor, _ 

we find that the lowest point is about (1.4.0.75). To find the exact values, 

we find the /-value at which dy/dt = 2 /+l= 0 <=>/ = —j<=> V 


(^.T) =(¥.!)■ 



24. We estimate the coordinates of the point of intersection to be (—2, 3). In fact this is exact, since both / = —2 and 
/ = I give the point (—2, 3). So the area enclosed by the loop is 

ilZ'-i >"/•» = /-2 ('^ -t-' + ') (3'^ - 3) </l = Xla (3'“ + 3/3 - 3/ - 3) dt 

= [l'^ + l'^-i'^-3l]', = (| + |-|-3)-[-f + 12-6-(-6)] = i^ 


M»4 
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25. ^ =-2asin; + 2asin2r = 2asini (2cos/-I) = 0 «=> sin< = 0 or cosr = j I = 0. ^.k,ot 

— = 2acos/ — 2acos2/ = 2a (I + cos / — 2cos^/) = 2a (I — cost) (I + 2cos/) = 0 =» / = 0. or 
dt 

T bus Ihc graph has vertical tangents where 

/ = y, a: and and horizontal tangents where 

/ = ^ and To dclemiine what the slope is 

where / = 0. we use I'llospital’s Rule to evaluate 

lim = 0 . so there is a horizontal tangent 

i-rO dx /dt 

there. 

26. From Exercise 25, at = 2a cos / - o cos 2/, 3 ^ = 2o sin / - a sin 2/ =9 

A=2J^ (2asin / — osin2/) (-2asin / + 2asin2/) J/ = 4a^ fg (2sin^/ + sin^2/ — 3sin / sin2/)/// 

= 4a^ /(T [(• — cos2/) + i (I - cos4/) - 6 sin’ / cos/j dt = 4a^ ^/ — 5 sin2/ + j/ - 5 sin4/ - 2sin^ /j^ 

= 4a^ ( 5 ) ^ ~ 

27. This curve has 10 “petals". For instance, for - 10 < 5 re. there are two petals, one with r > 0 and one with 

r < 0. 

/1 = 10 \r^ dO = 5 9 cos 5/7 dO = 90 cos 5/7 c/0 = [ 18 sin 50]J ''“=18 

28. r = I — 3 sin 0. The inner loop is traced out as 0 goes from a = sin"' j to a — a, so 

A = /J"" dO = (1-3 sinO)- c/0 = /'''^ [l - 6sin0 + | (1 - cos20)] dO 

= ^yO + 6 cos 0 — I sin 2 o] = ya — y sin"'j — 3^2 

29. T he curves intersect where 4 cosO = 2; that is, at (2, y ) and (2, — y). 




30. The two curves clearly both contain the pole. For other points of intersection, cotO = 2 cos (0 + Intt) or 
—2cos(0 +/r + 2na-). both of which reduce to cotO = 2cos0 <=> cosO = 2sinOcosO <=> 
cos/7(l - 2sin/7) = 0 =» cosO = 0 orsinO = j = f. f. x T intersection points arc 


(O.f), (^.f),and (V3.1^). 
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31. T he curves intersect where 2sinfl = sinO + cosO =s 

sinfl = cosO t) = j, and also at the origin (at which 0 = ^ on the 
second curve). 

A = f’ i (2 sin of dO + Sl’i* ^ (sin 0 + cos Of dO 
= (1 - cos20)dO + I (1 + sin20)d0 

= [" - J + [j" - T i (;r - 1) 



32. /( = 2 5 [(2 + cos2(y)2 - (2 + sinfl)^] dO 

= /f[4 cos 20 + cos^ 20 - 4 sinO- sin^ 0\ dO 
= J2sin2/y + + j sin4(/ + dcosO — + j sin2^j ^ ^ 

_ 51 A 

23. x = 3/^ y = 2/^ 



/. = J{dx/dtf + {dy/dlfdl = /(? ^(6lf + (6l'‘fdl = 6 iWT^dl 

]■ 


sin / + 


= I - sin / + -7^ I + cos^ / = csc^ / — 1 = cot^ / 
\ sm// 

i = f^’2^ |cot/|<// = - cot/ rf/ = [- In |sin/|l^^^ = In -s/I 
35 . L = Sl’ ^r'- + {dr/dO)-dO = ^(\IOf + (-\/0^f dO 

24 I 


2 sin (//2) cos (//2) 


+ cos^ / 




//- 


-d0 = 




V/r^ + I \/4x^ + 1 

)/ 2 a’ 


+ In 


2ff + -jAn^ + I 


a + \/a^ + I 

36. 2. = /o" Jr^ + (.dr/dOfdO = ysin* (^e) + sin'' (|o) cos^ (}<?) dO 
= /o' S'"’ (V^) = [5 - 5 sin (t<'))]j = - S'/5 


37. 5 = /,■* 2xyyl(dx/dif + (dy/dtfdi = f^2x (^/^ + J(2/Vi)^ + (l^ - dl 

= 2a J, (^/’ + ^/*’) + dt - 2 k ^ (^/’ + I + ^/"*) dt = 2a [|^/* + I' “ S'"**], = 
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38. From Exercise 34, we find that 5 = sinr |cotr|d/= —2ir costdl = tc >/2^. 


39. For all c except— 1, the curve is asymptotic to the line X = 1. Fore < —I, 
the curve bulges to the right neary = 0. As c increases, the bulge 
becomes smaller, until at c = — I the curve is the straight line x = I. As c 
continues to increase, the curve bulges to the left, until at e = 0 there is a 
cusp at the origin. For c > 0, there is a loop to the left of the origin, whose 
size and roundness increase as c increases.Note that the x-inlercept of the 
curve is always —c. 


.1 



40. For a clo.se to 0, the graph consists of four thin petals. As a increases, the petals get fatter, until as a -> oo, each 
petal occupies almost its entire quarter-circle. 








41. Ellipse, center (0, 0), a = 3, b = 2V2, c = I => 
foci (±1,0), vertices (±3,0). 



42. x^/4 — y^/16 = I is a hyperbola with center 
(0,0). vertices (±2,0). a = 2, 6 = 4, 

c = VI6±4 = 2>/5, foci (±2^/5,o) and 
asymptotes y = ±2x. 
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43, 6 (y^- 6 >' + 9) = -(^ + l) o 

O' — 3)^ = - j (.» + I), a parabola with vertex 
(—1, 3), opening to the left, p ==> focus 
^—^,3^ and directrix x = — 


.V' 

1-1.3) 


U 

X 


44. 25(.t + 1)^+ 40'-2)-= 100 » 

I (x + 1)^ + ^ O' ~ 2)^ = I is an ellipse centered 
at (— 1 , 2 ) with foci on the line j: = — 1 , vertices 
(-1.7) and (-1,-3); a = 5. 

6 = 2 => c =-n/TT foci 1,2 ± . 


yf 



45. I'hc paralH>la opens upward with vertex (0,4) and p = 2,so its equation is (x — 0)’ = 4 • 2 (v — 4) <=> 
x2 = 8(>--4). 


46. Center is (0,0), and c = 5, a = 2 => A = v21; foci on v-axis =* equation of the hyperbola is-= I. 

4 21 


47. The hyperbola has center (0,0) and foci on the .t-a\is. c = 3 and b/a = j (from the asymptotes) 
=» 9 = = (2A)^ + A- = 5b- ^ ~ ^ equation is 

.2 ..2 

-— = I <=> Sx^- 20y^ = 36. 

36/5 9/5 


8 . Center is ( 3 , 0), and o = j= 4 , c = 2 «=> A = ^42 _ 22 = 2>/3 => the equation of the ellipse is 
12 16 


49. x2 = —y + 100 has its vertex at (0, 100). so one of the vertices of the ellipse is (0, 100). Another form of the 
equation of a parabola isx^ = 4p(y — 100) so4p(y — 100) = —y + 100 ^py — 4p(l00) = 100 — y 
100 -y 


4p = 


100 


p = — j. Therefore the shared focus is found at ^0, so 2c = — 0 


„ _ 

^ = -r 


and the center of the ellipse is ^ 0 , So a = 100 - and b^ —a^ — — ‘*912^249- _ 25 (|,a 


equation of the ellipse is + 



399\‘ 


x^ Tj 

=> — + -2^- ^ 


25 




25 


160.801 
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. 2 .x 2 V rfv „ dy x ^ ^ dy x 

50. — + = 1 => — + 77 — =0 => — = —r-. Therefore — — m <=> y = —r —. Combining 

<j- b- a- b^ dx dx v dx m 


ihis condition with ^ ^ = 1, we find that x = + ■ , In other words, the two points on the ellipse 

+ b^ 

( a"tn \ 

± -■■■ — , T — 1. The tangent lines at 

. . b- ( a^m \ 

these points have the equations y ± —==== = mix ^ —====== I or 

y = m.x ^ i :F = mx ± y/a-m^ + b-. 

v/fl-m- + b^ yja^m^ + b^ 


51. Directrix .V ; 


d = 4, so e = 5 


ed 


I + ccos^ 3 + cosO 

52. Sec the end of the proof of Iheorcm II.7.1. Ife > I, then I < 0 and Equations 11.7.4 become 

e^d^ e^d“ b^ b b 

? and b" = -s—so -^ = e* — 1. The asymptotesy = ±-x have slopes ±- = — 1, so 

,2 _ 1)2 g2 _ I ^2 ^ ^ a a 


(e 


the angles they make with the polar axis are ± tan"' j^Ve^ — ij = cos~' (± I /e). 


53. In polar coordinates, an equation for the circle isr = 2a sin^. Thus, the coordinates of Q are 

X = rcosO = Tasini)cost) andy/ = r sinfl = 2asin’W. The coordinates of R arex = TacotO andy = 2a. 
Since P is the midpoint of QR. we use the midpoint formula to get ,x = a (sinfIcosO + eotO) and 
y = a (I + sin’tf). 



Problems Plus 


/■' COSH , f sinu , , . tlx cos/ , tiv sin/ . 

X = I - till. V = I - dll. SO by PTCI, wc have — =-and — =-. Venical tangent lines 

Jt u u dl I dl / 

dx 

occur when — =0 <=> cos / = 0. The parameter value corresponding to = (0, 0) is / = 1. so the 

dt 

nearest vertical tangent occurs when / = rherd'orc. the arc length between these points is 

, /dy\- , /-"^ /cos2 / sin'/, dl „ , 

2. (a) The curve v' + v'’ = x^ + y- is symmetric about both axes and about the line y = x (since interchanging x and 
y docs not change the equation) so we need only consider y > v > 0 to begin with. Implicit difTercntialion 


, x{1-2x2) 

V = 


y' = 0 when .r = 0 and when .v = . If 


givcsd.T^ + 4v-’v'= 2 jr + 2 yy' _ , _ 

y(2y-- I) 

.V = 0 . then y''= y^ => y^(y- —l) = 0 => y = 0 or±l. Ihc point ( 0 , 0 ) can’t be a highest or lowest 
point because it is isolated. | If -1 < .v < I and -1 < y < I. then x* < x^and y'* < y^ =* 

.t'* + y'* < .X- + y^, except for (0,0).| If x = then x^ = 5 . x^ = |. so 3 + y'* = 5 + y- =e 

4y''-4y--l=0 => y- = = 1^. Buty^ > 0. so v’ = => y = (' + s/^) 

Near the point (0, I), the denominator of y'is positive and the numerator changes from negative to positive as x 
increases through 0, so (0, I) is a local minimum point. A' changes from positive 

negative, .so that point gives a maximum. By symmetry, the highest points on the curve arc | 


ve to 


and the lowest points arc 




(b) Wc use the information from part (a), together with symmetry with 
respect to the axes and the lines y = ±x. to sketch the curve. 

(c) In polar coordinates, x'' + y'' = x^ + y‘ becomes 

r* cos'* 0 + /-■' sin'* 0 — r- or = 1/ (cos'* 0 + sin'* 0). By the 
symmetry shown in part (b), the area enclosed by the curve is 
1 V ... . f”* dO 


. (If wc have a CAS. 



1 1 f 

^ = «.- / r^d/l = 4 / , , . 

2 Jo Jo COS'* 0 + sin'* 0 

this can be evaluated to give \/2.k). 

The u.sual Weierstrass substitution / = tan { 0 / 2 ) leads to a complicated integrand, so wc first simplify: 

cos'*/) + sin"*// = ^1 — sin^//^ + sin'*0=1- 2 sin '0 + 2 sin '*0 = \ — 2 sin^// ^1 - sin^O^ 

= 1—2 sin* 0 cos' /) = I — 5 sin^ 20 


(continued] 
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Then we substitute t = tun W. which gives i tan“‘; dO = --— and sin 20 = —== 

2(l+/2) yr+TT 

Also, 0 ^ ^ / —> 00 , so we gel the following improper integral: 

- 4 r'" -4 f°° _ I * - 4 /°° 

Jo l-isin-2/y Jo \-\[i^/(\+l^)]2(\+l-)~*Jo t^ + 2 

= = 2'^ ■ 7 = 


3. (a) I r tan « = / —^— , then tan- 1) = - ^ , so C tan- 0 - y tan- 0 = y and 

V ( -r C -y 

(' tan- (I C tan- 0 , ■, C 

y — -r-- tt; =-TTr = ^ '3”' “S '0 = ~ (\ — cos2W). Now 

I -H tan- see- 0 2 

tlx = y — - (/V = tan« ■ ^ • 2 sin 2« dO = C tan« ■ 2 sinrt cos «dO = 1C OdO = C (\ - cos2«) dO 


I hits, .V = C — 5 sin 2(i^ + A' for some constant K. When 0 = 0, we have > = 0. We require that at = 0 
when = 0 so that the curve passes through the origin when 0 = 0. This yields K = 0. We now have 
a: = (2« - sin Til), y = (I - cos W). 

(b) Setting^ = 20 and r = jC, we get or =r (tjt — sin^), y = r (I — costj)). Comparison with Equations 11.1,1 
shows that the curve is a cycloid. 


4. (a) Let us find the polar equation of the path of the bug that starts in the upper 
right corner of the square. I f the polar coordinates of this bug. at a 
particular moment, are (r, 0), then the polar coordinates of the bug that it is 
crawling toward must be (r.O + f). (The next bug must be the same 
distance from the origin and the angle between the lines joining the bugs to 
the pole must be y.) The Cartesian coordinates of the first bug are 
(rciKO.r sinf() and for the second bug we have 



X = r cos + y ) = —r sin 0, y = r sin (W + y ) = r cos 0. So the slope of the line Joining the bugs is 
r cos 0 - r^mO sin f/ — cos 0 

- - -- = -7—, - - This must be equal to the slope of the tangent line at (r, 0). so by 

sinW -/■ cosf/ sinW + cosfl v . /• a 

,, .. ,, ,, . (dr/dO)s\nO + refaO sinW —cos« . dr 

I'.quation 11.4.3 we have ;-;—- =-. Solving for —, we get 

[dr/dO)cosO— nmO sinW + cosfy dO 


— sin^O + — siiif(cosf( -l-r sinflcosfl + r cos-W = ^ sintf cosfl - Jj: eos^O - r sin^fl + r sinWcosfV 
dO dO dO dO 

=* — (sin^ W + cos^ + r (cos^ + sin" fl) = 0 =» ^ ~ Solving this differential equation as a 

separable equation (as in Section 10.3). or using Theorem 10.4.2 with it = - 1, we get r = Ce“®. To determine 
C we use the fact that, at its starting position. 0 = ^ and r = so = Ce~’l* =* C = 

■fherefore, a polar equation of the bug's path isr = on- = 
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(b) The distance traveled by this bug is L = + (dr/dO)'dO. where — = (—e “) and so 

+ (dr/dof = = a^e’>h-^ 


Thus 


L= ( do =ae’'* lim ('.e~''dO = ae’‘l* lim = ae ’lim [e-’l*-e '] 

Jx ,4 


3/1 3/f 

5. (a) If (o, b) lies on the curve, then there is some parameter value l\ such that --j = a and ——j 

1+^1 1 + 


= b. If 


/I = 0. the point is (0,0). which lies on the line y = x. If /| 0. then the point corresponding to / = - is 


given by x = 


3(1//|) 


3/r 


l+(I//ir /,+! 


= b.y = 




3/t 


l+(l//ir 'f + 1 


= a. So (f>, a) also lies on the curve. 


lAnothcr way to see this is to do part (c) first; the result is immediate.] fhe curve intersects the line y — x 


when 


3r 


I + / 


3/‘‘ 

1 +/’ 


=> / = /- => / 


= 0 or I, so the points arc (0,0) and 


(b) f ^ ^ =0when6/-3/^ = 3/(2-/’) = 0 =» / = 0or/ = ^^,so 

^ d! (!+/’)' (I+/J)' 

there are horizontal tangents at (0,0) and Using the symmetry from part (a), we see that there are 

vertical tangents at (0,0) and ^-^4, 

(c) Notice that as / -» -1 we have x -> -oo and y oo. As / -» -1", we have jt -» oc and y -» -oo, 

3/ + 3/2 + (I+/5) 

Alsoy-(-,v-l)=y + ;r + I =--- = T^TT = ,2 _ , ^ | -^0as/-7-l. So 


1 +/^ 


y = —jt — I is a slant asymptote. 
dx (I+/’)(3)-3/(3/-) 3-6/-’ 




, dv 6 / — 3 /^ 

^ and from part (b) wc have -j- =- 

^ at 


So 


So the curve is 


(l+/5)^ (!+/»)■' dl (!+,})■= 

f^^f^ = /(^-/') Also ^ > 0 « /<-t. 

dx dx/dl 1 - 2 /' dx- dx/dl 3 ( 1 - 2 /')’ 

concave upward there and has a minimum point at (0,0) and a maximum point at ^ v/2. -^4^. Using this 
together with the information from parts (a), (b), and (c). we sketch the curve. 
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(e)Ar 


.3 , .3 = (^L.V . J^LV = + _ 27<3 

Vl+/V Vl+'V (!+»’)’ ('+'’)^ ('+'’)^ 


and 


(0 We start with the equation from pan (c) and substitute x = r cosO, y = r sinO. Then + y3 _ 

Fo 


cos^ 0 + r'^ sin’ 0 = 3/-’ cos 0 sin 0. For r ^0. this gives r = —. Dividing numerator and 


denominator by cos’ 0, we obtain r = 


\cosf7 


I \ sin 
sf7/ cosO 


I + 


sin’ 0 
cos’ 0 


cos’ 0 + sin’ 0 

3 sec 0 tan 0 
I + tan3 0 


(g) The loop corresponds to 0 6 (O, ^), so its area is 

I /■*/’psecf;tanO\’ 9 /"/’ sec’fltan’<; 

Jo 2 2 Jo (l+tan’t?) ~ 2 Jo (| +tan’oj^ 


9 /•“ u’rfu o r I / r\-n , 

= r / -y (putu=tanW) = lim ? — v (I + u’) =J 

2 70 (l + u’)^ ^ 2 Jo ^ 

(h) By symmctiy, the area between the folium and the line y = -;t - I is equal to the enclosed area in the third 
quadrant, plus twice the enclosed area in the fourth quadrant. The area in the third quadrant is j, and since 

y = —X — \ =» r sinO = —r cost) — I ^ r = ~ , q • **3® fourth quadrant is 


Sint) + cosfl’ 


I 1 /3sect)tant)\’l I 

2j..^ [(-Sint) + cost)) -(■|+tan3t)) J‘^"= 5 <“*‘"eaCAS). T 

i+2G) = J. 


herefore, the total area is 


6 . (a) Since the smaller circle rolls without slipping around C, the amount of 
arc traversed on C (2r0 in the figure) must equal the amount of arc of 

the smaller circle that has been in contact with C. Since the smaller 3f» 

circle has radius r, it must have turned through an angle of 2rt)/r = 20. 

In addition to turning through an angle 2j0, the little circle has rolled 
through an angle 0 against C. Thus, P has turned through an angle of 
3)) as shown in the figure. (If the little circle had turned through an angle 
of 2f) with its center pinned to the at -axis, then P would have turned 
only 20 instead of 30. The movement of the little circle around C adds 

0 to the angle.) From the figure, we see that the center of the small circle has coordinates (3r cos 0,3r sin 0). 
Thus, F has coordinates (.x, y), w here x = 3r cos 0 -f 6 cos 30 and y = 3r sin 0 + 6 sin 30. 
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(c) The diagram gives an alternate description of point P on the epitrochoid. 

Q moves around a eircle of radius b, and P rotates one-third as fast with 
respect to at a distance of 3r. Place an equilateral triangle with sides of 
length i-Jir so that its centroid is at Q and one vertex is at P. (The 
distance from the centroid to a vertex is ^ times the length of a side of 
the equilateral triangle.) 

As 0 increases by the point Q travels once around the circle of radius 
b, returning to its original position. At the same time. P (and the rest of 
the triangle) rotate through an angle of ^ about Q. so P's position is 
occupied by another vertex. In this way, we see that the epitrochoid traced 
out by P is simultaneously traced out by the other two vertices as well. 
The whole equilateral triangle sits inside the epitrochoid (touching it only 
with its vertices) and each vertex traces out the curve once while the 



centroid moves around the circle three times 


(d) We view the epitrochoid as being traced out in the same way as in part (c), by a rotor for which the distance 
from its center to each vertex is 3r, so it has radius 6r. To show that the rotor fits inside the epitrochoid. it 
suffices to show that for any position of the tracing point P, there arc no points on the opposite side of the rotor 
which arc outside the epitrochoid. But the most likely case of intersection is when P is on the y-axis. so as 
long as the diameter of the rotor (which is iy/ir) is less than the distance between the y-intercepis. the rotor 
will fit. The y-intercepts occur when 0 = ^ or 0 = ^ => y = ± (3r — b), so the distance between the 

intercepts is 6r — 2b, and the rotor will fit if3v3r < br — 2b <=> b < —j— ‘■r. 
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Infinite Sequences and Series 





uences 


1. (a) A sequence is an ordered list of numbers. It can also be defined as a function whose domain is the set of 

positive integers. 

(b) I he terms a„ approach 8 as n becomes large. In fact, we can make a„ as close to 8 as we like by taking n 
sufficiently large. 

(c) The terms a„ become large as n becomes large. 

2. (a) From Definition 1, a convergent sequence is a sequence for which Ijr^ a„ exists. Fxamplcs: {I /«), {1 /2 ") 
(b) A divergent sequence is a sequence for which lim a„ does not exist. Examples: (n). {sin/i) 


3. a„ = \- (0.2)". so the sequence is 10.8.0.96,0.992,0.9984,0.99968....) 


«+l ^ .23456 

— . so the sequence .s 


1 2 1 i. 2 

■ 5’ 2’ I r 7" 


5. a„ 


3(-l)" 

»! 


, so the sequence is 


-3 3 -3 3 -3 

I ’2’ 6 ’ 24' 120’ ■ 



6 . a„ = 2 ■ 4 ■ 6.(2n). so the sequence is 

{2,2-4,2-4-6,2-4-6-8,2-4.6-8 - I0,...| = {2,8,48.384.3840,...). 

7. a„ = sin so the sequence is (1,0, — 1,0, I,...). 


8 . at = I. o„+i =-, so the sequence is 

1 + a„ 



, 1 1 i i 

2'i’n 


' i + i’ i + r i + i' 1 + ^” 

9. The numerators are all I and the denominators are powers of 2, so a„ 


12 3 5 
'■ 2’ 3' 5' 8’ 




10. The numerators are all I and the denominators are multiples of 2. so a„ = —. 

2n 

11. (2, 7, 12, 17,...). Each term is larger than the preceding one by 5. so 
On = <t| +«/ (« — I) = 2 + 5 (n — I) = 5n - 3. 

12 3 4 


12 . 


4 9 16 25 

alteniating signs, we get a„ = (— I)" 


. The numerator of the nth term is n and its denominator is (n + I )■. Including the 


(n+ 1)-' 


13. I, — 5 , 5 , —Tj .Each term is —^ times the preceding one. so o„ = 
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14. (0,2, 0.2,0, 2,... 1. One is halfway between 0 and 2, so we can think of alternately subtracting and adding I 
(from I and to I) to obtain the given sequence: = I — (— I. 

15. a„ =«(>/— I). o„ ^ 30 as « —» oo, so the sequence diverges. 

„ n+l I + l/n 1+0 I 

J35 = 3 Converges 

„ 3 + 5rt- 5 + 3/n^ 5 + 0 

1 /. fl„ = —;—^ = —, so a„ -> -—- = 5 as n —> 00 . Converges 

n + n- I + I/rt 1+0 ® 

V" I I 

18. a„ — ——p = T—p—r, so a„ —> -—- = I as n -> oo. Converges 
I + v /« ]/,/»+1 0+1 ^ 


2 " 
311+1 

n 


— j ~ 3 n*.^oo (0 ~ J ■ ® ® 1’y "dl ’— Converges 


T he numerator approaches 00 and the denominator approaches 0 + I = I as n -y 00 , 


19. On — 

20. a„ =-;= =-=- 

1 + y/n \/y/n + 1 

so a„ -> 00 as n —> 00 and the sequence diverges. 

(-!)"-'« (-1)"*' I I 

21. a„ — > , — ,, . so 0 < |a„| = — — <-> 0 as n -» 00 , so a„ —» 0 by the Squeeze 'Theorem 

«-+ I n+l/n n+l/« n 

and Theorem 5. Converges 

22. {a„ I = (1,0. -1,0, 1,0, - 1 ,...This sequence oscillates among 1,0. and -1, so the sequence diverges. 

23. a„ = 2 + cosna-, so 

|a„} = (2 + COST, 2 + cos2a, 2 + cos3a, 2 + cos4a,... I = |2 - 1, 2 + 1.2 - 1,2 + I,...) 

= il.3.1,3....) 

This sequence oscillates between I and 3, so it diverges. 

24. 2/1 —r 00 as a —> 00 , so since lim arctanjr = y. wc have lim arctan2a = 4. Convergent 

x->oo n-too ^ “ 


3 + (_|)" 4 4 

25. 0 < - x - < and lim —^ = 0, so 


3 + (-!)" 


26. lim 


n! 


= lim 


123. n 


mil --= mil = lim — 

/i-.oo(n + 2)! /.-. 00 I. 2.3 .a («+!)(«+ 2) n-*=o (a + 2) (a + I) 

In (a-) 


converges to 0 by the Squeeze Theorem. 
I 


= 0. Convergent 


27. lim lllili = lim l!lll li Hm —= 0. so by Theorem 2. 

x-»oo x x~*oo X x-*oo 1 


converges to 0 . 


(a) = 0asa-» tx). so by Theorem 5, j{-l)''sin j converges to 0. 


29. b„ = y;r+2-v^ = (y^-»3!^2i^ = 


2 1 

< :p 7 = = “> 0 as oc. So by 


/a + 2 + Va s/a + 2 + V” 2Vn <Jn 
the Squeeze Theorem with a„ = 0 and c„ = l/^/a, {Vn + 2 - ^a} converges to 0. 

In(2 + e') It e7(2 + e*) ,. I 1 , .... .. In(2 + e") 1 

'-*=0 3.1 »-.oo 3 j-,oo6e-'+3 3 ;i-.oo 3a 3 

Convergent 

31. lim — U lim = 0. so by Theorem 2. |a2"’') converges to 0. 

.t-+(x 2'^ (In2)2* i j 

32. = In (« + 1) — Inw = In ^^ = In ^1 + > In (I) = 0as « — > oo. Convergent 
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33. 0 < 


COS' n 
2 " 


< — [since 0 < cos^ n < I j. so since lim — = 0, 
~ 2 " “ 2 " 


cos^ n 
2 " 


converges to 0 by the Squeeze 


I'hcorem. 


,, 1 ln(I -l-3.t) M 3/(1 +3.*) „ 

34. y = (I + 3.t)"' => In (y) = - In (I + 3 j:) => lim In v = lim -= lim -;-=0 =» 

' X x-too x-too X x-tx I 

lim y = e® = I. so by Theorem 2, {(I + 3/i)'^"} converges to I. 


35. 3 he scries converges, since 


I+2+3+- 


■ + n n (n + I) /2 <• i. r . .• . i ” ’ 

-=- 2 - [sum of the first n positive integers [ = —— 


I + l/« I 


as n —> oo. 


36 0 < |a„[ = ” — _-!-> 0 as n -> 00 , so by the Squeeze Theorem and Theorem 5, [a„l 

n- + I + 1 n + l/« 

converges to 0. 


-'ll 

3 ^- - 7 ■ 7 ■ 7 


(n — I) n I n n , . 

--- =->ooasn->oo, so [a„) diverges. 

2 2 2 2 4 


3" 3 3 3 

38. 0 < |fl„| = - = 


nt 12 3 (n-l) «■ 2 n 2n 

Theorem 5. {(—3)" /«} converges to 0. 


^ - < 3 0 as n ^ oc. so by the Squeeze Theorem and 


39. 


40. 


-2..S 

I'rom the graph, vve see that the sequence 
(— I)”-1 is divergent, since it oscillates 

« I 

between I and — 1 (approximately). 


/ 





A 




20 

• 


V_ 


. 



> 


From the graph, it appears that the sequence 
converges to 2. 

j j converges to 0 by (7). and hence 

j2 + j converges to 2 + 0 = 2. 
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41. 



From the graph, it appears that the sequence 
converges to about 0.78. 

2 


. 2 n 

hm -- 7 = hm 

"->00 2n + I "->00 2 + \/n 


= 1, so 


lim arctan 


"(srn) 


: arctan 1 = —. 

4 


I 



From the graph, it appears that the sequence 
converges (slowly) to 0. 

|sinn| I 

0 < —^ < — -> 0 as n oo. so by the 

v/n y/n 

Squeeze Theorem and Theorem 5. | 

I V" ) 

converges to 0. 


43. 



From the graph, it appears that the sequence converges to 0. 


0 < o„ = — = - 


«■’ n n n 1 


I 1 I 


n! n (n-l) (n - 2) («- 3) 3 2 1 

,2 


(n- l)(n-2)(n-3) 
l/n 


(for n > 4) 


(I - !/«)(! -2/n)(l -3/n) 

So by the Squeeze Theorem, {n^/n!} converges to 0. 


0 as n -» oo 


44. 



From the graph, it appears that the sequence converges to 5. 
5 = Vi" + 5" < 75" + 5" = 


= 72-5->5asn-*oo 
I Icnce, 5 by the Squeeze I'heorem. 
AlternateSoiittion: = (3^ + 5*)''^^. Then 


lim lny= lim 

X-POO X—»oo 


In(3^+5-) H 

X 


lim 

x-*oo 


3' ln3 + 5' InS 
3^ + 5* 


= lim 

X-400 


(|)''ln3 + ln5 


= InS 


so lii^y = = 5, and so ( 75 " + 5"} converges to 5. 
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45. I 



From the graph, it appears that the sequence approaches 0. 

I • 3 • 5.(2n - I) I 3 5 2n - I 


0 < = ■ 


( 2 / 1 )” 


I 


2/1 

So by the Squeeze Theorem, 
0 . 

5000 


2/1 2/1 2/1 

( 1 ) = -!—»Oas/i-»oc 
2/1 


2/1 


l^-S- 


( 2 / 1 - 1 ) 


( 2 / 1 )” 


converges to 



to 


From the graphs, it seems that the sequence diverges. a„ = 

, n~i 


0 

1 3-5- 


( 2 / 1 - 1 ) 


n! 


. We first prove by induction 


that a„ > for all n. This is clearly true for n = 1, so let /'(«) be the statement that the above is true for n. 


We must show it is then true for n + I. a„., i = a„ 


2/1+ I 
/!+ 1 


2 / 1 + 1 
« + 1 


(induction hypothesis). But 


* > - [since 2(2/1 + I) > 3 (n + I) <=> 4/i + 2 > 3/i + 3 <=> /i > 1 ], and so we get that 
/I + I 2 

On+l > (j)" ' • 5 = (j)” which is F (n + 1). Thus, we have proved our first a.ssertion. so since | (j) 

diverges (by Uquation 7). so does the given sequence \a„\. 

47. (a) a„ = 1000(1.06)” =» ai = 1060 .02 = 1123.60. 03 = 1191.02,04 = 1262.48. and 05 = 1338.23. 

(b) lim a„ = 1000 lim (1.06)”, so tbe sequence diverges by (7) with r = 1.06 > 1. 
n^oo n-*oc 


48. a„+i = 


5 0.1 


if a„ is an even number 


When fl| = 11, the first 40 terms are 11, 34, 17, 52.26. 13, 40. 20. 

3o„ +1 if a„ is an odd number 
10, 5. 16, 8,4.2. 1.4,2. 1,4,2, 1,4, 2, 1,4,2, 1.4, 2, 1,4,2, 1,4.2, 1,4,2, 1.4. Whcnoi = 25. the first 40 terms 
arc 25, 76, 38. 19, 58. 29, 88 . 44, 22, 11.34, 17, 52, 26, 13,40. 20. 10. 5, 16, 8 , 4, 2, 1, 4, 2, 1.4, 2. 1, 4. 2, 1, 4. 2. 
1, 4, 2, 1,4. The famous Collatz conjecture is that this sequence always reaches I, regardless of the starting point 
ai. 

49. Ifjrl > I. then {/■") diverges by (7), so In/-”) diverges al-so, since |/t/-"| = /i|r”| > |r”|. lf|r| < I then 

I 


lim xr” = lim ti lim 
*-»oo 

whenever \r\ < I. 


. _ . s lim -= 0 , so lim /ir” = 0 , and hence {«/*") converges 

4 r-*oor“^ (— lnr)r“* x-*oo— lnr 
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50. (a) l.cl = /.. Uy Ocrinition 1, this means that tor every i: > 0 there is an integer N such that |a„ — L\ < i: 

whenever n > N. t hus, |o„.i — L\ < i: whenever n + I > A' <=» « > Ai - I. It follows that 
lim o„+i = /, and so lim a„ = lim a„+\. 

«->00 H-*00 «—»oo 

(h) If i = lim «„ then lim o„+i = t also, so i must satisfy Z. = 1/ (I +/,) ^ L^ + L — \=0 =* 

/l-»00 W-»00 I \ f 

L — (since /, has to be non-negative if it exists). 


51. Since is a decreasing sequence. a„ > a„+i for all n > I. Because all of its terms lie between 5 and 8. {a„] is a 
hounded sequence. By the Monotonic Sequence Theorem. (o„) is convergent, that is, {a„] has a limit L. L must be 
less than 8 since |o„) is decreasing, so 5 < /. < 8, 


52. a„ = 1/5" defines a decreasing geometric sequence since a„^\ = < a„ for each n > 1. The sequence is 

bounded since 0 < n/, < j for all n > I. 


~ T—ni decreasing since fl„+i = —————- = -- < -- = a„ for each n > I. The sequence 

2n + 3 2 (n-E 1)-t- 3 2n + 5 2n + 3 

is hounded since 0 < n„ < j for all n > I. 

54. a„ = - -^ dehnes an increasing sequence since for / (.r) = ^ 

3n -I- 4 3x + 4 

(3.t + 4)(2)-(lv-3)(3) 17 „ . 

-—-i-=-e >0. I he sequence is bounded smee > ai = — 4 for « > I, 

(3.t + 4)- (3.x +4)- 7 - > 


/'(.v) = 


2n - 3 2n 2 ,, 

and a„ < —-- < — = - lor n > I. 

in in 3 


55. a,I - cos (/Iff/2) is not monotonic. The first few terms are 0, -1,0, I, 0. - I, 0. I.In fact, the sequence 

consists of the terms 0. -1, 0, I repeated over and over again in that order. The sequence is bounded sinee |a„| < 1 
for all « > 1. 


56. a„ = 3 + (-1)” /« defines a sequence that is not monotonic. The first few terms arc 2, 3.5, 2.6, 3.25. and 2.8, 
showing that the sequence is neither increasing nor decreasing. The sequence is bounded since 2 < a„ < 3.5 for all 
« > I. 


57. a„ = 


In = defines a decreasing .sequence since for /(x) = 

+ I 


I • T I 

, (nX* + l)(l)-.X(Zt) , 

J U) —-^< 0 for .X > I. Inc sequence is bounded since 0 < i for all 

(.x2 +l)“ 2 


n > \. 


yfn 

58. a„ — ^ defines a sequence that is neither increasing nor decreasing since oi < ox and 

07 = ^ sr 0.354. and ox = ^ ^ 0. 


02 > 03 . (01 = 5 = 0.3, 

346.) But the sequence (o„ | n > 2) obtained by omitting the first 
Jx 

term oi is decreasing, fo see this, note that if / (x) = —— for x > 0 , then 

X + 2 

(x + 2 )- 2 x 2 -x 

^ ~ + '>)^ ~ 2 ^ ' (x + 2 )^ ~ ~ ^ ^ ^>cquencc is bounded since a„ > 0 for 

all « > I and a,, <07 = ^ for all n > I. 
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59. «, =2''^a, = 2V^a,=2’/«..son,, = 2(2"-O/J" = 2'lim n„ = lim 2'-(''2") ^ 2'= 2. 

H^OO »-*OQ 

Alternate Solution: l.el /, = lim a„. (Wc could show the limit exists by showing that (n„) is bounded and 
/»-»oo 

increasing.) So 1. must satisfy I. = >/2 ■ L => l.~ — 21, =* /, (/. — 2) = 0 (/. ^ 0 since the sequence 

increases), so /. = 2. 

60. (a) Let P„ be the statement that o„+i > a„ and o„ < 3. P\ is obviously true. Wc will a.ssume that P„ is true and 

then show that as a consequence T*,,*! must also be true. o „+2 > a„+i <=» y/2 + a„+i > >/2 + o„ <=> 

2 + a„+i>2 + a„ o„+i > o„ which is the induction hypothesis. a„+i < 3 <=> y/2 + o„ < 3 » 

2 + n„ <9 <=> a„ <1. which is certainly tnic because we are assuming that a„ < 3. So P„ is true for all n. 
and so nj < o„ < 3 (the sequence is bounded), and hence by the Monotonic Sequence fheorem, 

exists. 

(b) If /. = lim 0 , 1 . then lim a„+\ = I. also, so 7. = y/2 + I. =3 L- - I. — 2 = 0 => (/, + !) (/. — 2) = 0 

H-too n-*oo 

=> /, = 2 (since /, can’t be negative). 


61. We show by induction that |o„) is increasing and hounded above by 3. 

I.et P„ be the proposition that a„+i > a„ and 0 < o„ < 3. Clearly I’l is true. Assume that P„ is true fhen 

II II 

o„+i > o„ => - < — =»->-. 

fln+1 On ^«+l 

Now o „_2 = 3->3 —^ = o„+i » P„+i . This proves that {a„l is increasing and bounded above by 

0,f 

3. so I = oi < o„ < 3, that is, (o„) is bounded, and hence convergent by the Monotonic Sequence Theorem. If 
/. = lim a„. then lim o,n.| = I also, .so L mu.st satisfy L = 3 — \/L => - 3L + I = 0 => 

«-»0© H-400 

/, = But I. > I, so /. = 

62. We use induction. I.et P„ be the statement that 0 < o„+i < a„ < 2. Clearly I’l is true, since 02 = 1/ (3 — 2) = I. 
Now assume that/’„ is true. Thcno„+i < o„ => —o„+i >-o„ => 3 —o„.^i > 3 — o„ =» 

o „.,2 =-^- < :r ~— = “'i+i- > (* (since 3 - a„+i is positive) and a„+i < 2 by the induction 

3-o„+i 3-o„ 

hypothesis, so P„+i is true. 

To find the limit, we use the fact that lim a„ = lim o„+i => /-= => —3/. + l=0 => 

fl-*00 «-*oo '• 

L = But /. < 2, so we must have L = 

63. (a) Let a„ be the number of rabbit pairs in the nth month. Clearly <ti = I = 02 - In the nth month, each pair that is 

2 or more months old (that is, a „-2 pairs) will produce a new pair to add to the a„-\ pairs already present. 
Thus. i7„ = o„-i + a„_ 2 . so that (a„) =• [f„\. the Fibonacci sequence. 


(b) o„ = 


fn-V\ 

In 


fn _ Jn-l + /n-2 _ | ^ fn-2 _ j ^ ' 

fn—\ fn^\ jn-\ jn~\ /jn-2 


= I + -. If 

o „-2 


/. = lim a„. then I. = lim n„-i and L — lim <t„- 2 . so L must satisfy /, = ! + — => L- - I. - \ = 0 

n-*oc n->00 M-*oo /. 


/. = * (since I. must be positive). 


64. (a) If / is continuous, then / (/,) = / ( lim a„) = lim f (a„) = lim a„.i = i by Fxercise 50(a). 

\.n-*oo / «-roo n-*oo 

(b) By repeatedly pressing the cosine key on the calculator (that is, taking cosine of the previous answer) until the 
displayed value stabilizes, we see that I. =« 0.73909. 
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65. (a) 



From the graph, it appears that the 

I I 

sequence j — j converges to 0, that is, 

hm — =0. 

/»-»oo n] 


(b) 


o.o.t 



rt*/n! < 0.1 whenever n > 10, but 9^/9! > 0.1. From the second graph, it seems that for c = 0.001, the 


smallest possible value for AF is 11. 


66. Let /; > 0 and let N be any positive integer larger than In (r.) / In |r|. If« > AF then n > In (e) / In |r | ^ 

nln|r|<ln(; [since |r| < I => ln|r|<0] => In (|r|") < Inr; => |r|" < <; => |r" - 0| < (;, and so 

by Definition I. lim r" = 0. 

rt-+O 0 

67. If lim |o„| = 0 then lim — |a„| = 0, and since — |a„| < a„ < \a„\, we have that lim o„ = 0 by the Squeeze 

n —*00 rt —>00 /I —*00 ^ ^ 

Theorem. 


A'l+l _ a"+l 

68. (a)--- = b” + A"-'a + b"-^a^ + b"-^a^ + • • ■ + 6a”-' + a" 

h ^ a 

< 6" + 6”-'6 + b"-^b^ + 6"-’6’ + ■ • • + 66”-' + 6” = (n + I) 6” 

(b) Sincc6-o > 0, wchaveA”''’'-a”+' < (n+l)6”(6-a) => 6”+'- (n + 1)6” (6 - o) < o”"'’' => 

6”|(/i+ 1 ) 0 -n6) <a"-^'. 


(c) With this substitution, (n + l)o - n6 = I. and so6” = ^1 + -^ < a”"" = "I- 

(d) With this substitution, we get ^ )'a)<' - (-ir<- (-i) 


(e) a„ < a 2 „ since (o„| is increasing, .so a„ < a 2 „ < 4. 

(0 Since [a„) is increasing and bounded above by 4. oi < a„ < 4. and so {o„) is bounded and monotonic, and 
hence has a limit by Theorem 10. 
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69. (a) I'irst we show lhal a > a\ > h\ > b. 

ai — hi = — ^/a 6 = i — 2-v/^ + *) = 5 ~ ^ ® (since a > h) =» ni > 6 l. Also 

o — ai = o - ^ (a + A) = j (a - i) > 0 and b-b\ = b - y/ab = y/b ^y/b — V") < 0, so o > ni > bi > b. 
In the same way we can show (hat a] > ay > bi > bt and so the given assertion is true for n = I. Suppose it is 
true forn = k. that is, at > nt+i > 6*+i > />*. T hen 

«*+: - f>i+2 = j (‘t*+i + ftjt+l) - \/at+|i>*-i = I (a*+l - 2ya*+|(>*+i + 



a*+i - 01*2 = 0**1 - j (o*+i + fc* tl) = j (o*+i - b/t+i) > 0 


and bt+i - bt+y = bk+\ - y/ak+\bk+\ = ^/**+| (>/***! “ Vo*+i) <0 => o**i > (j *+2 > 6**2 > 6 *+l. 
so the assertion is true for n = A: + 1. Thus, it is true for all n by mathematical induction. 

(b) From part (a) we have a > a„ > a„+\ > 6 „*i > b„ > b. which shows that both sequences. (a„) and {b„), are 
monotonic and bounded. So they arc both convergent by the Monotonic Sequence Theorem. 


a^j T* bff 

ic) Let lim a„ = n and Urn b„ — B. Then lim a„+\ = lim —-— 

n->oo n-toc n—>00 n-*oo 2 . 

=> « = P. 


a + p 


2a = a P 


70 . (a) Letr; > 0 . Since lim osn = 6 , there exists Af| such that |a2n — L| for” > 6 /|. Since lim a 2 n+i = L- 

n-yoo it-yca 

there exists b/y such that |a 2 n*i — /-I < c for n > N 2 . Let N = max (2A'|, 26^2 + 1) and let n > N. If n is 
even, then 11 = 2m where m > A'l, so [on — f-l = |a 2 ra — L\ < f.. If« is odd, then n = 2 m + 1 , where 
m > AS, so |a„ - l.\ = |a 2 m+i - L\ < k. Therefore lim a„ = L. 

n —^00 

(b) ai = I, 02 = I + y;^ — 5 — 01 = I + = 5 = 1.4, 04 = 1 + ~ T 5 ~ L4I6, 

‘’5 = ’ + 1 413793,06 = 1 + 75759 = TO 1-414286,07 = I + 75 ^ = 111*“ 1414201, 

08 = 1 + = tS *“ 1.414216. Notice that oi < 03 < 05 <07 and 02 > 04 > as > as- It appears that 

the odd terms arc increasing and the even terms are decreasing. Let’s prove that 02^-2 > ‘> 2 /> st'd 
a2„-i < 02„+i by mathematical induction. Suppose that 02*-2 > 02*- lltcn 1 +02*_2 >1+02* 

1 1 .1 .1 


1 + 02 * .-2 1 + 02 * 

1 + 02 *-! < 1 + 02**1 


1 + 7 - ^ '1 

I + 02*-.2 1 + 02* 

1 1 


1 + ■ 


02*-1 < 02**1 
I 


> 1 + • 


1 


1 + 02 *-! I + 02**1 l + 02 *-| 1 + 02**1 

02 * > 02**2 We have thus shown, by induction, that the odd terms are increasing and the even terms arc 
decreasing. Also all terms lie between 1 and 2, so both (o„) and 16„) are bounded monotonic sequences and 
therefore convergent by Theorem 10. Let lim 02 n = L- Then lim 02 n *2 =/-also. Wchave 


0 , 1*2 = 1 + 


1 1 


I + I + 1/(1 +o„) 


= 1 + 


«-»<x> 

4 + 3o„ 


4 + 302n ... , . .. .. 

, S 0 O 2 n *2 = , , ., — laking limits 


(3 + 2a„)/(t+o„) 3 + 2o„ 3 + 2 o 2 „ 

L- =2 => L = y /2 (since 1. > 0 ) 


of both .sides, we get /. = 3L + 2L- =4 + 3/. 

Thu.s, lim 02 „ = s/2. Similarly we find that lim 02 „*i = s/2. So. by part (a), lim a„ = s/2. 



850 □ CHAPTER 12 INFINITE SEQUENCES AND SERIES 

Laboratory Project □ Logistic Sequences 


1. To write such a program in Maple it is best to calculate all the points first and then graph them. One possible 
sequence of commands [taking ypo = j and * = 1.5 for the difference equation] is 
p(0):=l/2;k:=1.5; 

for j from 1 to 20 do p(j):-k*p(j-1)*(l-p(j-1)) od; 
plot(([t,p(t)] $t-0..20),t=0..20,p=0..0.5,stylo-point) ; 

In Mathematica. we can use the following program: 

p[0]=l/2 

k-1.5 

p[j_l:-k*plj-l)*(l-p[j-l]) 

P=Table[p[t),{t,20)l 
ListPlot[P) 

With po = j and k = 1.5: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.5 

7 

0.3338465076 

14 

0.3333373303 

1 

0.375 

8 

0.3335895255 

15 

0.3333353318 

2 

0.3515625 

9 

0.3334613309 

16 

0.3333343326 

3 

0.3419494629 

10 

0.3333973076 

17 

0.3333338329 

4 

0.3375300416 

II 

0.3333653143 

18 

0.3.333335831 

5 

0.3354052689 

12 

0.3333493223 

19 

0.3333334582 

6 

0.3343628617 

13 

0.3333413274 

20 

0.3333333958 

With /k) = j and k 

= 2.5 




n 

Pn 

n 

Pn 

n 

Pn 

0 

0.5 

7 

0.6004164790 

14 

0.5999967417 

1 

0,625 

8 

0.5997913269 

15 

0.6000016291 

2 

0.5859375 

9 

0.6001042277 

16 

0.5999991854 

3 

0.6065368651 

10 

0.5999478590 

17 

0.6000004073 

4 

0.5966247409 

II 

0.6000260637 

18 

0,5999997964 

5 

0.6016591486 

12 

0.5999869664 

19 

0.6000001018 

6 

0.5991635437 

13 

0.6000065164 

20 

0.5999999491 


Both of these sequences seem to converge (the first to about j. the second to about 0.60). 









With po = I and i = 1.5: 
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n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.3239166554 

14 

0.3332554829 

1 

0.1640625 

8 

0.3284919837 

15 

0.3332943990 

2 

0.2057189941 

9 

0.3308775005 

16 

0.3333138639 

3 

0.2450980344 

10 

0.3320963702 

17 

0.3333235980 

4 

0.2775374819 

11 

0.3327125567 

18 

0.3333284655 

5 

0.3007656421 

12 

0.3330223670 

19 

0.3333308994 

6 

0.3154585059 

13 

0.3331777051 

20 

0.3333321164 

With po = j and k 

= 2.5 




n 

P» 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.6016572368 

14 

0.5999869815 

1 

0.2734375 

8 

0.5991645155 

15 

0.6000065088 

2 

0.4966735840 

9 

0.6004159972 

16 

0.5999%7455 

3 

0.6249723374 

10 

0.5997915688 

17 

0.6000016272 

4 

0.5859547872 

II 

0.6001041070 

18 

0.5999991864 

5 

0.6065294364 

12 

0.5999479194 

19 

0.6000004068 

6 

0.5966286980 

13 

0.6000260335 

20 

0.5999997966 


The limit of the sequence seems to depend on k, but not on po 


2. With po = j and k = 3.2: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.5830728495 

14 

0.7990633827 

1 

0.35 

8 

0.7779164854 

15 

0.5137954979 

2 

0.728 

9 

0.5528397669 

16 

0.7993909896 

3 

0.6336512 

10 

0.7910654689 

17 

0.5131681132 

4 

0.7428395416 

II 

0.5288988570 

18 

0.7994451225 

5 

0.6112926626 

12 

0.7973275394 

19 

0.5130643795 

6 

0.7603646184 

13 

0.5171082698 

20 

0.7994538304 


It seems that eventually the terms fluctuate between two values (about 0.5 and 0.8 in this case). 
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3. With po = ^ and k = 3.42: 


n 

Pn 

n 

P« 

n 

Px 

0 

0.875 

7 

0.4523028596 

14 

0.8442074951 

1 

0.3740625 

8 

0.8472194412 

15 

0.4498025048 

2 

0.8007579316 

9 

0.4426802161 

16 

0.8463823232 

3 

0.5456427596 

10 

0.8437633929 

17 

0.4446659586 

4 

0.8478752457 

II 

0.4508474156 

18 

0.8445284520 

5 

0.4411212220 

12 

0.8467373602 

19 

0.4490464985 

6 

0.8431438501 

13 

0.4438243545 

20 

0.8461207931 


With po = I and k = 3.45: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.4670259170 

14 

0.8403376122 

1 

0.37734375 

8 

0.8587488490 

15 

0.4628875685 

2 

0.8105962830 

9 

0.4184824586 

16 

0.8577482026 

3 

0.5296783241 

10 

0.8395743720 

17 

0.4209559716 

4 

0.8594612299 

II 

0.4646778983 

18 

0.8409445432 

5 

0.4167173034 

12 

0.8581956045 

19 

0.4614610237 

6 

0.8385707740 

13 

0.4198508858 

20 

0.8573758782 


Prom the graphs ahovc. it seems that for k between 3.4 and 3.5, the terms eventually fluctuate between four values. 

In the graph below, the pattern followed by the terms is 0.395,0.832,0.487, 0.869,0.395. Note that even for 

* = 3.42 (as in the first graph), there are four distinct "branches; even after 1000 terms, the first and third terms in 
the pattern differ by about 2 x 10“*, while the first and fifth terms differ by only 2 x 10“'*. 

With po = j and k = 3.48: 
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= 0.5.* = 3.7 


1 



po = 0.75, k = 3.9 


I 




N 


* ^. * * • . • • *. • * *, * 

<* 



_ ) 

0 

/;o = 0.501. A = 3.7 

1 


*• •* •* •* , 

* 


* * 

-■ 

* 

’•.. • • ■ • • • ’■■■ ■ 




J 

0 

/JO = 0.749, A = 3.9 



200 


po = 0.5. k = 3.999 


From Ihe graphs, it seems that if po is changed by 0.001, the whole graph changes completely. (Note, however, 
that this might be partially due to accumulated round-off error in the CAS. These graphs were generated by Maple 
with lOO-digit accuracy, and diO'erent degrees of accuracy give ditt'erent graphs.) There seem to be some some 
fleeting patterns in these graphs, but on the whole they are certainly very chaotic. As k increases, the graph spreads 
out vertically, with more extreme values close to 0 or I. 
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^^•2 Series 


1. (a) A sequence is an ordered list of numbers whereas a series is the sum of a list of numbers. 

(b) A scries is convergent if the sequence of partial sums is a convergent sequence. A scries is divergent if it is not 
convergent. 


~ 5 means that by adding sufficiently many terms of the scries we can gel as close as we like to the 
number 5. In other words, it means that Iimn_»oo = 5, where s,, is the wth partial sum. that is, Xr=i 


n 

i'/l 

1 

3.33333 

2 

4.44444 

3 

4.81481 

4 

4.93827 

5 

4.97942 

6 

4.99314 

7 

4.99771 

X 

4.99924 

9 

4.99975 

10 

4.99992 

II 

4.99997 

12 

4.99999 


5 



Prom the graph, it seems that the series converges. In fact, it is a geometric 

oo 10 10/3 

scries with a = y and r = j, so its sum is 21 =- - — = 5- Note that 

1 a 1 1/3 

the dot corresponding to n = I is part of both |o„) and {s„). 
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n 


4 

0.25000 

5 

0.40000 

6 

0.50000 

7 

0.57143 

8 

0.62500 

9 

0.66667 

10 

0.70000 

II 

0.72727 

12 

0.75000 

13 

0.76923 

99 

0.96970 

100 

0.97000 



and so the sum is lim Sn — I. 

rt-*00 







8S6 


CHAPTER 12 INFINITE SEQUENCES AND SERIES 


□ 


ft 

Sn 

1 

0.64645 

2 

0.80755 

3 

0.87500 

4 

0.91056 

5 

0.93196 

6 

0.94601 

7 

0.95581 

8 

0.96296 

9 

0.96838 

10 

0.97259 



10 


From the graph, it seems that the series converges to I. To find the sum. wc 
write 


(ji’■ jn)♦■■■ + (jj 11) 


I 


(n+l)' 


So the sum is lim = I. 
n-»oo 


n 


1 

1.000000 

2 

0.714286 

3 

0.795918 

4 

0.772595 

5 

0.779259 

6 

0.777355 

7 

0.777899 

8 

0.777743 

9 

0.777788 

10 

0.777775 

II 

0.777779 

12 

0.777778 



I rom the graph, it seems that the series converges to about 0.8. In fact, it is a 


geometric series with a = I and r = — 7 , so its sum is 



I 7 

1 - (-2/7) " 9 


9 . 


~ /jllloo 3 „ ^ I ~ j • SO the sequence ) is convergent by (12.1.1). 

(b) Since = 5 7 ^ 0, the series 21 a„ is divergent by the Test for Divergence (7). 
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n /» 

10. (a) Both 2^ Oi and 21 oy represent the sum of the first n terms of the sequence {a„\, that is, the nth partial sum. 

,=i y=l 

(b) X “y = ^1 + "y -E oy = "Oy. which, in general, is nol the same as 2 , Oi = "i + “2 + • • + ‘hi¬ 


es to 


n terms 

11. 4 + I + ^ ^ H-is a geometric series with o = 4 and r = |. Since Irl = j < I. the series converges 

4 _4_20 

TTST? - 3/5 — T- 

12 . I — j-t-j — T"*'” geometric series with a = 1 and n = — j. Since Ir | = j > 1 . the scries diverges. 

13. —2 + I — ^ -is a geometric scries w ith o = —2 and r = ^ = — |. Since Irl = f > I, the scries 

diverges by (4). 

14 . I q. 0.4 + 0.16 + 0.064 + ■ ■■ is a geometric series with ratio 0.4. The series converges to = [ _ Vyj = j .since 
|r| = | < 1 . 

15. X/i° 1 5 (j) is a geometric series with a = 5 and r = j. Since kl = j < 1. the .scries converges to 

a 5 5 _ I e 

r=7 - TT73 - T75 - 

oo / 

16. ^ ■ is a geometric scries with o = I and r = - |. T he series diverges since |r| = | > I. 


17. 


18 


f. "V ^iI —- 1 . I’hc latter series is geometric with a = 1 and r = — ?. Since k| = 4 < I. it 

converges to , = 7 . Thus, the given scries converges to( 5 )( 7 ) = 7 . 

'l(i)" 


I 1/e^ I 

a = -7 = k I < I, so the series converges to 


l-l/t '2 e 2 _i' 

19. For I 3'''S"*' = X^l * (f) . n = y and r = I > I, so the series diverges, 

20. 21^0 (;)” ^ a = 4. kl = 3 < 1. so the scries converges to , Jq;; = 20. 

21. y ——diverges since lim a„ = lim -- = 1 ^ 0. (Use (7), the Test tor Divergence.! 

y.'r, « + 5 n-ioo "-x* n + 5 

22- Z^I (^/'') = ('/«) diverges since each of its partial sums is 3 times the corresixinding partial sum of the 

harmonic scries (l/«). which diverges. [If (3/n) were to converge, then 2,'^., ( 1 /n) would also have 

to converge by T heorem 8 (i).l In general, constant multiples of divergent series arc divergent. 


n I ^ / \ /2 I /2 \ I ^1 I ^ 

1. Converges. s „ = ^ ^ ^ -= 2 ^ \7 ~ T ^) 

sum is a telescoping scries; 

= 2 i .' 4 '"=o V + 2 “ ■ ;rT2j = 2 1' + 2 j - 7 - 
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24. ^ ^^ diverges by (7). the Test for Divergence, since 
^^n(n + 2) 

I 1 + 2n + 1 / I \ 

lim a„ = lim —,—-— = lim ( I + —— I = I =4 0. 

/i-»oo n-*oc + 2 n n-tao ^ + 2 n / 

25- 2*1 [2(0.1)" + (0.2)”] = 2X* I (0.1)" + (0.2)”. These arc convergent geometric series and so by 

T heorem 8 . their sum is also convergent. 2 ^ ° ^ | ^ + [ j - g ^ = 2 + i = ]| 

26. Converges. s„ = ^ ,2 . 4 . 4 ; 3 ~ S \rTT ~ /Tlj partial fractions). The latter sum is 

(l - 0 (5 “ 0 + " 0 + 0 ■ 0 + ■ + ~ = J + 3 - dr 

(telescoping series). Thus. | = _|i. | ^ ^ + J = 5 


27. lim a„ = lim 


= lim . ^ = I ^ 0, so the series diverges by the Te.st for Divergence. 

1 


" v'l +n^ yr+T/^ 

1 (jir + y,) - £ sir + sir - r2_ * <T^)- 


'/^ + -i^=l + l = l 

1/2^ 1-1/3 ^2 2 

~ ( 20 + s ) ~ ( 2 + 5/n ) =’"3 7^®-*° diverges by the Test for Divergence. 

31. arctan n = y 0. so the series diverges by the Test for Divergence. 

32. lim a,, = lim -——— = - ^ 0, so the series diverges by the Test for Divergence. 

»-»oo «^c>o5 + 2~" 5 c- j & 

33. s„ = (In I - In2) + (ln2- In3) + (In3 - In4) + • - - + [Inn - ln(n + 1)] = In I - ln(rt + I) = -ln(rt + I) 
(telescoping series). Thus, lim Sn = —oc, so the series is divergent. 

34. s„ = t- ' _ =y(iZ2__L + iZi\ y/>Z2_iZl\ y/_ V2_ l/i\ 

f§-,(, + i)(, + 2) i , + i+,+2; i i + \)^i + \^i + i)' 


both of which arc clearly telescoping sums, so 


Sn 


_ r I. ' 1 1 r ' I ' 1 ' ' 

[5 2(n+l)J"''L 4'^2(n + 2)J 4 2(n+l)''' 


I 


2(n + 2) 


Thus, ^ 


I 


= lim 


" w(^+!)(/» +2) «->oo 4' 

35.0.2 = i-4.-l + ... = -^ = a 

10 I02 ^ I - 1/10 9 

36 n^- I I 73/100 73 

102 lO"* I-1/102 99/100 99 

37. 3.4l7 = 3 + in + l^ + ... = 3 + il2^=3 + ilZ = ^ = i!15 
10' 10* I - l/IO^ 999 999 333 
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— 54 54 , 54/10^ 62 54 6192 344 

38. 6.254 _ 6.2 + -^ + 1^5 + 6 . + , _ ,y|o 2 - |o + 990 ~ 990 - 55 


_ ^ 123 0.000456 123 456 

39. 0.123456 = tt:- + —:rx;:7 = + 


123.333 41,111 


1000 I-0.001 1000 999,000 999.000 333,000 


- 6021 6021 

40. 5.6021=5+-^ + -^ + . 


5 + 


6021/10^ 
I - 1/10^ 


5 + 


6021 56,016 6224 

9999 “ 9999 ~ llll 


00 ^ 

41. ^ ^ ® geometric series with r = -, so the series converges « kl < I <=> ^ ^ lx| < 3. In 


n=l 


that case, the sum of the series is 


3 

x/3 ^ X 

\ -x/3 ~ 3-x' 


42. I (a: — 4)" is a geometric scries with r = X — 4, so the series converges « Irl < I |x — 4| < 1 <=> 

.X - 4 X — 4 

3 < X < 5. In that case, the sum of the senes is ----— = - -. 

I - (x - 4) 5 - X 


43. = Xnlo (.^x)" is a geometric scries with r = 4x, so the series converges e=> |r| < 1 <=> 

, I 

4|x|<l <=> |x|<j.In that case, the sum of the senes is ^ . 


(x 4- 3)” X + 3 

44. ^ ^—-— is a geometric scries with r = —;;—, so the scries converges <=> 

M=0 


I/-I < 1 


|x + 3| < 2 <=> -5 < X < -1. For these values of x, the sum of the series is 
1 2 2 
I-(x + 3)/2 “ 2-(x + 3) “ x + r 


<=> 


!l^<i 


<=> 


<1 <=> |xl > 1 « x > I orx < — I, 

and the sum is-— = ■ " 

I — I /x x — 1 

46. 21^0 is geometric and converges when |tanx| <1 <=> -I < tanx < I o 

1 

nx — 4 < x < nx + f (« any integer). On these intervals the sum is --. 

^ ’ 1 — tan .X 

47. After defining/. We use convert (f.parfrac) ; in Maple. Apart in Mathematica, or Expand Rational 

I 1/4 1/4 c. , 

and Simplify in Derive to find that the general term is -——-^ ——r + - -■ so the nth 

^ (4n+l)(4n-3) 4n + I 4n - 3 

partial sum is 

_ V (— 1 ^ + -iZL'l = 1 _!_ 

‘ik+\ 4k -i) 4 V4A - 3 4* + 1 



00 / 1 -v rt I 

45. ^ ( - I is geometric with r = -, so it converges whenever 


The series converges to lim s,i = 4. This can be confirmed by directly computing the .sum using 

n—*oc ^ 

suratf, 1. . infinity) ; (in Maple), Sumlf, In, 1, Infinity) ] (in Mathematica), or Calculus Sum 
(from I to oo) and Simplify (in Derive). 
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8. See Exereise 47 for specific CAS commands. " + 4- I _ 1 ^ -j-j— 

(n2 + n)- « {«+!)- n+1 


So the nth partial sum 


Sn 


I I 


(*+l)^ *+l 


) 




= 1 + 1 


1 


(n+l)- n+1 

The scries converges to lim s„ = 2. 

fl~*C30 

49. I'orn = l.oi =0sincesi =0. Forn > I, 

_ _ _ « - I _ (n - I) - I _ (n — l)n - (n + l)(n - 2) 2 

n+l (n — 1) + 1 (n + 1) n n (n + I) 

.. ■ . l-l/n 

Also. 2^ a„ = lim s„ — lim , . , = I. 


rt=l 


»-*(» I + I /n 


50. ai =si = J. Forn ^ I. 

<7„ = s„ - s„-, = (3 - n2“'') - [3 - (n - 1)2-'"-"] = ^ 


n n—1 2 2(n—I) n n — 2 

r ■ 2 ?! ” 


2 " 


2 " 


00 

Also, ^a„ = lim s„ = lim (3 — —) = 3 because lim — M 

f w->oo H..*oo \ 2"/ ,r-voo 2^ 

«=l 


1 


I'm » . - 

i-«oo 2' In 2 


= 0 . 


51. (a) The first step in the chain occurs when the local government spends O dollars. The people who receive it spend 
a fraction c of those D dollars, that is, Dc dollars. Those who receive the Dc dollars spend a fraction c of it, 
that is, Dc^ dollars. Continuing in this way. we sec that the total spending aAcr n transactions is 

S„^D+Dc+Dc^+-+ Pc" ^ ~ by (3). 

1 — c 


(b) lim S„= lim ^ 

n-*oo n-ioo ] — c 


- - lim (1 - c") = ^ (since 0 < c < I =» lim c" = 0) 

I — c n ->00 I — c n ->00 


= — (since c + s = 1) = *D (since k = \/s) 

If c = 0.8, then s = 1 — c = 0.2 and the multiplier is it = I /s = 5. 

52. (a) Initially, the ball falls a distance W, then rebounds a distancer//, fallsr/f, rebounds;-^//, fallsetc. The 
total distance it travels is 

H + 2rH + 2r^fl + 2r^H + ■ ■ ■ = H (] + 2r + 2r^ + 2r^ + ■ ■ ■) 

= // [I + 2r (I + r + + • • •)] = // ^I + 2/' j = // meters 

(b) From Example 3 in Section 2.1, we know that a ball falls jg/^ meters in / seconds, where g is the gravitational 
acceleration. Thus, a ball falls h meters in / = ^Jlh/g seconds. The total travel time in seconds is 

ys+2y^+2y^+2y^+....y^[i+2vr+2vr'+2.A’+-] 
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(c) ll will help lo make a chart of the time for each descent and each rebound of the ball, together with the velocity 

just before and Just after each bounce. Recall that the time in seconds needed to fall h meters is y/lhlg. The 

ball hits the ground with velocity -gy/2h/g = -^/TRg (taking the upward direction to be positive) and 

rebounds with velocity kgy/2h/g = k ^2hg. taking time k^2h/g to reach the top of its bounce, where its 

veloeity is 0. At that point, its height is k^h. All these results follow from the formulas for vertical motion with 

tfiy dy I 2 

gravitational acceleration —g: —y = —g => u = — = no — gl => y = yo + not — jg' ■ 
dt^ dt 


number of 

descent 

time of 

descent 

Speed before 
bounce 

speed af^cr 
bounce 

time of 

ascent 


1 

•J2H/g 

y/2-Hg 

ky/ITTg 

k^2U/g 

k^H 

2 

s/2k^H/g 

y/2k^Hg 

ky/Whg 

ky/WlTTg 

k^H 

3 

■J2k^»/g 

^2k*llg 

k^2k*Hg 

k,/2k*II/g 

k’‘ll 


The total travel time in seconds is 




Another Method: We could use pan (b). At the top of the bounce, the height is k^h = r/t, so ^/^• = i and the 
result follows from part (b). 


53. 52“ 2 (1 + c)~" is a geometric scries with a = (I +c) ' andr = (1 + c)*'. so the series converges when 

|(l+c)’'|<l <=> |l+cl>l <=> I-t-c> I or 1+c <-I «=> c> 0 or c <-2. We calculate the sum 

(I +c)-2 


of the .series and set it equal to 2: 


I - d +c) 


= 2 <=> 


1 =2(1+c)--2(l+c) = 0 2c^ + 2c-l=0 <=> c 

root is inadmissible because —2 < <0. Soc = ^ 2 ~ ' * • 

54. T he area between y =and y = x" for 0 < .t < I is 

/'(.x'’-'-.r")r/x = [—-^^1 =-- 

Ja \ ) L n n + I Jq n n + 1 


(li.) ° 

= . I low ever, the negative 


(«+!)-« 


I 


n (n + I) n(n + I) 

We can see from the diagram that as n -> oo, the sum of the areas 
between the successive curves approaches the area of the unit 
1 


.square, that is, 1. So > , 


= I. 



- 0.1 
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55. l.cl d„ be the diameter orC„. We draw lines from the centers of 
the Cl to the center of D (or C), and using the Py thagorean 

Theorem, we ean write 1^ + ^1 — ** 

1 = ^1 + “ (* ~ I'^i) = 2(/| (difl'erence of squares) 

=> r/| = V Similarly, 

l = ^l + s</2) “ “ "^t — jrfj) =2d2 + 2d\ — d\ — d\d2 



rfi : 


■■(2 — d\) (d\ + dz) <=> 
(I -dl)- 


-</| 2-c/| V V - I v 2-(dt+d2) 


and in 


(I -Zr=t‘/')^ 

general, d„+\ = ——, If we actually calculate rfy and dj from the formulas above, we find that they are 
2 - Z^,=i d, 

11,11., I 

7 = T—r and — = -—- respectively, so we suspect that in general, d„ = -. To prove this, we 

6 2 • .i 12 3 ■ 4 n (n + 1) 

use induction: iussume that for all k < «, </* = -!-= i-!— . Then 

* (* + 1) k X + 1 


» 

Xd.=l 

t=\ 

' n + 1 

n 

— ^ ^ (telescoping sum). Substituting this into our formula for c/„+i. we get 


I - — 

1' ‘ 

</«+! = ^ 

"+ 1. 
/ .. 

(« + 1)^ 1 . o ■ j • 1 

^ ^ = --—--and the induction is complete. 


Now, we ob.serve that the partial sums Xr=t di of the diameters of the circles approach I as n —» oo; that is. 
I 


2 \ '' + ^ (n+l)(;i + ; 

\n+l/ n+l 

c ob.serve that the partial sums Xr=t di of the 

OO I 

= 7 -= 1. which is whal wc wanted to prove. 

" /I (^ + ) ^ 

\CI)\ = hsinW. |/)/;| = |C/T|sin« = bsin-«, |£F| = |0£| sii 

|CO| + |0£| + |£/-| + 1FC| + ■ ■ ■ = sin'’fl = h( , \ sin 

^ Vl-sinO/ 


H-1 «-l' 

56. \CD\ = bainO. \OE\ = IC/^lsin/; = ^sin’i^;, \EF\ = |D£:|sin^; = hs\f?0,.... Therefore. 

I since this is a geometric scries with r = sin 


and |sin(2| < 1 (because ()<((< j). 

57. The series I — l + l — l + l — I+ ' diverges (geometric series with r = — I) so we cannot say that 
()=l-l + l- | + |- |+ .... 


OO I OO I 

58. If V a„ is convergent, then lim On = 0 by Theorem 6, so lim — ^0, and so V — is divergent by the Test for 
„=| ''->ooa„ n=t “n 

Divergence, 

Ziili ‘'‘’n = lit’ Zi=i = lit ZI-i o, =c lim y" 1 a, =c V* , a„. which exists by hypothesis. 

60. If convergent, then 2 H/c) {ca„) =; '^a„ would be also, by rheorem 8. But this is not the case, so 

2^ ca„ must diverge. 

61. Suppose on the contraiy* that ^ («« + b„) converges. Then by Theorem 8(iii). so would 

X[(^« + — a„\ = a contradiction. 
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62. No. I'orCNample, take = Z" aid Z*" = Z(“«)- "'•’'ch both diverge, yet X (o.i + I’ll) = Z^- which 
converges with sum 0. 

63. T he partial sums (s„) form an increasing sequence, since s„ — -Vn-i = a„ > 0 for all n. Also, the .sequence {s„) is 
bounded since s„ < 1000 for all «. So by fheorem 12.1.10. the sequence of partial sums converges, that is. the 
series X"" convergent. 

1 1 _ J^nJ‘n+] _ y«+I Jn— 1 _ i.fn—\ *4* /») fn~\ 

J«fn-\fn\\ 


64. (a) RIIS = - 


Jtt-\jn fnfn-ti Iti fnJn-\Jn-i-\ 

I 


fn -1 fn-i -1 


= l.HS 


J_LV 

hU A/f/ 


00 as 00 . 


—> 00 as /f —> 00 . 


00 I / I 1 \ 

X T— 7 -— = X (7 —7 ~ 77— ) 

■“ [( /, /2 fify ) (/ 2/3 / 3/4 ) ^ ( 

■^(y»-i/» ~ y-.y..+i)] 

= Mja - jh) = 7^2 -" = ' 

= lint ( 4- + T-—I = l + l- 0- 0 = 2 because f„ 

/j /„ /„-!/ 

65. (a) At the first step, only the interval ^ 5 , 5 ) (length j) is removed. At the .second step, we remove the intervals 
^1,, I) and 5 ), which have a total length of 2 ■ . At the third step, we remove 2^ intervals, each of 

length . In general, at the nth step we remove 2”"' intervals, each of length , for a length ot 
2"'' • ^ = 5 ^ 5 ^ . Thus, the total length of all removed intervals is 2 j (j) = | 'Ji/j = I 

(geometric scries with o = j and r = ^), Notice that at the nth step, the leftmost interval that is removed is 
((l)" • (j)")’ remove 0. and 0 is in the Cantor set. Also, the rightmost interval removed is 

^1 — , I — y so 1 is never removed. Some other numbers in the Cantor set are j. |, g, g. g, and 

8 

5- 

(b) The area removed at the first step is g; at the second step. 8 ■ ^g^ ; at the third step, (8)* ■ ^g^ . In general, the 
area removed at the nth step is (8)"*' (g) = 9 ( 5 ) • ^ '“'i' removed squares is 
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Oi 

1 

2 

4 

1 

1 

1000 

02 

2 

3 

1 

4 

1000 

1 


1.5 

2.5 

2.5 

2.5 

500.5 

500.5 

a4 

1.75 

2.75 

1.75 

3.25 

750.25 

250.75 

as 

1.625 

2.625 

2.125 

2.875 

625.375 

375.625 

ae 

1.6875 

2.6875 

1.9375 

3.0625 

687.813 

313.188 


1.65625 

2.65625 

2.03125 

2.96875 

656.594 

344.406 


1.67188 

2.67188 

1.98438 

3.01563 

672.203 

328.797 

Of) 

1.66406 

2.66406 

2.00781 

2.99219 

664.398 

336.602 

a\Q 

1.66797 

2.66797 

1.99609 

3.00391 

668.301 

332.699 

a\\ 

1.66602 

2.66602 

2.00195 

2.99805 

666.350 

334.650 

o\2 

1.66699 

2.66699 

1.99902 

3.00098 

667.325 

333.675 


1 he limiis seem to be 5 ,*, 2, 3, 667, and 334. Note that the limits appear to be "weighted" more toward 02 . In 
oi 4* 2^2 

general, we guess that the limit is- - -. 

(b) o„.| — fl„ = J (a„ + On-l) — On = — J (On — On-I) = [j (On-I + 0 „_ 2 ) — 0„_l j 

= - 5 [- 5 (0,1-1 - o„_2)j = ■ ■ ■ = ^- (02 - 0|) 

Note that we have used Ihe formula o* = j (o *-1 + 04 - 2 ) a total ofn — I times in this ealculation. once for 
each k between 3 and n + I. Now we can write 


and so 


On =a| + (02 -0|) + (03 - 02 ) 3-f (On-l - On-2) + (On - 0„-|) 

= "I + (0**1 - Ok) = oi + (02 - oi) 


lim 

«-» 


il^On= 0 | +(02-0l)X“| (- 5 ) =01 +(02-0|)[ ) -- ^ i- ^2) ] 

= 0,+f(O2-O,)=f?i^ 


67. (a) X 


S| = 


I 


I 


„fi (n+ I)! 

23 4 

J4 = - + - 

24I2-34.5 


2' 2 ^ 1 • 2 ■ 3 


5 5 3 23 

~ 6”*’ “ 6 I •2.3 - 4 “ 24’ 


1 

I 2 

= The denominators are (« + I)!, so a guess would be Sn = * . 


(b) For n = 1. s| = - = * , so the formula holds for n = I. Assume sn = —-• Then 

2 2! (* + 1)! 


(i+l)!-l A+l 
^*+1 — . ...— + 


(*+ 1)!- I 


*+l 


(*+!)! (* + 2)1 (*+!)! (*+!)!{* +2) 
(t+2)!-(^ + 2)+A+ I _ (k + 2)1-1 
(A + 2)! “ (A + 2)! 

Thus, the formula is true for o = A + I ■ So by induction, the guess is correct. 


, , (« + I)! - 

(c) lim s„ = lim - 

n-^00 n-*oo (//+ 


! - 1 

= hm I - 
1 )! n-*oo 


I 


(«+ l)!j 


= 1 and so ^ 


„=o (« + !)! 


= 1 . 
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Let rj = radius of the large circle, ri = radius of next circle, 
and so on. t-rom the figure we have IB AC = 60° and 
cos 60° = ri/ so |/( S| = 2ri and |DB| = 2^2. 
Therefore, 2rt = r\ + ri + 2r2 = r\ + 3r2 ^ r\ — ir 2 . 

In general, we have r„+| = jfn. so the total area is 

A = jrr^ + Ttrrj + Sirr^ H- 

= irrf + 3irr| (' + ^ + ^ + ^+ ) 

= + 3irr2 • I — trr^ + ^irr^ 


Since the sides of the triangle have length 1. IBri = j and tan 30° = Thus, ri = 


tan 30° 


1 

?y! 


r 2 = so /< = T ^ (s^) “ ft ^ ~ triangle is so the circles occupy 

about 83.1% of the area of the triangle. 


•3 The Integral Test and Estimates of Sums 


1. The picture shows that ai 
rl 


he 



I r I . 

'= = 50 <y, 

I 1 ^ I yoo I 

03 =-TT < / -pr'/r.Andsoon. soT' -pr < / -pjj/.r. T1 
3'-’ J 2 .x'= 

integral converges by (8.8.2) with p = 1.3 > 1, so the .series converges. 


2. From the first figure, we sec that 

ft < Zf- I a,. From the second 

figure, we sec that 

2 ^I ’_2 0 , < /(x)i/x. Thus, wc have 

Y.L2°‘ < It < Z,=i 

3. The function / (x) = 1 /x'* is continuous. 

/■“I /■'’a fx"’!'’ /I I I 

/ -idx= lim / X Vx = lim — = hm Ir + - I = -, so > -7 converges. 

7, X* h-,ooJx A-,ooL-3j, A-*ooV 36= 3/ 3 

4. The function /(x) = l/^ = x''^*is continuous, positive, and decreasing on 11, 00 ), so the Integral Test applies, 

r^x-'!*dx= lim ltx~''*dx= lim = lim (| 6 =^‘'- = 00 . so •/■y« diverges. 

/)—*00*^ ft—♦ooL'* Jl ft-»00 ■*/ 

5. The function / (x) = 1 / (3x + I) is continuous, positive, and decreasing on (1, 00 ), so the Integral Test applies. 

f —= lim f —= lim [iln(3x+l)l = lim ln(36 + 1) — i Ioa] = 00 

7i 3x + l A-.oo7| 3x + 1 a->ooL= Ji A-.ooL= = J 

so the improper integral diverges, and so does the scries X^i '/ + *) 
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6, The function /(.«) = is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 

liin /{’d^c = Urn [-«-*]*= lim (-e '’T e‘‘) = e*', so converges./Vo/e This 

is a geometric scries, with first term a = and ratio r = e"'. Since |r| < 1, the series converges to 
e~'/ (1 -«■') = l/(e - I). 

1- fU) = Jte"' is continuous and positive on (l.oo). /' (x) = -jrc •' +e~‘ = e"' (I - Jt) < 0 far.t > I, so / is 
decreasing on [I, oo). Thus, the Integral Test applies. 

= lim j!'.xe~^ d.x = lim f-jce"* - (by parts) = lim f-ie"'’- e'* + e~'+ e“'l = 2/e 

h-*oo b~*oo^ h-ioo*- ‘ 


since lim be~^ = lim {b/e^)= lim (l/e^) = 0and lim e * = 0. Thus, ne"” converges. 

A -*00 h-*oc h-*oo ' A-»oo ^n-i o 

III I I I 

8 - T + :; + 7 T + 7 rH-= / 1 - r • function f Or) = --- is positive, continuous, and decreasing on 

3 / II 13 4« — I ‘ 4.x — I 

[I, oo), so the Integral Test applies. 

f 5 -r “ J'"* f ~ J'"' [? I"~ I)1 = lim fj ln(46 - I) - 4 In3l = oo 

Ji 4.V — I h^oojf 4,t — I »-.tx>L^ Jl >ooL^ ’ J 

so the improper integral diverges, and so docs the scries. 

9. Xnis (I/"* *'*'***) is n p-scfics, p = I .OOOl > I. so it converges. 

2^1 = 2nt-i (I/"””) which diverges since p — 0.99 < I. 

11. l + j + ^ + ^ + '[^+'= 2*1 (i/”')- I^his is a p-serics with p = i > 1, so it converges by (I). 

,,,1111 “ I “ I , 

1Z- I + — 7 = + — 7 = + —p H- ■= H-= y —— = y — 7 - 7 . I his is a p-scries with p = i > I, so it 

2v^ 3s/3 4V4 5^5 «v/n F' 5 • 

converges by (I). 

5 - 2,/n 00 I 00 1 00 I 00 1 

13. y -^— = 5 2 T ~ 2 y by Theorem 12.2.8, since 2 “T “"‘i 2 ~xn •’o**' converge by (I) (with 

rt-i H-l ri' ft “ „_l n „_j n 

p = 3 and p = j). I hu.s. y -^— converges. 

/»=! 

14 . /(.v) = ^2 _ ] is positive, continuous, and decreasing on (2, 00 ), so applying the Integral Test. 

i I + = y^ converges. 

15. /(jt) = is continuous and positive on [ 1 , 00 ), and since /'(jt) = e“'^ (I — 2.t^) <Oforjt > I, 

/ is decreasing as well. fhus. we can use the Integral Test. 

dx = lu^ ~ (2c). Since the integral converges, the scries converges. 


16. /'(x) = ^ is positive and continuous on fl.oc), and since /'(ji) = •!—< Owhenx > — =# 1-M./is 
2-' V In 2 

eventually decreasing, .so we can apply the Integral Test. Integrating by parts, we get 



I I I 

ITT—r H-e. Since lim — = 0 by THospitaTs Rule, and 

2ln2 2(ln2)- '-*<=» 2' ‘ 


~ » 

so y — converges. 
«=l 2 
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X I ~ x^ 

17. / (.») = — 5 —- is continuous and positive on 11, 00 ), and since /' (.t) =-^ < 0 for .t > 1, / is also 

f* X In(;r^ + I)T 

decreasing. Using the Integral lest, / - dx = lim --- = 00 . so the series diverges. 

J] .X' + I '-* 001 ^ 2 

18. T he function / (x) — —=—!-=-!-is positive, continuous, and decreasing on 11. 00 ). so the 

2.x'‘ + 3x + 1 (2.r + I) (x + I) 

Integral Test applies. 

/ f(x)dx= lim [ i -!—'^</x (partial fractions) = lim (ln( 2 x + 1) — ln(x + 1 ) 1 ^ 

J\ i>-tcoJ\ \lx +1 X + I / *->00 

= lin, lin, ('|„H^_l„3)=ln2-ln| = ln| 

A-.ooL V*+I/J| A-.«.V i+l V ^ ’ 

so the series converges. 

19. / (x) = —^— is continuous and positive on [2, 00 ). and also decreasing since /' (x) = — * + I”-’: ^ ^ 

X Inx x3 (Inx)^ 

f°° I 

X > 2, so wc can use the Integral Test. / -rfx = lim Iln (Inx)K := lim [In (In/) — In(ln2)l = 00 , so the 

J 2 xinx <-*» • '-*«! 

series diverges. 


20. /(x) = —x -is continuous, positive and decreasing on (1, 00 ), so applying the Integral Test, 

4x‘' + I 

/'°° dx farctanlxT' /r arctan2 

/ —T-= hm - =--— < 00 , so the series converges. 

Vi 4x3 + 1 <-.00 [ 2 J, 4 2 ^ 


arctan.x 1 — 2xarctanx 

21. / (x) = - T- is continuous and positive on 11, 00 ). f (x) =-s— < 0 for x > 1, since 

1+3(2 (1+x3)2 

lx arctan x > 4 > I for ;r > I. So / is decreasing and wc can use the Integral Test. 

/■°° arctanx , Ti ^ V (^/2)' (^/4)^ 3/r^ 

/ -^ ax = lim 4 arctan“x =--— = -rr-. so the senes converges. 

J\ I+.r2 r-»ooL^ Jl 2 2 32 

22. / (x) = is continuous and positive for x > 2. and f (x) = -—< 0 for x > 2 so / is decreasing. 

X* X-* 

/■^ Inx r Inx iV Inn Inn 

/ —:r dx =s lim-(by parts) = I (bv THospitars Rule). Thus, > —:r = 7 “r converges 

Ji X- t-vooL X xJi - ^ 2 "^ 

by the Integral Test. 

23. /(x) = ^-- is continuous and positive on 11, oo), and /' (x) =--- < o 

•'(2 + 2X+2 (.x3 + 2x + 2)- 

for X > I. so / is decreasing and we can use the Integral Test. 

/•oo I /-oo I 

/ - dx = I - 5 - dx = lim larctan (x + 1)1'. = 5 — arctan 2. .so the series converges as 

J, X-+1X + 2 J, (x +1)3+1 >^oo‘ " 3 
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24. f(x) = —-;—-—- is positive and continuous on (3, oo), and is decreasing since x, Inx, and In (In.tTare all 

.t Inx In (Inx) 


increasing: so we can apply the Integral Test. 

I 

hence 2 - r-r ,—T diverges. 

n Inn In (Inn) 


/■“_^ 

Ji .T In if In 


--= lim fin (In (Inwhich diverges, and 

(ln;r) /-*oo 


00 I 

25. We have already shown (in Exercise 19) that when p = I the scries X —;-5 diverges, so assume that p # 1. 

n=2 

/(^) = ~~r, — zn 's continuous and positive on 12, oc), and /' (jr) = — f ^ . < 0 if jc > so that f is 

.x(Injc)^ x2(In.t)'’+' 

eventually decreasing and we can use the Integral Test. 

r ^ ... ,• rCn')'-'’! (In2)'-'’ 

J 2 .t(ln.t)P /-»oo 1^ 1—P j I—P 1~P 

This limit exists whenever I — p < 0 <=> p > I, so the series converges for p > I. 

dx (In lnx)~T’'t'i 

26. As in Exercise 24, we can apply the Integral Test. / -= lim - - - (for p ^ I; if 

Ji X ln.t (Inlnx)P /-*!»[ -p+1 

p = I see Bxercisc 24) and lim . — exists whenever -p + 1 < 0 <=> p > I, .so the scries converges 

(-.00 —p + I 

for p > I. 

27. Clearly the series cannot converge if p > -i, becau.se then lim « (I + ^ 0. Also, if p = —1 the scries 

^ (I-.00 ' ' 

diverges (sec F.xcrcise 17). So assume p < - j, p ^ -1. Then /(x) = x (I + x^)^ is continuous. 


positive, and eventually decreasing on (I, oo), and we can use the Integral Test, 
fx fi /I j. n’ I 


/ xll+.vl dx = lim --;;- = hm -- - --. This limit exists and is finite 

Jl V / (-.001^ 2 p+1 (-.00 2 p+1 p+1 

<=> p+l<0 <=> p <-1, so the scries converges whenever p <—1. 

28. If p < 0. lim -= oo and the series diverges, so assume p > 0. /(x) = is positive and continuous and 

/I-.0O nP xP 


/' (x) <0 for X > f'^P, so / is eventually decreasing and we can use the Integral Test. Integration by parts gives 

/■'“Inx, rx'~P 1(1 — p) Inx — llV I f 1 1 

/ —<fx = Inn -- - (forp#l)= -^ lim/'-P|(1 - p)lnr - 1] + I 

J\ xP '-*~L (l-p)^ Ji (l-p)-L(-.oo I J 

which exists whenever 1 — p < 0 <=> p > I, Since we have already done the case p = 1 in Exercise 25 (set 

... 2“ In (I 

p = — 1 111 that exerctsc), — converges <=> p > I. 

.1=1 ''P 

29. Since this is a p-series w ith p —x.({x) is defined when x > 1. Unless specified otherwise, the domain of a 
function / is the set of numbers x such that the expression for /(x) makes sen.se and defines a real number. So. in 
the case of a series, it’s the set of numbers x such that the scries is convergent. 

30. (a) /(x) = 1/x'’ is positive and continuous and /' (x) = -4/x’ is negative forx > 1. and so the Integral 

lest applies. + ^ +-1- * 1.082037. 

7?io < f -T(fx= lim I- ■ ■ . 1 = lim (—^—r) = so the error is at most 0.0003. 

Jw x’' '-»'»L-3.»’Jio '-^“V 3'^ 3(I0)V 3000 
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1.082037 + 0.000250 = 1 082287 < ^ < 1.082037 + 0.000333 = 1.082370, so we get j « 1.08233 with 
error < 0.00005. 

(C) R„ < ^ dx = So R„ < 0.00001 => 5 ;^^ < =» 3n’ > 10* =» 

n > ^(10)* /3 a* 32.2. that is. for n > 32. 


31. (a) / (.t) = -3 is positive and continuous and /' (j) = -^ is negative for .x > 1, and so the Integral 
Test applies. X,;^*=-'io = -j 7 + ^ + ^+ -+ -[^=®' .549768. 

R\o<f A r/-* = liTt [—1 = lim so the error is at most 0 . 1 . 

Jiu '-*«L -»Jio '-’“V ' '0/ 

/■“I /■'” 1 I 1 

(b) j|o + / —jdx<s<s\o+l —dx => sio + 7T S ^ S ^10 + To 

711 x'^ Jio X- 

1.549768 + 0.090909 = 1.640677 < x < 1.549768 + 0.1 = 1.649768, so wc get x as 1.64522 (the average of 
1.640677 and 1 . 649768 ) with error < 0.005 (the maximum of 1.649768 - 1.64522 and 1.64522- 1.640677, 
rounded up). 


(c) 


R,, < r 

Jtt 


4rr/.»= -■ Sofi„ <0.001 if- < ' 


1000 


<=> n > 1000. 


32. /(x)= I/r* is positive and continuous and /'(x) =-5/x‘is negative for x > 1. and so the IntcgralTcst applies. 

1 


Using (2). R„< f 
Jn 

X r».vs as 1.037, 


X * </x = lim 
s-soo 




4n'* 


If we lake n = 5, then ^5 ft? 1.036662 and R$ < 0.0004. So 


33 . /(x) = x'’^^ is positive and continuous and /'(x) =-jx"*'’^ is negative forx > 1, so the Integral Tcst applies. 
I 'rom the end of l-.xample 6, wc see that the error is at most half the length of the interval. From (3). the interval is 
(x„ + f(x)dx,s„ + XT fi^)dx). so its length is /(x)<fx - /^i /(x)r/x. Thus, we need n such that 


0.01 




lim 

r-»oo 





j_ _ I 

^/n ^/rr+ 1 


<=> /! > 13.08. Again from the end of Fxamplc 6, we approximate x by the midpoint of this interval. In general, 
the midpoint is j [(x„ + f (x)dx) + (x„ + /(x)<fx)] = x„ + j f (x)dx + f„ f(x)dx). So 

using n = 14. we havex as j |4 + ^ (f^x~^'^dx + /“ x~^^^dx) = 2.0872 + ^ + ;;;^ 2,6127. Any larger 

value of « will also work. For instance, x as xjo + as 2.6124. 


34 . 


f (x) =-X is positive and continuous and / ' (x) 

x(lnx)- 


liix +2 
X- (Inx)’ 


is negative for x > 1. so the Integral Test 


applies. Using(2), we need 0.01 > / , s= lim = r^. This is true for n > e'®®. so wc would 

“ L x(lnx)= '-*»>L'nxJ„ Inn 

have to take this many terms, which would be problematic because e'®* as 2.7 x lO'*’. 
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(h) 


+ 2 


35. (a) From the figure, ai+a^ + -F On S /” / U)‘/x, so with 

/W = -, 

X 

111 1 /•" I , 

- + - + - H-F - 5 / -dx = \nn 

2 3 4 n X 

.111 I 

Thus. Sn — I + ~ + “ + “ + — < 1 +lnw. 

2 3 4 n 

(b) By part(a).S |06 < I + ln 10* a 14.82 < l5ands,og < 1+In lo’ a 21.72 < 22. 

36. (a) f (x) = continuous and positive for.t > I, and since /' (x) = ^ < 0 for j > e, we 

/■‘”/lnx\^ 

can apply the Integral! est. Using a CAS, we get j I-I r/j: = 2, so the series also converges. 

„. . , ^ „ /•=°/lnx\^ ^ (lnn)^ + 2 lnn 

Since the Integral lest applies, the error in s a is R„ < I |-I dx = --- 

Jn \ X / n 

(c) By graphing the functions yi = - - ) + 2 In .t + 2 ^ ^ < y 2 for n > 1373. 

(d) Using the CAS to sum the first 1373 terms, we get ^1373 a 1.94. 

37. 6 '"" = (e’"*)'"" = (e'"")'"* = /t'"* = This is a p-series, which converges for all ft such that — In i > I 

o InA < —I o A < c~’ « A < I/e. 

38. (a) The sum of the areas of the n rectangles in the graph to the right is 

r*' dx . 

7l T'* 

the rectangles extend above the curve y = \/x.so 

I X - .. ■ ■ 2 ■ 3 

In n < In (n + 1). 0 < I + X + T +- 1 - - - In n = /„. 

2 3 n 

(b) The area under / (.x) = l/x between x = n and x = n + I is 
/•"+' dx 

I — = ln(n+l)-lnn, and this is clearly greater than the area 
Jn •’f 

of the inscribed rectangle in the figure to the right [which is —!—1, 

L "+ 'J 

so/,, — r„+i = |ln(n + 1) - Inn]-- > 0. and so /„ > l„+i, so 

n + 1 

|/n) is a decreasing sequence. 

(c) We have shown that {/„) is decreasing and that r„ > 0 for all n. Thus, 0 < /« < /| = 1, so {/«) is a bounded 
monotonic sequence, and hence converges by Theorem 12.1,10. 


1 I I 

I + - + -4-F-. Now / — is less than this sum because 

2 3 n 


r"+> I III 

- (/x = In (n + 1) < I + - + - H-1- -, and since 
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^$•4 The Comparison Tests 


1. (a) We cannot say anything about X'’"- If “n > fo*' “'ll ” s"'! 2 convergent, then '^a„ could be 

convergent or divergent. (See Note 2 on page 757.) 

(b) If a„ < b„ for all n. then X "n is convergent. (This is part (i) of the Comparison Test.] 

2. (a) If 0,1 > b„ for all n, then 'S divergent. (This is part (ii) of the Comparison Test.] 

(b) We cannot say an> 1 hing about Xon- If for all « and Xf>n is divergent, then Xo„ could be convergent 

or divergent. 


II I 

—^^ for all H > I. so X "T- 

n- + n + I n- + n + \ 

becau.se it is a /t-serics with p = 2 > I. 


oo I 

converges by comparison with X “y • which converges 


2 2 2 00 2 I 

4. -j- < for all n > I, so X -t -converges by comparison with X ~y = 2 X "J. which converges 

«^ + 4 «’ - „t'i'i’ + 4 ^ ^ 

because it is a constant multiple of a convergent />series (p = 2 > I). 

5 5 oo 5 oo 5 oo I 

5. -—— < — for all « > I, so X ^^ converges by comparison with X 7)7 = 5 X which converges 

2 + 3 3 „=l 2 + 3 0=1 3 n=l 3 

oo I , 

because X ^ is a convergent geometric series with r = 5 . 

diverges by comparison with the divergent (partial) harmonic series 


II oo I 

6. - fz > - for all n > 2, so X 


n — .Jn n 

z -• 

n=l» 




n + I « I 00 „ ..j. I 00 1 

7. —^ > -^ = - for all n> I, so X — T~ diverges by comparison with the harmonic series X “■ 

n- n ~ «•' „=1 n 

4 + 3" 3" /3\" 00 43« 

8. -> — = ( ” I for all n > I, so X -diverges by comparison with the divergent geometric ! 

2" 2" \ 2 / I 2" 

zr,i{i)". 


3 


3 PS 3 


9. Z ^ is a geometric series with |r| = s < 1, and hence converges, so X converges also, by the 

Comparison Test. 


3 


10 


1. ^—=■ < —^ = -YTj and X “Try converges (p = l > I), so X '— 7 ^ converges by the Comparison 

nVn ny« n-’'- „=| n-’'- „=l n^n 


Test. 


11. 


S I 


■Jn (n + I) (n + 2) 
I 


n=l -Jnin + l)(n + 2) 


< , = —TTj and since X “TT? converges (p = ^ > I), so does 

V« ■ n ■ n „_l n-’'^ 

by the Comparison Test. 
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12. Use Ihc Limit Comparison Test with = — 
« 


lim ^ = lim 


: = lim 


X«+ l)(n + 2 ) 
1 


and = -. 


£ I 


„-2;» + 2) " 4/ 10+ ■/»)(!+17^ = ' ^ 

y ' —— 

n=| l)(n + 2) 


4^ .r "^+1 .1 * « +« I + l/rt^ . « n^ + l . 

13. If On = “ 1 —T and h„ = then hm -- = lim —r—- = lim -:—r = I, so T -?—- diverges by the 

- 1 n n-*oo b„ n-¥oo — \ n-*oo]-\/n^ rt-* - 1 

00 I 

Limit Comparison Test with the divergent (partial) harmonic series 

M^'> n 


14. - - —— < — and 21 's a convergent geometric scries (Irl = i < I), so y- - —— converges by the 

(«+l) 2 " 2 " „=i 2 " VI I 2 ' (n + l) 2 " ® ^ 

Comparison Test. 


3 + cosn 4 . . £ 4 . l, . i . ■ 

15. -r::— < — since cos n < 1. 2 - ^'s a geometric series with |r| = j < I so it converges, and < 

^ W=:I 


3" 


£ 3 + cosn . . 

2, ——— converges by the Comparison Test. 

n- \ 


„ 5n 5n 5/1 
16. —-s—r > 


2»|2 - 5 2n^ 

Test. 


5 /1 \ 5 °° I °° 5n 

- I - I and since - y - diverges (harmonic series) so does y --t—; by the Comparison 
2 \n/ 2„^, n 2n7 - 5 


w ;i I I 4 n 

17. , < —= = -vn- Y. ~T?> is a convergent o-serics (p = ij > 1) so Y _ converges by the 

vV+4 >!■>/- „=| Vic+l 

Comparison Test. 

arctann x /2 a- £ I . .v £ arctann . . ^ ■ t- 

18. -j— < —j- and y X -4 converges (p = 4 > 1) so 2, - 5 — converges by the Comparison Test. 


2 " 2 " 
19. -— < 


1 +3" 
Comparison Test 


2" /2Y °° (2\” , 

— = is a convergent geometric scries (|r| = j 


00 2 " 

< 1 ), so 21 —converges by the 
n=l ' "b 3 


1 + 2 " 2 " a„ (I/ 2 )" + 1 

20. Use the Limit Comparison Test with a„ = , ^ and b„ = lim — = lirn . = I > 0. Since 


I +3" 


3'’ 'ii-tooh„ "-*00 (1/3)" + 1 


1 ^ 1 + 2 " 

X h„ converges (geometric series with Irl = ^ < 1 ), 51 -—— also converges. 

H=1 n=i I d" 3 

21. Use the Limit Comparison Test with a„ = , ^ and h„ = —lim ^ = lim . ^ = I > 0. Since 


1 + v/n 


/HOC b„ n-»oo 1 + ,/n 


og 1 00 I 

y —p is a divergent />-scrics(p = 5 £ I). S-F also diverges. 

( 1=1 V" ( 1=1 I + V" 


I \ a 

22. Use the Limit Comparison Test with a„ = -and b„ = —r : lim — = lim -- = I > 0. Since y b„ 

n-— 4 ii-«3ab„ n-too i 

00 I 

converges (o = 2 > 1 ), y -also converges. 

„=3 n-' - 4 
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23. Lclo,, = ", ^ ■■ andfc„ = -Ir. T hen lini — = lim ” ” = I. Since V is a convergent p-.scries 

»■• + I n- "-*00 b„ "-*00 +1 

00 /r 4- 1 

(p = 2> 1), so is 2 -by the Limit Comparison Test. 

"=i « + I 

,, n^-5n ,, 1 . a„ n’- 5n- I — 5/n 

24. Ifo„ = —;-and b„ = then hm — = lim -5 -- = lim -—-=--—r = I, so 

+ n 4-1 n n-*oo "-*00 4. „ 4. ] n-*oo 1 4-l/n-^ 4. l/n.* 


^ - 5/1 .. 

n=l //■’ + n + 1 

a„ > 0 for n > 6 .) 


00 I 

^ j-diverges by the Limit Comparison Test with the divergent harmonic .series 21 -■ (Note that 

. j. „ j. I I, 


I + « + 


„ _ i 4 -« + n- ,, I .. a„ n + n^ + n^ i/n -1 i/n + 1 

25. Ifa„ = —- and b„ = -. then hm — = hm —====== = lim 

v'T+n^+^ n "-* 006 ,, "-*00 v/| 4-/1^ + «*• yi/n'’+ 1//)^ + I 


I/n-+ 1//! + I 


~ I + n + n- 
/i=l s/1 + n^ + n' 


= lim 

rt -»00 

00 I 

diverges by the Limit Comparison Test with the divergent harmonic series X “• 

M=l ^ 


= L SO 


“■ ~ ^ “ nV^ ~ „4/3- 

+ Sn''/’ n-’/^ I -I- 5/n I + 5/n 

^ lim ^ lim ■ ^ Iim . ^ i.n 

»-*oo („7 4.„2)'/3 n-’/3 "-*oo|(„7 + „2)/„7]l/J -><» (| 4- I/n*)''’ (l-l-O)'/’ 

00 /1 + 5 0° I 

22 , converges by the Limit Comparison Test with the convergent p-scrics 2L ” 4/3 

n=\ ■Jit’ + n- ‘ n=l " 

27. I.eto,, = ” ' and b„ — -!-. Then lim — = lim ” ^ ' = 1. Since V is a convergent geometric series 

n2" 2" "->00 fc„ "-*cx> n „=l 2" 

^ rt + 1 

(|r| = s < I). T -converges by the Limit Comparison Test. 

«=t "2" 


lim — = lim 

n-*oo {}„ n-»oo I 


1+0 


= L so 


28. Use the Limit Comparison Test with a„ ■■ 


2n^ + 7n I 

—— -— and />„ = —. 

3"(n2 + 5n-l) 3" 


lim — = lim r" ^ - = 2 > 0. and since Ybn is a convergent geometric series (|r| = 4 < I). 

"•••00 b„ "-*00 n' + 5n — 1 


00 2/1- + 7/1 


“1 3" (n- + 5/1-1) 


converges also. 


I I °o I 

29. Clearly n! = n (n - 1) (11 - 2) ■ ■ ■ (3) (2) > 2 2 2.2 ■ 2 = 2'’"', so — < X 's a convergent 

n. L I 

I °° 1 

geometric series (Ir I = 5 < 1)so ^ “7 converges by the Comparison Test. 


30 . ^ ‘ .llrJli’ < i.^, 

n" n ■ n ■ n .n • n n n 


00 2 00 ,,i 

1 for n > 2 , so since 21 — converges (p = 2 > I). 2 -- 

n=i "■ "=1 " 


converges also by the Comparison Test. 

31. Use the l.imit Comparison Test with a„ = sin 

Since 21^^. i hn is the divergent harmonic series. 2I.^i sin (I /«) also diverges. 


I a„ sin(l//i) sin« 

andin = - : lim — = hm ——-= hm —— = 1 > 0 . 

n n-too b„ "-*oo I//I //~iO 0 
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32. Use the Limit Comparison Test with a„ = -- 7 - 7 - and b„ = -. lim — = lim — , ,, -..... -yt- 

^l + l/n ff n-toobf, /i-4(X nif*/" n-»cx> «*/" 


= lim 


= 1 


00 I OC I 

(since lim = | by ITIospital's Rule), so V — diverges (harmonic series) => V —;—p- diverges. 


I 111 1 

■ I'l «•• + n2 “ 2 20 90 10.100 


! 0.567975. Now 


1 


n’ + n' 


< -T, so using the reasoning and 


notation 


“I dx r .*"’1’ 1 

ion of Example 5, the error is /7|o < ho = Y. ^ < I —r = lim —— = —— = 0. 

„^l«‘‘"yio X* <-^00 L 3 J,o 3000 


0003. 


.. 1+coSM 1+COS2 I+COS3 1+cos 10 , l+cosn 2 

34. X - = l+cosl+ „ + +■■■+ 1.55972. Now <^.soas 


32 


243 


100,000 


f®® 2 r 1 ^ 

Example 5, R\o < ho < I —^dx = 2 lim —jx~* = 0.' 

J\0 x^ ;-*ooL ’ JlO 


00005, 


'<>1111 I II 

TT^ = 3 + 5 + 9 + • • ■ + TUB ^ TTB B- 

00 ] 1/211 

Rio < ho = X ^ — T- rpy (geometric series) « 0.00098. 

I ^ I — 1/Z 


10 

36. Y 


= 7 + J: + t 4:+- + , J°,„ 0.283597. Now 


„fi(n + 1)3" 6 27 108 649,539 

0.0000085. 


(n + 1) 3" n • 3" 3" 


= - 7 -, so the error is 


00 I 1/3II 

«io < 7-10 = Z tTT = 


3" 1-1/3 

d 9 00 9 

37. Since —^ < — for each n, and since —— is a convergent geometric scries (|r| = ^ < 1), 

10 ” 10 ” 10 " 

dn 

0 .r/i</ 2 i/} ■■■ — Y 7777 "'ll always converge by the Comparison Test. 

MS I 


38. Clcarlv. if /> < 0 then the scries diverges, since lim —;— 

n-<oon/’|nn 

I 


= OC. IfO < p < 1, then Inn < n Inn 


1 00 I =» 1 

- > -and Y -diverges (Exercise 12.3.19), so Y -diverges. If p > I, use the Limit 

nflnn ninn „_inlnn „_2nAlnn 


Comparison lest with o„ = 


I I fl„ I °° 1 

-and h„ = —. V b„ converges, and lim — = lim ;— = 0 , so V —;— 

nT’Inn nf "-xjoftn n-*oolnn „^2”'^l''" 


also converges. (Or use the Comparison Test, since n^ In n > n^ for n > e.) In summary, the series converges if 
and only if p > 1 . 

39. Since Vo,, converges, lim a„ = 0, so there exists N such that |o„ — 0] < I for all n > AF => 0 < a„ < I for 

„-*oo 

alln>A' => 0 < o,^ < o„. Since V‘'n converges, so docs V< 7 n by'he Comparison Test. 

40. (a) Since lim (a„/b„) — 0, there is a number A' > 0 such that |o„/ 6 „ - 0| < 1 for all n > N, and so a„ < b„ 

H -4 0C 

since On and b„ arc positive. Thus, since ^b,, converges, so docs ^a,, by the Comparison Test. 

(b) If (j„ = —r and h„ = -r. then lim = hm — = hm — = lim = 0. so T —r- converges by 

w-»oc bn »-*oo n x-*oo x x-*oo i 

part (a). 
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41. (a) We wish to prove that if lim -^=00 and ^b„ diverges, then so does ^Un- So suppose on the contrarj’ that 

/l"*00 Pfi 

y On converges. Since lim ^ = oo, w-e have that lim —= 0, so by the extension of the Limit Comparison 

n-fOO b„ n-'tJO a„ 

Test proved in lixercise 40(a), if converges, .so must h„. But this contradicts our hypothesis, so 
must diverge. 

(b) If a„ = and b„ = - for n > 2. then lim ^ = lim = lim = lim = lim x = oo, so 
Inn n b„ n-><»lnn .r-*oo Inx jr->oo |/.v .t->oo 

00 1 

by part (a), -— is divergent. 

„_2 In n 

42. l.et a„ = -4 and />„ = -. Then lim ^ = lim - = 0, but T b„ diverges while Y a„ converges. 

n n->ooA„ n-^oo n 

43. lim na„ = lim . so we apply the Limit Comparison Test with b„ = -. Since lim na„ > 0 we know that 

/i-»oo H-*oo \/n n n-foo 

oo ] 

cither both scries converge or both series diverge, and we also know that Y ~ diverges (p-scrics with p = \ ). 

( 1=0 ” 

Therefore, ft's' '’c divergent. 

44. First we obsene that, bv THospilaTs Rule, lim _ ijp, -_ ) /\iso_ if V a converges, then 

x-*0 X x-tO I + x 

lim a„ = 0 bv Theorem 12.2.6. Therefore, lim We are given that Y o,, is convergent and 

«-400 ' n-¥OC Un 

an > 0. I'hus, In (I + a„) is convergent by the Limit Comparison Test. 

45. Yes. Since Y^an converges, its terms approach 0 as n oo. so lim ^—— = 1 by Theorem 3.5.2. Thus. 

^ «-*oo a„ 

2 sin an converges by the l.imit Comparison Test. 

46. Yes. .Since converges, its terms approach 0 as n -> oo, so for some integer a„ < I for all n > N. But 

'I'cn Zilti = Z»=i' “>■*» + "o*" ^ 'LnJi <’">’» + Ziilw ■ he fiTs' 'S 3 fini'c sum. and the 

second term converges since 2^1 h,, converges, So Y^anb„ converges by the Comparison lest. 


^^■5 Alternating Series _ 

1. (a) An alternating scries is a scries who.se terms are alternately positive and negative. 

(b) An alternating scries Z^i (“!)"*' *» converges ifO < b„+\ < h„ for all n and = <*• (I h's's the 

Alternating Series Test.) 

(c) The error involved in using the partial sum s„ as an approximation to the total sum s is the remainder 

R„ = s - s„ and the size of the error is smaller than 6„+i, that i.s, |7?„| < ( This is the Alternating Scries 

Fstimation Theorem.) 

1 2 3 4 5 “ n n 

2. -1--+-4-= Y {—I)"- llereo,, = (—1)”-;■ Since lim a,, ^ 0(in fact the limit 

3 4 5 6 7 „^i n + 2 /i + 2 "-*oo 

docs not exist), the scries diverges by the Test for Divergence. 

44444 ,4 4 

3. - —- =Y (-1)" —- 7 - *.i = —TT > 1*"1 is decreasing, and lim b„ = 0. so the 

7 8 9 10 II „=l n + 6 n + 6 "-»oo 

series converges by the Alternating Scries Test. 
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00 I 1 . . , 1 

A- ^ (—1)" ;—• *n = — is positive and {A„} is decreasing; lim ;— = 0, so the scries converges by the 

„=2 Inn Inn n-*oolnn 

Alternating Scries Test. 

I ... °° (-1)""' 

5. b„ = —= > 0, |i„) is decreasing, and lim b„ = 0, so Y -=— converges by the Alternating Series Test. 

”->« ntl s/n 


1 00 (_n"-i 

6. b„ = -r > 0. ib„) is decreasing, and lim b„ = 0, so the series T —-— converges by the Alternating 

"-*00 „=l 3n - I 


3n - 1 
Scries Test. 


7. a„ = (-1)" --so |o„| = -—— -> i as n -> oo. Tberefore, lim a„ jiO (in fact the limit does not exist) 

4n + I 4n + I 2 n-*(x> 

2n 

and the scries 21 (—1)" -r diverges by the Test for Divergence. 

, 1=1 4n+l 

2w 

8. b„ = —- > 0, {fc„) is decreasing [since 

An- + I 


^n +1 


2n 


In-¥2 


8n2 + 8n - 2 


4n2 + l 4n2 + 8n + 5 (4n-+ I) (4n2 + 8n + 5) 


> 0 for n > I ], and 


2/n “ In 

lim b„ = lim -;—= = 0, so the series Y (— I)” —s-converges by the Alternating Scries Test. 

"-*00 ,i-,oo4+l/n2 ' 4n7+| “ " 

I 00 (_|)"-l 

= , , , . > 0. I*"l is decreasing, and lim b„ = 0. so the series Y —^—- converges by the Alternating 
dn-' + I "->oo 4n- + I 

Series Test. 




as n -» 00 . Therefore, lim a„ jtO (in fact the limit docs not 


“ _i 2n- 

exist) and the scries X (“ i)" ' T"*-diverges by the Test for Divergence. 

, 1 = I 4n- + I 

11- X (-I)"”' ■ *11 = , > Oforalln. Lct/(.T) = Then f’{x) = —^ < Oifx > 4,so 

„=\ n + 4 « + 4 x + 4 2VJ(x + 4)2 


(/)„} is decreasing after n = 4. lim = lim —=—!- 

"-toon+ 4 n »oa ^ + 4/^ 


= 0. So the scries converges by the Alternating 


Series Test. 

no 

\7l+l 


12. 2! (—1)”’'^' Yi- ~ Yi ^ ^ ^ on - ^ 2n > n + \ <=> n > I which is 

«=r I - - ^ 2 

certainly true, lim (n/2") = 0 by ITIospital's Rule, so the series converges by the Alternating Series Test. 


oc W H 1 

13. X(—I)";—. lim ■■ —s= lim = oo. so the series diverges by the Test for Divergence. 

„-2 m« rt->oo)nr; n-tooi/n 

14. f (-1)"-' ) = 0 + f (- 1 )”-' (—). 6 „ = — > Ofor« > 2.andif/(x)= — then 

»^l V « / ,1=2 V " / " -» 

/' (x) =- 5 -^ < 0 if .t > e. so {b„] is eventually decreasing. Also, lim b„ = lim lim = 0, so 

ff-»oo »—»oo n n-*oo I 

the scries converges by the Alternating Series Test. 

00 cosna '^ (—I)" I I 

15. V — Yjr~ = X — 573 -- I’ll = ~j 7 r's decreasing and positive and lim = 0. so the series converges by the 

„_l »)• '" n-v" ,i-.oo 

Alternating .Scries Test. 
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16. sin =0 it'n is even and (-1)* ifn = 2A + I. so the series is ^ 

' 2 ' -_/i 


(- 1 )” 


■ b„ = 


decreasing, and lim 


I 


(i->oo (2 m -f I)! 


„tb(2M+l)! (2 m+I)! 

= 0, so the scries converges by the Alternating Series Test. 


> 0 . [h„] is 


17. X 0 ” sin —./>„ = sin — > 0 for m > 2 and sin — > sin-, and lim sin — = sinO = 0, so the series 

„=l n n M M + I M-voo M 

converges by the Alternating Series Test. 

18. X (~0”cosf— ). lim cos ) = eos(O) = I, so lim (—I)" cos does not exist and the series diverges by 

„_l Vn/ n->oo \m/ n-too \n/ ^ J 

the Test for Divergence. 


19 . ^4 = "■'’■ 


«! 1-2.M 

lest for Divergence 


> « 


lim — = 00 
/i-»oo /i! 


lim -:— does not exist. So the series diverges by the 

«->oo n: cr > 


20. - decreases and lim _ = 0, so by the Alternating Series Test the series converges- 

21 . 


n 

ihl 

Sn 

1 

2 

1 

-0.35355 

1 

0.64645 

3 

0.19245 

0.83890 

4 

-0.125 

0.71390 

5 

0.08944 

0.80334 

6 

-0.06804 

0.73530 

7 

0.05399 

0.78929 

8 

-0.04419 

0.74510 

9 

0.03704 

0.78214 

10 

-0.03162 

0.75051 



-I 

By the Alternating Series [estimation Theorem, the error in the 
(-!)"■ 

n=l 


! 0.75051 is 


approximation ^ ^„ 

«=l 

|.v —siol < hit = 1/(11)*^^ » 0.0275 (to four deeimal places, 
rounded up). 


2Z 


n 

a,t 

Sn 

1 

2 

1 

-0.125 

1 

0.875 

3 

0.03704 

0.91204 

4 

-0.01563 

0.89641 

5 


0.90441 

6 

-0.00463 

0.89978 

7 

0.00292 

0.90270 

» 

-0.00195 

0.90074 

9 

0.00137 

0.90212 

10 

- 0.001 

0.90112 



’ IM ' 



1".) 


V_1 


_^ 


By the Alternating Series Kstimation Theorem, the error in the 
00 (- 1 )"-' 

approximation V -;— as 0.90112 is 

»=i 

iJ-Jlol <*ii = 1/11^ a: 0.0007513. 
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23. With b„ = 1//7-, ftio = l/IO^ = 0.01 and b\\ = \/\\^ = \/\2\ ^ 0.008 <0.01, so by the Alternating Series 
Estimation Theorem, n = 10. 

24. *5 = 1/5'' = 0.0016 > 0.001 and bf, = 1/6'' as 0.00077 < 0.001, so by the Alternating Series Estimation 
Theorem, n = 5. 


25. b^ = 2’/7! =» 0.025 > 0.01 and bg — 2*/8! = 0.006 <0.01, so by the Alternating Series Estimation Theorem, 
» = 7. (That is. since the 8th term is less than the desired error, we need to add the first 7 terms to get the sum to 
the desired accuracy.) 


26. hi = 5/4* as 0.0049 > 0.002 and bf, = 6/4* as 0.0015 < 0.002, so by the Alternating Scries Eistimation Theorem. 
« = 5. 


oc (-I)"-! 


1 


I 


(2 5 - 1)1 362,880 


; 0.00001, so X 


(- 1 )" 


4 (- 1 )"-' 




„-i'i(2«-l)! „ti(2«-l)! 


10.8415. 


28. b4 


I 


(2-4) 

y ini)! 

„to (2«)! 


40,320 
a= 0.5403. 


0.000025 and *3=1- 



I 

720 


0.54028. so, correct to four decimal places. 


I I °° (-1)" * (-1)" 

29. *6 = rr-; = *= 0.000022 < 0.00001, so T » Z =« 0.6065. 

2*6! 46.080 „to 2"n! „tb 2"n! 

30. hg = 1 / 8 * ai 0.0000038 < 0.00001 ands7 = I- H + 7 S- 4 ^ + TTS? “ Tjfe + TTTSW 0.9855537, so 

00 (- 1 )"-' 

correct to five decimal places, X -g— 0.98555. 

n=l ” 


S (-1)" ' ,111 I I I I 

■ 2 + 3 ■ 5 + ■ ■ ■ + ■ 50 + sT ■ 52 + ■ 


The 50th partial .sum of this scries is an 


00 / I I \ / I I \ 

underc.stimate. since V - =*50 + 1-+ -:|H-. iind the terms in parentheses arc all 

„=l n \51 52/ V53 54/ 

positive. The result can be seen geometrically in Figure 1. 


32. Ifp > 0, 


' * and lim — = 0. so the series converges by the Alternating Series lest. If p < 0, 


(n+l)'' flP n-»oo nP 


lim 


(- 1 )" 


S (-1)" 


■ docs not exist, so the scries diverges by the Test for Divergence. Thus, V 

1I-.00 nP e J o 

p > 0. 


converges 


33. CIcarlv b„ = —^— is decreasing and eventually positive and lim 6n = 0 for any p. So the scries converges (by 

n + p "-<<» 

the Alternating Series lest) for any p for which every b„ is defined, that is. n + p ^ 0 for n > 1, or p is not a 
negative integer. 

34. Let /(.t) = . Then /' (x) = ^—!!1^ < o if.x > eP so / is eventually decreasing for every p. 

X x^ 

Clearly lim = 0 if p < 0, and if p > 0 we can apply rHospilal’s Rule [p + 11 limes to get a limit of 0 as 

21—»oc> n 

well. So ihe series converges for all p (by the Alternating Series Test). 
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35. 21*2" = X */ (2«)" clearly converges (by comparison with the p-series for p = 2). So 
suppose that 2^ (-1)”“' b„ converges. Then by Theorem 12.2.8(ii), so does 

S [(-I)"”' *(i+*n] = 2^l+j + j+ -^=22I Yn- \ ' Ibis diverges by comparison with the harmonic 

scries, a contradiction. Therefore. Y, (“ •*« must diverge. The Alternating Series Test does not apply since 
lh„] is not decreasing. 

36. (a) We will prove this by induction. Let P (n) be the proposition that si, = * 2 " — b„. P (I) is true by an easy 

calculation. So suppose that P (n) is true. We will show that (n + I) must be true as a consequence. 


A2„+2 - - (*2" + ^ = (*2" - A") + 


= S2<i + ; 


I 


1 


= S2n+2 


2n + I 2n + 2 
which is P {it + I), and proves that sii, = fi2n — h„ for all n. 

(b) We know that /i 2 « — In2« -» y and h„ -\nn -> y as n oq. So 
S 2 n = hyn — h„ = (/i 2 n — In 2n) — (A„ - In n) + (In 2n — In n), and 
lim J 2 " = y “ y + lim [In 2n — In n) = lim (In 2 + In n — In n) = In 2. 


I 

2n + 2 


6 Absolute Convergence and the Ratio and Root Tests 

= 8 > 1, part (it) of the Ratio Test tells us that ^a„ is divergent. 


1. (a) Since lim i 

«-»ooj a„ 


(b) Since lim - =0.8< I, part (i) of the Ratio Test tells us that is convergent. 

00 .i- o 


(c) Since lim 




On 


= 1, the Ratio Test fails and ^a„ might converge or it might diverge. 


2. The series X ^ has positive terms and lim = lim 

rt-l 2" «-»oo an "~»oo 

the series is absolutely convergent by the Ratio Test. 

OO I *^1 

3. 2 —-pz = ^ is a convergent p-scries (/> = J > I), so the given scries is absolutely convergent. 

«-l n=i 

(“!)" **1 

4. 21 —pr converges by the Alternating Series Test but ^ is a divergent y 7 -scrics(p = 5 < 1), so 

«=i o „_i n / 

00 (-j)« 

X —TTp converges conditionally. 

n=l 

5 . Using the Ratio Test, lim 
diverges. 

6 . Using the Ratio Test, lim 


.y 

2""'* rfi \ n->ooV^ nj 


1 I 

- = - < l,so 

2 2 



= lim 

n-^oo 

(-3)"+'/(n+ 1)^ 

On 

(-3)"/«’ 

On-i-l 

= lim 

n-*oo 

(-3)"+‘/(«+ 1)1 

On 

(-3)"/n! 


= 3 lim 

n-»oo 




3 > 1 , so the series 


= 3 lim -- = 0 < I, so the series is 

"-.00 n + 1 


absolutely convergent. 
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00 (-1)" 00 I 

7. -converges by the Allemating Series Test, but X ;-diverges by the Limit Comparison Test with the 

n=l 5 + n 5 + n 

oo 1 

hannonic series X so the given series is conditionally convergent, 

0=1 « 

8. lim = lim ——— = lim —!— = 0 < I, so the series T ~^— is absolutely convergent by the 

n-»oo| a„ I »'->oo(n+l)! n-*oo n + 1 „_l n! 

Ratio Test. 

n I 

9. lim |a„| = lim -= lim -= l,so lim a„ ^ 0. TTius. the given series is divergent by the Test for 

n-»oo 77-+00 5 + n n-*<xi 5/« + I n-*oo 

Divergence. 


10. 2 2 ^ I tl'verges by the Limit Comparison Test with the harmonic series: 


n 

0=1 + I 

«/("-+!) 


lim = lim ——- = I, But T (-1)"' -s—r converges by the Alternating Series Test: 

m-*oo l/n n-»oo n'+ I + I 

— 1 has positive terms, is decreasing since \ | < 0 for x > I, and lim -r: —- = 0. 

+ I I ^ \x2 + I / r^2 + 1)2 n-*oo + I 




is conditionally convergent. 


o„+, I l/( 2 n + 2 )! ,. ( 2 n)! 

= hm . .. .. — = lim —-— = lim 


( 2 n)! 


11 . lim 

rt—*oo I a,, j n~»oo 

lim t::—— 7-77 =0 < I, so the series is absolutely convergent by the Ratio Test. Of course, absolute 


a„ \ n-*oo l/(2n)! n-** (2n + 2)1 o-»oo (2« + 2) (2rt + I) (2n)! 

I 


n-»oo ( 2 n + 2 ) ( 2 n + I) 
convergence is the same as convergence for this series, since all of its terms are positive. 


12 . lim 



- lim 

(n + !)!/«"+' 

On 

«-»00 

n\/e" 


= - lim (n + I) = 00 , so the series diverges by the Ratio Test. 

e »—»oo 


I sin 2 / 11 1 1 sin 2n 

—=— < and X converges (p-series, n = 2 > 1), so X — T~ converges absolutely by the Comparison 

I n=l n=l ” 

Test. 

arctann k/2 |£ a/2 , ^ , .,n arctann 1 . 1 i. .u 

14. - 5 — < -V and X —r converges (p = 3 > I). so X (“ •) - 5 — converges absolutely by the 

„=l n 


Comparison Test. 


15. lim 

fln+l 

= lim 

«-»oo 

an 

rt—>00 


(n+l)3''+‘ 4”-n /3 «+l\ 3 , . 

— -.- = hm J - •-I = - < I, so the senes is 

4” n-3"J /i-*oo^4 M / 4 


absolutely 


convergent by the Ratio Test. 


16. lim 

rt-^OO 


On 


: lim 


■(n+0^ [/, ly 2 1 

(« + !)! rfi2"\ /.-.oo|^V n + lj 


so the series X (~ •)” 


n^l" 


is absolutely convergent by the Ratio Test. 


17. lim 


I 


= lim 

«—POO 

10 "+' 

(n+ 1)42”+I' 

- lim P 

«+ 1 \ 

.(n + 2 ) 42"+3 

10 " 


n + 2 ; 


convergent by the Ratio Test. Since the terms of this scries are positive, absolute convergence is the same as 
convergence. 
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18. I cos — < 1, so since X — 7 = converges (p = ^ > I), the given series converges ab.solutely by the Comparison 

I 6 I „^l tiy/n 

Test. 

19. lim ^^^^1 = lim = oo, so the series diverges by the Ratio Test. 

n-*oo an 1 «-*oo rtf/lO” n-*oo 10 


a„ I n\/n" n-^oa (n + \)" "-^oo (I + l/n)" e . 

converges absolutely by the Ratio Test. 

21. 2 •y _L converges (Exercise 12.4.29). so the given scries converges absolutely by the 

rt! n! „'r'| n! 

Comparison Test. 

22. lim = lim —^ = 0 < I so the series converges absolutely by the Root Test. 

ft—*00 n-^00 Inn 

\ „ 

, , I = lim —=-= 00 , so the scries is divergent by the Root Test. 

31 +J/iy n-*oo ^ 3.35 

O. lim 1^1= lim lim [ ' . J 

n-<oo I a„ \ "-tool 34+30 „o ,i_,<3o|^33 \ n / J 


Oo+ll .. (n+l)!/(/i+!)"*■ 1 I . .. . 

- = lim -= lim - - = lim — -:—nr = - < 1, so the senes 

a„ I o-*!» n!/n" »-»oo(n+|)" "->00 (| + |/n) e 


Or: lim 
o-*oo 


I / I \" , 

= — lim ( 1 + - I lim (« + I) = lim (n + 1) = c 

27 n~*oo \ n / »-»oo n-too 


so the series is divergent by the Ratio Test. 

24. Since I — ^ — } is decreasing and lim —^— = 0. the series converges by the Alternating Scries Test, but since 


00 I 

X -diverges bv the Integral Test (Exercise 12.3.19), the given scries converges only conditionally. 

„_2 «In n 

^2 I ^ j //}^ I 

25. lim = lim —r-= lim -r = -< I, so the series is absolutely convergent by the Root Test. 

n-»(»2n2 + l «-*oo 2+I//|2 2 /fey 

I I 2 

26. lim = lim -= —r = — < I so the scries converges absolutely by the Root Test. 

«-»oo »-»oo arctan/? k/I k 

„ («+1)!/[1 .( 2 / 1 + 1 )] n+\ 1 , . 

27. lim - = lim -:—::—-r-;— = hm r-r = t < I, so the series converges 

«-*oc a,, \ n-*(x> rt!/|l-3-5.(2«—I)] n-/«)2//+l 2 

absolutely by the Ratio Test. 

14-7 .(3«-2)(3/t+ I) 

__ ,. 3*5-7 .(2/1 + 1) (2/1 + 3) 3/1+1 3 ■ j- u 

28. lim - = lim - ^ ^ - - = hm r-r = -> I, so the series diverges by the 

«-»oo I a,, n-»oo 1 *4*7 .(3// — 2) n-*oo 2/1 + 3 2 

3*5-7 .(2/7+1) 


so the series diverges by the 


Ratio Test. 


00 2 ■ 4 • 6.(2/i) 2"//! 

29. X-= X-= y 2” which diverges by the Test for Divergence since lim 2” = oo. 

n=l «! n=\ «! /.= l 


Oft 1- ^ 

30. lim - = 

«-»oo ] a„ 1 

the Ratio Test. 


2"* 

(«+!)! 

5.811 

.(3n + 5) 

1 2'’fl! 1 

15 811 

.(3« + 2) 1 


= lim -= - < 1 so the scries converges absolutely by 

w-»oo 3// + 5 3 
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31. By the recursive definition, lim 


32. By the recursive definition, lim 
n-*oo I 


On-^\ 

= lim 


n—POO 1 

«n^I 

= lim 

a„ 



2 + cos/I I 




= 0 < I, so the scries converges absolutely by the 


Ratio Test. 


33. (a) lim 

n-+oo 


l/(n+ 1)^ 


\/n> 


= lim 


= lim 


I. inconclusive. 


(b) 


(c) lim 

(d) lim 


»-*»=(«+1)^ "-*«= (I + l/n)^ 

|(n+ 1) 2'’| n + I /I 1 \ I , , . 

lim . • — = lim —-— = lim I - + r- I = r- Cone usive (convergent). 

r-+oo| 2"+' n\ n->00 2/1 /i-»oo\2 2n/ 2 ^ 

^L3 1im,/I^ = 3 1im,/: 

—3) 1 '•-*ooyn+\ n-*oo\ ] 


1 


M-»00 I + I ( 

/^TT I +n^ 


1 + 1/n 


: 3. Conclusive (divergent). 


I + (n + 1)^ y/n 
34. We use the Ratio Test; 


= lim 
n-*oo 


' _ 

V n l/„2 + (H. i/„)2 


= 1. Inconclusive. 


lim 

W-/00 I 


I^U lim 

[(n+l)!j7[*(o+l)!] 


1 a„ \ «-^oo 

(«!)7«:n)! 


= lim j 

«—POC 

(n+I)’ 


(*(n+l)][*(n+l)-l]...[*n+l)| 


Now if * = 1. then this is equal to lim 

M-»00 


(n+ir 


(« + 1 ) 


= 00 , so the series diverges; if A = 2, the limit is 


lim 

«—POO 


(« + ir 


I 


= - < I, so the scries converges, and if* > 2, then the highest power of n in the 


(2n + 2)(2n + I) 

denominator is larger than 2, and so the limit is 0, indicating convergence. So the series converges for k > 2 


0 / 1+1 


35. (a) lim - = lim 

n^oo ' - ' ' - 


i.vr'/(/, +1)! 


I 


I — . , .n , . =1^1 lim --= 0, so by the Ratio Test the series converges for all 

a„ I n-nx |.vr//i! 'ii-.oon+l ® 


(b) Since the series of part (a) alwavs converges, we must have lim i— =0 by T heorem 12.2.6. 

n-*oo /t! 

36. (a) /?„= + «.,^2 + o „.3 + + ... = <,„_^,fl + f!l±i + f222 + e!lll + ...') 

V a„+i 0,1+1 / 

( , 0/1-2 0//+3 On+2 0,1+4 On+3 0„*2 \ 

0„_| a„+2 On-l 0„+3 0„+2 0„-| / 

= o„+i (I +/•„+! +r„+ 2 r„..l +r„+3/-„+2r„+| H-) (★) 

< o„+i (1+/•„+!+r’^l+■■•) [since {/•„) is decreasing] = —f2±i— 

I - '•/itI 

(b) Note that since (r„| is increasing and r„ -> t as n -» oo, we have r„ < 1. for all n. So. starting with 
equation -k. 

^// — o„+i (1 + r,,+ i + r„+ 2 rn+i + /*rt+3r„_2rrt+1 + ■ ■ ■) S o++| (l + + + + 
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an+\ 


n2" 


a„ (n+l)2”+l 2(n+I) 

n + 1 n (n + I )^ — n (m + 2) 


form an increasing sequence, sinee 
1 


<•11+1 -'■» = : 


2(n + 2) 2(n + 1) 2(n+l)(n + 2) 2(«+l)(« + 2) 

the error is less than- — -= ^ ^ ^ sj 0.00521. 

I - lim 1 — 1/2 192 


> 0. So by Exercise 36(b). 


(b) The error in using s„ as an approximation to the sum is R„ = 


1 


On»l 


l-i (0+1)2"+' 


. We want R„ < 0.00005 


<=> -—— < 0.00005 <=> (n + I) 2” > 20.000. To find sueh an n we can use trial and error or a 

(o + 1)2" 

graph. We calculate (II + 1)2" = 24.576. so s 11 = T =s 0.693109 is within 0.00005 of the actual 

n=l "2" 

sum. 




1024 


. The ratios r„ = ^^2+i = " ^ ' = i J I q. i | fomi g decreasing 
a„ 2n 2\ n) 


sequence, so by Exercise 36(a), using <Ji i = and ''i ■ ~ ^ ~ above approximation is less 

than - %0.0II8. 

I -rji 

39. Summing the inequalities — |a,I < a, < |a,| for/= 1,2.”• "cget - |a,| < a, < 2)”=i l°il ^ 

“ ^”=1 - n!ir« ^"=1 '“'I ^ “ 21“ I I""! ^ Z“ I °x 5 Z^i M => 

40. (a) Following the hint, we gel that |a„| < r" for n > N. and .so since the geometric series Z^iconverges 

(0 < r < I). the series l"»l converges as well by the Comparison Test, and hence so does Z“ i s” 
Z“ I is absolutely convergent. 

(b) If lim (y|a„| = /.>!, then there is an integer N such that (/|a„| > 1 for all n > N, so |a„| > 1 for n > N. 

n-*oo 

Thus, lim a„ ^ 0. so Z“ i diverges by the Test for Divergence. 


41. (a) Since Z^'n absolutely convergent, and since !o+| < |a„| and |a„ j < |a„| (because a+ and a„ each equal 

either a„ or 0), wc conclude by the Comparison Test that both ^ a+ and 21 o,7 tfusl be absolutely convergent. 
(Or use Theorem 12.2.8.) 

(b) We will show by contradiction that both Z“(t ^nd Z'*#' "'“St diverge. For suppose that 
Zo,T converged. Then so would 2^ {a* — ja„^ by Theorem 12.2.8. But 

Z («» - yf") = ^ [t (“x + |a„|) - ja„j = ; z l^nl- '^*’ich diverges because is only conditionally 
convergent. Ilence, 2^ can’t converge. Similarly, neither can ZoiT- 

42. I .cl 216„ be the rearranged series constructed in the hint. [This .series can be constructed by virtue of the result of 
Excrci.se 41(b).] This series will have partial sums s„ that oscillate in value back and forth across r. 

Since lim a„ = 0 (by Theorem 12.2.6), and since the size of the oscillations |Sn — r| is always le.ss than |o„| 

n—^OO 

because of the way 2L*n was constructed, we have that 2^6,, = lim s„ = r. 
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\^^ Strategy for Testing Series 


1. lim a„ = lim | = lim ^ " = I 0. so the scries diverges by ihe Test for Divergence. 


/i-*oo ' n-»oo + 1 n-»oo 1 + 1 /n 


2. If a„ = —i -and b„ = then lim — = lim ^ = lim 

n‘ + n /I n-taa bn "-*<» n- + n n-*oo 1 + |/n 

diverges by the Limit Comparison Test with the harmonic scries. 


I, so the series X ~ 


n=i n-+n 


II 1 0° I 

3. —z - < —z for all n > 1, so T —;-converges by the Comparison Test with Y —z, a p-series that 

n‘ + n + n „^l 

converges because p = 2 > I. 


n — \ I 

4. Let b„ = -z -. Then *| = 0, and b2 = bj = i. but ft,, > ft„+i forn > 3 since 

+ n 


.V - 1 (.V-+ .t) - (.V - 1) (2v + I) -x^ + 2.x+l 


G^) = 


(.t2 + x' 




< 0 for X > 3. (This can be confinned with a 


00 n — \ 

graph.) T hus, {ft,, | n > 3) is decreasing and lim ft„ = 0. so T (—1)"'' -o-converges by the Alternating 

"-*00 n ^ + n 

Series Test. Hence, the full series X (“U"”' — -also converges. 

"=l n-+n 


5. lim 

H -»00 


^ / 3"+^ 2^" 

a„ n-*oo ’ 


( 3/1+2 2^" \ 3 3 

p;r +3 ' 3 rt^/ “ g < *• so the series is absolutely convergent by the Ratio 

3m 3 3 / 3m \” 

6. lim (/jflnj = lim -— = lim --- = - < 1. so V (-— ) converges by the Root Test. 

"-.oo'" ' "-.00 1+8;, n-.oo|/n + 8 8 \l+8n/ ^ ^ 


Test. 


00 00 I 

7. X ^ = S ~r 7 a convergent p-scries (p = 1.7 > 1). 
*=l *=l * 


8. lim 

11—POO 




10"’-'/(n+1)1 10 

= lim ---:-= lim -= 0 < 1, so the scries converges by the Ratio Test. 

"-.00 IO"/n! "-.00 0 +I 


9. lim lim ^ ^ — = - lim — ^ * = - < 1, so the scries converges by the Ratio Test. 

//-♦oo a,, n~*oo n/e** g/I—poc /I e 

,1 , -v (2 — 3x^) 

10. Let / (a:) = . Then / is continuous and positive on (1, oo). and J (r) =-j- < 0 for x > I. so 

is decreasing on [I. oo) as well, and we can apply the Integral Test. dx = ^lim 

the series converges. 

1 oo (-!)"+> 

11. h„ = —— > 0 forM > 2, {6/,} is decreasing, and lim h„ = 0. so Y -converges by the Alternating 

mIom /J-POO ^2 MlnM 

00 ] 

Series Test. The scries is conditionally convcrccnt since Y -diverges by Exercise 12.3.19. 


12. The series diverges by the Test for Divergence since lim sinM docs not exist. 
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13. Let / (.r) = / (jt) is clearly positive and decreasing for x > 2, so we apply the Integral Test. 

-1 


X (Inx)^ 

/■oo 2 r 

/ - xdx = lim 

h x(lnxK 


(Inx)^ 


— 1 “2 

= 0 -X. which is finite, so ^ converges. 

2 (In 2)2 „t 2 n(lnn)’ 


n2 + 1 


14. Using the Limit Comparison Test with a„ = -and h„ = we have 

4- I n 


= lim 


lim — = lim , , — ..... ^ 

n-tx h„ n->oo + 1 "-<00 I + 1/nJ 

also divergent. 


n’+ I 

= I > 0. Since Xnli '^e divergent harmonic series. a„ is 


15. lim 
"-<00 


0 "+l 


3"+'(n+l)2/(« +I)! „ + | U .. r, • 

= hm - 1 — r-— -— =3 lim —s—= 0, so the senes converges by the Ratio lest. 

n-»oo n-»oo 


1 oo I )« 

16. hn = — 7 =—;■ for n >2. {/>o| is a decreasing sequence of positive numbers and lim 6 n = 0 , so 2 ^ 


y/n — 1 

converges by the Alternating Series Test. 


"ti -1 

3" 3" /3\" °° 1 °° 3" 

17. — - <— = (-) . Since 2^ I t I is a convergent geometric scries (|r| = j < I). S 7 ;;-converges by 

'■Ttro \x / "=l\5/ "sio+rr 

(* + 6)/5*-"' 



the Comparison Test. 

18. 

lim 

♦ 1 1 

= lim 


*-»00 

1 

k~*<X) 

19. 

lim 

\On+\ 

= lim 


rt— »oo 1 

\ On 

n—»oo 

20 . 

lim 


n 


7 lim 7 -^ = 7 < I. so the series converges by the Ratio Test. 


(n + 1)! 


2-58 


—— = lim ” ^ * - = ; < I, so the series converges by the Ratio Test. 
n-<oo 3n + 5 3 


2-5-8- 


= lim 


■ (3n + 2) 
I 


<i-<oo (n + I) (n + 2) n-<oo « + 3 + 2/n 


= 0 . so since (bn) is a positive, decreasing sequence. 


00 (_ 1 )» „ 

T -— converges by the Alternating Scries Test. 

i-l {«+!)(«+ 2) ^ 


21. Use the Limit Comparison Test with a, = 


1 


V< (< + 1) 


and b, = 


= lim 


I 


lim = lim — 7 =_— . 

/-<oo f>, i-<oo y/i (1 + 1) <-<00 vl + 1/ 

S 1 


z = 1. Since 2^ b, diverges (harmonic series) so docs 
' >=i 


22 . 


,tl s/r (i + l)' 

\/n^ — I n n 1 .52 >/n^ — I , , 

—;—^i—r < —r = ^ for /I > I, so T — 7 Converges by the Comparison Test 

+ 2n2 + 5 + 2/|2 + 5 n- „=! n’ + 2«2 + 5 


with the convergent p-series 1 1 /”"■ 

23. lim 2''" = 2®=l.so lim (—1)" 2'''" docs not exist and the series diverges by thc Tcst for Divergence. 


24. 


n—*oo 

|cos(n/ 2 )| 


S 1 


“ cos(n/ 2 ) 


, < ^ and since Y, -y converges(p = 2 > I), X , , . 

n-+ 4n 11 ^ "=t "=t + 4n 


converges absolutely by the Comparison 


Test. 
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25. Let /(i) = Then /' (x) = ^< 0 when Inx > 2 or .x > e^, so is decreasing for n > e^. 

y/x 2x^l‘- yjn 

By I’Hospital’s Rule, lim = lim — */”_ = lim = 0. so the series converges by the Alternating 
^ ’n-.oo^ «-*«>i/( 27 S) ^ 

Scries Test. 

26. Let a„ = (*/«) *„ = -L x(,en 

n 


,. «" . . tan(l/n) II (-I/«2) seer (l/„) » 

hm — = lim ntan(l/n)= lim —;-= hm --—=-= sec'(0) = I > 0, so since X On 

n-roo n-*oo n-*oo \/n n-*oo i /..z 


-1/n^ 

® tan (1 /n) 

converges (p = 2> 1). X -converges also, by the Limit Comparison Test. 


rtarl 


oo (—2)-" oo /4\" _ 4 

27. V -= 2 I ~ I ■ I™ yioni = lim - = 0 , so the series converges by the Root Test. 

n=l n=lV."/ Ii->aan 



_ lim - lim 

- 1 - 2n + 2 5" "1 

= lim 
n~*oo 

/ 1 + 2 /n + 2/n^ 1 \ 


— Iiin — lllil 

n-+oo On "-*00 

i, S"-'-' + 1J 

1 l + I/n^ 5 ) 


“ n- + I 

2^ —— converges by the Ratio T est. 

n=l ^ 


29. f ^^</x = lim f—— i-l (using integration by parts) =1. So Tconverges bv the Integral Test, 
72 (-<00 [ X xj, „=l n‘ 

A In* AlnA In* ^ . . . .. 

and since — -the given scries converges by the Comparison lest. 

I ll °° e 

- 1 is a deereasing sequence, e'/” < e'/' = e for all n > I, and X converges (p — 2> I). so 

« 1 n=l 

00 gl/" 

X —X- converges bv the Comparison Test. (Or use the Integral Test.) 

n=i 


31. lim 


On+I 


.. 2''+'/(2« + 3)! , 

hm --—-—— = 2 lim 


1 


n->oo I a„ I "->00 2 "/(2n-t-l)! n-*oo (2n -1-3) (2n -)-2 ) 


0, so the series converges by the Ratio Test. 

5-x 


32. Let f (x) = ^ . Then/(x) is continuous and positive on 11, oo), and sinee/'(x) = , 

X + 5 2y/x (x + 5) 

X > 5, / (x) is eventually decreasing, so we can use the Alternating Series Test. 

1 


< 0 for 


, > 1 

lim -; = lim 


33. 0 < 


n->oon + 5 "->00 01/2 + 5 ^- 1/2 

tan-' n Jt 12 » 1/2 a ^ 1 


= 0 , so the scries converges. 


n3/2 


< z ^iTT = T Z -TTo "hich is a convergent p-series (p = 4 > 1), 


* tan’’ n . . ^ 

V — 775 — converges by the Comparison lest. 


2n 2 

34. lim ^\a„\ = lim — 7 = lim -= 0 so the series converges by the Root Test. 

/i-»oo 2I-900 n-*oo n 


35. lim ^\a„\ = lim (-- I = lim 

H-*♦oo »-»oo \^n + 1 / /I— »oi 

the scries converges by the Root Test 


1 


°° l('< + l)/»r hm (1 + l/n)‘ 
«-*oo 


^ = - < I (sec liquation 7.4.9), so 
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36. Note that (Inn)'"" = _ ^^ininw inlnn -» oo as n —> oo, so In Inn > 2 for sufficiently 

II 1 

large n. For these n we have (Inn)'"" > n^. so Since ^ “J converges (p = 2 > 1). so docs 

oo I 

^by the Comparison Test. 
n=2 (Inn)"" 

37. lim !y\a„\ = lim (2''^" — 1) = 1 — 1 = 0, so the serie.s converges by the Root Test. 

n-*oo n~*oo ' ' c? 

Qt 2'^" — 1 H 

38. Use the Limit Comparison Test with a„ = ^—\ and^n = I/n. Then lim — = lim -= In2 > 0. So 

n~*oo bn n -*00 \/n 

since bn diverges (harmonic scries), so does XhLi 
Alternate Solution: 

^ + 2("-2>/" + + ■ ■ ■ + 2'/" + I numcralor] > and since 

X T" = ^ S ~ diverges (harmonic series), so does 2^ (v2 - I) by the Comparison Test. 

/i=l 2n 2 n n-t ' ^ 


•.8 Power Series 


1. A power series is a series of the form 2^,* o = co + cja: + C 2 X- + cjx^ H- , where x is a variable and the 

Cn’s arc constants called the coefficients of the scries. 

More generally, a scries of the form q c« (.t - a)" = cq + ci (x - o) + C2 (x — a)^ H- is called a power 

series In (x — a) or a power series centered at a or a power scries about a. 

2. (a) Given the power scries ~ the radius of convergence is: 

(i) 0 if the scries converges only when x — a 

(ii) 00 if the scries converges for all x, or 

(iii) a positive number /{ such that the series converges if |x — a| < R and diverges if |x — o| > /?. 

In most cases, /? can be found by using the Ratio Test. 

(b) The interval of convergence of a power series is the interval that consists of all values of x for which the .series 
converges. Corresponding to the cases in part (a), the interval of convergence is: (i) the single point (a), (ii) all 
real numbers, that is. the real number line (—oo, oo), or (iii) an interval with endpoints a — fi and o + R which 
can contain neither, either, or both of the endpoints. In this case, we must test the scries for convergence at each 
endpoint to determine the interval of convergence. 


3. lim — 

n-ioo a„ 


— = lim , —— = lim —=!i!== = |x|. Bv the Ratio Test, the 


series converges when |x| < I, so the radius of convergence R = I. Whenx = I, the scries I/,/« diverges 
because it is a p-series with p = \ < I. but when x = — I. it converges by the Alternating Series Test. So the 
interval of convergence is / = (—I. I). 


lx I (-l)”x'' 

= lim -= |x|. By the Ratio Test, the .series V - 

I + !/(«+ I) ' ' ^ «to « + > 


1 Q ^ I J YI 00 /_ I Y* 

4. lim = lim --- = lim -i-= |x|. By the Ratio Test, the .series V -2. 

a„ ii-roo n + 2 x" n-*!* I + 1/(«+ I) n'io «+! 

converges when |.v| < I , so R = I . When x = -1, the scries diverges because it is the harmonic series: when 

X = I, it is the alternating harmonic series, which converges by the Alternating Series Test. Thus, / = (-1, I ] 
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5. lfo„ = n.v", then lim 



:= lim 

On 

«-»oc» 


(n -p I) •• I • 

- = UI lim -= |.i( I < I for convergence (by the Ratio 

nx" "-*» n 


Test). So R = I. When .x = I or — 1, lim nx" does not exist, so <li''<n'gcs for x = ± 1, So 

rt—*oo 

/ = (-!.I). 

, 2 


6 . Ifa„ = —r then lim 


I 0/1*1 


= |.t| lim 

n-*oo 




.x| < I for convergence (by the Ratio Test), so = 1. If 


iS I 


X = ±1, Y. lo/tl = 5L "hich converges (p = 2 > 1), so / = |-1, IJ. 

n—i //= I O 


7. Ifa„ = —, thei 
n! 


then lim 


- = lim 

x"+V("+ 1)1 

a„ H-»oo 

x"/n] 


= l.xl lim —^ = 0 < 1 for all x. So, by the Ratio 
'/i-*<x> n + I 


Test, R — oo. and / = (—oo, oo). 

8 . Here the Root Test is easier. If O/, = n"x" then lim y\a„\ = lim n |x| = oo ifx 0, so /? = 0 and / = (0). 

a"*! ivi"*l 


9. lim 

n->'X 


"/i+l 


On 


fAi + n / l\ 

= lim -*-= lim | I + - ) 4 |x| = 4 lx|. Now 4 |x| < I <=> |x| < t, so by the 

/i-*txj »4'’|.t| //-.oo \ n) ■* 


Ratio Test, R = ^. When x = 3 , we get the divergent scries 2]^,(-!)”«, and when x = - j, we get the 
divergent scries S/'JLi "■ fhus, / = j, 3 ^. 


o„*i i x”^' n3" 

10. Inn - = lim 1 -r-- 

n-*x a„ />-><» (n + 1 ) S""'' x" 


= lim — 

/i-*oo 3(1 + l/n) 3 


x| = M, so by the Ratio Test, the series converges 


when -^ < I e* |xl < 3, so R = 3. When x = —3, the series is an alternating harmonic scries, which 
converges by the Alternating Scries Test. When x = 3, it is the harmonic series, which diverges. Thus, the interval 
of convergence is |—3.3). 


3".v" 

11. If a„ =-X, then lim 

(n+l)- 

1 


0/1*1 


a„ 


U/z+l^/i*! („+l)2 

= Iim 


(n + 2)2 3"x" 


= 3 |x I lim 

n —>00 




3UI < I for 


00 


1 


convergence, so I.rl < i and /? = 4 • When .v = X-T = 2 - - which is a convergent 

/i=0 (w + I)" n=0 (ft +0" rtssl ^ 


p-scrics (p = 2 > 1). When ;c = — 5 . ^ 


rest, so / : 


HU 


« 3'’x" ^ ~ (-1)" 

^■/.=o(n+l )2 „.o(n+l)- 


j which converges by the Alternating Scries 


n X 

12 . lfo„ =-.then lim 

10" /I-POO 


Off'll 

On 


|.x i / *!• ! \ ^ Ijt I 

: —^ lim I ——- 1 = —- < 1 for convergence (by the Ratio Test), so R = 10. 

10//-/oo^ n ) 10 


Ifx = ±10. |o„| = n2 -» 00 as « -> oo, so X^o*’/' diverges (Te.st for Divergence) and / = (—10, 10). 

Inn! . .. Inn 


0 / 1*1 


13. lfo„ =-^—.then lim , . — i-i . , 

Inn //-*oo| a„ \ "-/oo | In (n + I) x" ; //-/oo In (n + 1) 


= lim 


-I = |x| lim 


= |x|, .soR=l. Whenx = l. 


00 y" I I I 00 1 

y -i— = y —• which diverges because ■— > - and X - is the divergent harmonic series. When x = -1, 

„_;lnn „_2 In n Inn n //=2 ” 

oo )■" °° (-1 )’■ 

X 1 — = X “I-which converges by the Alternating Scries Test. So / = [-1, I). 
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14. 


lim 
«—*00 


^/l+l I 
a,, 1 


lim 

/»-»00 


(n+ l)-^(.x -5)”-^' 
n’(x - 5)" 



|.x - 5| = U — 5|. so by the Ratio Test, the series 


converges when |.x — 5| < I <=> 4 < .t < 6 . When x = 4, the series becomes Snlo (“0” r>^. which diverges 
by the Test for Divergence. When x = 6 , the series becomes Xnio which also diverges. Thus, /? = I and 


/ = (4,6). 


15. 


lim I = lim — !i — _ | / 1 + 1 |x — 11 = |x — 11 , so by the Ratio Test, the series 

«-»oc a„ ] "-*00 yn|x-lr "->oeV n 

converges when |x — 11 < 1 «=> — 1 < x — I < 1 <=> 0 < x < 2. /f = I. When x = 2, the series becomes 
2)* 0 V". w hich diverges by the Test for Divergence, When x = 0. the scries becomes s/”- which 

also diverges by the Test for Divergence. Thus, / = (0, 2). 


16. If a„ = ^ --, then lim 

(2n — I)! "->oo 


g"+l 

On 


= lim 


n-toQ ( 2 n + l) 2 n 
converges for all x.so R =oo and / = (—oc, oo). 


= 0 < 1 for all X. By the Ratio Test the series 


17. lim 

"-*0O 


Oft+i 

ss lim 

/l-»00 

■ ix+2r+' 

rt2" ' 

lim ” 

\x + 21 

On 

(n+ 1)2"-' 

1^ + 21" 

"-*00 n + 1 2 

2 


so by the Ratio Test, the 


series converges when ^ <1 <=s |x + 21<2 » —2<x + 2<2 —4<x<0. R = 2. When 


X = —4, the series becomes ^ (-1)' 


(-2)" 


2" 


X = 0 , the series is 

"=i 

Thus. / = (-4,0). 


/t=l 
(- 1 )" 


= y — = y which is the divergent harmonic series. When 
Jr, 112" Jr, n 


the alternating harmonic scries, which converges by the Alternating Scries Test. 


18. lim 


It... 

(-2)"^' (x + 3)"+' 


a„ «-»cio 

■s/n + 1 

(-2)" (x + 3)" 


= lim ■ = 2 |x + 3| < I <=> 

"-•» VI + 1 /n 

(- 1 )" 


|x+3|<v <=> -x<x<-|. Thus. R = X- Whenx = -|, the series becomes X —which converges 

n=l Vn 

00 I 

by the Alternating Scries Test. When x = — 7 , the scries becomes 2^ —which diverges because it is a />-series 

n= I V ^ 

with p = j < I. Thus. / = j, -|j. 

(x - 2 )" 


19. lfa„ = 


n -*00 

R = 00 and / = (- 00 , 00 ). 


u _ 21 

. then lim VIonI = -= 0- so the series converges for all x (by the Root Test). 


20 . lim 


0"-l 

= lim 
«-*00 

(3x-2)"+' «3" 

= lim 

n-*OC 

|'|3x-2| 1 '1 

1 

1 

On 

(n+l)3"+' (3x-2)" 

[3 1 + 1/nJ 

- 3 -r 


= X — 5 , so by the 


Ratio Test, the scries converges when jx — 5 j < 1 —| < x < |. R = I. When x = — j, the series 

(- 1 )" 

«=l 

series. Thus, / = ^- 5 , 5 ^ 


2^ -——. the convergent alternating harmonic series. When x = |, the series becomes the divergent harmonic 
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21. Ifa,, = ,hen 


n + 3 


lim I — 

«-»cc| a, 


= lim 

/f -»00 


(x - 3)" 


/I + 3 


n 3 

= 21.* — 31 lim -- = 2 |x — 31 < 1 for convergence, or 

n-toc n + 4 


n + 4 2” (.X - 3)" 

|.v — 3| < X <=> * < .X < j, and E? = j. When -x = x, -—LL which converges by 

■ n=o « + 3 „=o n + 3 

oo 2" (x — 3)" °° 1 

Alternating Scries Test. Whenx = x. X -Tx— ~ 2 — 7 ^, similar to the harmonic series, which 

diverges. So / = 


the 


n=o n + 3 „^o n + 3 


(x + D" 


22. If a„ = then lim = |x + 11 lim —-— = |x + l| < I for convergence, or —2 < x < 0 

n(n + l) n-tco a„ ''-»'»n + 2 


and 


I I 00 00 I 

fi = I. Ifx = —2 or 0, then \a„\ = — - < -r. so ^ l“»l converges since ^ does {p = 2> I), and 

/ = [- 2 , 01 . 


23. If a„ = n! (Zx — 1)”, then lim 
n-*oo 


««+I 

= lim 


n-*oc 


(n+ l)!(2x- I)" 


/i!(Zx - 1)” 

for all X ^ 5 . Since the series diverges for all x ^ j. /f = 0 and / = 1 5 


= lim (n + I) |2x — 11 ^ 00 as n 00 

n-*oo 


, - , —^—— -r- then lim 

1 • 3 • 5.(2n — I) n-ojo 


24. Ifa„ = 

all X ^ fl = 00 and / = (—00,00). 


25. lim 


ar-^\ 



’i4x + ir+' 

n2 

a„ > 1 —»oo 

(n+l)2 

i4x + 1 r 


rt -f- 1 

= |x| lim —--=0forallx. So the series converges for 

n-too n (2n + I) 


|4x + 1| 

= lim —- ^—— = |4x + 11, so by the Ratio Test, the scries 


"-»«> (1 + 1/n)- 

converges when |4x + 11 < 1 <=> — I < 4x + 1 < I o —2 < 4x < 0 <=> -x < x < 0. so R = |. When 

00 (-1)" 

X = — 5 . the series becomes ^ which converges by the Alternating Series Test. When x = 0. the series 


1 r n 

becomes X “■ convergent p-series (p = 2 > I). / = j.Oj. 


(-l)''(2x + 3)" 

26. IftJn =-then lim 

nmn n->oo 


Onfl 


= |Zx + 3| lim 


nlnn 


n-*oo (n + 1) In (n + 1) 

SZ 1 


: |2x + 3| < I for convergence. 


so —2 < X < — 1 and E? = x- When x = —2, X ‘’<1 = S -which diverges (Integral Test), and when 

, 1=2 n=2 " I" ” 

CC 00 ^_|jn 

x = — I. y a„ = y —;— which converges (Alternating Series Test), so E = (-2, — I ]. 

, 1=2 n=2 « I" " 

V i VI 

27. If a„ = —^—- then lim (/|a„| = lim -— = 0 < 1 for all x, so E( = 00 and E = (- 00 , 00 ) by the Root Test. 
(Inn) "->00 <i-*c»lnn 


28, Ifa„ = 


2-4-6- 


■( 2 n),x" 


then lim 
1 • 3 ■ 5 .(2n — I) n-too 


= lim |x| ( I = |x| < 1 for convergence, so EE = I. If 

a„ /i-*oo \^2n + 1 / 


2 ■ 4 ■ 6. (In) 

x = ± I. |a„| = -—-— -—-— > I for all n since each integer in the numerator is larger than the 

1 • 3 • 5.(2/1 — I) 

corresponding one in the denominator, so y a„ diverges in both cases by the Test for Divergence, and E = (— 1, I). 
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29. (a) We are given that the power series convergent for Jt = 4. So by Theorem 3, it must converge for 

at least -4 < ;t < 4. In particular, it converges when jc = -2, that is, Cn (—2)" is convergent. 

(b) It does not follow that necessarily convergent. [Sec the comments after Theorem 3 about 

convergence at the endpoint of an interval. An example is c„ = (—!)"/ (n4").) 


30. We arc given that the power series convergent for j: = —4 and divergent when jr = 6. So by 

Theorem 3 it converges for at lea.st —4 < .t < 4 and diverges for at least x > 6 and x < —6. T herefore: 

(a) It converges when .x = I, that is, c„ is convergent. 

(b) It diverges when x = 8, that is, XcnR” is divergent. 

(c) It converges when x = —3, that is, ^c„ (—3)” is convergent. 

(d) It diverges w hen x = —9, that is. 21 c„ (—9)" = X ')” divergent. 


(n!)* 

31. If a„ = V^x”, then 
(*«)! 


lim 

«- *oo 


On-1 

On 


.. I(n+ !)!]* (*«)!, , ,. 

I s= Iim - IT--- \x\ = Iim 


(«+ 1 )* 


n -.00 („!)» [*{„ + !)]! 


(n+1) (n+I) 


= lim I 

n—»oo I 


n-»oo (kn + k){kn + k — I) ■ • • {kn + 2) (in + 1) 

(n 


|x| 


(kn + 1) (kn + 2) (kn 


lill 

! + *)J 


|x| 


= lim lim [^^1 lim = 1^1 

n-»oo [tn + I J n->so [jtn + 2 J n->ooLAn + A:J \*/ 

|x| < k* for convergence, and the radius of convergence is /{ = **. 


< 1 


32. The partial sums definitely do not converge to / (x) 
for X > I . since / is undefined at x = I and negative 
on (1, oo). while all the partial sums are positive on 
this interval. TTte partial sums also fail to converge 
to / forx < — I. since 0 < / (x) < I on this 
interval, while the partial sums arc either larger than 
I or less than 0. The partial sums seem to converge 
to / on(-l.l). This graphical evidence is 
consistent with what we know about geometric 
scries: convergence for |x | < 1, divergence for 
|x| > 1 (sec lixample 12.2.5). 
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= „!(„ + l)!22->-"’'=%'-rcc — = (2) Jl 


for all X; the domain is (- 00 , 00 ). 

(b), (c) The initial terms of J\ (x) up to n = 5 are 


lim --— 

n-*oo (n + I) (« + 2 ) 


= 0 for all X. So Ji (x) converges 


ao = 2 • ‘>1 = 


x3 _ x5 _ x’ 

' 16'"^ “ 384’“’“ 18.432’ 

x" 

and as = - _ . The 


1.474.560’ 176,947,200 

partial sums seem to approximate 7| (x) well 
near the origin, but as |x| increases, we need to 
take a large number of terms to get a good 
approximation. 



j, .t, .t„ 


34. (a) ^ (x) = 1 + ±a„, where a„ = ^ . 3.5 . ^( 3 „) -“ 

’ = 0 for all X. so the domain is R. 


lim 

«-»00 


rt=l 

I _ . |3 _ 

On I <3/1+2) (3/1 + 3) 


(b) 



59 —2 

so = I has been omitted from the graph. The partial sums seem to approximate /( (x) well near the origin, but 
as |x| increases, we need to take a large number of temis to get a good approximation. 

To plot /(. we must first define A (x) for the CAS. Note that for n > I. the denominator of a„ is 

soa = I + n;..(3*-2) 3 „ 

1-4.7.(3«-2) nL|(3*-2)’ " (3«)! 


2-3'5-6 .(3/1 — 1) • 3/» = 


^ n” (2^ ’“ 2) 

and thus 4 (x) = I + ^ — *~' -x’". Both Maple and Mathematica are able to plot A if we define it 

(3n)! 

this way, and Derive is able to produee a similar graph using a suitable partial sum of A (x). 

Derive, Maple and Mathematiea all have two initially known Aiiy functions, called AI_SERIES (z, m) and 
BI_SERIES (z,m) from BESSEL. MTH In Derive and AiryAi and AiryBi in Maple and Mathematica 
(just Ai and Bi in older versions of Maple). However, it is very difficult to solve for A in terms of the CAS’s 

s/3AiryAi (x) + AiryBi (x) 


Airy functions, although in fact A (x) = 


s/3AiryAi (0) + AiryBi (0)' 
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35. J2n-i= I +2.t + x2 + 2x’ + -- - + + 2^^"-' = (1 + lx) (I + + x'* + ■ • • + 

I — x^' 1 + 2t 

= (I+2x)--=- |by (12.2.3) with r I as n ^ oo (by (12.2.4)]. 

I — .T- I — Jf* 

I + 2x I -P 2jx 

when |.x| < I. A1SOJ2/I =i 2 ii-i +x^" -» - ^ since -t 0 for |x| < I. Therefore. 4„ -» - x since S 2 „ 

I — .X- I —.X' 


ands 2 n-i both approach 


I +2x 
l-.x2 


as « -» oo. ThiLs, the interval of convergence is (—1, I) and /(x) = 


1 +2.X 
I -x2 


36. X4„_| = CO + Cl.x + C2.X^ + C 3 .X^ + cox'* + C|.X* + C2x'’ + C3x’ +-p C3.X''" ' 

= (co + C|X + C2 x 2 + C3x’) (I + x'* + X* + • • • + X 


■ as n -» 00 


1 -X* 

(by (12.2.4) with r =x‘')for|x| < 1 . Also S 4 „. S 4 „+i, J 4„+2 have the same limits (for example, 

J 4 „ =S 4 n-i+cox‘'"and.x''"-) 0for|x| < 1.) So if at least one of co, ci, C 2 , and C 3 is nonzero, then the interval of 


convergence is ( — I, I) and /(x) = 


Co + ClX+C2X^+C3X^ 
I -x'' 


37. We use the Root Test on the series Yc„.x". lim (/|c„x"| = |x| lim (/|c„| =c|x| < I for convergence, or 

n-*co «-♦oo 

|.v| < l/r. so/?= l/c. 

38. Since 2^c„.x" converges whenever ).x| < R. 2^c„x^ = ^c„ (x^)” converges whenever |x^| < R <=s 
)x| < -/R, so the second scries has radius of convergence -/R- 

39. For 2 < X < 3, ^c„x" diverges and ^d„x" converges. By K.\ercisc 12.2.61, 2^ (c„ + d„)x" diverges. Since both 
scries converge for |xl < 2 . the radius of convergence of + d„)x" is 2 . 



Representations of Functions as Power Series 


1 . If / (x) = 22 <-'"X" has radius of convergence 10, then /' (x) = 22 ' ^Iso has radius of convergence 10 by 

«=0 «=! 

Theorem 2. 

00 00 h 

2 If /(x) = 22 f’nx" converges on (—2,2), then j f (x)dx = C + 22 - rx""*^' has the same radius of 

n=0 n-O ” + I 

convergence (by Theorem 2), but may not have the same interval of convergence — it may happen that the 
integrated series converges at an endpoint (or both endpoints). 

I I 


3. /(x) = 

/ = (-l.l). 


— = 22 (—J^)" = X (—^"x" with |-x| < I <=> |x| < 1, so R = I and 

l+x l-(-x) „=o 


4. /(.x)= = .x ( T-^ I = •» Z Z with /?= 1 and / = (-1. 1). 

• ~ \ I ~ / n=0 n =0 n=l 


5. Replacing X with x^ in (1) gives /(x) = --j = 22 {•*^)” = Z The series converges when |.x^| < I; that 


is. when |x| < I, so / = (— 1, I). 
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6. /(.») = 


l+9.v2 I-(-9x2) „to 
that is, when |.x| < j. so / = j, j) 

I 


, = X (~9jc2) = ^ (-1)” 32"x 2". The series converges when l-9jr2| < i; 

—9,x"l »—ft _ft ' 


1 - fU) = 


I / 1 \ 1 “ °2 (-I)"x2" 

= 3 (tT^) = 3 (t) Exercise 3) = L with 


4+x2 

<=s .x2 < 4 <=> |x| < 2. so fi = 2 and / = (—2,2) 


< I 


8. /(.X) 


I +.r 


T — 1 + 


2.x2 


1 - .x2 ‘ ■ 1 _ .x2 

|.x| < I, so W = I and / = (—I, 1) 


= I + 2.t- Z ('^)” = I + Z = I + Z 2.v^', with |.x2j < 1 o 


9- /(x) = ^ ^ j ^ j j = “ j Z (J j The series converges when | j| < I; that is. when |x| < 5, 


so 


/ = (-5, 5) 
10. /(.X) 


4.x + I 

that is, when |.x| < |, so / = 

3 3 


■;- - —j—r =X Z! (-4x)'' = Z (-l)"22".x"'*^'. The series converges when |-4x| < I; 

'“t~4.x) „_g „_Q 


11. f{x)= — 


A B 

: + 


x2+.x-2 (.x + 2)(.x-I) x + 2 x-I 

get /T = — I. Taking .x = I, we get B = I. Thus. 

3 II III 


.x2 + .X — 2 .X — I x + 2 


I - X 2 1 + x/2 


3 = /I (x — I) + B (x + 2). Taking x = —2, we 


eo I “> / X \" 

= -Z.’t''-5Z(-5) 

»=0 ^ «=0 ' 


n=0 t- \ / J „_l) L ' 2 J 


(-ir 

2ft+i 


. - I 


We represented the given function as the sum of two geometric series; the first converges for x 6 (— I, I) and the 

second converges for x 6 (-2,2). Thus, the sum converges for x 6 (-1, I) = /. 

7x - I 7.x - I A B I 2 I I 

• + 


12. /(X) = 


' . + ^=2.. 


I - (-X) I - 3x 


.T.x 2 + 2 x-I ax-l)(x + l) 3x-l x+l 3x-l x + l 
= 2 Z~ft (--n" - Z~ 0 (3.V)" = Z”ft (2 (-1)" - 3"]x" 
fhe series Zf-.r)" converges forX 6 (- 1 , I) and the series Z(3x)” converges forx e (“j- 5 ). so their sum 
converges forx e ^-4, = /. 

^ = -i (rb) = -fx 

= Z,')l| «x"-' [from Theorem 2(a)] = Z^o (« + Ox" with B = I. 

I “= 

14. /(x) = — - — = Z (-l)" x" (geometric series with R= 1). so 
I + X „=o 


fix) 


/ <fx f r ““ 1 °° X 

■nr= Z(-i)".x''r/x = r+Z(-i)"- 

' + X y L«=o J ftTu n 


+1 


= z 


(-l)"-'.x" 


|C = 0 since / (0) = 0], with R = I 



SECTtON12.9 REPRESENTATIONS OF FUNCTIONS AS POWER SERIES □ 895 


15. /(.V) = 


I 

(I + .t)’ 


r ' 1 

2 dx (I +;.()’J 


1 </ r “ 1 

+ l).»" (from Exercise 13) 

2 dx L„^o J 


=-jS” I (-')"(«+ (-')"(«+ 2) (n+ l).x" with «= 1. 


16. /(x) = .t ln(l + .i) = X 
«= I. 


(- 1 )'- 


(by Exercise 14) = 

n=l 


(- 1 )" 


^ “ (-l)"x" 

»>=2 " - I 


witli 


dx 

■x/5 


- 4 /L 2 (t)"]— 11 ^—.IS 


Putting X = 0. we get C = In 5. The scries converges for |x/5| < 1 


|x| < 5. so = 5. 


1 00 2 

18. We know thai -—— = ^ (lx)". DifTerentiating. we gel-^ ^ = J) 2"** (/? + l).x". so 

* w=:0 (I — 2;f)" ,,= 1 

v2 ^2 2 jr’ <» 00 00 

/(X) = ■ - . = - ■ , = - Z 2"^' (n + I).X" = Z 2" (n + l)x«2 or Z 2”'^ (n - l)x», 

(l-2x)^ 2 (I -lx)- 2 „^0 n=0 n=2 

with R=\ 


19. 


1 


I 


2-x 2(1-x/2) 

I 


I W / V \ M OO I 


< I <=> |x| < 2. Now 


(x - 2f 
/(.x) = 


■ (jS)' - ClS t'-)' -f.(Sr'-)’ -.1 " 


^ oo „ I I oomXI oo,, 

^ «'■ ^.v" for |x| < 2. Thus. « = 2 and 


/ = (- 2 , 2 ). 


oo 

20. From Example 7, g(j:) = arcianx s= 21 (”*)”-• Thus, 

„=o 2« + I 

OO Cy oo I fx I 

fix) = arctan(x/3) = Z (“O" - . , = Z (-1)" T^rTTTTTE'^^'""' T < ' 1*1 < so 

n=o 2/1 + 1 „^o 3*'-‘(2/1 + I) 131 

11 = 3. 
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i 

f dx 1 

f T (— n" ^ 

J 3 + x 3j 

1 

+ 

f 2- i \ 

«=o ' 


= C -H 1 Z = ln3 + 1 Z 1C = /(O, = ln3, 

3 «=o 3„_| n 

= In3 + y i -.v" wiih /? = 3. 

^ nVf 


■>3 4 5 

X X X X .If 

The terms of the scries arc ao — In 3, a\ = -, a 2 = ~ 7 J. <i3 = ^r. "4 = “5 ~ 

3 In oI 324 1213 



As n increases, s„ {x) approximates / better on the interval of convergence, which is (-3,3). 



As n increases, s„ (x) approximates / better on the interval of convergence, which is (—5,5). 
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26. -^= 

I + .t n=0 

«= 1 . 


n-0 


/ X <x> (_n»yS''+2 

_^, = c+zi-4^^wi.h 


„tb in+ 2 


00 

27. By Example 7, arctanjf = T (—I)"-, so 

n=o 2n + I 

[ arctanjc To® „ SS 

/ -</.x= / S -l)'':r-77‘'^ = C+- rwith« = 

./ y «to 2n+l (2n+l)2 

C , / /■ 0® 00 

28. By Example 7, / Ian'* (x’lrfx = / T (-1)" ^-o/.x = C + Y (-1)” 

J ' 7 0=0 2n + I “o 


(2/1+ I)(4/i + 3) 


, with R=\. 


29. We use the representation 


/ 


dx o® (-n"x‘'"+' 

■;-T = C + y — - -from Exercise 25 with C = 0. So 

I +x’ 


i,=o + I 


T®^ dx r f 0.2* 

y„ TTT^-r"T-" 9'"TT+ 'Jo =“^- — + 


0 . 2 * 0 , 2 ® _ 0 . 2 '* 
13 


Since the series is alternating, the error in the nth-order approximation is less than the first neglected term, by The 
Alternating Series Estimation Theorem. If we use only the first two terms of the .series, then the error is at most 

rO.2 Q 2'^ 

0.2®/9 =» 5.7 X 10“*. So, to six decimal places, / — ^ 0.2-1— = 0.199936. 

Jo l+.r* 5 


30. We use the repre.sentation f tan ' (x*) rfx = f + V (— I)"- 

J > „to' ' (2n+l)(4n + 3) 


from Exercise 28 with C = 0: 


-I / 2\ / f -t'’ 0.5* 0.5* 0.5" 0.5'* 0.5'® 

y, v’')‘^*“[3 21 55 105 171 "Jo “3 21 '''^5 loT TtI 

The series is alternating, so if we use only the first four terms of the series, then the error is at most 
0.5'®/l7l ft! 1.1 X I0“*. So, to six decimal places. 

/o'*^an-' (x'~)dx » \ (0.5)* - ^ (0.5)* + ^ (0.5)" - ^ (0.5)'* sr 0.041303 

31. We substitute x^ for x in Example 7, and find that 

.nM*' ■ 


/ f OO I 4\»" ' • 

.r* tan"' f.t'') r/x = / x* ^ (-1)" \ ’ . dx 

'' ' J n=0 2/1 + I 


/ OO 

Z(-i)'’ 

n=0 


y8fl+7 


2n+l‘^'' bnT l)(8n + 7) 


[ ^7 ^j5 I 1 1 

— — ^ H - J = — —- j,; H-. The series is alternating, so if we use 

onlyonctcrm. the error is at most 1/(45-3'*) =« 1.5 X 10"®. So tan"'(x^) i/x sr 1/(7 ■ 3*) =s 0.000065 
to six decimal places. 
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JfO.i j fO.i oo cxj TT-n" 1 ®'’+'°o 

0 l+-v‘ 7 o „to „toL 6 "+' Jo »=0 


(- 1 )" 


I 


I 


1 


I 


6/1 + 1 
+ • 


I (6/1+ 1)2*'’'! 


2 7 2’ 13 -21’ 19 -2'’ 

The scries is alternating, so if we use only three terms, the error is at most 


1 


decimal places. 


■f 


19.2'^ 


=» 1.0 X 10 '. So, to six 


dx 


I 


I 


I 


I +x‘‘ 2 7-2’ 13-2'’ 


! 0.498893. 


33. Using the result of Example 6, ln(l - x) = -Z/^i with x = -0.1. we have 

In 1 .1 = In [1 — (—0.1)] = 0.1 — + 2:^ — 2,™£i o — • • •. The scries is alternating, so if we use ot 

the first four terms, the error is at most ° = 0.000002. So In 1.1 0.1 - 2^ + 2^ _ ss 0.09531. 


oo (—|)"x2n oo (—I)" 2 / 1 .*’”“' 

/(•») = Z — 77 : 7 ;— => /' (-t^) = Z-TTr;- ('he first temi disappears), so 


„tb (2«)! 


(2n)! 


r", ^ (-l)"(2/i)(2/i-Ox’"-’ ~ (-|)"x’<"-'> «(-!)"+'x’" 

r (■’) = Z-- = Z t2(/i-l)l! " ~ ' rv: —- (substituting n + 1 for /i) 


( 2 / 1)1 


“ (_I^_ 

5 ( 2 /,)! 


/"(.t) + /(x) = 0. 


,c ^ ^(-1)"*-" ^ (-l)"2/i.x’"-' , . 42 , (-l)"2/i(2/i-1)*^“^ 

35. (a) Jo (X) - X . J, (X) - X 22/. (/,!)’ ’ 

X’.; (X) + x.^ (X) + x’.o (.V) = X + X + Z 

h 22” (/,!)’ 22" (/.!)’ 22" (/,!)’ 

^ (-l)"2/i(2/i- Qx’" ^ (-l)"2/ix’" (-!)"■'x’" 

^ 22" (/i!)’ 22"T/in2 '*'2^: 


2’"(/t!)' ^22"-2((/,-I).j2 


00 r 

= Z(-')" 

L 


2/1 (2n — I) 4* 2/1 — 2“/i^ "I 2 , 


22" (/»!)2 


].x’" = X(-»"[ 


4/i’ — 2/1 + 2/1 — 4/i’ 


(b) /' .0 (.X) '/.x = /Tx ^1 <(.x = /7i - f! + ^! - 

2" •/» 22" (/i!)’ J Vo V 4 64 


2304 


2’" (n!)’ 


jx’" = 0 


dx 


- Fv I Vi'' ' 

[■'" 3-4 "^ 5 64 7 2304 ''' 'Jo” 12320 16,128 ■ 

Since ^ 0.000062, it follows from The Alternating Series Estimation fheorem that, correct to three 
decimal places, fg ./o(x)c/x 1 - + 5 ^ so 0.920. 



900 □ CHAPTER 12 INFINITE SEQUENCES AND SERIES 


* ' " S ”• <" + ’ ' '' S «! (« + I)! 2^-"' ’ 

00 . 

J" ('') = X ■ 


. (-I)"(2n+ 1)^^' 


, (-l)'’(2n+ l)(2n)x^-' 
n! (n+I)!22"+' 

x27|''(.x) + .r./;(j:) + (jt2- l)y,(,x) 

_ ” (-|)"(2n + |)(2>i)x-"^' 

~h "N«+I)!2>- 


, (-1)''(2«+ 


=z 

2r=l 


(-1)" (2«+ l)(2n);c^'"*^l 

^ (_l)«;x2n+l 


n! 

(n + I)! 22"+' 

00 

(_!)(( ,2(1+1 

(n+ I)!22 ''+i 

(-1) 

i" (2n + !),x^+' 

n! 

(n+ l)!22"+l 

00 

(_,)((,2(10.1 


(' 


Replace 


(n+l)!22”'^' y >"‘he 


n with n — l\ 
third term j 




(2n + 1) (2>i) + (2n + I) - («)(« + 1)2^ - I 

n! (n+I)!22"+I 


' = 0 


<x> /_ 1 \n 2n 

. (-I)'’(2n)^2"-' ^ (-l)"''2(>i + 




22" (rt!)2 


„=> -F-t h 22"+2,(„+|)!|2 

/_ i\« w2rt-t-l 


(Replace n with n + 1) 


--^ (— I)” X^" ' ’ 

= — 7 , ———: (cancel 2 and n + 1; lake —1 outside sum) = —J] (.x) 

~ [n + 1)! n\ 


37. (a) /(i) = £ 


/'W= Z 


„?i {«-!)! „%'>'■ 


= Z-7=/W 


(b) By T heorem 10.4.2. the only solution to the differential equation df (x) /dx = f (x) is / (jt) = Ke', but 
/(O) = 1. so A' = 1 and /{;c) =e'. 

Or: We could solve the equation df (x) /dx = / (jt) as a separable differential equation. 


38 . 


Isinrr.rl 


I “ sinn.t . . „ d /smt>x\ cos/i.x 

-t;. so > —T— converges by the Comparison Test. — I — r— I =-, so when x = 2At (* i 

n- 1 rr dx \ / n 


°° cos {Zknir) I 

integer). f'„(x) = -^2-= Z “■ which diverges (harmonic scries). /" (.v) = — sin njt, so 

(1=1 ((=1 U (1=1 " 


00 oo 

Z Jli (•*) = “ Z sinn.v. which converges only if sinnx = 0. orjt = iir (i an integer). 

«=I rt=rj 



SECTION 12.10 TAYLOR AND MAClAURtN SERIES □ 901 


39. Iffln = ^, ihcn by the Ratio Test. lim 


^/?+i 

a„ 


■ ix| lim 

n-* 0 O 




|j: I < 1 for convergence, so /? = 1. 


When.T = ±1, 2 


sa I 


= 2 which is a convergent p-serics {p = 2 > 1), so the interval of convergence for 


/ is [-1, IJ. By Theorem 2. the radii of convergence of /' and /" are both 1, so w'c need only check the 

00 ^ x" 

f'(x) = 2 -^“ 5 — = ^and this series diverges for.X = I (harmonic 


00 x" 

endpoints, f {x) = ^ ~ 
n=l 


scries) and converges for jr = — I (Alternating Series Test), so the interval of convergence is [— 1,1). 

00 fl 

f" (;x) = T -diverges at both I and — I (Test for Divergence) since lim -- = 1 0, so its interval of 

I 1 't + I 

convergence is (— 1. 1). 

oo 

40. (a) X " 


d 

d 

■ 00 

d ' 

1 ■ 

= Z:r*" 

n-O 

dx 

Z 

JlssO 

^ * . 

1 -X. 


.\x\ < 1. 


oo oo r J * 

(b) (i) X nx" =x Y, ^ -T 

n=l «=l L(l ~ x)~, 


(from (a)| =-r 

1/2 


for |j| < 1. 


(ii)Put^ = ^in(i): Z :r= Zn(5)” =-= 2- 

^ 2" „ti (1 - 1/2)2 

^ -, ■> d r .1 

(c) (i) Z - Oj;" = .»^ Z "(« - = .t2— ;Z =- 

n=2 n=2 “•» U=l J 

, 2 2j2 


dx (1 -x)2 


(l-x)^ (l-,x)^ 


for |x| < I. 


C3C „2 _ „ 00 , . n 2 (1/2)2 

(ii) l’u..x = ^ in(>): _Z = _Z « (« - I) (1) = = 4. 


(iii) From (bXii) and (c)(ii). we have Z ^ = Z — + £ — = 4 + 2 = 6. 


2 " 


Taylor and Maclaurin Series 


00 fix) (a) /IS) (5) 

1. Using Theorem 5 with Z — 5)", l>„ = - , so bg = —--— . 

„_o n! 8! 

2. Using Formula 6, a power series expansion of / at 1 must have the form / (1) + /' (1) (x - 1) H-. Comparing 

to the given series. 0.4 - 0.8 (x — 1) H-.we must have /'(!) = —0.8. But from the graph. /' (I) is positive. 

Hcnec. the given series is not the Taylor series of / centered at 1. 
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n 

/'"> (x) 

/<»' (0) 

0 

cos.x 

1 

1 

— sin.t 

0 

2 

— COST 

-1 

i 

sin.T 

0 

4 

COS.T 

1 


cos. =/(«) + /' (0). + ^ . 


= '" 2! + 4! 


y- (-1)"-.^ 

h (2«)! 


.r (-1)".^ .. 

II a„ = ——, then 


(2n)! 


lim 

»-»co 


a/i+i 


On 


= jc^ lim 


I 


n-»oo (2n + 2) (2n + 1) 


= 0 < I for all X. So 


/2 = oo (Ratio Test). 


4. 


n 

/("'(.X) 

/(") (0) 

0 

sin 2x 

0 

1 

2 cos 2.x 

2 

2 

-2^ sin Zx 

0 

3 

-2’ cosZx 

—2^ 

4 

2‘'sin2. 

0 


/'"> (0) = 0 if n is even and /O+O (0) = (-1)'' 2 ^"*', so 
sin 2. ; 


^ ■ „t'o(2n+l)! 


n=o n! 

_ “ (-|)»2^-'.^+i 

~h> (2«+l)! 


,. M/? *- 

lim — 
"-»«) I On 

(Ratio Test). 


= lim 


22|.x|2 


IIJII - 

«-»oo {2n + 3) {2n -f 2) 


: 0 < I for all X, so R = 00 


n 


/'") (0) 

0 

1 

+ 

I 

1 

-3(1 + .X)-' 

-3 

2 

12(1 + .X)-* 

12 

3 

-60(1 + .)-* 

-60 

4 

360(1 + .x)'^ 

360 


(1 + .)-3 = / ( 0 ) +/'( 0 ) ,r + ^^.2 /!^,3 

+^^Ar +■•• 

= 1_3, + ^x2_^.43 + m^4^..,, 

_ “ (-l)"(n + 2)t.t" « (-l)"(n + 2)(n +I)." 

n'To 2(n!) „to 2 


lim ^ 
"->00 a„ 


SO /? = 1. 


(n + 3)(/i + 2)|.|"+' 
lim " '■ . 

n >oo (n + 2)(rt+ l)|.| 


= |.| < 1 for convergence. 


ft 

(.) 

/<'»(0) 

0 

In(l + .x) 

0 

1 

(1 +Jt)-' 

1 

2 

-d + .v)-^ 

-1 

3 

2(1 + .x)-3 

2 

4 

-6(1 + .X)-' 

-6 

5 

24(1 + 

24 


In(l + .) = = / (O) + /'(O). + 

, /<"> (0) 4 . /‘” (0) X . 


— X j-*" + g-* 55-* + I20-* 

x^ x^ x^ 

-X-- + J-- + J 


■■ z 

nss] 


(- 1 )" 


lim 

n-*oo 


On*] 

On 


= lim 
»-*oo 


JX"+' 
« +1 


Ul 


= lim 

«-»oo \ ^ x/n 


= |x| < I for 


convergence, so R = \. 
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n 

/t"' (X) 

/'"> (0) 

0 

sinhx 

0 

1 

coshx 

1 

2 

sinhx 

0 

3 

cosh X 

1 

4 

sinh X 

0 


So /<"> (0) = 


0 if n is even oo 

and sinhjt = T —-. If 

I ifnisodd n=o(2'i+l)! 


a„ = 


lim 

n-toc 


y2n-^l 

(2n+ 1)! 
0/1+1 


then 


a„ 


= X* lim 


1 


n-too (2n + 3) (2n + 2) 


= 0 < I for all X, so 


K =! oo. 


n 

/'"> (X) 

/<") (0) 

0 

coshx 

1 

1 

sinh X 

0 

2 

cosh.x 

1 

3 

sinhjt 

0 


/'") ( 0 ) = 


1 if n is even oc 

so coshx = T" —— with R = oo, by the 
0 if n is odd n=o (2”)l 


Ratio Test. 


/(X) = 7 + 5(x - 2) + (X - 2)2 + ^ ^ (X - 2)" 
2! „=3 n! 

= 7 + 5(x-2) + (x-2)2 

Since a„ =0 for large n. R = oo. 


f(x) = -1 +3(x + 1) - I (X + 1)2 + I (X + 1)2 
= -I + 3 (x + I) - 3(x + 1)2 + (x + 1)2 
Since O/i = 0 for large n. R = oo. 


11. Clearly. /<"> (x) = e', so /<"' (3) = e’ and e* = £ 4 “ 3)” '(‘’x = ^ “ 3)". then 

„=o «! "■ 


n 

(X) 

/">(-!) 

0 

x2 

-1 

1 

3x2 

3 

2 

6x 

-6 

3 

6 

6 

4 

0 

0 

5 

0 

0 


n 

/<"' (X) 

fW(2) 

0 

1 4- X + x2 

7 

1 

1 +2x 

5 

2 

2 

2 

3 

0 

0 

4 

0 

0 


|Ort+i 3| f. 

lim - = lim -— = 0 for all X, so/? = oc. 

«-*<x a„ n~*oo n -f I 
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12. 


/'"»(2) = 


(-|)"-l(„- I)! 
2 " 


n 

U) 

/(") (2) 

0 

Inx 

In 2 

I 

.V-' 

I 

5 

2 

-;r-2 

I 

4 

3 

2x-2 

2 

3 

4 

-3-2x-‘' 

3-2 

I6 


ca (-1)"-'(.X - 2)’’ 

for n > 1, so ln.)c = In2 + 21-—- 


On+i l.r - 2| n |.x - 2| 

lim - = —-— lim -- = —-— < I for convergence, so .r - 2 < 2 

»->oo a„ 2 n-*oo n + 1 2 


« = 2. 


n 

/*'•) (X) 

/"•(I) 

0 

I 

X*' 

-x-2 

I 

-I 

2 

2x-J 

2 

3 

-3 ■lx-' 

-3-2 

4 

4-3 •2x-* 

4-3-2 


So /'"> (I) = (-1)" «!, and ■!■ = X ^ 'V”’ (•» - 0" = Z U - O"- = (-1)” (x - I)" then 

jc -._A n\ „._A 


lim 

n-*oo 


a„ 


= |.v — 11 < I for convergence, so 0 < x <2 and fi = 1. 


14. 


/(»»(4) = 


n 

/<") (X) 

/<">(4) 

0 

xl/2 

2 

I 


2-2 

2 

4*' 

_2-S 

3 

I.X-V2 

3.2-* 

4 


-15.2-" 


(-1)"-' 1 - 3-5.(2n-3) 

2.1n-l 


for « > 2, so 


r- 1 - “I 

= 2 + —^ + 



I ■ 3 ■ 5.(2n - 3) 

2’"-‘n! 


(^-4)". 


lim 

rt“»00 


i 

I a„ 


lin, r^) 

8 n-»oo y n 4- I y 


|x - 4| 


< I for convergence, so U - 4| <4 


/? = 4. 


4 
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15. 


n 

/'"> (*) 


0 

sinx 

>^/2 

1 

cosx 

•Jill 

2 

— sin.t 

-y/212 

3 

— cosx 

-Jill 

4 

sinx 

Jill 


sin.* = /(f) + /' (f) (* - t) + 


/"( 5 ) 


{* - f )■ 


—T—(*-l) + i. 


rr + - 


= ^[' + (--5)-i(*-T)' 

-ir(*-f)’ + ^(*-fr+ -] 

= ^ [' “ P (•* " 1 )^ + ?L “ I-] 

+ ^ [(-^ ~ f) “ i (■* " + ■■■] 

= ^ Zr=o(-')" [doT (■-' - t)'" + JSTTTF (•'' - 

^ OO (_|)''('-l)/2(;t_*)" 

The series can also be wrilten in the more elegant form sin x = — ^-;- If 

- n=0 


a,, =--, then lim 

«• »-»oc> 


an+\ 

On 


= lim 

n->oo n + I 


Tl _ 


0 < I for all x,so R = oo. 


n 

/(") (X) 

(-7) 

0 

cosx 


1 

- sinx 


2 

— cosx 


3 

sinx 

2 

4 

cosx 





/<")(-i) = (-iy 


. so 


oo f(n)(_s.\ 

cos* = ^ (* + f )" 

/i=0 

2 h 


with R = oo by the Ratio Test (as in lixercise 15). 


17. If/ (.v) = cosx. then by Formula 9 with a = 0, |)?„ (x)| < 


!/<’'+') (x)! 
(«+!)! 


Ixl""*'. But (x) = ±sinx or 


icosx. In each case. |/t''+'> (x)| < I. so |«„ (x)| < -—l-rr"^' -> 0 as n oo by Fquation 10. So 
' ' (n+ 1 )! 

lim R„ (x) = 0 and, by Theorem 8 . the series in Kxercise 3 represents cosx for all x. 


18. If/(.X) = sinx, then |/(„ (x)| < 

(« + 1)1 

|/<’-+')(.,)|< ,,so|R„(x)|<^^^|x- 
in Rxcreisc 15 represents sinx for all x. 


|x —J|”^'.But /*"'*^*1 (x) = ±sinx or ±cosx. Ineachcasc, 
j I"*' —> 0 as n -» 00 by Equation 10. So by T heorem 8 . the scries 


|-(n+l) 

19. If / (x) = sinhx. then R„ (x) = — -r:rx"+', where 0 < |;| < |x|. But for all n. 

(n + 1 )! 

|y<(i+l) < cosh 2 < coshx (since all derivatives arc cither sinh or cosh, |sinh j| < |coshr| for all z. and 

|r| < |x| =» coshz < coshx), so |/(„ (z)| < 7 —-^x"*' -» 0 as n -> 00 (by Equation 10). So by 

(n + 1 )! 

Theorem 8 , the series represents sinhx for all x. 
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20. If f (x) = cosHa:. then R„ (a) = —-where 0 < |z| < (xj. But for all n, 

(n + I)! 

|y(''-ri) (;)| < co.shr < coshx (since all derivatives are cither sinh or cosh, |sinhz| < |coshz| for all z, and 

coshx 
(n + l)!' 

Theorem 8, the series represents coshx for all x. 


|z| < |x| ^ coshz < coshx), so |/?„ (z)| < <i+i o as n —» oo (by Bquation 10). So by 


00 y2/i 

21. cosx = Y. 

„=o (2n)! 


, , , « (-I)''(ax)2” “ (-I)"a2''x2" „ 

/(x) = cos()rx) = Y -S -nrrr-, R = oo 


„=o (2r.)! “o (2«)! 

00 y” ^ (-‘r/ 2 )" 00 n" 

22. e' = z-r ^ = = = ~ 

n=0 rt=0 '*• n=0 

00 oo 00 —2/1+2 

23. tan-'x= 2;(-l)"z—— =» / W = ^ tan-'x = x X ("D" iTm = 2: ("D" ^T-TT’^ = ' 

„-o xn + I „_(i 2 n + I „_o 2n + I 


oo x^"*"' oo (x^)^"*"' oo T—n" 

24.sinx= X(-l)"7rrT-r:T = = X(-0";ir:Vr:T == Z = 


„to (2n+I)! 


„tb (2n+I)! „tb(2n+l)! 


25.e'=X-r =* /(•») = -tV'=x- X - ,R = oo 


n=0 "! 


~ (-X)" « (-|)"x"+^ 

n =0 «■ n =0 «! 


26. cosx 


OO 00 {2r\^ 00 /_nW‘j2/» 

w-sSsr'" 


/ (x) = X cos2x = X /? = 00 

„=o (2n)! 


27. sin^x = 5 [I — cos2.x]: 


1 

«(-l)"(2x)^‘ 

= 2-' 

00 

1 -1 - z 

(-I)"(2x)^' 

2 

,h (2n)! 


/»=! 

(2n)! 


» (-1)"*' 2’"-‘x^ 

= Z--.« = ~ 


28. cos'x = j (I + cosZx) = - 


' + Z 


(-1)" (Ix)^ 
(2n)! 


«(_I)0 22»x2" 


~ (2n)! ’ 

Another Method: Use cos^ x = I — sin^ x and Exercise 27. 


sinx I “ (-I)".x2"+' oo (_i)'>^2'> 

29. -= - X ——-= X t:: -rrr this series also gives the required value at x = 0 (namely I), so 

x x „^o (2n+l)! ,“o(2rt+l)! 

R — oc. 


30. 


I — cosx 


I _ y ^ -2 r_ y (-1)"^^ ] ^ ^ 

. „=o (2«)! J ■* L 0=1 (2«)! J 


(_|)0+lx2«-2 M (-Ijr-Jt: 


(2n)! 


= z 


„tb (2n + 2)!’ 


the series is equal to j when x = 0; /? = oo. 



SECTION 12.10 TAYLOR AND MACLAURIN SERIES □ 907 


n 

/^"Hx) 

/(”) (0) 

0 

(1 +Ar)'''^ 

1 

1 

^(l+Ar)-'''2 

1 

5 

2 


1 

3 

|(1 +x)-^'^ 

3 

$ 

H 


IS 


(-1)"-' I - 3-5 


(2n - 3) 


So /<"> (0) = 
and 

_ Y OO 

v^n^=i + i + L 

^ n=2 


(-1)"-'|-3-5.(2n-3)„., 

If a„ =-—- x", then 

2 "n! 


2 " 

(-1)”-' I •3-5- 


for/? > 2 , 


• {2n - 3) „ 

- X . 


an 

soR=\. 


lim 

n-*oo 


1 1 1 2/1 “ I 

= lim ■ ■■■ =s |.t| < I for convergence, 
2 «-»oo n + I 



0 


n 

/<"' (x) 

/<'" (0) 

0 

(1 +2.t)"'/^ 

1 

1 

-^(l + 2;t)-5/2(2) 

-1 

2 

1 (1 + 2x)-5>'2 (2) 

3 

3 

-3 - §(1 +2x)-’/^(2) 

-3 5 


/<") (0) = (-I)" I • 3 5 ■ 7.(2n - 1), so 


(I +2x)-'^2 


^ /<"*(0) „ 


^ (-in-3-5.(2n-l) „ 

^^ 
nsO '*• 


lim 

n-*oo 


a„ 


lim 


2/?+ I 


n-*oo n + 1 


U| = 2 |x| < 1 for 


convergence, so R = 5 . 

Another method: Use Exercise 31 and diflereniiaie. 
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33. cosx = Y, 
<1=0 


/(at) = co.s(jt2) = Y 

rt=0 


2. _ “ (-1)" “ (-1)"^“" 


( 2 «)! 






/ /fr / oo oo 00 v” 

■;-= / S {-\rx"dx=:C+ S (-1)”-- = x i— -withC = Oand /? = 1 

l+Jt y „=0 ,=0 «+l n=l ” 


soln(l,l) = Y 

n=\ 


« (-ir-'co.ir 


. This is an alternating series with 65 = 


(0.1)5 


= 0.00()(X)2. so to five decimal 


4 (-i)"-'(0.n'' 

places. In (I. I) A: Y -s!;0.0953l. 

<1=1 ” 


36. 3° = ^ radians and sinjt = Y 


65 

sin’ - ’ - 

S"" 55 - 60 - — + — 




„fo (2n+l)! 


so 


60 l,2%.000 93,312,000,000 

the Alternating Scries Estimation Theorem, sin ^ ^ , 2^666 ^ 0.05234. 

2 i2<i+i 

t 00 ^_I)” 


But ; 


< 10 ~®, so 


sinx I “ (-l)"x-'’-"' “ (-I)"x2" 

38. - = - T -= Y -, so 

y jt y <1=0 +1)! <1=0 


(2n + I)! 


■d.x=C+ Y 


(-l)"x‘' 


„to(4n + 3)(2«+l)! 


(-l)"x^+‘ 
(2n+ l)(2n + I)! 


, with R — 00 . 
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39. Using the series from Exercise 31 and substituting x’ forx, we get 


• + y + L 

^ /i=2 


2"/i! 


dx 


= C + x + ^.(2n-3) 

8 „t '2 2''n!(3n+l) 


40. [ e''d.x = / X ^dx=C+ f, 
J J n=0 /i=0 


(3/*+ l)n! 


with R = oo. 


/•I , , 00 r (-|)"x''''+’ V 0° (-1)" 

41. Using our scries from Exercise 37, we get / sin (.r'‘)r/x = T - = y - - - 

h ^ > „t'oL(4« + 3)(2n + l)!jo “o (4n + 3) (2n + I)! 


I 


“"‘""’I = 75,600 

z 


< 0.000014, so by the Alternating Series Estimation Theorem, we have 


- - - — + 


„tb(4« + 3)(2n+I)! 3 42 1320 


i 0.310 (correct to three decimal places). 


42. cos(.it^) = y 


« (-l)"(x^)-" 


(2n)! 
/•o.s 


, so 


, but 


rcos(x^)dx = r I =z I = 0.5- ^^ 

Jo ^ Jo atb ( 2 «)! „tbL( 4 «+l)( 2 n)!jo 5 - 2 ! ^9 4 ! 

^ 0.000009. so by the Alternating Scries Estimation Theorem, ^ cos (x^) dx =s 0.5 — "=5 0.497 


9-4! 

(correct to three decimal places). 


43. We first find a scries representation for/(.t) = (l +x)"'^^, and then substitute. 


n 

(.t) 

/(") (0) 

0 

(1 + .t)‘'^ 

1 

1 

-i(l +.1 )-’/’ 

~5 

2 

|(l +x)-S/’ 

3 

4 

3 

-^(1 +x)-’/’ 

IS 

“T 


I 


yr+7 


= I 




dx 


X 3 /x^\ 15 /.t’\ 

- 5 n( 2 r)- 7 U) + 
= [■ 


-x^ + TTAt' - TZX + 


f 




— I _ I • 3 ^6 ^ 3 j_ 

- ' + gJf T6^ + ■ 


1 


(0.1) — j (0.1)^ , by the Alternating Series Estimation 
8 


VI + .x^ L ** 56 32 

fheorem. since ^ (0.1)’ 0.0000000054 < 10”*, which is the maximum desired error. Therefore, 

f»' dx ^ 

Jo vT+jV 


0.09998750. 
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44. =r f =f =z 

Jo Jo n -0 '>■ /i=o L ”■ (2n + 3) Jo „^o 


(- 1 )” 


«! (2n + 3) 


and since 


(- 1 )" 


C 2 =- < 0.001 we use V -^—r = — 

1792 „to«!(2n + 3)22"+3 24 


160 


> 0.0354. 


45. lim i-T" 

i-*o .x^ 


= lim 

i-*0 




= iim 


I ^3 I ^5 J. 1 v? 

;.1C - ;.r + JX ■ 


= jzO -1':'+- ■) = i 

since power series arc continuous functions. 


46. lim 


1 — COSJC 


lim 




>0 I + x — e' X-.0 


= lim 

X-.0 


I +x - (l +x + + Jt3:‘' + 5i.x’ + ^.x‘+ ' ) 

^ r-2 t v** J. I v6 

_- 37-y i- gr-y-- 


1 _2 I v' I v4 I vS I ,6 
-^■3 — JiTt - 31-3 - 5T* - ST-*” - • 


= lim 


. _ 1x2 + . 

41' + , 


-0 


r_.n 1 ' I ..2 1 ..X I .-4 

»-*0 - Jf - 37->t - 37.X'‘ - JTX- - JJ.X’ - • 


-i-0 




since power scries are continuous functions. 


47. lim 

X -.0 


sin.x — .X + jx^ 


= lim 

X -.0 


(x-jrx^ + j,x»-lx^ + ...)-x + ix^ 


3.j(5 _ ^^7 ^ . . . ^ , ^2 4 , , 

=x'L"i^ -P- = JToU ■^•'^■■j = ?? = T2o 


since power series are continuous functions. 


tanx-x 

48. Iim -;- = lim 


(x+lx>+^.x^ + . 


X-+0 X-* X-*0 

since power series are continuous functions. 


-= lim 

x-»0 


5-*^ + 1 ^ 5 ^^ + • / 1 . 2 .2 . \ I 

-;3--JToU + b^ + -j-3 


49 . As in Example 8(a). we have e"’ = -~ ~ ^- 

Equation 16. Therefore, e""' cosx = ^1 — x^ + jx^ — ■ ■ - ^ ^1 — Jx^ + gx'*-^ Writing only the terms 

with degree < 4, we get e"'" cosx = I - ^x^ + ^.x'' - x^ + Jx‘ + Jx^ + • ■ = I - Jx^ + gx'' + ■ • ■. 
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SO. 




' + 5^^ + + • 


1 I v2 J_ I 

I - J .x + 24 X - ■ 

iv2 _ Xv4 . . 
5' 24^ + 


.»-- ix- + - - 


ry+- 

A*'' + • ■ ■ 


51. 


I + X + + ijc’+ ■• • 


-X + jx^ - 

jx^ + --- 

1 - 

1,3_ 

jX 

—X — X^ — 

|x5--. 

1 v2 . 

jX + 


1 '^ + 

i.x’ + ... 


-fx3 + ... 




I 


1 


COS.X - 

From the long division above, 

i,2 j. 5 4 . 

54-* 


From Example 6 in Section 12.9. we have 

In (I - x) = -X - jx^- -.1x1 < I. 

Therefore, 


In(l-x) -X - ;X- - jx’ - ■ 


I + X+ ix- + ^x 5 + - 


-. So by the 


long division above. 

In (I -X) X- x’ , , , 

-!-^ = -x + -- —+ - -.|x| < I. 
e* 2 3 


52. From Example 6 in Section 12.9, we have In (I -x) = -x - jx^ - jx^-. |x| < I. Therefore. 

e^ ln(l - x) = ^1 + x + jx^ H-) ^-x - jx" - jx^ H-) 


_ , 1,2 1,3 ,2 1,3 1,3 

= -X-jX - jx -X - JX - JX • 

= -x - |x^ - jx’-, |x| < I 

00 , 4 n 00 , 

53. Z ^ = Z r- = .by (11). 

nlTo "■ n=0 "I 

“ .SMsiT 

g (-l)''ff^'"-' _ g -= sin f = 4 ., by (15). 

„t'o42"+l(2rt+l)! „tb (2n+l)! ’ 72’ ^' 

56.f^=Z^=eV5.by(ll). 

«=o 5 ti. „_o rt. 


„ , 9 27 81 3‘ 3- 3’ S'* » 3" ~ 3" , 3 , . ,,,, 

2! 3! 4! I! 2! 3! 4! „ti «! „to »’■ ’ x v / 




2 ! 


3! 


= e -'"2 = (ei" 2 ) ' = 2 -'= |,by(ll). 
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59. Assume that |/"' (jr)| < M. so /"' (x) < A/ for a < j < d. Now /"' (r) dl < M dt 

=> /" U) -/" (o) < A/(,t - a) =s /"(x) </"(a) +Ar(x-a). Thus, 
r /" (/) dt < /; [/" (a) + W (r - a)] <// => (a) < /" (a) (x - a) + ^ A/ (x - af 

=> /'(*)</' (o) + /" (o) (x - a) + ^.Af (x - a)^ =» 

Ju f (‘)dt < [/' (a) + /" (a) (/ - a) + ^ A/ (/ - a)^ j dt 


=» f(x)-f(a)<f' (a) (x - a) + j/" (a) (x - a)^ + 1 Af (x - a)’. So 

/ (Jt) - /(a)- f (a) (-» - a) - j/" (a) (x - a)’ < i M (x - a)’. But 

«2 U) = / (x) - r 2 (x) = / (x) - / (a) - /' (a) (x - a) - (a) (x - a)% so R 2 (x) < ^ A/ (x - a)’. A 

similar argument using/'"(x) > -Af shows that R 2 {x) > -^Af (x -a)^ So |« 2 (^ 2 )l < jA/|x -a|^ 
Although we have assumed that x > a, a similar calculation shows that this inequality is also true ifx < a. 
-i/xi 


60. (a)/(x) = 


ifx ,4 0 
ifx = 0 


/' (0) = lim 


/W-/(0) 


= lim • 
x-»0 


,. lA ,. X 

-= lim- 7 = lim- 7 

X X -.0 gi/x- i-»o 


= 0 (using ITIospital’s Rule and 


-.0 X - 0 

simplifying in the penultimate step). Similarly, we can use the definition of the derivative and Tllospital’s Rule 
to show that f" (0) = 0, /<*> (0) = 0,..., /*"• (0) = 0, so that the Maclaurin series for / consists entirely of 
zero terms. But since /(x) ^ 0 except forx = 0. we see that / cannot equal its Maclaurin series except at 

X =0. 


(b) 


0.002 



From the graph, it seems that the function is extremely flat at the 
origin. In fact, it could be said to be “infinitely flat” at x = 0, since 
all of its derivatives are 0 there. 


The Binomial Series 


1 . The general binomial series in (2) is 


(I 




- I) ; , A(A- l)(A-2) 3 


-x‘ + 


3! 


x^ + - 


1 (1>- -'+(!) -++MiHil). 


I + - 


l-3x3 lA-Sx" 


2 22.2! 22.3! 2“' • 4! 

— (-1)"-' 1 AS.(2n-3)x" 


n=2 


2" -n! 


, /?= 1 
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(l+jr)-* 


= (l +a:)- 


'-.lO 


ITie binomial coefficient is 




4)(-5)(-6)-- (-4-n+ I) (-l)".2-3 4.5-6- 


■(«+ l)(n + 2)(n + 3) 


n! 


(-1)" («+ l)(n + 2)(n + 3) 


2 ■ 3 • n! 


1 


~ (-!)'■(„+|)(„4-2)(n + 3) , , . „ , 

^ ^ —- x" for |.t| < 1, so R = I, 


(I+jt) »=o 
I I 


(2 +at)’ [2(l+.t/2)]’ 


1 ^ /“'3\ /x\'' 






-3)(-4)(-5).(-3-/I+ 1) (-I)” •2 -3.4 -5 ■ 


•(«+ l)(n + 2) 


2n! 


(-1)" («+!)(«+ 2) 


1 I »(-!)"(«+l)(n + 2)i'' «(-!)"(«+I)(n + 2).r" ^ :r 

(2 + .x)’"8i'o 2 2"-„to 2'-+^ 


R = 2. 


4. (1 + = Z = 1 + y + + 




. X*- ^ 

= ' + y + Z 


(-l)"-' ^-S-g .(3n-4).t2 

3'’n! 


•» with R = \. 


ljif( < 2, so 


.yn^ = (I - gjr)'/-' = T (-8.X)" 
n =0 \n/ 


= I + i(-8x) + 


K-i), ,,,, (i)(-0H) 


2 ! 


3! 




^ « (-l)'-(-|)"-i.3-7.(4«-5)8" , 

4” • n! 


= l-2x- X 

nss2 


3-7- 


•(4«-5)2" 


and |—8x| < I <=> |.t| < j, so/? = 5. 


6. 


I 




I 

2^1 -x/32 




(-ilHlHl 



1 1 1-6 , 1611 , I “1-6 .(5n - 4) „ 

2 5 -2‘ 52.2! .2>' 5’• 3! ■ 2'* 2 5”2’"-"'n! 

The radius of convergence is 32 
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= 5+ Z(-I)' 

^ «=l 


„ 1 - 3-5.(2/1-1) 

„|23n-^I 


and — < I <=> ^<1 \x\ <2,so R = 2. 


- y _ _ /i ^ {xy 

~ Vi(l+Jt/2) “ v/5 V ■'■2/ " VlJil n/V2'' 

■ ^ (1)^ ■ 

^ , ,,„ I - S -S . (2n- I) ,^; 

= ;;^+ Z^C-I)"--^.rr'-*2and[-| < I « |.x| < 2, so « = 2. 
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10. 




= 8 




+ and|i|<l « M<4.so« = 4. 

8 ” ‘ • w! 141 

n=2 

T he three Taylor polynomials are 7’i (jt) = 8 + 3.r, Ti (.t) = 8 + 3.r 4- and (jr) = 8 + 3j + ^jr’ — 



r, 


11 . (a) [I + (-.t^)]-'^ = ' + (-0 H') + H')' + ^ + • • • 


(b) sin 


. I f I , ,, ~ I O -S. (2n- I) j„+, 

in .t = / -■ - -■ - ■ - rf.v = C + JT + y - -x^ ' 

J yr=7^ „il (2n+l)2’' n! 

= :r + Z ' ’ sinee 0 = sin"' 0 = C. 


„t-| ( 2 n+l) 2 "n! 


12 (a) (I +x^y'^^ = Z ( = I + Z 

/i=0 \ " / n=l 

(b) sinh*' X = f = C + .t + JL 

J yrr^^ 


2ti 


(-1)" I O - 5.(2n- l).r 

I 2 " n! 

(-!)"■ I O-S .(2n- I):t2''^' 


but C = 0 since sinh*' 0 = 0, 


~ (-!)"• 13-5 .(2n- l)x^+' 


2'' n! (2n+ I) 


so sinh“’ .It = .V + 21 ^—' - Z ■ —TT- ' -. ft = I. 

fr=l 

H)H),.H)H)H) 


13. (a) (I T-.v)-'-'^ = I + (- 5 )^;+ —^.ic^ + 


*■> + ••• 


1+ z 

11=1 


(-1)" I -l-S .(2n- I) 


(b) Take x =0.1 in ihe above series. 


2 " ■ n! 

I ^-S-? 


2'*4! 

I . 0.1 1-3 13-5 

Tn"^ “ T + 2^11~‘FTT 


(O.ir < 0.(X)(H)3. so 
(0.1)’ at 0.953. 
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I Tn (0{"0 (t)(-i)(-j) 

+ 518^ + —2i—U) +- y. -U) ■ 


= 2 


’^24 


(-1)"-' - Z -S .(3n-4)x'’ 


24" ■ n! 


(b) (8 + 0,2)'/’ = 2 
2-5(0.2)’ 


2- 


24’ ■ 3! 


0.2 (0.2)’ 2 5(0.2)’ 

24 ~ 24’ 24’ • 3! 

0.000002. so -ys^ 2.0165. 


w2 


, 0.2 ( 0 . 2 )’ 

I + ^ - 


24 24’ 


15. (a) [1 + (-ar))-’ = I + (-2)(-.x) + (-x)’ + ^ (-^)’ + ■ ■ 

= I + 2v + 3x’ + 4x’ H-- X (” + ')x". 


-—-T = Z (« + Oj;"'''' = S nJt"- 

(I-X)- „^0 11=1 


(b) With X = ^ in part (a), we have 2^ — = ——=—= 

- (' - i)' 


= 2 . 


16. (a)[l+(-x)]- 


= z(„^) 

M-O V " / 


(-X)" 


= , ,_3)(-X) + ^ ^ . 

I I g 3.4.5 .(" + 2) ^„ £ (« + l)(« + 2) „ ^ 

n=0 2 

- («+l)(n + 2) 


«■ 

/ , 2 \.. . , ..-3 “ («+l)(n + 2) „^| . 

(x +x‘') (I + (-x)I = ^ ---x"+' + 21 


n=0 


n=sO 


«=2L 2 2 J „_2 n^l 

^ _ 2 + (0 
(-0’ 

17. (a) (I + x’)’/^ = I + (0 + — I, — ^ ' 31 ^^ + ■ • • 


(b) Setting jr = j in the last series above gives the required series, so = 

»=i 2” 


= 6 . 


= l + li+ T I 3-5 -- 




(b) The cocflicicnt of (corresponding to /» = 5) in the above Maclaurin scries is 


y-(IO)(0) 


/<'">(0) (-1)^. 1 .3-5-7 


10! 


2’-5! 


/<"” (0) = 10! 25 5! ^ 


10! 



SECTI0N12.il 1HE BINOMIAL SERIES □ 917 


18. (a)(l+;cT"'=f^(„^)(^T 

-,, (- 1 ) V tipi H- . HpHd). 


2 ! 

~(-I)"l'3-5 .(2n-l).v’" 

^ h\ 2” n! 


/(9) (0) /<’) (0) (-1 I ■ 3 ■ 5 

(b) The cocflicicnl of in the preceding scries is - -, so - -=-r-— 

9! 9! 23-3! 


/‘’>(0) = -^ =-113,400. 


oo /t\ oo /t\ 

19. (a) g u) = Z =» !?'(•»)= Z = 


(I +x)g'(;r) = (I +x) Y. Onx"-' = Y {iW"-' + Z CK’ 
n=J /»=l n=:l 


= ZI.*,)('> + i)x'’+L(JK’ 

n=.0 /i=0 


Replace n with n + I 
in the first series 


r f.i I i /(*-i)(*- 2 ) - (*-« + i)a-«) 

ib («+!)! 




k(k-i){k-2) -(k-n+\) 


x" 


= Z - , ^ ,,, -[(* - ") + "I » 

n =0 (n+I)! 

= kY -= * Z U^” = (’') 

w-O «=0 


Thus,g'(.r) = ^i^. 

I + .X 

(b) /i(x) = (l+x)-*g(x) =» 

h' (x) = -*(!+ X)-*-' g (X) + (1 +x)-*g' (x) [Product Rule] 

= -*(! +x)‘*"‘g(x) + (l +x)"* [from part (a)] 

= -*(! +x)-*-‘g(x) + *(l +x)-*-'g(x) = 0 

(c) From part (b) we see that h{x) must be constant for x e (— I, I), so /i (x) = /i (0) = I for x € (— 1, I). Thus. 
/i(x)= I =(l+x)-*g(x) « g(x) = (l+x)*forxe(-l,l). 
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" '/f i ' [' ■ 5 ("*'^ (-*' ’‘f - (-*' 

= 'ilT [' ^ (0*'+ (ro)* 


'•^sin^jt + ■ 


[split up the integral and use the result from Exercise 8.1.40] 


dx 




] 


dx 


'22.42 ■^22.42.62 

(b) The first of the two inequalities is true because all of the terms in the series arc positive. For the second. 


7- = 2ff /- 

V« L 


' + ^*^ + ^27i2 




■ 22 . 42.62 22.42.62.82 






The terms in brackets (after the first) form a geometric series with a = \k} uni r = k? - sin2 (jOo) < I. So 


(c) We substitute L = \. g = 9.8, and k = sin (10°/2) =« 0.08716. and the inequality from part (b) becomes 
2.01090 < T < 2.01093, soT ^ 2.0109. The estimate T ^ htyfUJg ^ 2.0071 differs by about 0.2%. 

If do = 42°, then k =» 0.35837 and the inequality becomes 2.07153 < 7' < 2.08103, so F =s 2.0763. The 
one-term estimate is the same, and the discrepancy between the two estimates increases to about 3.7%. 
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Applications of Taylor Polynomials 
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11. In Maple, wc can find the Taylor polynomials by the following method: first define f: =sec (x) ; and then set 
T2: “Convert (taylor (f, x^O, 3) ,polynom)T4 : “convert (taylor (f, x=0, 5) ,polynoin) 
etc. (The third argument in the taylor function is one more than the degree of the desired polynomial). We must 
convert to the type poiynom because the output of the 
taylor function contains an error term which wc do not 
want. In Mathematica, we use 

Tn:“Normal [Series (f, [x, 0, n)) ), with n=2, 4, 
etc. Note that in Mathematica, the “degree” argument is the 
same as the degree of the desired polynomial. In Derive, 
author seer, then enter Calculus, Taylor, 8,0; and 
then simplify the expression. TTic eighth Taylor polynomial is 

5„<Ji 61 6 I 277 8 



12. See E.xercisc 11 for the CAS commands used to generate the 
Taylor polynomials. The ninth Taylor polynomial for tan jt is 
79 (.X) = X + fx^ + + ^x’ + JIB’'’- 



13. 


/(x) = v<? /(4) = 2 

/'(x) = fx-'/2 f'W = \ 

/"(x) = -ix-5/2 /"(4) = _^ 


/"'(x) = |x-5/2 

(a) »= 72 (X) = 2 + i (X - 4) - (x - 4)^ 

= 2 + i (X - 4) - ^ (X - 4)- 

(b) |/?2 (x)| < ^ |x - 41^. where |/"' (x)| < M. Now 

4 < X < 4.2 =s |x - 4| < 0.2 => |x - 4|’ < 0.008. 
Since /"' (x) is decreasing on (4,4.2J, we can take 
4-/ = |/'"(4)| = i4-V2 = j^,so 
l «2 (x)l < ^ (0.008) = ^ = 0.000015625. 


(c) 0.00002 



From the graph of 

|/(2 (x)| = |>/x — Ti (x)|. it seems that 
the error is less than 1.52 x 10“* on 


(4,4.21. 
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14. 


fU)=x-^ 
/"(■*) = 

/"' (.*) = -24x-5 
M 


/( 1 ) = 1 
/'(!) =-2 
/"(4) = 6 


(!i)x-'^=sTi(x)= l-2(jr-l)+^(;c- I)’ 
= 1 - 2(;(- l) + 3U- 1)^ 


(b) l «2 (.t)l S jj- |.v - l|^ where \f'" (.r)| < A/. 
Now0.9<.t < l.l => |x-I|<0.1 => 
|x - l|^ < 0.001, Since f"'(x) is decreasing 
on |0,9, I. I ]. we can take 
.AT =|r'(0.9)1 

l«2 (4c)l < (0.001) = 5^ 

=a 0.00677404 


(c) 


0005 


_ 24 

10,9)5 



15. 


/(I) = ^ 


/ (x) = sinjt 

/'(.x) = cos.x /'(j) = 4 

/"(x) = -sinx /"(f) = -4 

/"'(x) = -cosx /"'(f) = -4 

(a) sinjt TsCx) 

+ ^ (■* “ f)^ + (■* “ if 

(b) l«5 (-t)! < ^ - II*. where l/W (.x)| < A/. Now 

0<x<y =» (x- D* < (1)^ and letting x = ^ gives 

A/ = I, so \Rs (x)| < i (f)'’ = (f )*■ sr 0.00033. 


From the graph of |/?2 (x)| = |x"^ - T 2 (x)|, it seems 
that the error is less than 0.0046 on (0.9, 1,1J. 

/W(x) = sinx /H)(x) = ^ 


/<5> (x) = eosx 
/<*> (x) = - sinx 

(5") nonm 


/<*'(!) = ^ 



16. 




/(x) = cosx /(t) = : 

/'(x) = - sinx 
/"(x) = -cosx /"(f) = -| 

(a) cosx =» r4 (x) = 2 - ^ (x - f) - ^ (x - 5)^ 

+ It {* ~ t)’ + IS (■* - 7 )^ 

(b) |)?4 (x)| < 1 ^ “ 7I*- where |/<^> (,x)| < AT. Now 

0<x<=^ ^ (x — y)* < (y)*. and letting 

X = y gives M = I. so |/f 4 (x)| < ^ (y)* =» 0.0105. 


From the graph of 
1/^5 (x)l = Isin x — Ti (.x)|, it seems that 
the error is less than 0.00026 on [O, y], 

/"'(.x) = sin.x /"'(|) = ^ 

/W(.x) = cosx /W(f) = ^ 

/(5' (x) = - sinx 
(c) 0.012 



.seems that the error is less than 0.01 on 


[». Y]. 
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17. / (jr) = tan jt / (0) = 0 

/' (x) = sec- AT /' (0) = I 

/" (x) = 2 sec^ j; tan x /" (0) = 0 


/'" (.t) = 4 sec^ X tan^ x + 2 sec'* x f" (0) = 2 

/<'•• (,r) = 8sec^ Jt tan^i + 16scc‘' jt tanjt 


(a) tan-t =» Ts (jt) = jt + jjt^ 


M . 


(b) |«3 {J)l < where |/W U)| < AT. Now 0 < x < f 

=> X* < (f )^, and lettingX = | gives 

I < (73) (;^) 


18 . 




4! 


= (1)''as 0.057859 


/(x)=(l+.r2)'''’ 

/'(x) = |x(l +x2)“^'’ 

f" (Jt) = j (• - j-t^) (I + x’)"*''^ 


(a) i/T^ =» Ti (X) =1 + ^x2 


(c) 


/( 0 )= 1 
/'( 0 ) = 0 
/''( 0 ) = § 



less than 0.006 on [0, x J. 




8xJ - 72x 


27(1 +x2) 


8/3 


(b) |/?2 (x)| < ^ |xp, where |/"' (x)| < A/. By examining a 

graph of (/"' (x)|, we sec that its maximum is approximately 
0,71495314. Thus, 

0.71495314 


l«2(.x)l < 


3! 


(0.5)’ as 0.014895. 


(c) 



0.5 


It seems that the error is less than 0.0061 
on (-0.5, 0.5], 
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19. /(x)=e' /(0)=1 

r(x) = e^\2x) .r(0) = 0 

/"(T) = e‘'(2 + 4j2) /"(0) = 2 


(a)c'‘«<r3(.x)= l + fx2^1+.t 


/"'(x) = f'-(l2.t + 8.t5) 

/<■') ^x) = e'^ (12 + 48x2 ^ 16,4) 

(c) 


/'"( 0 ) = 0 


(b) l/?3 (x)| < ^ Ixl*, where (x)| < Xf. Now 0 < x < 0.1 

=> x^ < (0, l/, and Idling x = 0.1 gives 
0.01 (12 + 0.48 + 0 , 0016 ) 

|«3 (x)l < -2-- L (0.1)'* aj 0.00006. 

24 



|/?3 (x)| = - (I +x2)|, it appears 

that the error is less than 0,000051 on 
lO.O.l). 


20. (a) Clearly /<2") (0) = 1 and /(2"+i) (O) = 0, so 
r2 a'' 

co.shx as rs (x) = I + V + rr 
2 24 

(b) |/?5 (x)| < ^ |x|*, where (x)| < M. Since 

/(*' (x) = coshx and coshx attains its maximum on [—1, I) 
at both endpoints, we let x = 1 and get 
cosh 1 


l«s(x)l < 


6! 


(1)‘ as 0.00214.T. 


(c) 


0.002 



It appears that the error is less than 
0.0015 on (-1. I). 


21 . /(.t)=x’^'' /(I6) = 8 

/'(x)=|x-'/" /'(I6)=S 

/"(x) = -4x-*/‘' /"(l6) = -5f5 

(a) x^/-" as r, (X) = 8 + I (x - 16) - (x - 16)= 

+ (OTS <21 - 16)2 

(b) |/?3 (x)| < -^ |x — 161'*, where (x)| < M. Now 

15<x<l7 ^ |x — I6|^ < I'* = 1, and letting X = 15 
to minimize the denominator of /•■** (x) gives 

I, 0.0000033. 


/<-)(x) = -^X-'2/-' 


l«,iWI 


(C) 


5x |0~* 



4! 


It appears that the error is less than 
3 X 10-‘’on(I5, 17). 
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22. f(x) = \nx /(4) = ln4 

f(x)=x-' /'(4)=J 

f"(x)^-x-^ f’(A) = -^ 

(a) Injt =s Ty {x) = In4 + ^ (jt - 4) - ^ (x - 4)’ 

+ T53 U ~ 4)^ 

(b) |/?3 (x)| < ^ |x - 41'', where |/*''' (x)| < M. Now 


/"'(x) = 2x-’ 

/«) (x) = -bx-* 

nnni 


3 <x < 5 


(x — 4)' < 1'* = 1. and letting x = 3 gives 


.V/ = 6/3',so|fi3(x)| : 


41 . 1 '' 


• I = 


I 

354 


! 0.0031. 


/"'(4) = i 



From the graph of 

l/fj (4t)l = |lnx — Ty (x)|, it appears that 
the error is less than 0.0013 on (3, 5|. 


23. From Exercise 5. sinx = j + 4^ (x - j (x - f ^ - 1 )^ + (■»)• where Ry (x) < ^ |x - f f 

with (x)| = |sinx| < ,1/ = I. Now 35° = (f + ^) radians, so the error is | Ry (jj)] < ■ < 0.000003. 

Therefore, to five decimal places, sin35° at j + 4^ (^) — J ^ 0.57358. 


24. From Exercise 16, cosx = 5 ~ ^ (jt ~ f) ~ 2 (jf - f ~ 7 )^ + 4 ? ( 4 ^ “ f)^ + ^4 (x). Now since 

{ » )5 

.V = 69® = {j + ^) radians* the error is |/?4 (jr)| < < 8 x 10“’. Therefore, to five decimal places. 

cos69° =« 5 - 4^ (b) “ J ( 55 )^ + ^ + 4 ^ (^)‘' » 0.35837. 

1 

25. All derivatives ofe^ arc e', so \ R„ (x)| < -|x|"4‘, where 0 < x <0.1. Letting x = 0.1, 

(«+ I)! 

c®' , 

Hn (0.1) < -(O.l)"'*'' < 0.00001, and bv trial and error we find that n = 3 satisfies this inequality since 

(n+ I)! 

Ry (0.1) < 0.0000046. Thus, by adding the three terms of the Maclaurin series for e' corresponding to n = 0. I. 
and 2, we can estimate e® * to within 0.00001. 


26. From Exercise 12.10.35, the Maclaurin scries for In (I +x) is T ^-*”• So In 1.4 = V ^-(0.4)". 

n=i « n=t « 

Since this is an alternating scries, the error is less than the first neglected term by the Alternating Scries Estimation 
Theorem, and we find that |a6l = (0-4)® /6 =» 0.0007 < 0.001. So we need the first five (non-zero) terms of the 
Maclaurin series for the desired accuracy. 
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27. sin Jt = X — — • • •. By the Alternating 

Series Estimation T heorem, the error in the 
approximation sinx = x — ^x^ is less than 

j^x’|<O.OI <=> |x’| < 120(0.01) » 

|x| < (1.2)'''* as 1.0.T7. The curves intersect at 
X » 1.043, so the graph confirms our estimate. Since 
both the sine function and the given approximation arc 
odd functions, we need to check the estimate only for 
X > 0. 


0.9 



28. cosx = I - ^,x^ + ^x'* - ^x*" + • • •. By the 

Alternating Scries Estimation Theorem, the error is less 
than |-^x*| < 0.005 « x* < 3.6 <=> 

|x| < (3.6)'''* ss 1.238. The curves intersect at 
X a: 1.244, so the graph confirms our estimate. Since 
both the cosine function and the given approximation 
are even functions, we need to check the estimate only 
forx > 0. 


0.34 



0.32 


29. I ,el j (/) be the position function of the car, and for convenience .set s (0) = 0. T'hc velocity of the car is 
I) (r) = s' (/) and the acceleration is a (!) = s" (I), so the second degree Taylor polynomial is 

a (0) , t 

72 (0 = s (0) + u (0) r + - — r = 20/ + /■'. We estimate the distance travelled during the next second to be 

r (1) =» Ti (1) = 20 + I =21 m. The function T 2 (/) would not be accurate over a full minute, since the car could 
not possibly maintain an acceleration of 2 m/s^ for that long (if it did, its final speed would be 
140 m/s =» 315 mi/h!) 
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30. (a) /) (/) = /»(20) = Pio 

/)'(0 = n/'2oe"*'”™’ p'(20) = ap20 

p" (/) = a-p2oe'‘‘'"“* P" (20) = «^P20 

The linear approximation is T\ (f) = p (20) + // (20) (/ - 20) = P 20 11 + « (t - 20)]. The quadratic 
approximation is 


72 (r) = p (20) + /.' (20) (/ - 20) + (r - 20)^ = P 20 [ 1 + « (t - 20) + (( - 20)=] 



From the graph, it seems that T\ (/) is within 1% of 
p (/), that is, 0.99p (/) < T\ (/) < l.Olp (/), for 
-lA'C < ( < 58°C. 

„ p_ JL _ i _9_ 1 _^ [i _ ^1 . ilVn 

(D + rf)=~0= D=(l+<7/D)= " D= [' V O; J- 

We use the Binomial Scries to expand (I + d/Oy^'. 

when D is much larger than d. that is, when P is far away from the dipole. 


32. (a) — + — = - I — - — I (Equation I) where 

f,, = \l (5„ + R)^ — 2R{s„ + R) Qos</> and (, — + ( 5 , — /?)* + 2R {Si — R) cos^ 

Using COS0 % 1 gives 

e„ = + (s„+/?)=-2/? (s„ + «) = y/f2 + 5,2 + 2Rs„ + «= - 2Rs„ - 2«2 = = s„ 


and similarly, f, = r,. Thus, Equation I becomes — + — = — | J 

S„ Si P \ Si So f 


HI + 21 - "2 - «i 

So Si R 
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(b) Using cos^ « I - in (2) gives us 

tn = + /?)2 _ 2/e (i„ + /f) (| _ 

= ^ ^2 + 2 Us,, + r 2 _ 2Rs„ + Rs„^^ -2R- + = y/sf, + Rs„<l>- + R-</>^ 

Anticipating that we will use the binomial scries expansion (1 + x)* =s 1 + iLx, we can write the last e.\pression 


as s„ I + 0- (— + and similarly. C, = s, \ —4^( — - Thus. 

V V^» *» / ' sj V^' / 

«l . "2 . ,-i I /n2i/ 'i|J,A 

Approximating the expressions for and f** first two terms in their binomial series, we get 


n\ tn<f>- / R R^\ ny n2<j>~ (K \ 
s„ 2s„ V,, .v; ) ^ s, 2s, sf ) 





m "2^’ / R \ 

n\ 

(R ^R- 




R 2R \s, s} ) 

R 


Ml ni ny n\ 

+ — l 

R 

_ _ 

1 n\4>^ (R R-\ 



s„ s, R R 

^ 2s,. [ 

-4 J 





n2<t>^ ( R R'\ , n2<t>^ 





T 

2R \^s, s} 2s, 

V' 


"2 -«l 




R^ 

Vi 

R 

^ 2 \ 

So S,? / 

\so r) 2 \s. 


)\R s,) 

n2‘- n\ 

n\4>“R^ 

Yl + l 

\ / I 1 \ n24.^R^ 


m-i) 

R 

^ 2so 

U s.. 

2s, 

\R 

«2 — n I 

riS" ff" 





R 

-t <p t\ 

2s„ \R 

s,t) 2s, \R s,) 




From Figure 7, we see that sin^ = h/R. So if we approximate sin^ with we get h = R<f> and = <frR^ 
and hence. Equation 4, as desired. 
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33. (a) If the water i.s deep, then IxdlL is large, and we know that lanh j -> I as Jt -> oo. So we can approximate 
tanh (2ffr//A) ss I. and so 11 ^ gi/(2ar) <=> n =» y/gL/(lx). 

(h) l-rom the calculations at right, the first term in the / (.t) = tanh.r / ( 0 ) = 0 

Maclaurin series of tanh x is .t, so if the water is y/ , y' jq) _ | 

shallow, we can approximate tanh ^/" (x) = — 2 sech^ x tanhx /" ( 0 ) = 0 

. /'"(x) = 2sech2x (3tanh’x - I) /"'(0) =-2 

and so «’ =» ■ - 7 — <=» » ^ 


lit L 

(c) Since tanhx is an odd function, its Maclaurin series is alternating, so the error in the approximation 


1it(i 27id 

tanh —^ ^ —j— is less than the first neglected term, which is 


(¥)■-;(¥)■'' 


/. > 


lOrf, then y 5 ll)) ~ ^5' approximation = gd is less than 


p/v 

f-.-^O.OI32gC. 

34. T„ (x) = / (a) + (x - a) + ^ }f^ (x - a)^ H-1- — (x - of. Let 0 < m < n. Then 

1 ! 2! n! 

it'' (X) = (X - af + (m + 1) (m) • • • (2) ^ (x - a)' + • • • 

nr. (m + I)! 

/■'"* (x) 

+n (n - I) • • • (/I - m + 1) ^ , (x - a)"'" 

/i! 

fffi yt*”) 

For X = a. all terms in this sum except the first one are 0. so (a) = —^:-= /*”• (a). 

nr. 

35. Using / (x) = T„ (x) + R„ (x) with n = I and x = r, we have / (r) = T) (/-) + Ri (r), where '/'\ is the first-degree 
I'aylor polynomial of / at a. Because a = x„, / (r) = / (x„) -F /' (x„) (r — x„) + R) (r). But r is a root of /, .so 
/ (r) = 0 and we have 0 = / (x„) -F /' (x„) (r - x„) -F R\ (r). Taking the first two terms to the left side and 


dividing by /' (x„). we have /' (x„) (x„ - r) - / (.x„) = R] (r) 


/(.x«) _ fit (<•) 
/'{x„) /'(x„) 


formula for Nesvton’s method, the left side of the preceding equation is x,»i — r, so |.x„+i — r\ 


By the 

«1 (O 1 


\ru„)\ 


Taylor’s Inequality gives us | R\ (r)| < \r — x„|^. Combining this inequality with the facts |/" (J^)| S ‘W 


and |/' (x)| > K gives us |.x„.| - r| < ^ |x„ - r|-. 
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Applied Project 


Radiation from the Stars 


1. Ifwcwrilc /(J.)' 


S7ihcX~ 


aX~ 


ehr/ak n _ I ghuin _ | 
the I'orni 0/0, so ill either case we ean use I'Mospitars Rule. I'irst of all. 


then as J —» 0*, it is of the form oo/ao, and as /! —> oo it is of 


M a(-5X-‘’ 

lim /(/t)= lint 


br 


aT X-X-<' 
= 5— hm 


5^ lim 


(xry- 


hH>.r) 


h J-+00 b >t-»oo ) 


= 0 


Also, 


lim 

,i-.o*^ 


aT X^‘> 

b kJISk f*/(^7T 


H jOT 


lim 


(xr )2 


This is still indeterminate, but note that each time we use I’Hospital's Rule, we gain a factor of X in the numerator, 
as well as a constant factor, and the denominator is unchanged. So if we use I’llospital’s Rule three more limes, 
the exponent of /. in the numerator will become 0. That is, for some (i,), all constant. 


lim / {X) = Ai 
-i-*o+ 


lim - 
e 


x-^ 

i/urt 


II , / 

= Ki hm 




= *3 


lim - 
3 -*o+ e 


X-' 

h/UT) 


ii|t4 


lim - 
e 


I 

t/(3r) 


= 0 


2. We expand the denominator of Planck’s I,aw using the Taylor series 


with X = ■ 


he 

Jkf' 


and use the fact that if 2 is large, then all subsequent terms in the Taylor expansion are very small compared to the 
first one. so we can approximate using the Taylor polynomial T\: 


fW = 


Sir hcX~^ 

ghc/Uk T) _ I 


SithcX~^ HwkT 



which is the Raylcigh-Jeans Law. 


3. To convert to /im, we substitute A/10* for X in both laws. The first figure shows that the two laws are similar for 
large X. The second figure shows that the two laws are very' difTcrent for short wavelengths (Planck’s Law gives a 
maximum at X =» 0.51 //m; the Raylcigh-Jeans Law gives no minimum or maximum.). 


500 



2 x io‘ 



4. From the graph in Problem 3, / (A) has a maximum under Planck’s Law at A ss 0.51 /im. 
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1.25 X ur 




As T gets larger, the total area under the curve increases, as we would expect: the hotter the star, the more cncrg)' it 
emits. Also, as T increases, the x-valuc of the maximum decreases, so the higher the temperature, the shorter the 
peak w avelength (and consequently the average wavelength) of light emitted. This is why Sirius is a blue star and 
Rctcigcusc is a red star: most of Sirius’s light is of a fairly short wavelength, that is, a higher frequency, toward the 
blue end of the spectrum, whereas most of Bctclgeuse's light is of a lower frequency, toward the red end of the 
spectrum. 


Review 

- CONCEPT CHECK ——— 

1. (a) Sec nefinition 12.1.1. 

(b) See Definition 12.2.2. 

(c) rhe terms of the sequence [an] approach 3 as « becomes large. 

(d) By adding suRicienlly many terms of the scries, we can make the partial sums as close to 3 as we like. 

2. (a) Sec Definition 12.1.9. 

(b) A sequence is monotonic if it is either increasing or decreasing. 

(c) By Theorem 12.1.10. every bounded, monotonic sequence is convergent. 

3. (a) See (4) in Section 12.2. 

(b) Sec (I) in Section 12.3. 

4. If ^ ^nd lim Sn = 3. 

n—»oo n-*oo 

5. (a) Sec the Test for Divergence (12.2.7). 

(b) Sec the Integral Test on page 749. 

(c) See the Comparison Test on page 756, 

(d) Sec the Limit Comparison Test on page 757. 

(c) Sec the Alternating Series Test on page 761. 

(0 See the Ratio Test on page 767. 

(g) See the Root Test on page 769. 

6 . (a) Sec Definition 12.6.1. 

(b) By (12.6.3). it is convergent. 

(c) See Definition 12.6.2. 
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7. (a) Use either (2) or (3) in Section 12.3. 

(b) Sec Example 5 in Section 12.4. 

(c) By adding terms until you reach the desired accuracy given by the Alternating Series Estimation Theorem on 


page 763. 

8. (a) 21” 0 ‘"'I (•* ~ 

(b) Given the power scries o Cn (Jt “ <he radius of convergence is: 

(i) 0 if the series converges only when jt = a 

(ii) 00 if the scries converges for all x, or 

(iii) a positive number R such that the scries converges if |x - a| < « and diverges if |x - o| > R. 

(c) The interval of convergence of a power scries is the interval that consists of all values of x for which the series 
converges. Corresponding to the cases in part (b), the interval of convergence is: (i) the single point (a), (ii) all 
real numbers, that is. the real number line (-oo. oo), or (iii) an interval with endpoints a - Randa + R which 
can contain neither, cither, or both of the endpoints. In this case, we must test the series for convergence at each 
endpoint to determine the interval of convergence. 

9. (a), (b) See Theorem 12.9.2. 


" (a) 

10. (a) r„ (X) = Z (x - a)' 

1=0 '■ 

(b) 

»=o "! 


OO /•(«) (0^ 

(c) 2 -T^-*" l« = 0 Piirt (b)l 

(d) See 'fheorcm 12.10.8. 

(c) Sec Taylor's Inequality (12.10.9). 

11. (a) - (e) See the table on page 792. 

12. See the Binomial Scries (12.11.2) for the expansion. The radius of convergence for the binomial series is 1. 


TRUE-FALSE QUIZ 


1. False. See Note 2 after Theorem 12.2.6. 

2. True by Theorem 12.8.3. 

Or: Use the Comparison Test to show that (-2)"converges absolutely. 

3. False. For example, take e„ = (-1)" / (h6 "). 

4. T rue by Theorem 12.8.3. 


5. 


6 . 

7. 

8 . 


False, since lim 
«-*00 


On+\ 


I rue. since lim 

n~too 


(tn 

l o/i+l 

1 On 


= lim 
>00 


as lim 
«—>00 


(o-fi) 

n\ 


= lim - X 

n-noo (I q. \/ny 


lim -- = 0 < 

n-tx n -F 1 


(n+ 1 )! 

False. See the note after Example 2 in Section 12.4. 

1 oo oo (—1)" 

True, since - =e'''ande-' = Y, —r.soe" = Y -;—. 

e n=o '>■ n=o "■ 


= I. 

1 . 


9. True. See (7) in Section 12.1. 
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10. True, because if X \°n\ is convergent, then so Is 21 a„ by Theorem 12.6.3. 

f" fOl I 

11. True. By Theorem I2.I0.5 the coefficient of is - - = - =* ( 0 ) = 2 . 

3! 3 

Or: Use TTieorcm 12.9.2 to differentiate / three times. 

12. False. Let a„ = n and h„ = -n. Then (o„) and (b„} are divergent, but a„ + b„ = 0, so la„ + 6 „) is convergent, 

13. False. For example, let a„ = b„ = (—1)". Then |a„) and {*„) are divergent, but a„b„ = I, so {a„b„] is 

convergent. 

14. 1 rue. by Theorem 12.1.10 (the Monotonic Sequence fheorem), since |a„) is decreasing and 0 < a„ < ai for all 

n =» {o„) is bounded. 

15. True by Theorem 12.6.3. [2^ (—1)" a„ is absolutely convergent and hence convergent.] 

16. True, lim < 1 => Test) lim a„ = 0 (Theorem 12.2.6). 

n-»oo a„ ^ o n-»t» 


EXERCISES 


, 2 + nM 2 + n^ llr? + \ I 

1. --—r 1 converges since lim -=• = lim - ■: -=-. 

l+ 2 «Jj ® «-*oo|+ 2 n^ «-*oo1//i3 + 2 2 

2- = 9 (^) ■ so Jim a„ = 9 Jim (^) =9-0 = 0 by (12.1.7). 

ni „ 

3. lim a„ = lim ■;-r= lim —-= oo, so the sequence diverges. 

n-»oo n-¥oo 1 + rt-*oo 1 /n^ + 1 ^ ® 


4. I diverges, since lim 7 ^= lim 
tlnn) »-*«> Injt x->o< 


1 


X->00 1/x 


lim X = 00 . 
x-too 


5. |sin n) is divergent since lim sinn does not exist. 

rt—*OC 


sin^i 

n 

Theorem 


1 sin/i * . > ^ .. sin« 

converges, since — < -< - and ± -> 0 as « oo, so Inn -= 0 by the Squeeze 

n n n n / 1-+00 n 




is convergent. Lety 


=(-r 


Then 


lim Iny = lim 4xln(l+3/x)= lim 

x-*oo x-*oo x-*oo 


ln(l+3/x) H 
l/(4.x) 


lim 

X-»(» 


1 +3/X \ x2 
-l/(4x2) 


12 


: lim 

x-toa 1 + i/x 


= 12 


so lim y = lim (l + -| =c'^. 

n-*oo \ n / 

(- 10 )" 


converges, since 


10 " 10 - 10 - 10 . 10 10-10 . 10 

n! ~ 1-2-3.10 ' 11-12.n 


< 10 ' 


■Q" 


0 as n —» 00 , so 


(- 10 )” 

lim -;—=0 (Squeeze Theorem). Or: Use (12.10.10). 

n-*oo n\ 


9. We use induction, hypothesizing that a„_i < a„ < 2. Note first that I < a 2 = j (1 -F 5) = | < 2, so the 
hypothesis holds for n = 2. Now assume that a*_i < a* < 2. Then 

ot = j (ut-i + 4) < j (a* + 4) < 5 (2 + 4) = 2. So a* < a*+i < 2. and the induction is complete. To find the 
limit of the sequence, we note that L = lim a„ = lim a„,| => /, = 4 (6 4- 4) /, = 2. 

rt^OO »->oo 
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10 . 


X* M 4.t’ H 

Iim — = lim -= hm 

.X—»oo x-400 X—»oo 


]2x^ 

e’‘ 


II 24x H 24 
= lim -= lim — =0 


X—*00 X-4dO 

Then we conclude from Theorem 12.1.2 that 
lim /?■’?“" = 0. From the graph, it seems that 

w—»oo 


12 ^c''^ > 0 . 1 , butn‘'« ” < 0.1 whenever 
« > 12. So the smallest value of N 
corresponding to c = 0.1 in the definition of (he 
limit is W = 12 . 




• 

y = 0.1 


’ •. J 


11 . 


n’ + 1 

E- 


W I M 

< ^ = -:r, so V -r-convergcs by the Comparison Test with the convergent p-series 

n’ „=! + I 

(p = 2> 1). 


12. Let a„ = -and b„ = so hm — = lim —;—- 

n’ + 1 n /i->oo h„ «-*oo + | 


n-too 1 + 1/n 

divergent harmonic scries. Enii diverges by the Limit Comparison Test. 


lim * ^ = 1 > 0. Since E” i the 


13. lim 

«“*00 I 


On+\ 

= lim 

an 

»— >00 


(ff+ 1 )-* 
5n+l 


ni 


( I 1 I “o n’ 

l + -| ■- = -<!, so EI'T' converges by the Ratio Test, 
n/ 5 5 „=i 5" 


I 00 (_!)" 

14. Let h„ = - 7 =. Then b„ is positive for n > 1. the .sequence {ft,,) is decreasing, and lim ft,, = 0, so E 


/« + 1 

converges by the Alternating Series Test. 


B=| V'l + I 


n 1 

15. lim y|a„| = lim --- = -< I. so the series converges by the Root Test. 

/»-»oo n-*oo 3/1 + I 3 


16. lim 


H-»oo 3/J + I 3 n-*oo 


lim In I —-—I = In i yt 0 . Thus, E I" ( , I diverges by the Test for Divergence. 
’-»oo \3n+l/ „=l \3n+l/ 


17. 


1 


52 I 


< -y and since ^ -y converges (p-scrics with p = 2 > I), so docs 


n=l 

22 sinn 


1 +h2 


by the 


Comparison Test, and so does E ", - 5 i’)' 

n=i I +" 


Theorem 12.6.3. 


18. /(Jt) = 


I 


X (Ioa:)' 


is continuous, positive, and decreasing on (2, 00 ). so we can use the Integral Test. 


/■“ . r-'T ' u ■ 

I -hm ;— so the .senes converges. 

Jl X(ln.x)- r-rooLlnxJj In 2 


19. lim — 

„-»oo a, 


lim 


I .(2«- l)(2n + I) 


5"n! 


5"+' (n+ I)! 
scries converges by the Ratio Test. 


. 2n + I 2 , 

= hm ——77 = - < 1 . so the 


13-5 .(2n—I) "-•oo 5 (n+l) 5 
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« (-5)2" ~ I /25V /25\"+'/9V 25 , , 

z, In,, = Z -J I TT I - = •'"> -T I TT I 1 :;7 I = TT > I. SO the 5 

n=\ «29" \ 9 / "-•00 a„ «-.oo („ + 1)2 \ 9 / V25/ 9 


diverges by the Ratio Test. 


.. \/n .. ^/n I 

lim -- < Inn — = lim —p. = 0, s( 


21. Let b„ = -2^ > 0. T hen 0 < lim b„ = lim -2211- < ijm 2111 = |im = 0, so lim b„ = 0. If 
n + I «-»oo n-»oo n + I «-»oo n «-^oo ,,yn n-^oo 




/(•*) = for .X > 0 . then /' (x) =-^^ 

'r+l (x+l)^ 


' ^ (x+ l)-2x _ I -X 

2 v/^(x + l)^ 2 Vr(x + l) 


so /' (x) < 0 


00 

forx > I. It follows that /(I) > /(2) > / (3) > ; that is, (>„ > b„^\ for all n. Thus. Z (->)"'* —— 

"=i « + 1 

converges by the Alternating Series Test. 


n (•>/« + I + n/o - I) 


(rationalizing the 


/n + I - Vn - 1 


22. Use the Limit Comparison Test with a„ — 

numerator) and b„ = lim ^ = lim , , = 1 , so since Z^i */. converges (o = * > 1 ), 

,,3/2 „_,oo h„ "-.00 y^r+T + v/n^TJ t. J 2. 

Z^i O" converges also. 

23. Consider the series of absolute values: Z^l is a p-series with p = ^ < I and is therefore divergent. But if 
we apply the Alternating Scries Test we sec that a „+1 < a„ and lim rt"'/^ = 0 . TTicrcfore Z^i (-1)"“' 

"-•00 ^n-i 

is conditionally convergent. 

24. 

absolutely convergent. 


Z,^l K "')'’''0 ^1 = Z^i ” ^ is a convergent/?-series(p = 3 > I.) TTicrcforc, Z^i (“!)” ' is 


25. 


I 


(-1)"+'(n + 2)3"*' 2- 


22”+’ ■ (_|)”(„+|) 3 "j n+l'd l + (l/n)'4'^4 


a+ 2 3 l+(2/n) 3 3 

— I as n —» 00 , so by 


^ (— I)” (m + I) 3” 

the Ratio Test, ^absolutely convergent. 

nae| " 


26. lim = lim ——-= lim 2^=00 fherefore. (—I )'”■' 7 ^ docs not approach 0 . so the given series 
x-*oo Inx x->oo 1 /x j-»oo 2 Inn 


^/x H ,. l/(2s^) ,. 7x 

-— = lim —1 - - = lim - 

I In.x x->oo 1/x j-»oo , 

is divergent by the Test for Divergence. 

00 22 "+t 00 (2’)" 2' 00 4" / i \ 

27. Convergent geometric scries. 21 —— — Z — „ -= 2 Z — = 21 —) = 8- 

"= I 5" I 5” n= I 5” \ i ~ 5 / 


00 I 
28. 2 


= z - 

"=i L^'t 


1 


(partial fractions). 


3(n + 3)J 
III I I 


I 


„% n(n + 3) 

r ‘ I ] 1 I I 

*"“,^,[31 3(<4-3)J'“3'^6'''9 3(n+l) 3(n + 2) 3 (n + 3) 

“I I I I II 


(telescoping sum), so 


„'r, n (n + 3) "-•00 " 3 6 9 18' 

29- Z” I («+!)- tan"' n] = Jjt^[(tan"' 2 - tan"' I) + (tan"' 3 - tan"' 2) H- 

+ (tan"' (n + I) - tan"' n)] 
= lim ftan*' (n 4 - I) - tan"' l] = ^ — f f 

fJ—^OO ^ I - ‘I ‘I 
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22"„! "io «! ■ 


„ — 12 345/10,000 12 345 4111 

3 . 1.2 + 03 5 - + I _ “ 10 9990 “ 3330 

32. This is a geometric series which converges whenever |lii.x| < 1 


-1 < ln.x < 1 


e ' < X < e. 


33. Z 


(- 1 )" 


(- 1 )" 


= 1 - 4 + ' 


1 1 
+ ■ 


I 


1 


»=i 


32 243 1024 3125 7776 16.807 32,768 

_ n»l 

y i—^— SS 0.9721. 
vt-, n* 


' o ' 

+ ■ ■ •. Since 


32,768 


< 0.000031, 


Sill 5 I 

34. (a) .55 = Z = 1 + rj H-' .017305. The scries Z converges by the Integral Test so we 

“2 5 n 


5‘ 


dx .T ^ 1* 

stimatc the remainder /?5 with (12.3.2): Kt < I —t= —^ 

Js L 5 Js 


s-5 


cstim; 
most 0.000064 


= 0.000064. So the error is at 


—4- If we take n = 9, then SI) =» 1.01734 and/fv <-r—;^ 3.4 X 10 Soto 

5n’ 5 • 9’ 


/■°° dx 

(b) In general, Rn < I 

Jn ^ 

oo I 9 I 

five decimal places, ^ ^ 1.01734. 

n~l ^ n=\ ^ 

Another Method: Use (12.3.3) instead of (12.3.2). 


00 I * 1 

35. Z -a: Z -» 0 

„t,2 + 5" „t-,2 + 5" 


OO I 

fis= Z 


18976224. To estimate the error, note that < 4 - ''’c remainder term is 


OO I I 

< y — = ■;- — = 6.4 X 10"’ (geometric series with a = ^ and r = 5 ). 


36. (a) lim 


„t'<,2 + 5" „'5,5'' 1-1/5 

(« + 1 )"^' ( 2 rt)! 


2 + 5" 5" 

'h ' 


«n+l 


lim 


= lim 


(«+ !)"(«+ I)' 


«-+oo I a„ I rt-*oo (2« + 2)1 w” «^oo (2n + 2) (2«-f 1) 

= lim f I + -^ —— = e ■ 0 = 0 < I 

/i-»oo \ t / 2 ( 2/1 + 1) 

so the series converges by the Ratio Test. 


(b) The series in part (a) is convergent, so lim a„ = 0 by fheorem 12.2.6. 


37. Use tbc l.imit Comparison Test, lim 

n-»oo 



= lim ” — = lim ( 1 + - | = I > 0. Since Y la„| is 

H-»oo n ii->oo \ n/ 


convergent, so is 



a„ , by the Limit Compari.son Test. 
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38. lim 

n-^oo 


an^\ 

On 


= lim 
n~*oo 




{n-¥ ir 5"^' -t" 


I Ijrl |jr| oo r” 

= lim-^ so by the Ratio Test. T (-1)" -r— 

!/«)- 5 5-' nti «^5» 

I 


converges when |.v| < 5 . /f = 5. When x = —5, the series becomes the convergent />-series 2^ — with 

n=i «■ 

oo /_ ] )" 

p = 2> 1. When x = 5, the scries becomes 21 —which converges by the Alternating Scries Test. Thus, 

11= 1 tt" 

/ = 1-5.51. 

Om+I 


39. lim 

H->ac j a„ 


r i.t + 21"-^' nr 1 _ r „ |.x + 2n _ix + : 

n-too |^(n.) |)4"+l |x + 2|" n + I 4 J 4 


<1 <=> |x + 2| < 4. so 


R = 4. |x + 2| < 4 <=s —4 < X + 2 < 4 <=> -6 < x < 2. If x = - 6 . then the scries becomes 

00 (-4)'' oo (_!)" 

21 —— = 21 -. the alternating harmonic scries, which converges by the Alternating Scries Test. When 

. /|4» 


„=l 


( 1=1 


I 


X = 2. the series becomes the harmonic series 21 which diverges. Thus. / = (— 6 ,2). 

/(=! « 


40. 

lim 




/r -*00 

On 



“ 2 " (x - 

2 )" 


/isi 

(n + 2 )! 

41. 

lim 

"o+l 



«-»00 

On 1 



lim 


} 2((t-1 


(« + 2)1 


„-.oo| (n + 3)! 2"(x-2y 

converges for all x. R = oo and / = R. 


= lim -- |x — 2 | = 0 < 1 , so the series 

/(-.oo n 4- 3 


2”+' (x - 3)"* 


Ar+3 


ATM 2" (x - 3)" 


= 2|x-.3| lim 7^ =2|x-3| < 1 
n-K» \ n 4 


1 I 

|x - 3| < J, so /< = Tor X = x. the scries becomes 2! ■ , ■ ■■ = 2 —TTo. which diverges (p = x < I). but 

/i=oV« + 3 

< ^ I)” r \ 

forx = 5 . we get 2 , which is a convergent alternating series, so / = I, » ). 

„=oVh + 3 L-= 


42. lim 

n~ioo 




43. /(x) = sin.v /(I) = 3 /'"(x) =-cos.x /"'(|) = _o^ 

/'(x) = cosx /'(^) = o^ /'•'>(x) = sinx /''"(f) = ^ 

/"(x) = -sinx /"(i) = -i 

(s) = (-!)"■! and ( 1 ) = (- 1 )" . 4. 

+„?„2(27rT)T("-‘) 

44. /(x) = cosx /( 7 ) = 5 /"'(x) = sinx /"'(^) = 

/'<x) = -sinx /'(^) = -^ /W(.x) = cosx (f) = i 

/"(x) = -cosx /"( 5 ) = -^ 

cosv = y ^ s/3 (x - 


>( 2 n)! 


2 ( 2 «+ 1)1 
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45. 


1+.X !-(-;() „to 

„ 2 n+l 


= X (-!)":«” forUI < I 


-= T (-I)" with « = I. 

I + 11=0 


46. tiin*' -< = X (~l)" --with interval of convergence |—I, I], .so 

„^0 + I 

oo oo x*"-^ 

tan"' (.t^) = 21 (-1)" = 21 (-0" z -r. which converges when e [-1, I] <=> jt e |-l. I|. 

,1=0 + ' n=o 2 n + 1 


Therefore. R = \. 

47. —= T x" for |.x| <1 => ln(l 

I -«=o 


/ dx /■ jc 

7 ^ = -/ 'L^"dx=C-Y.- 

I ~ J n=0 «=0 ” 


00 y«+l 


+ I 


00 yfl+l 00 _r" 


ln(l-0) = r-0 => C = 0 => In(l-Jt) = -X -T = 21-with/< = 1. 

, 1=0 « + 1 0 = 1 ” 


48. <'" 


^ .v" ,, “ .X (lx)" “ 2"x"+' „ 

Z "7 = Z —= Z —^ = < 

" " n=o »=o '>• 


=0 !>' 


49. sin.x = 21 




,11 .. 211+1 


„t'o ( 2 «+l)! 
convergence is oo. 


oo (-1)" 00 (— 

= L (LVi) !- = „5o ^ToT 


50. 10' = e 


(lnlO)"x" 
11=0 «! 


51. fix) = I /t/W^ = (16= 5 (' ■ T5*) 


-1/4 


— 1 




^ I ~ l -S-^ .(4«-3) . f I - 5-9 .(41.-3) 

2 .j-r, 2-4"«!I6" 2 2*"+'n! 


lor 


•-I 

161 


< I => «= 16. 


52. (I - 3.x)-5 = £ ^ (-3.X)" = I + (-5) (-3.X) + (-3x)= + 


(-5) (-6) (-7) (-3^)3^. 


^5-6 .(n + 4)-3".x" , , , , „ , 

I + ^---— j --—, |-3.x| <\so R = 

«=i 


oo r« pt 1 OO t-w-l f pX 00 r” 

53. = X “T ~ + S — r~ / — rfjc = C + In 1^1+ 5^- 

,,=0”! ' •« n-l «! J •* «=l« '>! 


54. (1 +x‘') 


4 , 1/2 


. 2 (!) =,+(!),-+Mill (,<)’. (iMM 


)’ + • 


_ 1 I I y.4 I ^8 I 1 >>I2 
- 1 + J.v - gjf + 

so /(,' (1 + .x'')'^‘ dx = [41 + -ns-** - R/i’ + 155 /'”- ]g=' + 'ro“TS + 2^-■ is an alternating 

series, so by the Alternating Series Test, the error in the approximation jj) (I + x'*) </x =» I + -j^ — ^ 1.086 
is less than siillicicnt for the desired accuracy. T hus, correct to two decimal places. /J (I + x'*) dx ^ 1.09. 
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55. (a) 


f(x)=x'/^ 
r (.r) = {x-^r- 

r (x) ^-\x~'^ri 


/(l) = I 
/'(l) = l 
/"(l) = -i 


r(x) = lx->n 
/'■"W = -{!;.-7/2 




^/^=«7■3W = l+-!^(x-l)-^(x-l)2 + ^(x-l)^ 
= l + ^U-l)-l(Ar-l)2 + T^(jt-l)’ 



56. (a) f (x) = sec jt 

/' (at) = secjt tan AT 

/" (x) = secx tan^ x + sec^ x 

/"' (.t) = sec X tan^ X + 5 sec’ x tan x 



/(())=! sccx =» 72 (x) = I + ^x7 

/'( 0 ) = 0 
/''(0)= I 

(c) |/?2 (a:)I < ^ |At|’, where (x)| < M with 
/<^> (x) = sccx tan’x + 5sec*x tanx. Now 
0 <x<J =» and letting ac = j 

gives M — iy, so |/f2 (x)| < 3!^ (|)^ ^ 0.111648. 


(d) 


Krom the graph of )7?2 (x)| = |secx — T 2 (x)|, it appears that the error 
is less than 0.02 on [O, f ]. 
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oo y2w»I y3 ^3 „5 ^7 

57. sin.= Z(-ir^^^=.-- + --- + ....sosin.-. = ...and 

sina:—jc I j'* , ,, sinx-x / I x^ x^ \ 1 

= "IT + 57 - TT + ■ • ■ JTo—^ (-6 + T 20 - ^ • j = “6 

58. (a) F = , =- ——2 = "ig S f f4) (Binomial Serie.s) 

(F + Ji)~ \ro\n )\Rj 

(b) We expand F = mg\ \ —2(h/R) + 3 (li/R)^ - ... ], This is an alternating series, so by the Alternating Scries 

Estimation Theorem, the error in the approximation F = mg is less _ 

than 2mgh/R, so for accuracy within 1% we want 

<0.01 o 0.01. This - ^^. 00 , 

mgR^iR + h)- 

inequality would be difficult to solve for h. so we substitute 

R = 6,400 km and plot both sides of the inequality. It appears that 

the approximation is accurate to within 1% for A <31 km. 0 

59. /(X) = =» /(-^) = IZoCni-x)" = Z“o(-')V„x'' 

(a) If / is an odd function, then/(—x) = —/(x) => = 21^0 The coefficients of 

any power series are uniquely determined (by Theorem 12.10.5), so (—l)"c„ = —c„. Ifn is even, then 

(—I)" = I, soc„ = —Cn =» 2c„ = 0 => Cn = 0. Thus, all even coefficients are 0. 

(b) If/iseven, then/(-x) = /(x) =» (~')”(-l)''cn = c„. Ifnisodd, 

then (—1)” =-1, so —c„ = c„ => 2c» = 0 => c„=0. Thus, all odd coefficients arc 0. 



“ ^ = y = y /*** ( 0 ) 
„=o «! atb »'■ *=o *! 


/<^> ( 0 ) I 

(2n)! ~ n! 



BLANK PAGE 


Problems Plus 


1. K would be far too much work to compute 15 derivatives of /. The key idea is to remember that /'"* (0) occurs in 
the coefficient of.v'' in the Maclaurin series of / . We start with the Maclaurin series for sin: 
v’ .v’ x’ x'^ 

sin i = r — ^ • Then sin (a:^) =.»* — — + —— ■ • • and so the coefficient of.r'* is 


3! 


3! 5! 


/■(ts) (01 1 isi 

Therefore,/<'*'(0) = -^ = 6 ■ 7 8 • 9 • 10 11 ■ 12 13 ■ 14 • 15 = 10,897,286,400. 


2. = 2, = 2 + 2% |.4/>4l^ = 2 + 2= + (2^)^ \APs\- = 2 + 2- + (2=)^ + (2’)^ 


M/*„P = 2 + 22 + (22)^+ - +(2"-2)^ (forn>3) = 2 + (4 + 4^ + 4 ’+ • • ■ + 4"-^) 

4(4"-2_1) 6 4"-'-4 2 4'"' 

= 2 +--- - — - (finite geometric sum with a = 4, r = 4) = - +--- = r + —r— 

4—1 3333 


So tan /!/’„+1 = 


iP,.AP„^x 


\PnPn^\\ 

\AP„\ 


/4^ 


4"-' [2 4^ [. 

■— V3-"— '' 


_2 _ ]_ 

3 -4"-' 3 


s/3 as n ■ 


3. (a) from formula 14a in Appendix D, with .r = y = 0, we gel tan2t7 = ■;—so cot2fl = * 


2 cot 2t) = 


1 — tan -0 
land 


l-tan^O' 2tan« 

= cotfl — tanfl. Replacing 0 by jx, we get 2colx = cot jx — tan ^x. 


or tan sx = cot xx — 2cotx. 


I 


(b) from part (a), tan ^ = cot ~ 2cot — , so the nth partial sum of 21 ^ tan ^ is 


-I 2" 


2 " 


lan(x/2) tan(x/4) lan(x/8) tan(x/2'’) 

s„ = —-1-:-1-T- V -1- ■ 


2 


4 

- col X I 


2 " 


(x/4) cot(x/2)" ^ 'col(x/8) cot(x/4)1^ 


4 2 

col(x/2") col(x/2"~') 


cotx + • 


8 4 

col(x/2") 


J 


2 " 


(telescoping sum) 


cot(x/2’') cos(x/2") cos(x/2") x/2 1,1 . 

Now---= -———— =-- —— -> - •l = -asn-»oo since x/2 -> 0 for 

2" 2" sin (x/2") X sin (x/2") x x 

°° I X / 1 X \ I 

x/0. Therefore, ifx ^ 0 and X ^ nT, then y — tan — = lim I - cotx + — cot — I = -cotx + -. If 

nr", 2" 2" n-ioo \ 2" 2” / X 

X = 0, then all terms in the series arc 0. so the sum is 0. 


943 
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4. We use the problem-solving strategy of taking cases: 

Case (i): lf|.v| < I,then0<j:- < I,so lim jr^ = 0 (see Kxample 8 in Section 12.1) 


and / (x) = lim 


- I 0-1 


: -I. 


„_,oo 1 0+1 

r = ±1, then.r- = 

Case (Hi): M'l.tl > l.lhen.v" > I, so lim Ar^' = aoand 


Case (ii): If |j(| = I. that is. .v = ±I, then ,r-= I, so /(.v) = lim - -!■ = 0. 

n-KJo I + I 


-■r > .• , 1-(I/JC^'’) 1-0 , 

/(x) = liin ^5 -- = hm -;-=-= I. 

».ooj[2n.^| n-,oo 1 + (I/kI") | .f 0 

1 if.x < - I 

0 ifx = -l 

Thus,/(.x) = -I if-l<x<l 
0 ifx = I 

I if.x > I 

The graph shows that / is continuous everywhere except at x = ± I. 

5. (a) At each stage, each side is replaced by four shorter sides, each of 
length j of the side length at the preceding stage. Writing so and to 
for the number of sides and the length of the side of the initial 
triangle, we generate the table at right. In general, we have = 3 • 4" 

and f„ = ^ 5 ^ , so the length of the perimeter at the nth .stage of 
construction is p„ = s„t„ = 3 ■ 4 " ■ = 3 ■ . 

4 ” / 4 \”~' 

='*( 1 ) ■Since^>l,p„ 


® 1 


-1 

i 

So = 3 

fo= 1 

si =3-4 

ft = 1/3 

S2 = 3 • 4^ 

f2 = 1/32 

S3 = 3 • 4’ 

fj = 1/3’ 


00 as n 00 . 


(c) The area of each of the small triangles added at a given stage is one-ninth of the area of the triangle added at the 
preceding stage. Let a be the area of the original triangle, fhen the area a„o( each of the small triangles added 
I a 

at .stage n isa„ = a ■ — — Since a small triangle is added to each side at every 
stage, it follows that the total area +„ added to the figure at the nth stage is 
a 4"’' 

A„ = s„-i • a„ = 3 ■ 4" • ^ = n ■ ^ 2 ^,, ■ Then the total area enclosed by the snowilakc curve is 

I 4 4^ 4’ 

.•l=a + +i + .42 + /l}+-=a + o-+o-p+£i-jj+a- 2 -| -. After the first term, this is a 


a/3 


o 9 8a 


geometric .series with common ratio 5 , so /( = o + = a + j • - = y. But the area of the original 

equilateral triangle with side I is a = 5 ■ I ■ sin ^ So the area enclosed by the snowflake curve is 
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6 . Lcl Ihc series be S. Then every term in S is of the form m.n >0, and furthermore each term occurs only 


once. So we can write 


00 00 1 00 0011 ooiool I 

s= y y — = y y — = Z — Z — = — 

„t'o»'“o2”3” „ib2'"„t'o3'' I- 



= 3 


7. (a) l.ct II = arctanx and b = arctany. Then, from Formula 14b in Appendix D, 


tan (a — fc) = 


tan <j — tan 6 
I + tan a tan b 


tan (arctanx) - tan (arctany) 

I 4- tan (arctanx) tan (arctany) 


^-y 

1 +xy 


arctanx — arctany = a 


— ft = arctan 


x-y 
I +xy 


since — f- < arctanx — arctany < y 


(b) From part (a) we have 


arctan m — arctan = arctan = arctan = arctan 1 = ^ 

' + TR ■ 535 3S;44T 


'335 


jf + y 

(c) Replacing y by -y in the formula of part (a), we get arctan x + arctan y = arctan -. So 

I xy 


i arctan 5=2 ^arctan 5 + arctan 5) = 2 arctan , ^ , = 2 arctan ^ = arctan + arctan 


= arctan 


5 - 1 - 5 
T3 + T5 

I * 5 

' ~ n ■ T5 


= arctan 


130 

U5 


Thus, from part (b), we have 4 arctan j — arctan = arctan - arctan = f 


(d) From F'xample 7 in Section 12.9 we have arctanx = x —- T ^ ~9 ~ TT 


■, so 


I I I I I I I 

arctan^-j 3 • 5^ 5 ■ 5’ 7 • 5’9 ■ 5’ I1-5"''"" 

3'his is an alternating series and the siac of the terms decreases to 0, so by the Alternating Scries Estimation 
Theorem, the sum lies between *5 and xa, that is, 0.197395560 < arctan 5 < 0.197395562. 

(e) From the series in part (d) we get arctan ~ ^ ^ "' 2395 ~ ''' • third term is less than 

2.6 X 10“'^, so by the Alternating Series Estimation Theorem, we have, to nine decimal places, 
arctan as 52 =« 0.004184076. Thus, 0.004184075 < arctan 5 ^ < 0.004184077. 

(0 From part (c) we have x = I 6 arctan j — 4arctan 555 , so from parts (d) and (e) we have 
16(0.197395560) -4(0.004184077) <x < 16(0,197395562) - 4 (0.004184075) => 

3.141592652 < ;r < 3.141592692, So, to 7 decimal places, i ss 3.1415927. 
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8 . (a) Let a = arccot x and b = arccot y. Then 


col (a — i) = 


1 + cot a cot h 
cot i - cot a 


I + cot (arccot jt) cot (arccot j') l+xj' 

cot (arccot>1) — cot (arccotx) y — x 


arccot x — arccot = a 


— b — arccot 


I +xy 
y-x 


(b) Applying the identity in part (a) with jt = n and y = a + 1, we have 


arccot + n + 1 ^ = arccot (1 + a (n + I)) = arccot 


I + a(a+ I) 
(a + I) - a 


= arccot a — arccot (a + I) 


Thus, we have a telescoping series with ath partial sum 

s„ = (arccot 0 - arccot I ] + [arccot I - arccot 2| H-1- [arccot a - arccot (a + I)] = arccot 0 - arccot (a + 1) 

Thus, J^^Qarccot (a^ + a + I) = lim [-arccot(a + l)j = i. 

n—*oo ^ 


9. We start with the geometric series Y, 

n=0 


I 


. , |x| < 1, and differentiate: 

I — X 

a.r"'' = :3~(5I^") = -T'I 1-) =-y for 1x1 < I => X ”*” = Z = 

..t-j dx\Jr^ ) dx\\-x) (l-x)2 „t| „=| 


|x| < I. Differentiate again: 

00 v 

2;aV-' = ——^ = 


(I -xY 


for 


n=l 


J[_ (I -xr -X -2(1 -X)(-I) X + l “ 2 n _ 

dx{\-xY (I-a:)^ (1-x)^ „-ri” “ (l-x)3 

i n.\ _ d x^ + x _ (I -x)^(2x + I) - (x^ + x)3(l -x)^(-l) x^ + 4x + 1 


dx (I - x)’ 


(I-x)*' 


(l-xY 


3^/* _ 


+ Ax^ + X 


^—, |x| < I. The radius of convergence is I because that is the radius of convergence for 


,.= 1 (l-x)’ 

the geometric series we started with. If x = ± 1, the series is Z (± 1which diverges by the Test For 
Divergence, so the interval of convergence is (-1, 1). 

^ 0 0 . 0 t)\ 0 ( ( 0 0\ 0\ 0 

10. (a) smty = 2sin - cos - = 2 I 2 sin - cos ^ I 2 ~ ^ I^ ( 2sm - cos - I cos - I cos - 

= - = 2(2^2^...(2(2sin|^cos^)cos^)..)cos0cos^^cos^ 

.0 0 0 0 0 

= 2 '’sm-cos-cos-cos-.cos- 


(b) sin« = 2" sm — cos ^ - cos - • • ■ cos — <=> 


sinO 


0 0 


0 


Oil” 

— --= cos — cos — cos — 

0 sin(«/2") 2 4 8 


XI I . • . .. 0 

Now we let n —* 00 , using lim - = 1 with x = —: 

X-.0 X 2" 


r sinfl 

0/2" ■ 

= lim 

n-*oo 

0 

0 

0 

"1 

sinO 

0 

0 

0 


sin (0/2") _ 

COS ~r 
2 

cos — 
4 

cos — • 
8 

• cos —* 

2"J 


= cos — 

cos — 
4 

cos- 
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(c) If we take <7 = | in the result from pan (b) and use the half-angle formula cos^ = (I -h eos2j) (see 
Formula 17a in Appendix D). we get 


sin t/ 2 
a/2 


>f + l 


y cosf + i 


+1 


/cos J + 1 

V r~ 


+1 


+1 


4V 2 

'J 

1 2 \| 2 

/^Tl 

/^-Fl . 

V 2 

V 2 \ 

2 2 2 N 


v/2-F 


+ I 


■/l>/2 + ^\l2 + ^2 + y/2 


= eos^ j. 


„ a„ + b„ _- ,, I , ' + costf 

n. flni-i = — - -, P„+| = ^b„a„+\. Sooi = cosW, *| = I => 02 = -^- 

h = \/*ia2 = ycos- j = cos j since -a < 0 < \. Then 
03 = j (cos j + cos^ I) = eos 5 ■ ^ (I + cos j) = cos j cos- j =» 
bj = -Jb^as = ^cos j cos j cos- j = cos j cos j => 

04 = 5 (cos j cos^ I + cos j cos j) = cos 5 cos f • j (I -F cos f) = cos f cos f cos- j =» 

64 = ycos J cos J cos 5 cos J cos^ J = cos ” cos I cos J. By now we sec the pattern: 

h„ = cos J cos ^ cos ^.cos and o„ = h„ cos —[•. (This could be proved by mathematical 

induction.) By F.xercise l()(a), sinfl = 2’’"' sin cos j cos j ■ ■ ■ cos So 
b„ = cos J cos ^ cos ^ ■ cos -> as « -» 00 by Exercise 10(b), and 

a„ = b„ cos -r^-r -» ^ ■ I = ^ as n -» 00. So lim a„ = lim b„ = 

12 . Let's first try the case 4=1: ao -F oi = 0 


«-»oo »-»oo 

a\ = -flo 


lim (aov/n-F ais/n'+T) = lim (ao\/n — ao-Jn -F 0 = ao lim i^fn — Jn A- A ^ 

»-»oo \ / »-»oo \ / rt-*cjo V / y)) _p I 


= ao lim ——— * 

"-*<» -F Vn + I 


= 0 


Ok = -aa - ai-- a*,i 


In general we have ao + ai H-F a* = 0 

Jit^ ^ao V” -F ai -Jn -F I + 02 y/n + 2 -I-F o* Vn -F k) 

= (00 Vn -F aiVa -F I H-F at-iVn + k - I — aoy/n + k — aiVn + k -a* _ 1 Vn -t kj 

= ao lim (Vn - Vn + *) -F a| lim (n/h -F I - Vn + k H-Fa*_i lim (-70 -F * — I — \/n + /t | 

o-*oo \ / n-»00 \ / «-*oo \ / 

Fiach of these limits is 0 by the same type of simplification as in the case k = 1. So we have 

lim (aoy/n + aiVn -F 1 -Fa 2 V'n -F 2 -F ■ ■ ■ -F a*Vn -F k) = ao (0) -F a; (0) H-F aj-i (0) = 0 

»—»00 \ / 
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13. I.cl / (.i) — ? U) — = Z” 0 rhen g' (x) = o , so nd„ occurs as the 

cocllicienl ol'.v"”'. But also 

g‘ (X) = e/<*»/' (X) = (2;r=o (Zr=i mc^x-') 

= ^t/o + t/|.t + d 2 X~ + -1- + ... ^ + 2 c 2 Jt + 3 c3.x^ H-h nc„x"~' 4-^ 

so the coctTicicnt of x”-' is c,d„-t + 2c2d„.2 + 3cid„-i + ■ • • + nc„d<, = ic,d„^,. Therefore, 

nd„ = X'=i 


14. Place the ,v-a.\is as shown and let the length of each book be A. We want 
to show that the center of mass of the system of n books lies above the 
table, that is. x < !.. The .v-coordinates of the centers of mass of the 


books arc X| = 4, .n 


Xi = 


L i 

2(n- 1) 2’ 

L I. ^ 

--f —. and so on. 

■ 2 ) 2 


2(«- I) 2(n- 
Kach book has the same mass m, so if there are n books, then 



_ _ /n.t| -I- mx 2 H-1- mx„ _ xi -I-xs -P-1- .t„ 

mn n 

n [2 ■^\^2(/i-l) 2/'''V2(n-I)'*'2(n-2)‘^ 2)'^' 




-I- 


L 


I) 2{n-2) 


-t-... + 


L L L\'\ 


L \ n — \ n — 2 2 1 «"] L [, I wl 2/i — 1 

^ n [ roTTn + 2(;rr2)+ ■■■ + 4 + 5 + 2 J = n r ■ ' > 2 + 5 J = ^ ^ 


1 his shows tha!. no matter how many books are added according to the given scheme, the center of mass lies above 

the table. It remains to observe that the scries j + j + g + gH-= divergent (harmonic series), so 

we can make the top book extend as far as we like beyond the edge of the table if we add enough books. 




X^ v’ r'O 

dll 3x’ 6x* 9x* x^ x’ X* 

dilTcrcntiate: = _ + _ + _ + similarly. 


2! '*■ 5! 8! 


The kev idea is to 


dx 


- > + 3 , + ^! -I- m -P ■ • • - and — - X + — + — H- — -I- • • ■ = So u = 10 , 1 . = 1 ,, and m' = ». 
Now differentiate the Iclt hiuid side of the desired equation: 


1 !! 

10! 


— -P -P 10 ^ — 3ui)u)) = iu^u -p 3ii^o' -P 3u)^w' — 3 (i/dii) + iiii'w -P uvw') 

= iu^w + 2n^u + iw^v — 3 (iito* -P u^w + un^'j =0 

-P + 10 ’ - 3mhiu = C. To find the value of the constant C, we put x = 0 in the last equation and get 
I ^ -p 0 ’ -P 0 ’ — 3 (I • 0 ■ 0) = C =» C = 1, so «’ -P 0 ^ -p 10 ^ — 3u« 10 = I, 
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18. Ciiven <io = ai = I and a„ = ^ -DJ'i 2)a„^, - (n - 3)a„.2 


«(/)- I) 


, wc calculate the next few terms of the 


* ^1 ( 0 • _ 2 • I • 02 ~ 0O| I 3 • 2 • Oj - l02 I 

sequence, aj - ^ ^ = - 3-5 -= 6 ’ -- ~3 - = 24 “ 

' 1.1 


"» — , • so lO' 10 prove ihis by Induction. The first step is done, .so assume at = — and a*_i = 
" A! 


I hen 


(*-!)!■ 


*(*-!) k-2 

k{k- \)iit-(k-2)at-i _(* - I)! (* - I) - (i - 2) I 

^ (* + !)* {k + \)k ~ \(k + !)(*))(* - I)! ~ (i+ I)! 

and the induction is complete. Therefore, 2^“ „ a„ — 0 l/n! = e. 

19. Call the series .S’. Wc group the terms according to the number of digits in their denominators: 

5 '= (l + ^ + .. + ^+ I) + (tV +■■ + (^+... + 515) +... 

g2 gj 

Now in the group g,„ there arc 9" terms, since sve have 9 choices for each of the n digits in the denominator, 
lurthcrmorc. each term in g„ is less than Sog„ < </'.-^ = Now 2;“ , 9 isa 

geometric series with a — 9 and r = < 1 . riiereforc, by the Comparison Test. 

= Z* , g„ < Z-, 9 (f,)"-' = = 90. 

20. (a) Since /'„ is defined as the midpoint of /'„_4 x„ = | (^„_4 + for n > 5. So we prove by induction 

that j.t„ + jc„.,i + jt „+2 + x„+i = 2. The case n = 1 is immediate, since j0+l + l+ 0 = 2. A.ssume that the 
result holds for rt = * - I, that is. +.» 4 +,t 4 _^i +^(^^,- 2 . Thenfor«=*, 

j.'* + .rt+i + Jt+s + .t*+3 = jx* + X 44 ^i + .x* 4.2 + j (x*+ 3_4 + x*+ 3 _ 3 ) (by above) 

= j-r*-! + xt + .t *41 + , 14+2 = 2 (by the induction hypothesis) 

Similarly, lor ii > 5, y,, — j (,v „_4 + .Vn- 3 ), so the same argument as above holds for y. with 2 replaced by 
l.v’t + .V 2 +>'.1 +^4 = j I + I + 0 + 0 = j. So j.v„ +yn+i + yn +2 + yit^y = s for all n. 

**’* j4"<5o (5 •*"*' •'”+’) = 5 ^O+I + ''1" •’''>+2 + I™ ^n+i = 2. Since all the 

limits on the lei) hand side are the same, we gel Z lim x„ = 2 => lim ,x„ = 4. In the same wav 

^ «-»oo n~*oo ’ •'* 



